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PREFACE

IN
this volume those parts of the subject, as presented in the first

edition, published in 1907, have been treated which were not dealt

with in the volume published in 1921. Almost the whole of the matter

has been re-written, and much new matter has been added which is largely

the fruit of investigations that have been carried out by various Mathe-

maticians in the intervening time.

In Chapter I, on numerical sequences, a greatly extended account of

the theory of convergence of numerical series is given, together with a

fairly full account of the theories of conventional summation with which

the names of Cesaro, Holder, and M. Riesz are associated.

Chapter II contains a systematic account of the theories of convergence
and oscillation of sequences and series of which the terms are functions of

one or more variables
;
and Chapter III contains the application of these

theories to the special, but important, case of power-series.

In Chapter IV an account is given of the theorem of Weierstrass re-

lating to the representation of continuous functions by sequences of

polynomials; of the theory of convergence of sequences on the average;
and of F. Riesz' classification of summable functions. The proof of the

fundamental result of Baire, relating to the representation of a function

as the limit of a sequence of continuous functions, is obtained by a method
which is due to de la Vallee Poussin, but with some modification and
extension.

Chapter V is devoted to those parts of the theory of integration which

were not dealt with in Volume I. Considerable space has been allotted

here to a discussion of various theories of integration, due to W. H. Young,
Tonelli, and Perron. A short account is also given of the conventional

summation of integrals.

Chapter VI contains an account of the construction, by various methods,
of functions which exhibit assigned peculiarities, and in particular, of non-

differentiable continuous functions.

A special feature of the volume consists of the prominence given to

what I have called the General Convergence Theorem, together with its

developments and consequences. This Theorem is treated very fully in

Chapter VII, with a view to the applications of it to the theories of

Fourier's series and integrals contained in the later chapters.

The large amount of matter contained in Chapter VIII, on Trigono-
metrical Series, gives ample evidence of the recent activity of Mathe-

maticians in the investigation of properties of Fourier's series and of the
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coefficients in the series. Most of the recent progress in this subject has

been due to the exploitation of the theory of Lebesgue integration and to

the application to Fourier's series of various conventional methods of

summation. Although the remarkable history of the theory of these series

covers a period of upwards of a century and a half, .there still remains for

solution at least one fundamentally important question which has hitherto

baffled all attempts at settlement. In this chapter, mainly from con-

siderations of space, I have given references, without proofs, in the case

of some results that have been quite recently published.

The importance of the representation of functions by Fourier's integrals,

together with the interesting modern theory of Fourier transforms, is such

that I have devoted Chapter IX entirely to this subject.

Chapter X has been added on the representation of functions by series

of normal orthogonal functions, not only on account of the intrinsic im-

portance of the subject, but also because the processes which have been

employed in various recent investigations in this domain afford excellent

illustrations of ideas and methods which have been developed earlier in

this work.

By far the greater part of the proofs of the volume were read in slip

by Prof. G. H. Hardy, F.R.S., to whom I desire to express my gratitude
for many important criticisms and suggestions, the adoption of which has

done much to improve the presentation of the subject.

My thanks are also due to the Officials and Readers of the University
Press for the courtesy they have shewn me, and the trouble they have

taken, in connection with the heavy work of printing the volume.

E. W. HOBSON,
CHRIST'S COLLEGE, CAMBRIDGE.

November 16, 1925.
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CHAPTER I

SEQUENCES AND SERIES OF NUMBERS

1. Let us consider a set of numbers al9 a2) a3 , ... aw , ..., such that the

number an is defined for each value of n by means of a norm, consisting of

a'prescribed rule or set of rules. Let the numbers

al9 al + a2 , a + a2 + a3 , ..., a + a2 + ... + an , ...

be denoted by sl9 s2 , s%, ... sn ,
... ; an(i k* us consider the aggregate

(sl9 s2 , ... sn) ...). If this aggregate form a convergent sequence, in

accordance with the definition given in i, 23, it has (see i, 30) a limit

sw ,
or s, which is said to be the limiting sum, or simply the sum, of the

infinite series al + a2 + *&+ a
ji
+ >

*n which case the series is said to

be convergent.

The condition that the sequence (sly s2 ,
s3 , ... sn , ...) may be con-

vergent is that, corresponding to each arbitrarily chosen positive number e,

a value of n can be so determined that
|

sn+m sn |
< e, form =

1, 2, 3, ____

This is then the necessary and sufficient condition that the infinite series

0,1 + 0,2+ ... + an + ... may be convergent.

The difference sn+m sn
= an+l + an+2 + ... + an+m is called a partial

remainder of the infinite series, and it may be denoted by jRw , w . Thus the

condition of convergence of the infinite series may be stated as follows :

The necessary and sufficient condition that the series at + a2 + ... +an + ...,

or 2 an , may be convergent is tfiat, corresponding to each arbitrarily chosen
H'-I

positive number 9
a value of n can be so determined that all the partial re-

mainders Hn,i> ^n,2> ^n,m> are numerically less than .

Since Rn-i,i
= an> i* is seen ^ ^e a necessary, but not a Sufficient,

condition for the convergence of the series that
|

an
\

be arbitrarily small,

when n is sufficiently great. This condition may be written in the form

lim an
= 0.n

If the series ax + a2 + . . . + an + . . . be convergent, then, for any value

of n 9 the series an+l + an+2 + ... is also convergent, and has, in the sense

defined above, a limiting sum which may be denoted by Rn . This limiting
sum is called the remainder after n terms of the original convergent series ;

thus 8 = sn + Rn . Whether the series be convergent or not, sn may be

called the nth partial sum of the series S an .

nl
It is clear that, the given series being convergent, the sequence

(Rl9 E2) ... Rn , ...) is also convergent, and that its limit is zero. That this

HII *

1
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may be the case has sometimes been stated to be the necessary and suffi-

cient condition for the convergence of the series
;
such a statement of the

condition is, however, circular, because the existence of the numbers Rn

cannot be assumed unless the given series is already known to be con-

vergent.

It is important to observe that the number s has not been defined as

the sum of the infinite series al + a2 + . . . + an + . . .
; for that would have

implied the completion of an indefinitely great number of operations of

addition; but conversely, the limiting sum, or simply the sum, of the

infinite series has been defined to be that number s which was itself defined,

as in i, 30, by means of a convergent sequence.

NON-CONVERGENT ARITHMETIC SERIES.

2. The partial sums sl9 s29 ... sn , ... of a series al + a2 + ... + an + ...

may be represented in the usual manner by an enumerable set of points 6r,

on a straight line. The set G has a derivative (?', which is a closed set, in

the ordinary sense of the term, in case G' is bounded. If Q' is unbounded,
it is closed in the extended sense (i, 53, 55), when one of the improper

points + oo
,

oo is regarded as belonging to the set, or when both these

points belong to the set.

The following cases may arise :

(1) The derivative G' may consist of a single proper point s. In this

case the series is convergent, and all the points of G, with the possible

exception of a finite number of them, lie in the interval (5 8, s + 8) ;

where 8 is an arbitrarily chosen positive number. The points of G then all

lie between two fixed points A and JS; or
|

sn \

is bounded.

(2) The set G' may consist of one of the improper points + oo
,

oo .

In this case
|

sn \

has no upper boundary, and the series is said to be

divergent. IfN be an arbitrarily large positive number, all the numbers sn ,

except possibly a finite number of them, are of the same sign, and numeri-

cally exceed N. An example of a divergent series is the series

1/1 + 1/2 + ... + l/n + ....

For this series we have jRw, m = l/(n + 1) + lj(n + 2) + ... + l/(n + m),
and thus Rn,m > ml(

n + m )- However great n may be chosen, we have

jRw> n > 1/2 ; which is inconsistent with the condition for convergence of

the series. As the sequence {sn} is monotone and increasing, it can have

no upper limit, except the improper point + oo
; and thus the series is

divergent.

(3) The set O' may be a (bounded) closed set, which contains a finite,

or an indefinitely great, number of points. If U and L be the upper and

lower boundaries of G', the series is said to be an oscillating series with
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U andL as the uppfer and lower limits of indeterminancy* of the sum of the

series. The numbers U and L may also be spoken of as the upper and the

lower sums of the series respectively, and they may be denoted by s, s.

It is always possible to determine a sequence (sni ,
sn*>$n9 , ) of partial

sums, where nl <n2 <n3 < ... ,
which converges to the point U, and

another such sequence which converges to L, or to any other point of G'

which may be chosen. It thus appears that, by introducing a suitable

system of bracketing the terms of an oscillating series, according to some

norm, and amalgamating the terms in each bracket, the series may be con-

verted into a convergent one, of which the limiting sum is any chosen

point of G', including either limit of indeterminancy. The set G' may be

non-dense in the interval (L, U), or it may consist of all the points of

that closed interval ;
or it may consist of a closed set of the most general

type, as described in I, 80.

The oscillating series 1 1 + 1 1 + 1 ... has 1 and for its upper
and lower limits of indeterminancy; and G' consists of these two points.

Again, let

*i
=

1/2, *2
=

1/3, % =
1/4, *4 = 2/3, s,

=
1/5, *6 - 2/4, s,

=
1/6, ...,

and generally

+ 2), m(m+li+l
= 2

/(
2 + 1), ...,

(m+D
f = (m + l)/(m + 2),

+ 3), *<m+1) +1
= 2/(2m + 2), ... ,

*(m+l)(m+2)
= (W + l)l(m + 3),

where m = 0, 1, 2, 3, ... , and where only those numbers are taken which

are less than unity.

It follows that the series

!_J__ J_+ ^_JL +
2 2.3 3.4

r
3.4 3.5^

'*'

has 1 and for the upper and lower limits of indeterminancy. The set G
consists of all the rational numbers between and 1

; so that G' consists

of all the points of the closed interval (0, 1). By introducing a properly
chosen system of brackets, and amalgamating the terms in each bracket,

the series may be converted into one converging to a limiting sum which
is any prescribed number in the interval (0, 1).

(4) The set G' may consist of two or more points, amongst which there

is at least one improper point, + <x> or QO . In such cases the series is

also said to be an oscillating series ; one or both of the limits of indeter-

minancy being infinite. Such a series may be converted into a divergent

41 This term is due to Du Bois-Reymond; see his Antrittsprogramm, p. 3.
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series, by introduction of a properly Defined system of brackets; or on the

other hand it may be converted into a series which converges to any proper

point of 6?', provided such a point exists.

It should be observed that, by some writers, all series which are not

convergent are spoken of as divergent, but the term non-convergent will

here be employed in that sense, as including both divergent and oscillating

series.

Prom a certain point of view there exist but two classes of series,

those which oscillate and those which do not oscillate. The latter class

includes both convergent and divergent series. A divergent series may
be regarded as one which converges to one of the improper numbers + oo

and oo
,
and this is a certain justification for classing convergent and

divergent series together, as distinguished from oscillating series. If

(alf 2 > *n> )
denote a sequence of numbers, let us consider the

corresponding sequence (sl9 s2 , ... 5W , ...)> where sn is defined by

o -
w ~

It is clear that all the numbers sn lie within the interval ( 1, 1), and the

improper numbers + oo
,

oo may be taken to correspond to the numbers

1, 1 respectively. If the sequence {sn} is convergent, it is easily seen that

the sequence {sn} is also convergent ; but if {sn} diverges to + oo
, or to

GO
, the corresponding sequence {sn} converges to 1, or to 1. If {sn}

is an oscillating sequence, so also is {sn}. Thus the classification of sequences

into oscillating and non-oscillating sequences is invariant for the trans-
o

formation sn = 7 -? r .

1 +
I
$n

I

3. A series* may be constructed which oscillates between infinite limits

of indeterminancy, but which, by introducing a suitable system of brackets,

in accordance with a norm, may be converted into a series which converges

to any prescribed number whatever, or which diverges to oo
,
or to <x> .

2x 1
If x' = - , where the positive sign is ascribed to the radical,

V x (1
-

x)

the points x, of the interval (0, 1), have a (1, 1) correspondence with the

points x', of the unbounded interval (00,00). It is easily seen that a

set of points {x}, in the interval (0, 1), corresponds to a set {#'}, in the

interval (00, oo
), the relation of order being conserved in the corre-

spondence. Further, a limiting point of the one set corresponds to a

limiting point of the other set. The rational points of the interval (0, 1),

of x, correspond to a set of points x', everywhere dense in (
oo

,
oo

). This

method of correspondence may be applied to the series obtained in (3),

* See Hobson, Proc. Lond. Math. Soc. (2), vol. in (1904), p. 50.
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which oscillates between the limits of indeterminancy 0, 1, and which

can be made, by introducing suitable brackets, to converge to any pre-

scribed number in the interval (0, 1). We find that

V = 0, < = -
1/V2, s3

' = - 2/V3, s4
' =

l/A/2, V = -
3/2,

V =
0, V = -

4/V5, V = -
l/A/6, V = 2/V3, V = -

5/A/6,

and generally

s'm (m+D +i
= - 2m/V2m + 1, s'm(OT+1)+2

- - (2m - 3)/V2 (2m - 1), ....

*'<+i)'
= mfVm + 1, s'(m+i)'+i

= - (2m + l)/V2m + 2, ...,

*Wl)(m+2) = (m - l)/V2~(m + 1).

Therefore the series

M ,

*

2/ 2V'2
' V2 V3/ V3 V2/ \2 V2/^2

has the required character. It may be converted into a series which con-

verges to any assigned number whatever, or may diverge, by suitably

bracketing the terms together, in accordance with a norm; the terms in

each bracket being amalgamated.
An oscillating series which has the two limits of indeterminancy + oo

,

oo
,
and for which G' has no proper points, may be constructed, for

example, by taking 82n-i
= n, 92n

= n. Thus the series

1 - 2 + 3 - 4 + ... + (2ra
-

1)
- 2n + ...

oscillates, with + GO
,

oo as limits of indeterminancy. The series

1 +(-2 + 3) + (-4 + 5) + ...,

(1-2) + (3 -4) + (6 -6) + ...,

are both divergent. The set G' contains no proper points; and thus the

series cannot be converted by bracketing into a convergent series.

4. From the time, in the seventeenth century, when infinite series

were first employed, until far into the nineteenth century, such series were

freely used, with but little enquiry as to whether they were convergent
or not. It was generally held, as for example by Lagrange, that the con-

vergence of an to zero, as n is indefinitely increased, is sufficient to ensure

the convergence of the series 2an , although it had been established by

J. Bernoulli that the series S - is divergent. The first writer who com-

pletely emancipated himself from the uncritical extension of the operation
of arithmetic addition to the case in which the number of such operations
is indefinitely great was Bolzano, who gave* the necessary and sufficient

condition for the convergence of a series in the form given in 1, that

I

sn+m ~ sn \

must be arbitrarily small for all values of ra, provided n is

* Rein analytischer Beweis .... Prag 1817; this is reproduced in Oswald's Klassiker der exacten

Wissensch. No. 153, p. 21.
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sufficiently large. It was, however, owing to the writings of Cauehy* and

Abelf, since Bolzano's work remained almost unknown for a long time,

that the modern theory of the convergence and divergence of series gradu-

ally attained acceptance by mathematicians. An interesting account has

been given by BurkhardtJ of the history of attempts, made even in the

nineteenth century, to justify the employment of non-convergent series

in calculations. In recent times, various rigorous methods have been

devised, by which, in accordance with strict definitions, such series may be

employed. An account of some of these methods will be given later.

THE O-O NOTATION.

5. Let
iff (n) denote a function, defined for the values 1, 2, 3, ... of

the variable n, and such that
iff (n) > 0, for all the values of n. If

<f> (n)

denote a function of n, such that , , ( is less than some positive
iff(n)

number K, independent of n, we may write
<f> (ri)

=
{iff (n)} ;

but if

lim .
= 0, we write

<f> (n) = o
{ift (n)}.

Thus, for example, an = O (1) means that
|

an \

is bounded; and

an *= o (1) means that lim an
= 0. Again an

=
(ri) means that is

bounded
;
and an = o (n) means that lim =

;
an = O (n~

k
) means that

tt~oo n
nkan is bounded

;
and an = o (n~

k
) means that lim (n

kan )
= 0.

n,~oo

It is easily seen that

O
{iff, (n)}.0{iff2 (n)}

=
{iff, (n) iff, (n)},

{iff, (n)}.o {iff, (n)}
= o

{iff, (n) iff, (n)},

o
{iff, (ri)}.o {iff2 (n)}

- o
{iff, (n) iff2 (n)}.

The same notation may be applied to the case of functions of a variable x

which varies continuously in a field a x,< oo
,
or in a field a x < A.

Thus
<f> (x)

=
{iff (x)} denotes that 7-7 \

is bounded for all values of x in
iff (X)

the field; and
<f> (x)

= o
{iff (x)} denotes that lim -f-|~

= 0, or Km f -j-J
= 0,

x~& V (X) x~A $ (%)
as the case may be

;
the function

iff (x) is, as before, assumed to be positive

throughout the given field of the variable.

The O-o notation was first employed systematically by Landau ,

although, as stated by him, the symbol was employed eariier by
* For his definition of tjie condition of convergence, see Cours d?Analyse Alg. (1821), p. 125.

f See his memoir on the binominal theorem, CrdWs Journal, vol. i (1826), p. 313; also, for

a more exact formulation, see (Euvres, 2nd ed. vol. n, p. 197.

J Math. Annalen, vol. LXX (1911), p. 169. Reiffs Oesch. der unendlichen Reihen, Tubingen

(1889) may also be consulted.

Vertheilung der Primzahlen, vol. I, pp. 31, 59-62; also vol. n, p. 883.
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Bachmann*. It has recently come into general use in investigations con-

nected with series and integrals.

A GENERAL PROPERTY OF SEQUENCES.

6. It will be proved that:

// lim an = 0, then sn ,
the partial sum of the series at + a2 + ... + an ... ,

n~oo ^
has the property sn = o (ri)\ i.e. lim -n =-=0. Also, ifan = O(l), then sn = 0(n).

n~<x> %
It is convenient to establish the following general theorem of which

the above theorem is a particular case :

// {/3n} denotes a monotone increasing sequence of positive numbers, such

that fin increases indefinitely with n, and if {an} be any sequence of numbers,

^ > lim
"n > limc= nm - = nmp

-
p-

= p c= p- = -=
p- ,

Pn+l
~~

Pn n~oo p n ^^ p n ^~< Pn+1
~~ Pn

and in particular, iff lim
-p
5^ J

1 has a definite value, then lim -^ also has
n~oo Pn+l Pn w^-oo Pn

<Ae same definite value. If
-^-

-^ diverges to + oo , or to oo
,

-~ afeo diverges
Pn+l

~
Pn Pn

to oo
,
or to QO .

The first theorem is obtained by taking /?
= n, an = sn . To prove the

general theorem, let U and L denote the upper and lower limits of

An integer n^ may be determined, such that, if
7]
be an arbitrarily chosen

positive number,

n,.
n+l

~
n

We find, by taking n = n^,nn + 1, ...
, + m 1, successively,

(U + T?) (^n)+ro
-

Br )
> anr+TO

- a
nt|
> (L - TJ) (/3B])+m

-^
or

n^+m

Keeping n^ fixed, and letting m increase indefinitely, we thus have

or, since
rj

is arbitrary, U ~ lim
-p-

= lim ^ = L.

In case ^-
diverges to oo ,

if N be an arbitrarily chosen positive
Pn+l

- Pn

number, n^ may be so chosen that ^^ ^- > JV, for n ^ n
;
we have then

Pn+l
""

Pn

or

*
^4watyfe'5cAe Zahlentheorie, vol. n, p. 401.

t See Stolz, ForZesimgreTt ie6er allgemeine Arithmetik, Leipzig (1886), p. 174.
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Letting m increase indefinitely, we have

and since N is arbitrary, it follows that lim -~ = oo . The case in which

Jll "
diverges to oo may be treated in a similar manner.

Pn+l
~

Pn

EXAMPLES.
n

(1) If 2 an converges, as n ~ oo , to a definite number, then

0*1 -\- 2&2 + 3flf3 + ... + nan = o
(TO).

Let an = $! 4- S2 + ... -f sw , #w = n + 1, then

n I n I | o
i. 01 ~r o T- ... -r ow , .

hm -i - = hm sn ,

ri-oo n + 1 n~oo

since the last limit exists. This may be written in the form

lim sn
- -- """ * = lim n ,

n-ooL w+1 J n-oo

whence it follows that lim l~ 2 - ""-" ? = 0.

n~<x> TO -H 1

(2) If lim nan exists, then Um ~ ~ ^ = lim nan . To prove this

let an = ! + 2a2 + ... -f nan , ftn = TO. In particular, if nan = o (1), then

ax + 2a2 -f ... + nan = o (^).

(3)* If {lfn} be a monotone increasing sequence of positive numbers, which diverges,

then, if 2 an is convergent, lim
* 1 *~ ~ * = 0. This is the generalization

of Ex. (1).

The relation ^- a

jt
'" + !i?2-

(i) is satisfied if
_

n~ an = o(l).

This is the generalization of Ex. (2).

a s 1
"

(4)t If 7> > 0, and lim -~ has a definite value, then lim
" = - lim

71*^ ^ 71*^ 'D
Tl'^'QO W'^'QO " jT 71*^00

(5)f If Hm nan has a definite value, then Um - = lim nan .

(6)t The two conditions a^ + 2a2 + 3a3 f ... 4- naw = o (n), lim ?LAJll?? =- 5
W^oo ??

are sufficient to ensure that the series a + a2 + ... should converge to s. Each of these

conditions is necessary, and the two together are sufficient.

(1)1 If On} denote a monotone sequence of decreasing numbers which converges to

as n~> oo
, and if lim

n-
--!!**- exists, then lim ^

n
also exists and has the same value. This

Pn ~~
Pn+i n~oo Pn

may be obtained from the general theorem by changing aw , (ln into l/an , l/ w respectively.

* See Pringsheim, Sitzungsber. Munch. Akad. vol. xxx (1900), pp. 44-46.

t Ibid, vol. xxxi, pp. 507, 524, 531.

J See, for an independent proof, Bfomwich's Theory of Infinite Series, p. 377.
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CONVERGENCE AND DIVERGENCE OF SERIES WITH POSITIVE TERMS.

7. If all the terms of a series, with the possible exception of a finite num-
ber of them, be positive or zero, it is clear that the sequence (sl ,

s2 , . . . sn , . . . )

is monotone non-diminishing, from and after some fixed value of n. It follows

that the series is either convergent or divergent, but cannot oscillate.

Moreover the convergence or divergence of the series is unaffected by the

removal of a finite set of the numbers sly s2 , ..,; and this set may be so

chosen that the partial sums corresponding to the negative terms are all

removed. Thus there is no loss of generality in considering only series in

which all the terms are positive or zero.

If a1 + a2 + . . . + an + . . . be such a series, it is clear that the sequence
*19 a , ... *n , ... of partial sums is monotone non-diminishing, and therefore

either converges to a definite limit s, the sum of the series, or is divergent.

We may thus state that :

Thenecessary and sufficient condition that a series a^^ + a2 + ... + an + ...,

of which all the terms are 0, should be convergent is that a positive number

K exists, such that sn < K, for all,values of n.

8. The following property is possessed by a convergent series of which

all the terms are positive. Theexpression positive will be taken to include zero.

A series such that all its terms are terms of a convergent series

aI + a2 + ... + an + ...,

all the terms of which are positive, is also convergent.

If s'n> be a partial sum of the second series, n can be so determined that

all the terms in s'n . are contained in the terms of sn ; then s'n , ^ sn < K ,

.where K is a fixed positive number; since s'n> < K, and s'n> cannot diminish

as n increases, it follows that s'n> has a definite limit as ri ~ oo
;
therefore

the second series is convergent.

// a second series be obtained by rearranging, in accordance with any

prescribed norm, the order of the terms of a convergent series

al + a2 + ... +an + ...,

all the terms of which are positive, then the second series converges to the same

sum as the first. It is assumed that the new series is of the same type o>, as

the original one (see 29).

This theorem may be expressed by the statement that a convergent
series of positive terms is unconditionally convergent. Let s'

'

n denote the

nth partial sum of the second series. If e be a prescribed positive number,
n may be taken so great that s s

ni < e. An integer n2 can be so chosen

that s' nt contains all the terms of Wl ;
therefore s'n s

ni ,itn ^ n2 .

We have now, s' n > s 6, if n ^ n2 . For any value of n the terms of

s'n are all contained in sm , if m is sufficiently large; and therefore s' n < s,

for all values of n. Since s'n is in the interval (s e, s) if n ^ nt ,
and e is

arbitrary, it follows that lim s' n = s.
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9. Let two series

al + a2 + ... + an + ..., 6X + 62 + ... + bn + ...,

in each of which all the terms are positive (> 0), be considered, and let their

nth partial sums be denoted by sn ,
s'n respectively. If the series are both_ TV

convergent, we have lim Rn
= 0, lim R'n

= 0. In case <lim #
-

the second series may be said to converge as rapidly as the first ;
and in

7?'

case lim ~ = 0, the second series may be said to converge more rapidly
n~x> -t*n

than the first. The first series may then also be said to converge more

slowly than the second. If the series are both divergent, then, in case
o

< lim - < oo
, the second series may be said to diverge as slowly as the

n~oo Sn
s

'

first; and in case lim = 0, thfe second series may be said to diverge
n~oo $n

more slowly than the first; and also the first series may be said to diverge

more rapidly than the second.

, Iftwo convergent series 21 cn ,
2 c'n , for both of which the terms are positive^ n~l n-1

/

(> 0), be such that lim -- = 0, then the first series converges more rapidly
n~oo c n

than the second.

If be any prescribed positive number, then cn < ec' w , provided n is

greater than some fixed integer n . It follows that R
ne, m < ejR'

We , m ,
for

all positive integral values of m. Consequently we have R
ne
^R'ne

m

,

p
and thus - *- ^

,
for all values of n ^ n . Since is arbitrary, it followsn n

R
that lim - = 0; from which the result follows.

n~oo -h n

If two divergent series S dn ,
S d'n , both consisting of positive terms (> 0),

JJ
n*~l n-l

be such that lim -=/*-
= 0, then the first series diverges more slowly than the

n~oo ^ n

second.

If ,,* < e, for n > n( ,
we have sn s

nf < (s'n
'

nj; therefore

o n o n
* _____ o

from which it follows that lim ,

w
_i e. Since e is arbitrary we must have

A

lim -~ = 0, and thus the result has been established.

-/10. // the series al + a2 + ... + an + ..., all the terms of which are

positive, be convergent, so also is the series k^ + &2a2 + ... + knan + ... ;

where k
l ,

&2 , ... lcn , ... are positive numbers, all of which are less than some

positive number K, independent of n.
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For it is clear that R'ntm <KRntm \
where R'ntm denotes a partial

remainder of the second series. It follows that, for all sufficiently large

values of n, R\lt m < e, where e is an arbitrarily small positive number.

The condition of convergence of the second series is thus satisfied.

The series 2 an being taken to be convergent, so that an = Rn-i Rn ,

let us consider the series S a'n ,
where a'n = R

P

n -i ^n? and a\ = s p R\ ;

n-l

p being a fixed positive number. We find at once that s'n
= s ft Rn ,

00

and therefore lim s'n = s p
. The series S a' n is accordingly convergent;

n~o> n-l
R f

-i
and since ^ = Rn ,

we see that, in case < p < 1, R'n/Rn increases

indefinitely as n increases, and thus the convergence of the second series

is slower than that of the first. The following theorem has accordingly
been established:

Having given a convergent series of positive numbers, another such series

can be determined which converges more slowly than the given one.

We have / Rn y
^

_
and since RnjRn_^ < 1, for each value of n, we have lim j~- 1. In case

n~<x> -t^nl

lim p-
5- = 1

,
the corresponding limit of

^

----
/p /i/\ ^s P 5

and in any
n-oo^n-l A ~~

(^/?/^n-i)
i _ /D I'D \

case
^
-

7&
n

'/p

n
\

^s ^ess^an some positive number K, independent of n.
p_

Thus since au R^_ l
< Ka>'n >

we see that the series S an R,*~^ is convergent.
n-l

We thus obtain the following theorem :

// 2 a n is a convergent series of which the terms are positive, the series
n-l

S an R
p
~

l
is also convergent, for every positive value of p. When p < 1, its

n-l

convergence is slower than that of S an .

> n=i
It was first established by Abel* that, if S dn be a divergent series of

n = l

positive terms, a sequence {kn} of positive numbers, increasing indefinitely

with n, can be so determined that the series S d n/kn is also divergent.
n=l

The corresponding result for convergent series, here stated, was establishedt

by Du Bois-Reymond. The special theorem that this result is realized by
kn = R

P

n~_v where < p< 1, is duej to Pringsheim.

* Crelle's Journal, vol. in (1828), p. 81; also (Euvres, vol. i, p. 198 (2nd edition).

t Crelle's Journal, vol. LXXVI (1873), p. 85.

j Math. Annalen, vol. xxxv (1890), pp. 329, 330.
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It is clear that a sequence of series may be formed, commencing with

the convergent series aw , all of which are convergent, and such that
n-l

the convergence of each one of them is slower than that of the preceding
series. This idea is due to Du Bois-Reymond ; Pringsheim has indicated

(loc. cit) a general method of forming such a sequence of series.

// a sequence of convergent series with positive terms S a
,
where

n-l

p = 1, 2, 3, ... , be such that, for each value of n, the sequence
(1) (2) (3)

a .a a *n ' n ' n *

is monotone increasing, then a series can be formed which converges more

slowly than any of the series of the sequence.

A theorem practically equivalent to this has been given* by Hadamard.

To establish the theorem, let R* denote the nth remainder of the series

S a . Let the integer n2 be the smallest integer such that R (

n ~;

(3) 1
and let n3 be the smallest integer which is > n2 and also such that R n ^,3 &

and that also R - R < R - R.
Let bn

= an , for n ^ n z ; the difference R (

n JB^ ,
which is greater

than R n^
R

Ha , or than
na+1 + ... + #

ns , can be divided into n3 n 2

parts 6
na+1 ,

bn^, ... 6^, greater respectively than a +̂1 , aJJU' a*'
We proceed to determine the integers w4 , %, ... successively, in a similar

manner. In general, if nv_^ is determined, np is the smallest integer

(> ftp-i) which satisfies the conditions

R~ -
^ , R 72 < J2_ R M

The difference R^ } - R which is greater than R^ ~~ R^~*\ can

be divided into np np ^\ parts b
np_ i+1 ,

ft

nj>_i+ 2, ... 6
np , greater respectively

than a* +1 , a^ +2 ,
. . . a w

""

. Proceeding indefinitely in this manner, the

terms of a series S b n are defined; and this series is convergent, since it is
nl

equivalent to

*
(1) _L /P C2) P (^ O. ^P (3) P (4)

\ _1_S
n>
+ (

R
n*
- R

n> ) + (^n3

- ^n4
) + -

in which R n converges to zero, as p ~ oo . IVtoreover the terms of the

series S 6 are, for TI > n
19 greater than those of the series 2 an .

n-l nl
A series has thus been constructed which converges at least as slowly

as any of the given series.

If the series S bn does not converge more slowly than the series
71-1

* Acta Math. vol. xvm (1894), p. 328.
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S an ,
for every value of p, we may form a series which converges more

n-l

slowly than S 6n ;
and this new series will converge more slowly than

n~l

2 a
, whatever value p may have.

l. // JAe series dl + d2 + ... + dn + ... be divergent, so also is the

series k^d^ + k2dz + ... + kndn + ...; where kly k2 , ... kn , ... are positive

numbers all of which exceed some positive number K, independent of n.

For, sn , s'n denoting the partial sums of the two series, we have
s' n > Ksn , and thus, if sn increases indefinitely with n, so also does s'n .

I The divergent series 2 dn ,
all the terms of which are positive, is such that

* ra=l

dn can be expressed in the form Mn+l Mn ,
where {Mn} is a monotone in-

creasing sequence of positive numbers without upper limit. Conversely every
series of the form 2 (Mn+l Mn )

is divergent.
71-1

We have only to takeMn 8 n-i> to prove the first part of this theorem.

To prove the converse, we observe thatMn+l Ml is the partial sum of the

series, and this increases indefinitely with n.

If the series S dn is divergent, then dn can be expressed in the form
n=l

dn = -2^:-~. Conversely every series for which the general term has
JxL nM M

the form ~rf
-- is divergent. The numbers {Mn} are taken to be those
n

of a positive monotone sequence without upper limit.

Let {Mn} be defined by the relations J^n41 = (1 + dn )
Mn \ then

Mn+l
= M,(1+ dj (1 + dj ... (1 + dn )

>Ml (l+ sn );

hence if sn increases indefinitely with n, so also does Mn+l , and therefore

the sequence {Mn} satisfies the prescribed condition.

To prove the converse, we observe that, if n1 be any fixed value of n,
*+ M - Mn Mni+m+l -Mn

'
^ M

n^nj. ^"-

provided m has sufficiently large values. The series therefore cannot

converge, since it has partial remainders greater than |, however large
n may be. The nearer Mn+l/Mn is to unity, the smaller is dn .

M M
In case dn < 1, for all values of n, let dn

= ^~-
-; then

Mn+1
= Mn/(l

- dn )
= M,/(l

- dj (1
- d2 ) ... (1

- dn )

>Ml (l+dl)(l + dJ...(l+dn ),

or Mn+l > Ml (1 + sn ); it follows that Mn ^ increases indefinitely with n,

if S dn is divergent. It is easily seen, as before, that a series of which the
n-i jf M

general term is of the form ^^---
w
is divergent.
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The following theorem has now been established :

// {Mn} be a monotone increasing sequence of positive numbers without

upper limit, the series of which the general term is (Mn^ - Jfw)/Jkfn+1 is

divergent. Conversely, the terms dn of any divergent series such that dn < 1

can be expressed in theform (Mn+l
- Mn)jMn\^ .

As there is complete latitude in the choice of a particular sequence

(Mn}, there is a corresponding variety in the nature of the divergent series

formed from it.

12. // the series dn is divergent, and sn denote its nth partial sum, then
n-l

the series -
,

are both divergent.
n -2 **-i n = l $n

The first part of this theorem was first established by Abel*, and the

second part by Dini|. In. order to prove it, we may take $_! = Mn ,

dn = Jfw+1 Mn \
and the results are then equivalent to the foregoing

theorems.

Since the ratio either of --- , or of -n
, to dn converges to zero, as n ' QO

,

^w-l Sn

it follows from 9 that the series S -
, 2 both diverge more slowly

n-2^n-i n=l sn

than the series S dn .

-i

The following result, due essentially to Abel, has now been established:

Having given a divergent series of which the terms are positive, another

divergent series can be defined which diverges more slowly than the given

one.

It was also shewn by Abel (loc. cit.) that the series S -r~ converges,
n-isn

provided A > 0, the series S dn being as before divergent. For
n-l

fl""ttl fj 1 ( 1

and it follows that

Since sni has the limit oo
,
as% is independently increased, the convergence

of the series - holds good. In comparing this result with the diver-

gence theorem above, it should be observed that the series -
x^, for

n-l

A > 0, is not necessarily convergent. This is seen from a consideration of

the case in which sn~ i
= sn , dl > 1 .

* Crelk's Journal, vol. m (1828), p. 80; also (Euvree, vol. n, p. 198, 2nd ed.

f Annali dell* Univ. Tosc. vol. ix, p. 8. Also separately, Sulle serie a termini positivi, Pisa,

1867, Tipografia Nistri.
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EXAMPLE.

Consider the divergent series 1 + 1 + 1 4- ... ; we have then sn = n. It follows from

Abel's first theorem that 2 - is divergent, and from the second theorem that 2 -y
- is con-

vergent, provided X > 0. 1

From Dini's theorem it is deducible that 2 = - is a divergent series.

1 + + s + ... + -23 n

It is clear that, by continuation of the process of forming from a given

divergent series one which diverges more slowly, an endless sequence
of divergent series can be obtained, each of which diverges more slowly
than the preceding one.

The following theorem is the analogue of the theorem of 10.

// a sequence* of divergent series with positive terms, S d*
, where

n !

p = 1, 2, 3, ...
,
be such that, for each value of n, the sequence dn ,

dn , ...

is monotone decreasing, then a divergent series can be formed which diverges

more slowly than any of the series of the sequence.

The proof of the theorem is precisely similar to that of the corre-

sponding theorem for convergent series, given in 10.

CRITERIA OF CONVERGENCE AND DIVERGENCE OF SERIES

WITH POSITIVE TERMS.

13. Much attention has been devoted by mathematicians to the

problem of obtaining criteria sufficient to decide the question as to whether

a series of prescribed form converges or diverges. These tests, as regards
a series an ,

of which all the terms are positive, are usually obtained by
n-l

comparing the series with other series which are known to be either

convergent or to be divergent. Such tests, formed by comparison with

other series, fall in the main under two heads, first those in which the

general term an is alone involved in the criteria, and secondly, those in

which the criteria have reference to the form of the ratio an+l/an . These

tests may be referred to as of the first and second kinds respectively. All

such tests provide sufficient, but not necessary, conditions for the conver-

gence or divergence of series
;
no test can be given which will be decisive as

regards every series that can be defined
; thus the necessary and sufficient

condition of convergence, which, for a series of positive terms, is that sn

should be bounded, cannot in the general case be reduced to any equivalent
form which is of simpler application. Various sets of criteria of conver-

gence were given during the first half of the nineteenth century, the most

important of which will be given below ; and more general theories of such

criteria were given by Dinit, and Du Bois-ReymondJ. The most complete
* Hadamard, Acta Math. vol. xvin (1894), p. 326.

f Sutte aerie a termini poaitivi, Pisa, 1867. J Crelle's Journal, vol. LXXVI (1873), p. 61.
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general theory of such criteria, in which all the known criteria are ob-

tained from a unified point of view, is that given by Pringsheim*.

The two simplest tests of the first and second kinds respectively were

given by Cauchyf, and may be stated in the following somewhat generalized
forjns :

j

(1) A series 2 an , of which all the terms are positive, is convergent if
1 n-l 1

lim a^ < 1, and is divergent if lim a > 1.

n~oo n~oo

It will be observed that the only case in which this test fails to dis-

4

tinguish between convergence and divergence is when lim a = 1.

n~oo
1

To establish the test, let lim a" = k. Hk < 1, let p be a number between
n~oo

1

k and 1, then, for all sufficiently large values of n, we have a < />,
and thus

JRn> m is, for a sufficiently large value of n, less than p
n+l

+/>
n+a + . . . +pn+m ,

or than ~ -
;
and this for m = 1, 2, 3, .... It is clear that, for a sufficiently

pW+l
large value of n, y-

< ,
where is arbitrarily chosen, and then Rn , m < ;

l p
thus the condition of convergence is satisfied.

i

If k > 1, let p be a number between 1 and k] if lim a = k, there are

~i

an indefinitely great set of values of n for which a% > p, or for which

an > p
n > 1. The condition lim an

= not being satisfied, the series is

divergent.

^ (2) A series an , of which all the terms are positive, is convergent if
ft n 1 Q

lim -^ < 1, and it is divergent if lim
? > 1.

Cauchy himself considered only the case in which lim ^ exists. In

that case the criterion fails only when the limit has the value 1, when some

more effective test is required. In the general case, the test fails when both

the inequalities lim -JL -
1
-

1, lim -^ ^ 1 are satisfied, that is, when 1 is

in the interval of indeterminancy of lim ~ . First, let lim - w+1 = k < 1,

and let p be a number between k and 1, then, for all sufficiently large values

of h, we have an+l < pan ,
and thus Rntm <an (p + p

2 + ... + p
m

) < ^~ .

i p
* Math. Annalen, vol. xxxv (1890), p. 297 and vol. xxxix (1891), p. 125.

t See Cours tfAnalyse Alg. (1821), pp. 133, 134; also R&um. analyt. p. 150.
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Since an+m < p
man , we see that lim an+m = 0, and thus lim an = 0. If

m~co n~>
now n be sufficiently large, we have Rnt m < e, for all values of ra; and thus

the series is convergent.

If lim -^ = k > 1, let p be a number between 1 and k, then aw+1 > pan ,

n~co
for all sufficiently large values of n. Hence an+m > p

man , and thus an+m
increases indefinitely with m. Since the condition lim an = is not satisfied,

n~oo

the series is divergent.

14. When the above tests fail, other tests must be applied; one of the

simplest of tHese is that known as Cauchy's condensation test, which may
be stated as follows :

//, in the series S an ,
all the terms of which are positive, and such that

n-l
an ^ an +i> fa a^ values of n (at least from and after some fixed value of n),

then the two series S an , S 2n a2 are both convergent or both divergent.
n-l n~l

To prove the theorem, we observe that a2 + a2 +1 + ... + a2
+iMl is

less than 2wa2 , and greater than 2w a2*+
1 . It follows that s2n+*_1 is less

n n+l
than al + 2 2na2 and greater than a + \ S 2 na2 . From this we see that,

i 2
n

in case S2na2
n is convergent, ^2w+1

1 converges to a fixed limit, as n ~ QO
,

and therefore the series S an is convergent. Conversely, if S an is con-
nl n-l

n+l

vergent, s2n+l^i converges to a definite limit, and hence S 2 na2 converges.
2

For example, let an ==- -
; then 2na2

* =
1, from which it follows that the

1
n

series S - is divergent.

*
If the series San , all the terms of which are positive, be such that

an ^an+I , for all values of n, a continuous monotone non-increasing
function f (x) may be defined for the infinite interval (1, QO

) such that

/ (n)
= aw ,

for all integral values of n. A precise form oif(x) will often be

suggested by the form of an , or it may be defined by

/ (x)
= an+1 (x -n) - an (x

- n - 1),

in the interval (an , an+l ).

/.rf (x) dx\ we have

r=n-l /*r+l

JP(n)= S f(x)dx;rl J r

and this is not less than a2 + a3 + ... + an , and not greater than

al + a2 + ... + an_j.
We thus have sn al F (n) sn^ .

HII 2
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If the series is convergent, lim**.]. is finite, and consequently

fn [n rh - rn+l
lim f(x)dx exists. Since f(x)dx^\ f(x)dx f (x) dx, where
n~oo Jl > 1 , J I J I

r<*> rn

n hn + 1, it follows that / (x) dx = lim / (x) dx. Conversely,
J 1 7l~oo J I

since lim sn al + lim F (n), the existence of the integral involves the

convergence of the series.

When the series is divergent, since sn I / (x) dxal9 and since

rn rn+l ( fn )

sn
- / (x) dx sn+l

- / (x) dx, it follows that lim \sn
- / (x) dx\

Jl Jl n~oo ( Jl )

exists, and is between and ax .

We have established the following theorem :

If an is positive for all values of n, and an ^ an+l ,
and iff (x) be a con-

tinuous monotone non-increasing function, defined for the interval (1, oo
),

and such that f (n)
= an , for all integral values of n, then the series -S an

f
and the integral f (x) dx are either both convergent, or both divergent; and

rn

in the latter case sn / (x) dx converges to a number between and al .

J i

EXAMPLES.

(1) Let/ (x)
= -; then since I is divergent, &an^ oo

, the series
y -f ^ + ... H 1- ...

<Xj J j *>

is divergent. Also . +
^
+ ... H loge n converges, as n~ oo, to a definite number C,

between and 1. The number C is known as Mascheroni's constant, and also as Euler's

constant.

1 fftdx ti^ ^ 1

(2) Let f (x)
=

-^, then I
- = -

= . This is convergent, if p> 1, and divergent

if # < 1. When p > 1, the sum of the series is between T and -~
.* p L p ~ 1

(3) Let / (x) =
^-7j~"^p

> then
J"
- dx l l

(log 2)^(^-1)
[n dx /log n\

except that, when p = 1,
J ^ -^-

=
log^J

.

It foUows that the series ___ +
-^

+ ...

converges when p > 1, and diverges when p S 1.

1

(4) Let /(*) = x log x. log log x. ..(log log... log x)
9 '

[n i i

then
/ f(x)dx =
J 2 <(log log ... log 2)"-

1
(p

-
1) (log log ... log n)v~

l
(p

-
1)
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except that, when p - 1. /<* - log

Therefore the series
n -2^1og w. log log n ... (log log ... log n)*

converges when p > 1, and diverges when p 1.

15. If the series cn is convergent, it is a sufficient condition for the

convergence of an that should be less than some fixed positive number

K independent of n. For, if sn9 sn
'

denote the partial sums of the series

aw ,
cw respectively, we have sn < Ksn

'

\ and thus, if sn
'

has a definite

limit, so also has sn . This criterion may be stated in the following form :

'if aw ,
cn be two series with positive .terms, and the latter be con-

71=1 ft-l

vergent, it is a sufficient condition for the convergence of an that lim ~
n-l n~w Gn

should not be infinite.

Again, if ~ is greater than some positive number L, independent of n,

and the series dn is divergent, so also is an . For sn > Lsn
'

\ and thus
n=l * nl

if sn
'

increases indefinitely with n, so also does sn . This theorem may be

stated as follows :

// an , rfn be two series with positive terms, and the latter be divergent,

then it is sufficient for the divergence of an that lim~ should be greater

than zero.

It has been shewn, in 11, that every divergent series can be expressedM M
in the form !i ^ . The following theorem gives the corresponding

?1 =* 1 ** n

result for a convergent series :

Every convergent series cn is such tliat cn can be expressed in

M M
the form ~-

TUJ~~'>
and conversely a series of which the terms have the

latter form is convergent.

For let M~ l = cn , then cn = M~ M~+l = ^r^-~TF

Conversely, we have sn = cn
= M M~+l ; and thus sn converges

i

to Jf
- 1

.

This theorem and the corresponding theorem for divergent series, given
in 11, may be employed to express the conditions in the two first theorems

above in the following form :
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The series S an is convergent if a monotone increasing sequence of positive
n-l

numbers {Mn} exists, without upper limit, such that lim an M
n+l " < oo .

-"^ n+l
"" -^ nM

The series is divergent, if {Mn} can be so determined that lim an -==
n
~jr > 0.

-^n+l~~ -M- n

If p > 0, the sequence {M
P

n} has the same essential characteristic as

the sequence {M }, that it is monotone increasing, and such that MP

n has

no upper limit as n ~ oo .

jf _J ?! be denoted by cp, n , the series ZCP|W is convergent, and
Mn+lM

P

n

in case />< 1, it converges more slowly than the series SclfW or Scn . We
., . . , Jtfn+l

"" ^n 1 ^n i. \ j , ^n
may write cp n in the form ^^

^
r1

, where Aw denotes jjj- .

Mn+lMp

n
!- An ^n+ i

Since
^ r- has a finite lower limit, as n ~ QO

, it follows that the series
1 An M M

of which the general term is ~ is also convergent. We thus have
^n+l ^n

the theorem :

M M
The series of which the general term is

n
, where p is any positiveMn+iMn

number, is convergent, and converges the more slowly, the more slowly Mn

increases as n is indefinitely- increased.

Employing this result, we may now state the following general criteria,

equivalent to forms due to Pringsheim* :

// lim an -vf-
~-

-^- > 0, or in case an < 1 for all values of n,
-^ n+l

~~ M n

lima^-
Mn^M >0,

-Ifn+l
- Mn

then the series San is divergent.

j/ JJ/
P

// lim an M
n+l ~r- < oo

, where p is a fixed positive number, then
-M-n+l -M n

San is convergent.

The numbers Mn are subject to no condition except that Mn increases

indefinitely with n, the sequence {Mn} being monotone. It is clear that

the criteria will be the more efficient the more slowly Mn increases as n
increases. Commencing with a given sequence {Mn}, by substitution for

Mn of ever more slowly increasing numbers, there can be obtained a

succession of criteria of continually increasing delicacy.

The criteria may be somewhat simplified if it be assumed that {Mn}

is such that
"+l

is less than some fixed positive number independent of n.
JXL n

* Math. Annalen, vol. xxxv (1890), p. 337.
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_ Mf>+ 1

The criterion of convergence then takes the form lim an -.
n
~~^r < <*>M n +L M n

16. An important series of criteria may be obtained by substituting

successively log eMn , log e log e Mn , ... for Mn in the sequence {Mn}. It is

convenient to denote log e z, log e log e z, ... log e log e ... log e z by

log*
1*

z, log<
2)

z, ... log<
m>

z,

z bylog(0)
(z), and the product zlog(1) z log

(2>z ... log
(m) z by Lm (z); also

z = LQ (z). It can easily be shewn that the two functions z 1 log z,

log z 1 + - are both positive for all values of z in the indefinite interval
z

(0, oo ); except that they both vanish when z = 1. Thus we have

log e z z I, log e z S 1 --
,

for < z < oQ .

z

Let z = -^; we then have logMn+l
- logMn & ^^Ms. andM n M nM M

S n
tl--

. Again, assuming that n is so large that log Mn > 0, we have
-"^

- logMn+1
~

logMn * M"^- M-
n+1 n ^ ~ Mn logMn

'

and loffWM - lofi M > "^~-" -

~ M
and log)^n+1 log Jf..

TogJ/n+1

Proceeding in this manner, we find that
M

n

-1

the number n being taken to be sufficiently large.

M
If it be assumed that -^' is less than a fixed positive number, inde-

_
pendent of TI, which is equivalent to the assumption that lim -r

is finite, we see that lim -? T,^- ==
1, and generally that lim ? /M ,^

+1 = 1.

logJfw
5 J

< fc)

It then follows from the two inequalities obtained above that

>Mn+1
- log*Mn and

Mn+ ~

are in a ratio which lies in an interval (km , 1), where < km < 1.

In accordance with the theorems of 15, we have the criteria that, if

v log^Jf*lim an , .. w -, ,
. . > 0,n



22 Sequences and Series of Numbers [OH. i

the series San is divergent; and if

Jf
then Saw is convergent. _

Employing the restriction that lim
"+1

is finite, we now obtain the
n~oo -M n

following criteria*.

// lim an M
m

~=r- > 0, the series San is divergent; and if, where p > 0,
- - JxL ...-I IK?*,

00

J^e sen'es is convergent, whatever integral value m may have; it being assumed_ jjf
that the sequence {Mn} is such that lim -** is finite.

n~oo M n

If we takeMn = n, we obtain, as a special case, a series of criteria which

were first given explicitly by De Morgan^, although the essentials are to

be found in a posthumous memoir of Abel. The particular case in which

m = 1 had been given by Cauchy, and the full criteria were re-discovered

by Bertrand. The corresponding criteria for integrals were first given

fully by BonnetJ.

// lim nan > 0, 2aw is divergent, and in general, if lim anLm (n) > 0,
n~oo _ n~oo

2aw is divergent. If lim annp+l < oo
,
San is convergent, and in general, if_ n^oo

lim anLm (n) (log
(w)

n)
p < oo

,
San is convergent i the number p being positive.

n~a>

17. // S dn be a divergent series, and f (x)
=

(a;"
1 ""5

), where f (x) S 0,
n = l

and 8 > 0, then the series 2 / (sn ) dn is convergent. In particular, the series
ra-l

S e~psw rfn i convergent if p > 0, and! i is divergent if p 0.
n-l

Since /(5n)rfw <-^~, where jfiT is some fixed positive number, and the

series S y has been shewn in 12 to be convergent, it follows that the
n-l^n

series S / (sn ) dw is convergent. If / (x)
= e~pa;

, (p > 0), it is easily seen that
n-l

xl+*e~ftx has, for positive values of x, a finite maximum.

In case lim dn is finite, dn is less, for all values of n, than some fixed
7l~0>

number D. The terms of the series S dnf (sw_i) are less than the corre-
nm

* See Pringsheim, Math. Annakn, vol. xxxv (1890), p. 339.

t Differential and Integral Calculus (1839), p. 326.

J Liouvilk's Journal, vol. vm (1843), p. 78.
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spending terms of 2l+*K S -
,
wherem is such that sw_x > D ;

and there-
n =w $n

fore the series S dnf (sn ..i) is convergent. It has thus been shewn that :

n-l

// S dn be a divergent series, and dn = (1), and f (x)
= (ar

1
"*),nl

/ (x) 0, a^rf 8 > 0, then the series S / (sn-i) ^n ** convergent. In
n-2

particular, the series S rfn e-*v-i is convergent, ifp> 0.
,

r&=2

The following theorem has been given by Littlewood*. It can easily

be proved by the method employed in 14:

// S dn is divergent, and dn = 0(l), and if f (x) be a continuous
n~\

positive decreasing function of x, then S dnf(sn ) converges or diverges with
O 71=1

f(x)dx.
_

The series Zd!w being divergent, the series
6 "-6 n~1

is also
log sn_l

divergent, in accordance with the theorem of 11.

O _ rt

Now log sn
~

log sn^ < ---
,
and it thus follows that the series

Sn-l

S- ,
-

,
or lZ-j~ r, is divergent. It is easily seen that it diverges

more slowly than

Similarly we see that

and since S ^ 4JL~^r^
Sn~l

is divergent, it follows that S fiKT2
(2) & (2)

divergent. Proceeding in this manner it is seen that the series S

is divergent, for m = 0, 1, 2, 3, ..., provided dw i.5 divergent.

18. Writing Jfw+1 for 5W3 we see from the first theorem of 17, that

for any monotone increasing sequence {Mn}, the series

S (Mn+1
- JfJ e-p^i

is convergent if p > 0, and divergent if p 0.

Employing the criteria of 15, we now see, by substituting for cn or

dn the value (Mn+l Mn )
e~?Mn+i, that if lim ^----"ST"^**1 <

n^oo^ n+l
~" -^ n

/>
> 0, Ae 5me^ Saw i^ convergent; and if lim _= -^-

,^- e^Mn+i > 0, p 0,

rj^^n+l
~ M n

the series 2an i5 divergent.

*
Messenger of Math., vol. xxxix (1910), p. 191.
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^ M !L
~W~ epM||+1 < -^ for all values of n, we see that

log
fl

+ PMn+1M. n+l JXL n

r, and thus

for its upper limit, as n ~ oo
,
a number ^ 0. Similarly, if

is less than a fixed number, and thus that M log -^
-5

TT" +

we see that
-jj- log

-- !> + />
has for its lower limit a number

M-n+l Mn+l -M-n

which is i 0. We thus obtain the following criteria :

1 M M
If lim

-=j- log
^---n > 0, tte ^en'e^ Saw i convergent; and if

_ 1 M M
lim -^ log

- ^^-2. < 0, </?e ^erie is divergent.
n-oo -t n+l #n

If we substitute log
(lfl+1) Jfw for Mn in these criteria, and assume that

*+1 = 0(1), we obtain* the following scale of criteria:
-M

*er*M Sa" ** convergent;

and if lira . .-^. ... log (-,--"7*,,-,
-

-") < 0, the series is divergent.J
n~oo log<*+ Mn

& \Lm (Mn) an J

If we take Mn = w, we have the following scale of criteria:

// lim - log ( )
> 0, amZ generally if lim , . . log f

~r-r > 0,
(m+1) *

_ J J
the series is convergent; and if lira - log < 0, and generally if

n~*> n an

log
-
r /-x

< 0,6

^Ae series i divergent.

The first of the criteria of this scale are equivalent to the following

criteria due to Cauchyf:
i i

//lim a^ < I
9 the series 2aw is convergent; and i/lim a^ > 1, the series

fl^QO tt~00

San i^ divergent.

It has however been shewn in 13, that this last condition may be

replaced by the less stringent condition lim a* > 1.

The criteria given by the case m == 0, that if lim .------- log
-- > 0, the* y

,1=5 log n
6 nan

* See Dini, AnnaU delV Univ. Tosc. vol. TX, p. 11.

t Court d'Analyse Alg. (1821), p. 133.
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l i
series is convergent, and that if lim , log < 0, the series is divergent,

n~<x> log n nan
were given by Cauchy*; the whole scale was given by Bertrandf. An

eaiyvalent
scale of criteria was also given by de Morgan J.

19. It has already been observed that the criteria which have been

obtained for the convergence or the divergence of a series San with positive

terms yield sufficient conditions for such convergence or divergence, but

not necessary conditions. It can be shewn that there exists no set of

positive numbers Xl9 A2 , ... An , ... for which limAw
= 0, such that the

condition lim \~ < is a necessary condition for the convergence of the

series Saw . On the contrary, a convergent series San can always be con-

structed such that lim = <x>
,
when the sequence {Xn} has been prescribed.

An increasing sequence of integers nly n29 ... nm ,
... can be so chosen that

^^22' A
*2=2~e>

" A^^24̂ =2 J " '

Now let an = ^2
-

, for all values of n which do not belong to the sequence

{nm}} and let anm = 55^, for m =
*> 2

>
3

>

The series 2aw consists of the terms of the convergent series

1 1 1

2
+

22 23
" '

in a different order, and is therefore convergent. But \ 22m~l
,

and thus lim
^
w =

.

In particular it has been shewn that there exists no set of positive

numbers {Xn} satisfying the condition lim Xn = 0, such that lim ^
is a necessary condition for the convergence of the series San . It can,

however, be shewn that it is a necessary condition for the convergence of

San that lim . = 0, provided the sequence {Xn} be properly chosen. For
n~oo n

if lim ~ > 0, k can be so chosen that an > kXn , for all sufficiently large

values of n, and thus, if the sequence {Xn} be so chosen that 2 An is divergent,
the series Saw is also divergent. The incorrect statement has been made

* Cours <TAnalyse Alg. (1821), p. 137.

t Liouvilltfs Journal (1), vol. vri (1842), p. 37. See also Paucker, CreUe's Journal, vol. XLII

(1851), p. 138.

t Differential and Integral Calculus, p. 326.

This is contrary to an assumption made by Du Bois-Reymond; on this point see Pringsheim,

Math. AnnaUn, vol. xxxv (1890), p. 346.
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by Dini* and others, that if SAW is divergent, it is a necessary condition for

the convergence of Saw that lim ~* = 0. This statement only becomes

correct when the additional condition is added that lim ^ has a unique

value.

It can be shewn in a similar manner that there exists no set {Aw} of

monotone increasing numbers such that the condition lim ^ > is neces-

sary for the divergence of Saw . In fact, if {Aw} be prescribed and be such

that SAn is divergent, a series Saw can be so determined as to be divergent

and also such that lim ~ = 0.

SO. Let #! + a2 + ... + an + ..., b l + b 2 + ... + bn + ... denote two
a b

series of which the terms are positive. Let it be assumed that *~ -r 1^,* an bn
for all values of n that are m. We find, by giving n the values

m, m + 1, ..., n 1,

that ~, or an kbn ,
for n^m, where k denotes the number ?.

$
From this it follows that, if S6 W is divergent, so also is Saw .

Similarly, if it be assumed that ^ -~^
, for n ^ m, we see that

an ^ kbn \
and thus that, if S6n be convergent, so also is Saw .

Taking Scn , Sdw to denote a convergent series and a divergent series

respectively, sufficient conditions for the convergence or divergence of

the series 2a n may be expressed in the forms

(A)

m

Pn
~ - < 0, for divergence;

\^n u n+1'

fa a \
lim Pn

(

--^^
1 > 0, for convergence ;

. ^-"^ ^C Cw-fl/

where {Pw} denotes any arbitrary sequence of positive numbers.

To shew that tfiese conditions are sufficient, assume that the first is

satisfied, we have then Pn ( -j~ )
<

77,
where

77
is some positive

\dn dn+l' a $
number, provided n S some number m. It then follows that -n ^ - 1^ ,

an an
for ?i S m; and thus that Saw is divergent. The second condition can be

similarly shewn to be sufficient.

These criteria are spoken of by Pringsheimf as the general type of

P
criteria of the second kind, since they are reducible by writing , or
P a"~

, for Pn , to a form in which only the ratio of an l to an is involved.
an+l

* Loc. cit. p. 12. See Pringsheim, toe. cit. p. 343. f Loc. cit. p. 359.
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It should be observed that from the relation an S kb n or from the

relation an kb n , it cannot be deduced that -^ ^ -r^
1

>
or ^ -r1^.

0>n n an bn

Consequently it does not necessarily follow that, when one of the criteria

of the first kind is satisfied, the corresponding criterion of the second kind

is also satisfied. If San is a convergent series, the limit of ~m does
an

not necessarily exist, but may oscillate in any manner. In fact, if we have
a prescribed convergent series Saw , we may by an alteration of the order

of the terms, which alteration does not affect the convergence of the series,
a

ensure that the limit of
n~ oscillates in any prescribed manner.

If we take Pn
=

,
the above criteria become

Km (-= -
-j j

< 0, for divergence ;

lim
( )

> 0, for convergence.
r \Cn #w+l cn+l/

(B)

The second of these criteria (A), (B) can be reduced to a different form by

utilizing the theorem that Xe~psndn is a convergent series when p > 0.

Thus, let c n = e~ p'*dn ,
the second criterion (A) then becomes

lim Pn e**n - e".+i > 0.^ U* dn+i I

This may be written in the form

lim \Pn e'** (
a
/ - ^l - Pn ** "r^ (e^Vr'J - 1)1 > 0.

r^ L \"n dn+l j (ln+l J

If we choose Pn to be such that Pn an+l e^n = 1, the criterion becomes

1- f an 1 1 ePd " -11 Ahm ~
j-
-

-j

---
j
-- > 0.

I
<*>n+l dn rfw+1 dn+l J_ 6 p<*+i 1 p

Assuming that lim dn < oo ,
we have ^

--- ^ --^ , since
n~oo <*>n+l A "" pUn+l

j _ 6 p<*M-i _ 1
e2 ----

;
it follows that, by choosing p sufficiently small, lim ^

-
1 Z n-oo <*>n+l

may be made as small as we please. Consequently the criterion becomes

v / an 1 1 \ *
lim(

2. --=)> 0,

iZi a^-f i dn rfw+1 /

provided lira dn < <x . This restriction on rfn may be removed. For,
n~w

assuming that the condition lim f -^_ -=
^ J

> is satisfied for a
^z^> V^WH-I dn dn +i'

set of values of dn such that fi^ dn = QO
, a positive number A can be chosen
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so small that lim
(
-^L _-- A

)
> 0,^ \n+l n+l /

and therefore such that

_
Let -^-

= _ + A, thus lim d'n ^ ; then by hypothesis the condition
a n an A

lim
( -^

--
-TJ

)
> is satisfied. In case the series 2d'n converges,

\an+i d n & tt+i/

this condition falls under the second condition (B), and is sufficient for

the convergence of San . In case Sd'n diverges, since lim d'n < QO
,
it falls

n~oo
under the preceding case.

It has now been shewn that the condition

limf^-l- L-) >0
fj^ V*n+l dn dn+lj

is sufficient for the convergence of Saw ,
where dn is any divergent series.

Combining this condition with the second criterion (B), namely that

lim
(

-------
)
> 0, we see that a sufficient condition of convergence

S^> \an+I ^n Cn+l/

of the series 2an is that lim
( <f> (n) < (n + 1) )

> 0, where
{<f> (n)} is

JtZtt \an+l I

any assigned sequence of positive numbers. For the series S
l/<f> (n) is either

convergent or divergent, and in either case the criterion is sufficient.

This criterioft, which may easily be proved directly, was first obtained

by Kummer*, who however added the unnecessary condition that
<j> (n)

must be such that liman < (n)
= 0. That this latter restriction is un-

n~oo

necessary was shewn by Dini and by Du Bois-Reymond.

Companion criteria of convergence and divergence may now be stated

as follows:
/ a 1 1 \

lim
(

-_
)
> 0, for convergence,

\an+l dn dn+J
*

lim
[
-^2- _-- -

) < 0, for divergence.
n~ao \an+l <*>n dn+l/

The particular case in which dn = 1 gives the criteria of d'Alembert

and Cauchy which were obtained by comparing the series Saw with a

geometric series. Thus we have

lim f --- 1
)
> 0, equivalent to lim -^ < 1, for convergence,

^^ \#n+l / n^oo ^n

lim
(

2-- 1
)
< 0, equivalent to lim -^ > 1, for divergence.

n~oo Wn+l ' ^Z^ an

* Crette's Journal, vol. xin (1835), p. 171. A direct proof of this criterion has been given by
Stolz, Vvrlesungen fiber allg. Arith. vol. i, p. 259. The criterion was re-discovered by Jensen.
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If dn = 1/n, we have Raabe's criteria*

lim n (
ij
> 1, for convergence,

lim n
(

1
]
< 1, for divergence,

n~oo V^w+l I

In general, let dn ~ l/Lm (n) ;
we obtain then Bertrand'sf logarithmic

scale of criteria

lim \Lm (n)
- Lm (n + 1H > 0, for convergence,

lim \Lm (n)
-^L. - Lm (

n + i)v < o, for divergence.
\n-oo ( n+l J

It is easily seen that all these criteria fail in case lim oscillates between

limits one of which is greater than unity, and the other less than unity.

"21. If -^5- has the form 1 + - + ( \-^\, where A > 0, we have
dn+i n \n J

and thus lim n ( --- 1
J

= A. Therefore, in accordance with Raabe's
n/^oo \&n+l /

test, the series San is convergent if A > 1, and divergent if A < 1. In
the case A =

1, we can apply Bertrand's test for m =
1, L^ (n)

= n log n.

We have

nlogn .
-?-*- ~(n+l) log (n + 1)

= (n + l)log ~^ + (
~

W'w+i n ~r L \n /

Now lim
(

-v ) log ^ = 0, since lim ^~- = 0. Moreover
\ /M A I C3 ' M"-

n~<x> \fv / n^oo fv

-j- 1

has the value 1. It follows that in this case the series is divergent.
The following rule has thus been established:

If ^* the form 1 H---h
{ ), t^Aere A > 0, ^Ae series San i5

&n+ l
fv \lfl

"*"
/

convergent if A > 1, ewd i^ is divergent if A ^ 1.

For example, consider the series

l.y

'" ""

1.2...n.y(y+ 1)... (y + n - 1)
*
Baumgartner and Ettinghauscn's Zeitschr. f. Math. u. Physik, vol. x. See also Duhamel,

Liouvitte's Journal, vol. iv (1839), p. 214 and vol. vi, p. 85.

t Liouville's Journal, vol. vii (1842), p. 42. See also Bonnet, ibid. vol. vm (1843), p. 89,

smd Paucker, Creltes Journal (1851), vol. xui, p. 143.
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We have

an = (n + 1) (y + *) = t
,

n (y + 1 - a - j8)-)8 + y
( + ) (0 + ) ( + ) (J8 + n)

n

hence the series is convergent if y a j8 > 0, and it diverges if

y
- a - ft 0.

if -5n- = 5!L:

h
( -^ ) ; and thus the series is convergent if

\^ /

A > 1, and is divergent if a -4 ^ 1. This criterion* was given by
Gauss.

we have = 1 H

22. Employing the theorem that if dn is divergent, 2dn e~
ps is con-

vergent, for p > 0, we may in the criterion (B)2 , of 20, write dn e~
p*n for cn .

It is thus a sufficient condition for the convergence of San that

lim

which is equivalent to the condition that ~^L- -T~ 77*
> a positive

number p, for all values of n S a fixed number% . From this it now follows

that
an dn^
an+l dn

or log (-**- -4fi) >p + ^ log, (1 + pdn+1 e-PVi) > />,

^n-fl \^w+l *^n / an+l

for 7i ^ n 7

,
where p is some fixed positive number. This condition is certainly

satisfied if lim -= log
2
~p > 0, provided /o

be properly chosen.
j^ Un+l an+l tin

Hence a sufficient condition of convergence of San is that

In a similar manner it can be shewn that a sufficient condition of diver-

gence of the series San is that

If it be assumed that lim dn is finite, in the whole of the foregoing
n~oo

*
Opera, vol. m, p. 139.
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investigation e~***-i may be substituted for e~ps . We thus obtain the

criteria . a ^
(lim -7- log -^-y-

1 > 0, sufficient for convergence,

lim -7- log
n n** < 0, sufficient for divergence,

provided lim rfn ts finite.

Since the divergence of the series 2 j (m)
,

n
is a necessary conse-

quence of the divergence of 2dn , we can replace dn by fr^rf -r in the

above criteria. They then give rise to the scale of criteria

1 ad* H* (s _t )im -r i(w)
(5n_i)log

- -
j ~/(m)7~ f^

> > sufficient for convergence,

l

~Y < 0, sufficient for divergence,

where m = 0, 1, 2, 3,

In case we let dn = 1, we have the following scale of criteria:

lim log > 0,
^^ a"+i

lim L(m)
(n 1) log

^
Aw)/ \

> ^> m = 0, 1, 2, ...,

n^oo w+l \ /

sufficient for convergence;

lim log < 0,

! -rrlw^x <> w = 0, 1, 2, ...,

sufficient for divergence.

The criteria corresponding to m = are

US (n
-

1) log
~^-I < o.

n^oo an+l n

n / l\~" n
Since lim n log

~ = lim log (
1 + -

)

= 1,
n~co 7^+1 n-^oo \ ^/

these criteria become

lim n log
**- > 1, for convergence,^^ an+i

_ ff

lim n log < 1, for divergence,
n^-oo ^n+l

a criterion which was given by Schlomilch.
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23. Let M (x), m (x) denote monotone functions, positive in the

infinite interval (1, oo ), of x, which both diverge to o> , as x ~ oo
, and are

such that M (x) > m (x). It will be assumed that / (x) is monotone non-

increasing, and positive.

Let

^
j

1 + F (> ( + nh)}
- F {M (g)}j

where h is an arbitrarily chosen positive number. It will be shewn that :

The series S/ (n) converges if lim <f> (x) < 1, and diverges if lim <f> (x) > 1.

First assume that lim
<f> (x) > 1

; then <f> (x) 1 + 6, for x S , where e

is some positive number, so that

F {M (x + h)} -F{M (x)} ^ (1 + e) [F {m (x + h)}
- F {m (x)}],

from which it follows that

F {M ( + nh)} -F{M ()} S (1 + ) [F {m ( + nh)}
- F {m ()}],

for all positive integral values of n.

We have now

F {M ( + nh)}
- J

F {m ( + nh)}
- I

provided n be chosen so large that F {m ( + nh)} > F {M ()}. From this

it follows that F {M ( + nh)} - F {M ()}
lim 1 1 ! '2 i ^J2 > i 4.

=;
F {m ( + nh)}

- F {M ()}
"

,00
n~

If /(#) d#, or jP(oo ), were finite, the limit of the expression on the

left hand side would have the unique value 1, hence it follows from the

inequality that F (oo )
= oo

, and thus that Z/ (n) diverges (see 14).

Next assume that lim < (x) < 1
; then < (#) ^ 1 e for x

, and for

some positive number e.

We find as before that

F {M ( + ra&)}
- F {M ()} a (1

-
) [J

1

{m ( + nA)}
- ^ {m ()}],

and hence that

F {M ( + ttfe)}
- J7

{M (g)} ^ f J7

{M (g)}
- ^ {m (g)

^ {m ( +n^)} - ^ {M ()}
^ ( j

(

+ F {m (f + nh)}
- F {M

If now jP(oo )
= oo

, we find from this inequality that

il-*,

which is impossible, since F {M ( + nh)} > F {m ( + nh)}. It thus follows

that jF(oo ) must be finite, and therefore that S / (n) converges.
n-l
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h)-M(x)}f{M(x + h)} F{M(x + h)}-F{M(x)}
{m(x + h)-m (x)}f{m (x)} F {m (x + h)}

- F {m (x)}

(x + h)~M(x)}f{M(x)}
{m (x + h) -m (x)}f{m (x + h)}

'

we see that the criteria can be reduced to the form

( r {M(x + h)-M(x)}f{M(x + h)} ,
. ,.hm l ~ - ~TT- / u t< / \, > *> for divergence,

\1Z {m(x + h)-m (x)}f{m (x)}
6

IP {M (x + h) -M (x)}f{M (x)} , ,hm l
.

v
T\ -

/ \> I* / Mrr < *> for convergence,
^*~oo {w (# + A) m (x)}f{m (x + h)}

where M (x) > ra (x).

A special pair of criteria can be obtained by taking m (x)
= x in the

first criterion, and m (#)
= ii? h in the second ;

we then have

v {M(x + h)-M (x)}f{M (x + h)} , , ,. lyf/ Nhm l i 5^ . .;
;

/
J x v ^ > 1, for divergence, where M (x) > x,

;r-{Jf (x + h)-M(x)}f{M(x)} . , , ,..
N

,hm i i :

7

^

nj l ^-^ < 1, for convergence, where M (x)>x h.

/&/ (^)

In particular, if h = 1, we have

f
lim

I* (+!)- *())/{* (+*)} > lf for divergence, when Jf () > *,

J ^^" / v^)

} < 1? for convergence, when M(x)>x-\.

These criteria were given by Kohn*.

If M(x), m(x) have definite differential coefficients M '

(x), m' (x),

^(x+ty-MW and m(x_ + A)j-m(aO ^^ arbitrarily little from
J) 1\/T (Y\ JLTYL (Xi

unity, if h be taken small enough. In this manner we can obtain the

following criteria :

f lim - /
\

> 1, when M (x) > x, for divergence,

_ < l, for convergence.
/ (%)

The companion conditions obtained by taking M (x)
= x,m(x)<x are

r

lim -
, 7 viv- 7"u > !> when m (^) < x

> for divergence,'

lim __^jL^J < i
?
for^convergence.

These criteria are due to Ermakoff f .

* Archiv der Math. vol. LXVH (1882), p. 63.

t Bulletin d. Sc. Mat. (1), vol. n (1871), p. 250; (2), vol. vn (1883), p. 142.

H.H
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Taking M (x)
= ex, m (x)

= log x, we have the special criteria

-T ex f (e
x
) . ex f (ex )

lim -> > 1, for divergence; lim * < 1, for convergence;
'^'^ v \ / 35*^00 J \ /

/v *
/^T*^ O* ^ ^^^

lim
fjT-^- r > 1, for divergence; lim

^ ^^ ^ < 1? for convergence.

THE CONVERGENCE OF SERIES IN GENERAL,

24. We proceed to consider the case in which the terms of a series an

are not all of the same sign. The simplest case is that in which the positive

and negative signs occur alternatively. In this case the following criterion

is frequently applicable to decide the question of the convergence of the

series :

// the terms of a series u1 u2 + u3 --%+... be of alternate signs, and

if un ^ un+l , for every value of n, it is necessary and sufficient for the con-

vergence of the series that lim un = 0. When this last condition is not satisfied
n~oo

the series oscillates between limits, both of which are in the interval (0, u^),

where we may assume ul to be positive.

Since
|

sn 8 n^ |

=
|

un
|

,
it is necessary for the convergence of sn that

lim un = 0. Again we have

n fm - n+1 -

If lim un = 0, for all sufficiently large values of n we have
|

sn+m s n
\

< e,
n^oo

an arbitrarily chosen positive number, for m 1, 2, 3, ____ Thus the con-

dition of convergence is satisfied.

If lim
|

un
|

is not zero, it is seen that < s2n < ul9 and that s2n does not
n~oo

diminish as n increases ;
therefore s2n has a definite limit, in the interval

(0, %). Similarly, we see that s2n+l never increases as n increases, and that

it lies in the interval (0, u^i thus s2n+l has a definite limit in the interval

(0, u-^. The limits of s2w ,
<$2?2+i both lie in the interval (0,^) arid differ

from one another.

For series in which the signs may be distributed in any manner the

following theorem is of importance. It was first established by Catalan*

and Dedekindf, and depends essentially upon a lemma due to Abel J.

This Lemma consists of the identity
T'-n -1

kiUi + k2u2 + ... + kn un = S (kr
- kr+l ) sr + kn sn)

rl
where sr denotes the rth partial sum of the series S un . It has a role in

n = l

* Traitt Mmentaire des Series (1860), p. 32.

t See his edition of Dirichlet's Vorl. ii. Zahlentheorie, 3rd ed. p. 255.

J For a history of the theorem see Pringsheim, Math. Annalen, vol. xxv (1885), p. 423.



23, 24] The Convergence of Series in general 35

the theory of infinite series similar to that of integration by parts in the

Int^ral Calculus.

// the series u^ + u2 + ... + un + ... be either convergent or oscillating

between finite limits, and {kn} be a sequence of numbers such that lim kn
= 0,

n~oo
and that the series S

|

kn kn+1 \

is convergent, then the series
n~l

&!% + k2u2 + ... + knun + ...

is convergent. In particular it is sufficient that {kn} form a monotone n on-

increasing sequence and that lim kn = 0.
n~co

A partial remainder of the series is expressed by

i ^n+2^n+2 ~T + "'n+m^n+m

kn+l ($n+l
~~~ S n) + kn+2 (Sn+2

~~
*4-l) + - + Knm (

Sn +m ~~~
^n+w-l)

~ *n \ a) 5n+2 +

If the series u + u2 + . . . is either convergent, or oscillating between

finite limits, we have
|

sn
\

< A, for all values of n, where A is some fixed

positive number. The integer n can be chosen so large that
j

kn+m \

< e,

where m = 1, 2, 3,

If the series S
|

kn &w+1 1

is convergent, ^ may be chosen so large
n-'l

that
|

fcw+1
- fcw+a |

-f ... +
|

kn ^m^ - kn ^ m \<, for m - 2, 3, .... It

follows that, if n be sufficiently large,

for the values 1, 2, 3, ... of m. Since e is arbitrary, it follows that the

series 7^% + &2%2 + ig convergent.

The following theorem may also be established :

If the series u + u>2 + ... + u n + ... be convergent, and {kn} is a sequence

of numbers, such that
\

kn
\

is less than a fixed positive number K, for all

values of n, and is also such that the series S
|

kn k^^ \

is convergent, then
n~l

the series k^u^ + k2u2 + ... is convergent. In particular it is sufficient ilmt

{kn} should be a non-diminishing sequence of numbers with a finite upper
limit.

We find, as before, by writing s sn+m = Rn+m>

If n be taken so large that |

kn+l kn+2 \
+ ... +

\

kn+m^ kn+m \

< e, for

m = 2, 3, ... ,
and also so large that

|

Rn+m \

< c, for m = 0, 1, 2, ... , we have

3-2
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for m =
1, 2, 3, .... Since 3Ke is arbitrarily small, the condition for

convergence of the series is satisfied.

EXAMPLE.

Since 2 sin rO = sin 5 6 sin\ cosec n , we have, for any value of Q which is not zero

or a multiple of 2ir 9 2 sin nd cosec - , and thus the series oscillates between finite

r-1 2
n

limits. Similarly, if 6 is neither zero nor a multiple of 2?r, the series 2 cosrO oscillates
r=l

between finite limits. The first series is convergent, and the second is divergent, when 0.

It follows from the above theorem that, if {kn} be a sequence of numbers which converges
oo

to zero, and is such that 2
|

kn - &w+1 1

is convergent, the series 2 kn sin nS is convergent,
n=l oo n = l

for any fixed value of 6; and the series 2 kn cos nB is convergent for any fixed value of
n = l

6 that is neither zero nor a multiple of 2n. In particular {kn} may be any sequence of

non-increasing numbers which converges to zero.

r

25. It can be shewn that, if the series
| % |

+
|

u2 1
+ ... +

|

un
|

+ ...

is convergent, the series ul + u2 + ... + un + ... is also convergent. Let the

first n terms of this second series contain n terms with the positive sign,

and n2 terms with the negative sign, and let ani , a'n2 denote their sums ;

thus sn = crni a'
nsl

. Now ani + a
'

Wg is the nth partial sum of the series

| ^ |
+

|
u2 |

+ -; and, since this series is convergent, a
ni + a' W2 is less

than a fixed positive number, whatever value n has. It follows that

awi , a' na are each less than some fixed positive number, however large %, n2

may be.

Since {ani}, {<*'n^ are both monotone non-diminishing sequences it

follows that lim ani ,
lim o-'W2 are both definite numbers; hence lim sn is

n^oo n-Qo n~oo

a definite number, and therefore the series % + u2 + ... is convergent.
The limits of o-Wl , a' nt are independent of the orders of the terms in the two

series, and of the particular sequences of % and n2 .

00

If the series S
|

un
|

is convergent, then the series S un is said to be
ra-l n-l

absolutely convergent.

\/[f two series 2 an ,
2 bn are such that -~ is bounded, then if%bn is absolutely

convergent, so also is 2aw .

For, if

m~n m-n
K, for all values of n, we have S I am I K I b r

and thus, if n is indefinitely increased, S
|

am
| converges to a value which

w-l
does not exceed K times the sum of the absolutely convergent series

m-l
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It may happen that ani a'na has a definite limit, as n is indefinitely

increased, but that awi ,
a'Wa increase indefinitely. In that case the series

00 00

S un is convergent, but S
| u^ \

is divergent. The series S un is then said
n-l n-l

*

n=-l

to converge non-absolutely.
oo

If a convergent series X un , of which the sum is 5, be such that every
n~l

series which consists of the same terms in a different order converges to
00

the value s, then the series S un is said to be unconditionally convergent.
n=-oo

It has been shewn in 8 that, if all the terms of the series are positive,

and the series isconvergent, then it is necessarilyunconditionallyconvergent.

1?or series in general the following theorem will be established :

A series which is absolutely convergent is also unconditionally convergent;

and conversely y
a series which is unconditionally convergent is also absolutely

convergent.

The truth of the theorem is clear from 8, in case all of the terms

have one and the same sign, with the exception of a finite number
of them. It will accordingly be assumed that this is not the case.

Assuming that the series is absolutely convergent, it has been shewn
that crwi ,

o-' W2 both converge to definite limits, as n is indefinitely increased,

and thus n and n2 are both indefinitely increased. If the given series be

rearranged in accordance with any norm, the two series which contain the

positive and the negative terms respectively are also rearranged, but as

has been shewn in 8, their limiting sums are not thereby altered, and

they converge respectively to lim ani ,
lim a' W2 . It then follows that the

fl~CO 1i~QO

rearranged series converges to lim cr
ni

lim a'n2 , the same sum as when the
n~co n~&>

terms were in the original order.

Next let it be assumed that the series S un is unconditionally con-
nl

vergent. It is impossible that one of the two limits lim ani ,
lim cr'^ should

n~oo 7l~ao

be infinite and the other finite, for in that case 2 un would be divergent.
ra-l

Thus, unless they are both divergent, the series S
|

un
\

is convergent. Let
nl

it be assumed that lim a
wi ,

lim a'nz are both oo
;
it will then be shewn that

n^oo n~oo

S un cannot be unconditionally convergent.
n = l

Corresponding to each number n there are numbers nl9 n2 ,
both of

which increase indefinitely with n. For each value of nl9 let n be the

smallest integer such that o-
ni

' S 2o-Wl . We then consider the two sequences
of numbers {%'}, {n2} ;

a corresponding rearrangement of the terms of the

given series can be so made that the first %' positive terms of the series
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are taken together with the first n2 negative terms of the series, to make
the first %' + n2 terms of the new series. The partial sum of the new series

is then a
ni

a' nz 2a
ni cr' na . Since ani a\ 2

has a finite limit, and ani

diverges, it follows that tr
ni

/ anz diverges. Therefore the series has been

so rearranged that it becomes divergent, and this is contrary to the

hypothesis that the series is unconditionally convergent. Hence ani , a' r, 2

must both be convergent, and therefore the series S
|

un
|

is convergent,
or S un is absolutely convergent.

n " 1

if i

26. The following theorem, due to Riemann*, will now be established:

The terms of a non-absolutely, or conditionally, convergent series can

always be so rearranged in a series of type u>, in accordance with some

norm, that either (1) the new series converges to an arbitrarily assigned sum,
or that (2) the new series is divergent, or tliat (3) the new series is oscillatory,

with arbitrarily assigned limits of indeterminancy. Moreover each such

rearrangement may be made in an indefinitely great number of ways.

Let kl9 k2 ,
&3 ,

... be a monotone increasing sequence of positive num-

bers, defined in accordance with some prescribed law. Take pl positive
terms of the given series 2^w , so that a^ > kl9 whilst o^.^^ 1c^\ next

take ql negative terms such that a^ a'
Ql

k
,
whilst a

Pl cr'^-i > k^ .

Next take p2 p^ more positive terms of the given series so that

<***
- a

'<n
> ^2>

whilst a^.j a'
Ql
^ k2 ;

then take q% gl more negative terms, so that

apa cr'^^1 k2 , whilst apt or'^.j > k2 . Proceeding in this manner, we
obtain two sequences of integers {pn}, {qn} such that a^n a

qn
kn ,

whilst avn a'^-i > kn , and a9n_ l
(7

<?n_ 1
^ kn^. Denoting the positive

terms of the series ^un by al9 a2 , ... an , ... , and the negative terms by
bl9 b2 , bn , ... 9

we obtain a rearrangement of the series, which is such

that

(al + a2 + ... + a^)
-

(6X + 62 4- ... + b
Ql )

is ^ kn , whilst, if we leave out the term bQn , it is > kn . This sum aPn <r'
Qn

accordingly differs from kn by less than bqn . If the whole of the last bracket

be omitted, the expression then differs from kn by less than a^n , in accord-

ance with the mode of determination of avn . If n be sufficiently large

a^ and bqn are both less than an arbitrarily assigned number . Thus, if

some or all of the terms in the last bracket are omitted, the expression then

differs from kn by less than . If the two last brackets are omitted, the

remaining expression differs from kn_ by less than bQn^ ,
and n may be

* Partidle DifferenticHgleichungen, Braunschweig (1869), p. 41.
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chosen so large that this and aPn are both less than <=. If the whole of the

last bracket and a part of the terms in the last bracket but one are omitted,
the remaining expression is between kn _^ and kn + e. It follows that

if pn -i + qn-i ^ N ^ pn + qn , the sum SN, of N terms of the rearranged

series, lies between &_! e and kn + e. Now let the increasing sequence

{kn} converge to a positive number Jc
; then kn_i ,

kn ,
kn+1 , ... all differ from

k by less than e, provided n is taken sufficiently large. It follows that SN

differs from k by less than 2e. Since is arbitrary, it follows that the

rearranged series converges to k. Since k may be defined in an indefinitely

great number of ways by an increasing sequence {&}, it follows that there

are an infinitely great number of such rearrangements of the terms of

the given series.

In case the sequence {kn} is divergent, it is clear that the rearranged
series will also be divergent.

In case the number k is negative, the method of procedure is essentially

the same ; we then commence by taking negative terms of the given series,

the numbers kn being taken to be negative, and {kn } to be a diminishing

sequence.

To establish (3). Let k, V be two arbitrarily assigned positive numbers
such that k > k'. Let k be defined as the limit of a sequence {kn } of in-

creasing positive numbers, and k' as the limit of a similar sequence {k'n} ;

we may suppose that kn > k' n for all values of n.

As before, two sequences of increasing integers {j^}, {q^ can be so

determined that o-^ > kl9 o
vj^ k^ cr

Pl
- a'

qi
^ k' l9 aPl

- a
Ql^ > k\;

and generally so that aPn
- a'^ > kn , a^^ - a'qn^ ^ kn , a^ - a'Qn ^ k'n,

'n- I*1 this manner a series

-
(fcj + ... + h

Ql ) +

is formed which differs from k'n by less than 6an ;
if the last bracket is

omitted the remainder differs from kn by less than aVn . It is now easily

seen, as in the previous case, that the series oscillates between k and Tc
f

;

this rearrangement can be made in an indefinitely great number of ways.
In case k and k'

ff

are of opposite sign, only a slight modification of the proof
is required.

A specudfcase of this general theorem arises when the given series is

ai
~~ ai + m ~~ a2 + as az + )

where each positive term an is followed

by a negaCive term of the same absolute value. Provided lim an = 0, the
71^00

series is convergent, but if ax + a2 + a3 + . . . is divergent, the convergence
of the series is non-absolute. It now appears that, from the terms of a

divergent series % + a2 + ... , where lim an = 0, series can be constructed,
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in an indefinite variety of ways, which converge to a prescribed sum, or

are divergent, or oscillate between given limits ; all such series having the
form

a2 + ... + a
ft
-

c^
- a2

- ... - a
Ql

the numbers p , p2 , . . . ; gx , q2 , ... being determined in the manner explained
above.

EXAMPLES.

1) The series 1
~2"l

~3~~4~f~'"~f

"2~ ~1
"

o~ + "* *s non-absolutely convergent,

its sum being log, 2. The series I +
^
-

^
+

^
+

* - l
+ ..., which is obtained by a

o

systematic rearrangement of the terms of the first series, converges to
*

log,, 2.
2

m-n/ i I i -i \

For we find s*n = 2
(

----._ + _-____L]
w -lV4m - 3 4m - 2 4m - 1 4m/

'

m "

and, for tho 8econd series, s'3n
=

therefore

2
Since s4w , 52n both converge to loge 2, as n~ oo , it follows that s'sn converges to loge 2.

Since a'an^, ^^-2 only diifer from s'$n by 2
, ; -,

-
^

, it is seen that they have the

^
same limit as s'3n ; therefore the second series converges to

^ log,, 2.

By rearranging tho terms of the non-absolutely convergent series

we obtain the series

i 1,111111 1 1 1 1
1 + 2~ lH

~3~
+ 4~2 +

5
+ 6~3+-''~ ^~I + 2^1 +

2n
"
n
+ "' '

111111 1 1 1 1 1
1 +

2
+

3""
1 +

4
+

5
+
(i~2

+ '^ - 1
+

3n"- 2
+
3^ - 1

+
3n n

. . 1111111111
__ ___ _ __ ^
n - 1 (n

-
I)

2 +1 (n -
I)

2
4- 2

"'
^2 n

The first of these series converges to loge 2, the second to loge 3, and tho third diverges.

CESlRO's SUMMATION BY ARITHMETIC MEANS.

. Denoting by sn the nth partial sum of the series

I o 1 I n

and by Sn the arithmetic mean --?- -- of the numbersJ n n

^1 j ^2 $n> 5
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it has been shewn in 6, Ex. 1 that, whenever lim sn has a definite value s,
n~oo

so that the given series is convergent, then lim Sn = s. The latter limit
73r~00

lim $w may, however, exist when the series is not convergent, as is seen,
n~oo

for example in the case of the series 11 + 11 + ....

Whenever 8n has a definite limit, as n ~ QO
, the given series is said to

be summable by Cesdro's method of arithmetic means. In view of a develop-
ment of Ces&ro's method of summation, to be considered later, it is also

said to be summable (C, 1), that is by Ces&ro's method, order 1. It may
happen that Sn is not convergent but oscillatory; the values $", S of

lim Sn ,
lim Sn are then said to be the upper and lower sums ((7, 1) of the

n^oo n~co

series. In case S, S are both finite numbers, the given series is said to be

bounded (C, 1).

From the point of view of the theory of sets of points, it may happen
that the points P1? P2 , ... P n ,

... which represent the numbers

^1? ^2? $n ,

do not converge to a single limiting point, but that the set of points

P1? jF2 ,
... ?n , ... , where P"M is the ccntroid of the points Pl9 P2 , ... Pn ,

has a single limiting point P, which then represents the Ces&ro sum S.

We have, since sl + s2 + ... + sn = nSn ,
sn = nSn

-
(n
-

1) Sn 9̂

therefore an = nSn 2 (n 1) $_! + (n 2) $w_2 ;
and hence

In case Sn has a definite limit as n ~ oo
,
it follows from these last two

ft *?

equalities that
,

~ both converge to zero. In case Sn is bounded, but
n n

ft O

not necessarily convergent, it is seen from the same equalities that and

are both bounded. It has thus been shewn that:
/

// a series Eaw be bounded (C, 1), then an
==

(n), and sn = (n). If

the series is summable (C, 1), then an = o (n), sn = o (n).

The following theorem may be obtained at once from the general

theorem given in 6. Writing, in that theorem, (3n
= n, an = nSn ,

we
have:

// San i^ oscillatory, between finite or infinite limits

lim s S lim $n ^ lim S lim 5n ;

and! in particular, if the series be summable (0, 1), its Cesctro sum lies in the

interval formed by the upper and lower sums of the series. If the series is
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divergent, then Sn is also divergent, to + oo
, or oo

, as the case may be. In
case lim sn exists either as a finite number or as + o> or oo

, lim 8n , exists

and has the value s.

28. The following theorem will be established:

V //a series 2 an is summable (C, 1) the series 2 - is convergent; and ifn l Ti^l W

2 an is bounded (C, 1) the series 2 -^ is convergent, provided 8> 0;
71 aM 1 71 Ta 1 *^

moreover the series 2 is ^ew, bounded.

71 7W> yy

The series S -~j may be written in the form

-
where _

n =

m ~ 2

or
in
2)S J

The two last terms are equivalent to

m* (m l)
s

{ \ m )

"~

j

*

If Sm is bounded, this converges to zero, as m ~ QO
, provided 8 > 0.

If 8 = 0, the expression is bounded when Sm is bounded. If Sm has a
definite finite limit, and 8 S 0, the expression converges to zero, as m ~ oo .

The series S -f 1 2(1 + -}
+

+('i + ~\~
l+

1
wi n

[_ \ n/ \ nj
\

is, since

where J, ^' are both bounded, and converge to zero, as n QO
, numerically

less than^
\

Sn
\

2 1^1 ^
2

I ^
I-

.

If 8 > 0, and
|

Sn \

is bounded, this is less than a fixed number inde-

pendent of m.
m-2 2S

If 8 = 0, the series becomes 2 -. --r- r, which is absolutelv
7ii \n> -\- 1) (n + 2)

J

convergent if Sn is bounded.

It has thus been shewn that, when Sn converges to a finite limit, the series

2 is convergent; and that, when 8n is bounded, the series2^ (8 > 0)

is convergent, and the series 2 is bounded.
n
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2S
It should be observed that, although the series S 7 r-r-r ^ is

n-i(w+ l)(n + 2)

absolutely convergent when Sn is summable (C, 1), it does not follow that

the convergence of the series is absolute. For, in the transformation,
n~i n

-- is replaced by the sum of three terms, which are then rearranged, and
n
the series may thus become an absolutely convergent series. For example,

the series 1 1 + 1 1+ ... is convergent (<7, 1), but the series 1 ^ -\
- ...

2i 3

is only non-absolutely convergent.

The following is a generalization of the second part of the above

theorem, and can be evstablished in the same manner:

// the series 2 an is bounded (C, 1), and {kn} he a sequence of numbers
ft- 1

such that kn = o
( -), and such that the series S n

\

kn 2kn+1 -( kn+2 \

is
\ft/ n~i

convergent, then the series S kn an is convergent.

SERIES OF TRANS FINITE TYPE.

9. -it S
,
S2 ? 3 , ... Sn , ... *9W ,

5W hl , ... SY ,
...

be a set of numbers each one of which is definite, and in which every index

that precedes some number
/3

of the second class occurs as a suffix, and
if the series

Ut + u2 + ... + un + ... + UM + ^wfl + ... + uy + ...

be formed, where

% =
$!, u2

= s2 ^, ... un
= s n 5M _j_ ... sw = lim n , UH == ^wfl 5W ,

^W |-1

~
^W^ 2

~~
^CU-f-U Uy -"=

^y,,^
~

tfy , . . . ,

in which the indices of u include every number less than
/?,

then the series

is said to be a convergent series* of type /?.
If y be a limiting number, the

limit of a sequence {y^}, then sy is defined to be lim s
yn . If

jS
be a limiting

number, the series has no last term, but if j8 be a non-limiting number,
the last term of the series is

%>-!] = ty
-

*[0-ll-

An ordinary infinite series

^1 + ^2 + + Un +
is of type co. A series

u l + u<i + ... + un + ... + vl + v2 + v% + ... + vn + ...

* Such series have been investigated in a different manner by Hardy, Proc. Lond. Math. Soc.

(2), vol. I (1904), p. 285.
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is of type o>2; and a double series

i #31 i #32 "T" #33 T" T" #3w ~T

anl

is of type tu2 ,
if it be taken in columns successively, or in rows successively ;

but it is of type CD if the terms are taken diagonally in the form

#11 + (#12 + #21) + (a13 + a22 + a31) + ... .

Conversely, a series of any type J3
is convergent if all the sums

#1 >
#2 ^n ? ^w s y 9

&
ft

be definite numbers.

It is clear that, jS being any given number of the second class, any series

of the ordinary type o> can have its terms so arranged that the series

becomes of type j8. For a correspondence can be defined between all the

ordinal numbers less than
ft,

and the ordinal numbers of the first class.

Let us now suppose that all the terms of a convergent series

ul + U2 + ... + M + KH-I + ... + uy + ... ,

of type jS,
are positive, and thus that

Sj <C $2 ^ *^3 5 ^ ^w j ^
<$y 5 ^ ^J

If we represent the numbers
o o o o
*1> *2> " 6w? *

in the usual manner, by points on a straight line, the terms of the series

are represented by a set of intervals

(0, Sj), (Sly Sjj), *' WtOJ Sw+l)> ...

on the straight line; each interval abuts on the next; and all the points

sa ,
where a is a limiting number of the second class, are semi-external points

of the set of intervals. The end-points and the semi-external points of the

set of intervals form an enumerable closed set which has consequently zero

content; and it follows, from the theory of the measures of sets of points,

that the set of intervals has a measure equal to that of the whole interval

0, 5^), which is therefore fy. Since the measure of an infinite sequence of

intervals is equal to the sum of the measures of the intervals, it follows

that, if the intervals be arranged in a sequence of type co, their sum is fy.

The following theorem has thus been established :



29, so] Series of Transfinite Type 45

If a series of positive numbers be convergent, and of type /?,
it will also be

convergent when arranged in type co ; also the sums will be the same. Conversely,

if it be convergent wfien arranged in type o>, it will also converge to the same

sum when arranged in type j8.

We may pass to the consideration of series of type /?,
of which the

terms are not necessarily all positive, but of which the convergence is

absolute.

An absolutely convergent series of type j8
is a series which is convergent

when each term is replaced by its modulus.

Let us suppose the intervals constructed as before, which represent
the terms of the series

Tf we choose out from this set of intervals those which correspond to

positive terms of the series

Ul + U2 + ... + U + ... + Uy + ...,

we have a set of intervals which has a definite finite measure; and the

same is true of the set of those intervals which correspond to negative
terms of the given series. The given series converges to a sum which is

the difference of the measures of these two sets of intervals, and this sum
is unaffected by the order in which the intervals are taken in either the

positive or the negative component. It has thus been shewn that :

// a series be absolutely convergent, and of type j8,
then the series is con-

vergent, and its sum is independent of the type.

DOUBLE SEQUENCES AND DOUBLE SERIES.

30. A set of numbers {smn}, where each of the indices m, n may be

any positive integral number, and the number smn is defined, in accordance

with some norm, for each pair of values of m and n, is said to form a

double sequence.

If, for a given double sequence, a number s exists, such that, corre-

sponding to each arbitrarily fixed positive number e, the condition

I

s s<mn
|

< e be satisfied, for all values of m and n such that m^p,
n S p, where p is some integer dependent on

,
then the double sequence

is said to be convergent, and the number s is said to be the limit of the double

sequence, or the double limit of the sequence. This is denoted by

* = lim smn .

The theory of double sequences may be correlated with that given in

I, 302-306, of the double and repeated limits of a function of two
variables. For, if we assume x = 1/m, y = 1/n, the number smn may be
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taken to define the value of a function / (x, y) at the point x = 1/m,

y = \l<n. That the function is not defined for all positive values of x and y
in the neighbourhood of the point x = 0, y = makes no difference as

regards the validity of the results obtained for a function of two variables.

These results may now be interpreted as properties of the sequence {smn}.

The double limit lira / (x, y), when it exists, is identical with
x~Q,y~Q

lim smn ,
and the existence of either of these double limits implies that

m~oo,n-~co

of the other*.

Corresponding to limf(x,y), limf(x,y), lim/ (x, y), the notation

i/~o y^o 2/~o

mn , limsmw , limsmn may be employed to denote respectively the

upper limit, the lower limit, or the limit of smn ,
for a fixed value of m, as

n ~ oo . The limit exists when the upper and lower limits are identical.

The notation lim smn may be used to denote the upper and the lower
n~co

limits, when either is to be taken indifferently. The corresponding

notation

lim smn ,
lim smn ,

lim smn ,
lim s mn ,

m^co 7fl.~oo //I~CQ W~GO

may be employed when n has a fixed value, and m ~ QO . The repeated
limits lim lim swn ,

lim lim smn correspond precisely to the repeated limits

lim lim/ (x, y), lim lim/ (#, y).
a:~0 2/~0 2/~0 #~0

The following results are obtained by transposing those in I, 303 :

T&e existence of the double limit s EE lim smn implies the existence ofm~oo, n~oo

the repeated limits lim lira smw ,
limlim ts' mw ,

am? ^to these both Jiave the

The existence of s is not a necessary consequence of the existence and the

equality of the two repeated limits.

The existence of the repeated limit lim lim smn does not necessarily involve
m~oon~co _

that of limsmw ,
as a definite number; but it implies tJtat lim lirn smn and

n~<x> m~<x> n~oo

lim lim smn have one and the same value. Thus lim lim smn has a more
m~oon~oo m~oo n~ao

general meaning than has lim {lim smn}.

In case the sequence {smn} be such that sm*n> ^ smn ,
for every set of

values of m, n, m' and n', such that m' ^ m, n' n, the sequencers said to be

* The theory of double sequences has been treated by Pringsheim, Sitzungsber. Munch.

vol. xxvm, and also in Math. Annalen, vol. Lin (1900), p. 289. See also a memoir by London in

Math. Annalen, vol. Lin (1900), p. 322.
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monotone. It is also said to be monotone when the condition is replaced

by sm>n> ^L smn . This definition is equivalent to the corresponding definition

in I, 307.

The following theorem has already been established in I, 307 :

If the sequence {smn} be monotone, the existence of any one of the three limits

lim smn ,
lim lim s mn ,

lim lim smn

involves the existence of the other two, and the equality of all three.

31. If the conditions are satisfied that lim smn ,
lim smn are finite for

each value of m, and that, corresponding to an arbitrarily chosen positive
number e, a value n ,

of n, can be so chosen that smn lies between lim smn + e
n~oo

and lim smn e, provided n ^ n
,
for every value of m, it may be said that

n~oo
the simple sequences (s,ml , sm2 , $W3 , ... s mn9 ...) are oscillatory, uniformly
with respect to m.

In case lim smn exists as a definite number, for each value of m, and in
tt~CQ

case, corresponding to an arbitrarily chosen positive number ,
an integer

n can be so chosen that
|

smn lim s.mn
\

< e, provided n ^ n )
for

n~>
every value of m, the simple sequences (sml ,

s in2 , ... smn , ...) are said to

converge uniformly with respect to m.

In the present case the statement of the condition (2) of the theorem
contained in I, 304 may be simplified, it being observed (see I, p. 387)
that the condition may be so strengthened that the theorem gives the

necessary and sufficient conditions for the existence of the double limit.

The condition there given is that corresponding to each arbitrarily fixed

positive number e, a number n exists such that for each value n of n > n
,

a positive number m
wi

exists such that smn lies between lim smn -\- and
W~oo

lim s mn e, for all values of n that are ^ n and for all values of m that
tt~QO _
are > m ni

. It being assumed that liui s mn ,
lim smn are finite for all values

n,~oo n~<x> _
of m, it is clear that, for m =

1, 2, 3, . . . m
ni , s mn lies between lim smn + e and

/l~OQ

lim smn e, for all values of n that are ^ some fixed number %/. If now
7l~OQ

fij be the greater of the two numbers nl9 n/, we see that the condition is

equivalent to the condition that smn lies between lim smn + e and lim smn e,

71*^00 n^-co

for all values of n ^ n x and for all the values 1, 2, 3, ... of m. The condition

may now be stated in the form that all the simple sequences

V^wl> Sm29 ^mri) )

are oscillatory, uniformly with respect to m. It will clearly make no
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difference if, for a finite number of values of m, lim smn or lim smn is not
n~oo n~oo

finite, or if both are infinite. The theorem so modified now takes the

following form :

The necessary and sufficient conditions for the existence of the double limit

. lim smn are (1), that lim smn lim smn should converge to zero, as m ~ <x>
,

***00, Tl^O

and that lim smn lim smn should converge to zero, as n ~ oo
,
and (2), that

Wl**OQ TW^OO

the sequences (sml , sm2 , ... smn , ...), wA,ere w =
1, 2, 3, ... , should be oscilla-

tory, uniformly with respect to m, with the possible exception that this only

holds when a finite number of them are disregarded.

In case all the sequences (sml ,
sm2 , ...), with the possible exception of

a finite number of them, are convergent, the condition (2) reduces to that

of uniform convergence of the sequences, and the theorem may be stated

as follows :

// lim smn exists as a definite number, for all values ofm with the possible
n~co

exception of a finite set of such values, the necessary and sufficient conditions

for the existence of the double limit, as a definite number, are (1), that

mw - lim smn

should converge to zero, as n ~ oo
,
and (2), that the.sequences

are uniformly convergent with respect to m, a finite set of these sequences being

possibly omitted.

J2. Another form of the sufficient and necessary conditions for the

existence of the double limit is contained in the following theorem :

The necessary and sufficient conditions for the existence of the double limit

of smn are (1), that lim lim smn should exist as a definite number, and (2), that,
m~oo 7i~co

when possibly a finite set of values of m is omitted, the sequences

are oscillatory, uniformly with respect to w.

4 In case the sequences (sml , sm2 , ...) are convergent, at least when a finite

set of these sequences is omitted, the necessary and sufficient conditions are

(1) that lim lim smn exists as a definite number, and (2) that the above sequences,

when possibly a finite set is omitted, converge uniformly with respect to m.

To prove that the conditions are sufficient, let s = lim lim smn ; then,

if m > We, we have s + c > lim smn S lim smn > s e, where we is some

integer dependent on .
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Also, if n is greater than some fixed number n , we have

fim smn + 6 > smn > Urn smn - e,

n~oo n~oo

for all values of m with the possible exception of those belonging to a finite

set. When m > m , and n > n , we have s + 2e > smn > s 2e, or

|

S ~ ^mn
|

< 46.

Since is arbitrary, it follows that 5 is the double limit of smn .

To prove that the conditions are necessary, we assume that

s = lim smn
ra~oo, n~oo

exists. That the condition (1) is satisfied is at once clear. Also since

I

* - Smn
|

< 6,

for m > m , n> n , where m ,
ne are fixed integers dependent on c, we

have 5 + > smn > s 6, for m > me , n > n . It follows that

s + e lim smn S lim smw ^ s 6,

n~oo tt,~oo

provided m > me . From this we deduce that smn < fim smn + 26, and
tt~00

smn > ^m ^mw 2c, provided m > me ,
^ > ?^e . Now consider the values

71^00

m =
1, 2, 3, ... m

,
of m; for each of these values of m for which

has finite upper and lower limits a value of n can be determined such that

smn < lim smn + 2c, and smn > lim smn 26, for this and all greater values

of n\ it follows that a value ne
'

',
of n, can be determined so that these

inequalities hold for all the values 1, 2, 3, ... m ,
of ra, provided the upper

and lower limits exist. If n e be greater than both n and n ', we now see

that smn lies between lim swn + 26 and lim smn 2e, provided n > w
,

for all values of m, with the possible exception of a finite set. Since e is

arbitrary, the necessity of the condition has been established.

'S3. The preceding results may be applied to questions concerning
m, n

bhe convergence of a double series S amn >
as m and n are indefinitely

ncreased. Denoting this finite sum by smn ,
when the double limit

lim smn

exists as a finite number s, this number is said to be the sum of the double

series, and the double series is said to be convergent, and to converge to s.

HII 4
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The terms of the series may be arranged in rows and columns,

an + a12 + a13 + ... + aln

a21 + a22 + a23 + ... + a2n

which has been defined in 29 as a series of type o>
2

. The sum smn is that

of the finite series

ail + #12 + -- + aln

+ #21 + #22 + - + #2n

+ #ml + #m2 + + amn-

If. lim smn is + oo or oo
,
the double series is said to be divergent;

ra~oo, n~oo

if lim smn does not exist either as a finite number, or as + GO
,
or oo

,

m~oo, n~oo

the double series is said to oscillate.

If we denote by E"W ,
S TO the upper and lower limits of indeterminancy

of the series aml + a.m2 +... 4- amn + ... ,
which consists of the terms of

the rath row of the given series when arranged in type eo
2

,
we have

Sw = En (smn - *m-i.n), where sQ , n
- 0.

?l~oo

If now the double series be convergent, from which it follows that

lim fim smn and lim lim smn

exist and have equal values, it follows that

- lim smn

converges to zero as ra oo
;
it is then clear that Sw S TO must converge

to zero as ra ~ oo . It follows that, although it is not necessary for the

convergence of the double series that the single rows should converge,

it is necessary that only a finite number of the rows should diverge, or

have infinite limits of indeterminancy. Further it is necessary that the

difference between the limits of indeterminancy of the sum of the series

consisting of the rath row should converge to zero as ra o> . Similar

statements may be made as to the series alw + a2n + ... + amn + ... of

which the terms are the constituents of the nth column, and of which

the upper and lower limits of indeterminancy may be denoted by Sw
'

and En' .

If all the rows are convergent, we may consider the series
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obtained by summation first by rows and then by columns; and also, in

case the columns are convergent, we may consider the series

2V + 2V+... + 2V + ...

obtained by summation first by columns and then by rows.

The series

ail + ^12 + a2l + 13 + ^22 + 31 + + aln + 2(n-l) + + nl + >

which is of type o>, is said to be the diagonal series corresponding to the

double series. If this series converges, its sum is said to be the diagonal
sum of the given double series.

The convergence of the two series

E! 4- S 2 + ... + Sw + ... , S/ + 2V + ... + Sn
' + ...,

obtained respectively by summation first by rows and then by columns,
and in the reverse order, does not necessarily involve the convergence of

the double series
; the double series may in fact be oscillatory.

If the double series be convergent, and all the rows be convergent,
lim Km smn must be equal to s, the double sum of the series, as has been
TO~oo 7&~oo

observed in 30; and since Sm = lim (s mn $ TO_lf n ) it follows that, if

n~<x>

lim sm_l9n exists, so also docs lim s mn . But lim sln exists, being equal to
w~oo n~<x> n~(x>

2^; hence, by induction, we sec that lim smn exists for every value of m.
n~oo

We have clearly S x 4- S 2 + ... + S ?n
= lim smn ,

and therefore the series
W.^00

S x + S 2 + ... 4- Sm + ... converges to s. A similar result can be established

for the series 2V + S a

' + ... + S n
'

4- ... in case all the series of columns

am Convergent. Thus it has been shewn that:

// flie double series be convergent, and if every row be convergent, the

series of the sums of the rows must converge to the double sum. A similar

statement applies to the columns.

The double sum may exist when the rows, or columns, are not all

convergent.

34. In accordance with a theorem in 29, if all the terms of a double

series be positive, the existence of the double sum ensures that, when all

the terms are arranged in a single series of any type, that series converges
to the double sum. We have thus the theorem that:

// all the terms of a double series are positive, and the double series be

convergent, then the series obtained by summation first by rows and then by

columns, or in the reverse order, and the diagonal series, are all convergent,

and converge to the double sum.

It follows that all the rows and all the columns must be convergent.
4-2
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A double series Saww is said* to be absolutely convergent if the double

series of which the terms are
|

amn \

is convergent. It is clear that the con-

vergence of the double series \amn \

involves the convergence of

the given double series. For smn may be expressed as s n̂ s
(

mn ,
where

smn and smn are both positive and monotone non-diminishing functions of

m and n defined by
/ 1 \ m n

*V1 ^Tl ft /I
I i \^

/0 v m n
i v*/ V v n /i i \iand s mn = 2* 2j { (| a^v

\ a^)}.
M-II/-I

The limits, as m ~ QO
,
n ~ oo

,
of $^ and s^n must be both finite

and cannot oscillate, for lim ($mn + smn)
is finite and smn, smn are both

monotone and non-diminishing; therefore lim (smn smn )
is a definite

number.
QO OO

In an absolutely convergent series, both S
|

amn
\

,
|

amn \

must
n-l ml

be convergent, the first for all values of m, and the second for all values

of n, since each is less than the double sum of S
|

amn
\

. It follows that all

the rows and all the columns of the given series Samn are convergent.

Therefore, in virtue of the theorem proved above, the series of the sums of

the rows, and the series of the sums of the columns, must converge to the

double sum. Moreover, in virtue of a theorem proved in 29, it follows that,

if the terms be arranged in a single series of any type, it is convergent and

its sum is independent of the type. The following theorem has thus been

established:

a double series be absolutely convergent, it is absolutely convergent when

summed by rows and by columns, in either order
',
or when arranged as a

diagonal series, or as a single series of any type; moreover, in each case, the

sum is equal to that of the double series.

So far as this theorem relates to summation by rows and columns it is

due to Cauchy.

Moreover it can be shewn that :

JA double series is absolutely convergent if the single series is convergent,

of which the mth term is the sum of the absolute values of the terms in the mth
row.

For, if the series

S |alw |
+ S |a2n |

+ S |a3w |
+ ...

n-l n=l n-1

* It has been asserted by Jordan that there exist only absolutely convergent double series;

see his Cours Analyse, vol. i, p. 302. This statement rests upon a narrow definition of the

convergence of such series.
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7?i, n
is convergent, it follows that S

|

amn
\

is less than some fixed number,
m-l,n-l

independent of m and n, and therefore that lim
|

smn
\

must be finite.

w~oo,n~oo
Therefore the double series S

|

amn \

is convergent, and consequently
m,n

00

S aww is convergent. Moreover, since S
|

amn
|

is absolutely convergent,
m,n n - 1
00

S amn is convergent, so that the rows, and similarly the columns, of
n-l
the series Samw are all convergent. It then follows from the previous
theorem that the sum of the series is the same whether taken in either

order by rows and columns, or in any other manner.

Thus, for a series in which any one of the sums

QO,00 CO 00 00 00

2 \amn \, S S \amn \,
2 S \amn \,

m-l,nl m-ln^l n-lm-1
00

S
(I ln |

+
| Ot(n-D |

+ ... +
| *nl |}

71-1

is known to exist, any one of the four equations

S amn = s, S amn = 5, S S amn = 5,
m ~l,n-l m=*ln-l n-lw-1

oo

S {aliW + a2tn^ + ... + antl}
= s

n-l

the other three.

35. The theorems of 31, 32 can be applied to the consideration of

double series which are not absolutely convergent.

Since smn = fau + <z21 + ... + aml ) + fa12 + a22 + ... + am2)

the sum of the infinite series

fan + a21 + ... + awl ) + fa12 + a22 + ... + am2) + ...

when it exists is lim s mn . It is sufficient to consider the case in which these
Tl^OO

series are all convergent, except possibly a finite set of them. We have

then the following theorem :

// all the series

v^ii ~r a^i "i ... T~ ^wi) ~T" fai2 ~r ^22 ~f~ T~ ^m2/ ~f*

are convergent, except possibly for a finite set of values of m, the necessary
and sufficient conditions for the convergence of the double series Sawn are

(1), that the sum of the above series should converge to a definite number, as m
is indefinitely increased, and (2), that all the above series except possibly a

finite set should converge uniformly with respect to m.
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The series when summed by rows and columns, and by columns and

rows, may be convergent, and may have the same sum in both cases, and

yet the double series is not necessarily convergent. A convergent double

series which is not absolutely convergent can be replaced by a new series

which diverges, or oscillates, and is such that each term amn occurs in a

definite place in the new series, and that no terms occur in the new series

which do not belong to the original one. This can be proved in a similar

manner to the corresponding theorem for simple series. A general type of

non-absolutely convergent double series has been given* by Hardy.

>36. With a view to the investigation of the diagonal series correspond-

ing to a double series, the following theoremf will be established :

// |

smn |
is less than a fixed positive number g, for all values of m and n,

znd if lim smn has a definite value s, then

w~co n
We have

r^n r**p r^n-p r*-n

S sr , n_r+l
- ns = S {sr , n_r+1

-
s} + S K, n_r+1

-
s} + 2 {sr , n_r+1

-
s},

r-1 r-1 r**p}-\ r~n-p+l

where 1 < p, and n > 2p + 1 . If e be an arbitrarily chosen positive number,

p and n may be so chosen that
|

sr , n_r+1 s
\

< e, for

r = p + l,p + 2, ..., w-p;
thus the second term on the right hand side of the equation is numerically
less than (n 2p) e. The sum of the first and third terms is numerically
less than 2p {g + \

s
\}.

It follows that

n n / n

Keeping p fixed, and letting n increase indefinitely, we see that the

expression on the right hand side converges to
;
and since e is arbitrary,

the result stated in the theorem follows.

It is easily seen that

n n
where Sn denotes the nth partial sum of the series

11 + (12 + a21 ) + + (<hn + + nl) + 5

therefore, if the limit of one of those expressions exists, that of the other

also exists, and their values are identical. If now the diagonal series

is convergent, in accordance with the theorem of 27 the second of

these limits exists and has the value of the sum of the diagonal series.

Since the first of the above limits then exists, and has the same value,

* Proc. Lond. Math. 8oc. (2), vol. i (1903), p. 124.

t See Pringsheim, Sitzungsber. Miinch. vol. xxvn (1900), p. 123.
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it follows that the sum of the diagonal series is the same as that of the

double series, provided the conditions of the theorem are satisfied. If the

diagonal series could diverge to + oo
,
or to QO

,
then (8^ -t- $2 + . . . + Sn)/n

would diverge to + oo or to QO
,
and this would be inconsistent with the

convergence of the double sum. Thus the diagonal series cannot diverge,

but may oscillate between finite or infinite limits. The following theorem

has thus been established:

// the convergent double series 2 amn , of which s is the sum, is such

tlmt \smn \

is less titan a fixed positive number, independent of m and n,

then the diagonal series cannot diverge, but muM be either convergent or

oscillating. In case it converges, its sum is the same as that of the double series.

EXAMPLES.

(1) Let smn - (~l)m+n (mr1* + n~(

*) 9 where p >0, q> 0. In this case Km smn , lim*mn

do not exist as definite numbers, but the three limits

Km Km smn> Km Km smn9 Km smn

I j
all exist, and are zero. In this case Km smn

~
p , Km <<*mn = -, and smn oscillates

uniformly for all values of m.

(2) Let smn = - -. In this case the repeated limits both exist, and are zero;
L ~r vtttr

~~
Ybf

but the double Kmit does not exist. A similar case arises if smn = --= .

(3) Let win=/;-r-^r\i (~o7~ ^l we ^iave 2
Aww sin Om 7r ' an(* tne series

\2i7i I). \ 2t J n~\ ^
CO rt//l 1 7J-

2 sin ^ TT is also convergent, since the general term is less than^ . But each of the series

m -1 ^
00

2 amn is non-convergent, and consequently the double series is not convergent. Although the

CO 30

series 2 amn converge uniformly with respect to m, for m > 1, the series 2 a
lft ,

n ~ 1 n -" 1
QO

2 (aln + a2n ), ... do not converge uniformly.

(4) Let* amn = -7
- ^. In this case the sum of the double series oscillates between

the Kmits J log 2--^ and } log 2+ ^. The repeated sums are both equal to J (log 2- J);

and the diagonal series oscillates between + oo and - oo .

(5) Consider* the double series

+ &2
- 62 + + + + ...

-f63
- 63 + + 0+ + ...

* See Bromwioh and Hardy, Proc. Lend. Math. Soc. (2), vol. n (1904),



56 Sequences and Series of Numbers [OH. I

The double sum is in any case zero; but the sums of the first two rows are not convergent
if San does not converge. The diagonal sum is lim (an+bn) if this limit exists, and it will

n~>
00

otherwise be oscillatory. The series 2 (alw -H a2n + . . . + a>mn) are uniformly convergent,
n~l

when the series corresponding to m = 1 is omitted, in case that series is non-convergent.

(6) Shew that the series S __w
is convergent whenever 2 aw

a is convergent. This

theorem is due to Hilbert. Hilbert's proof was outlined by Woyl*; other proofs have been

given by Wienerf, SchurJ, and Hardy. The last deduces it from the theorem that, if 2 an
2

n = l

is convergent, then 2 (
J

is convergent; where sn ax + a2 4- ... 4- an .

This last theorem is a particular case of the more general one that, if le. > 1, and
/ \ k

2 an
k is convergent, then 2

(
-M is convergent.

n=l n--l \w/

THE CONVERGENCE OF THE CAUCHY-PRODUCT OF TWO SERIES.

37. Let us consider the two series

and let the series ca + c2 + ... + cn + ... be formed, where

Ci
=

fli&i, c2 = a,ib z + a^bl9 ..., cn = ax 6n + a2 6w_1 + ... + an bl9

then the last series may be termed the Cauchy-product series of the

first two.

It is clear that the series S cn is the diagonal series correspondingnl
to the double series S mn> where amn = am bn . Also

where ^w , sn
' denote the mth and nih partial sums of the series S an ,

S bn
n-l n-1

respectively.
GO 00

In case both the series S an ,
S 6n are convergent, having s and s'

nl nl
for their respective sums, we see that the double series S amn is

m^l t n^l

convergent, its sum being ss', but it does not necessarily follow that the

diagonal series is convergent. It can, however, be shewn that the diagonal
series cannot diverge, but must either oscillate or converge. For it has

*
Inaugural dissertation, Singulars Integralgleichungen, Gottingen (1908), p. 83.

f Math. Annakn, vol. Lxvm (1910), p. 361.

j Crelle's Journal, vol. CXL (1912), p. 1.

Math. Zeitschr. vol. vi (1920), p. 314; also Messenger of Math. vol. XLVHI (1918), p. 107.
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been shewn in 36 that, Sn denoting the nth partial sum of the series

Scw , we have lim - -* = ss'] and if the series Scw were
n~oo W

divergent, the limit on the left hand side would be + oo or o>
,
which is

not the case.
cr

,
rr

,
i q

Since, when Scn is convergent, its sum is lim -*- --,
/ n~oo W>

we obtain the following theorem due to Abel:

In case the three series Sa, S6, Sc are all convergent, the sum S of the

series Sc is equal to the product ss' of the sums of the series Sa, S6 .

Moreover it follows that:

// the series Sa, S6 are convergent, the series Sc has for its Oesdro sum
the product ss'.

38. In case the series Sa, S6 are both absolutely convergent, the

series Sc is also absolutely convergent, and its sum is the product of the

sums of the two former series. This follows at once from the theorem of

34, that an absolutely convergent double series S am bn is such that,
m,n

when arranged as the diagonal series Scw ,
it is still absolutely convergent,

the sum of the diagonal series being equal to the sum of the double

series.

This result, which is due to Cauchy, is included in the following more

general theorem due* to Mertens :

^''ln case one at least of the two convergent series Sa, S6 be absolutely con-

vergent, the Cauchy-product series Sc is convergent, and its sum is ss', the

product of the sums of the two given series.

To prove this theorem, we have

Sn = K + 2 + + ) (*>i + b2 + ... +bn )
- b 2an

- 63 (an + an^) - ...

-b n (an + an_l + ... +a 2)

^ $n sn
~~

^2 (sn
~~ sn-l)

~~
^3 (&n

~~~ s n-2J
~~

^n (?n
~"

^l) >

and therefore

|

8n
- SS'

|

^
|

Sn Sn
' - 8*'

\
+

|

62 I I

Sn
- 8n_i I

+
I 63 I K -

*n-2 I

+ ... + IMK~*il-
Let m be an integer < n

9
and so great that

are all less than a fixed positive number 77 ;
it is clear that n may be taken

so large that the integer m exists, and that this holds for all greater values

of n. We have then

8 - ss' < sn sn
' -

n
- nn -

2 3

+
I

Sn
~

* Crdle'a Journal, vol. LXXIX (1875), p. 182.
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Let it now be assumed that the series S6 is absolutely convergent, and

let S w be the nth partial sum of the series S
|

b
\

. The numbers

|
$n - *m-l I

>
|
*n
-

*m-2 I
>

|
*n
~

*i |

are all less than some fixed number A, independent of n and m. We have

accordingly

|

Sw
- M'

|

<
|

sn sw
' - M '

|

+ 7, (2w_m+1
- S x ) + ^ (S w

- S n_w+1 ).

The numbers m, w can be so chosen that
|

sn s' n ss'
\

< 0, and that

1

S n Sn_m+1 |

< 9', where 6, Q
r

are arbitrarily chosen positive numbers;
if this be done, we have

|

sn -ss'\<0 + 7]
B + VA,

where B is some positive number independent of m and n. Since 9, 77,
9'

are arbitrarily small, provided n is sufficiently large, |

Sn ss'
\

is less than

an arbitrarily chosen positive number. Therefore the series Sc converges
to ss'.

When both the series Sa, S6 are non-absolutely convergent, their

Cauchy-product does not necessarily converge. Classes of cases in which

the Cauchy-product of such scries is convergent have been studied by
Pringsheim*, Vossf, and CajoriJ.

THE CONVERGENCE OF INFINITE PRODUCTS.

39. Let #! ,
a2 ,

. . . an , . . . denote a sequence of positive numbers, none of

which are zero, and let the product a xa2 . . . a n be denoted by p n . If pn have

a definite limit P, as n ~ <x>
,
and P^O, the infinite product a^a2 ... an -

is said to be convergent, and to converge to the value P. In case lim pn
n~oo

has the value zero, the infinite product is said to diverge to zero. The
infinite product is also said to be divergent in case lim pn ,

or P, is + oo .

n~oo
In case lim pn ,

or P, oscillates between limits of indeterminancy, one of
n~oo

which may be + QO
,
the infinite product is said to oscillate.

Since log^pn = logax + toga2 + ... + logaw ,
it is clear that in case

pn has a definite limit P ( 0), log P is the limiting sum of the series

2 log an . But if lim pn == 0, the series S log an is divergent. It thus appears
n~oo

that the question of the convergence of an infinite product is reducible to

that of the convergence of a series. The parallelism between the cases of

an infinite sum and an infinite product is made complete by the convention

that when lim pn = the infinite product is to be regarded as diverging
tt~oo

to zero.

* Math. Annalen, vol. xxi (1883), p. 327; see also vol. xxvi (1886), where Pringsheim has

considered the Cauchy-product of the trigonometrical series.

t Math. Annalen, vol. xxrv (1884), p. 42.

$ New York Butt. (2), vol. i (1895) and Amer. Journ. of Math. vol. xv (1893), p. 339, and
vol. xvin, p. 196.
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The theory of infinite products may however be developed indepen-

dently of that of infinite series
;
and this has been carried out in detail by

Pringsheim*. A short account of this theory will be given here.

If lim pn have a value P ( 0), the following two necessary and suffi-

cient conditions are satisfied :

(
a )>

I Pn I
> GF>

where g is some fixed positive number, and n = 1, 2, 3,

(b)>
I Pn+m Pn \

< > where is a prescribed positive number, provided
n S n

,
an integer dependent on c, and m =

1, 2, 3,

These conditions (a) and (6) may both be included under one condition

(c). Thus:

The necessary and sufficient condition that pn should converge to a definite

number P (^ 0) is that

- :l
'w

1 <
77,

where
77

is an arbitrarily chosen positive number,
Pn

fornnn9 a number dependent upon 77,
and m =

1, 2, 3,

When (a) and (6) are both satisfied, it is clear that (c) is satisfied; and
thus the condition (c) is necessary.

In order to shew that it is sufficient, we see from (c), taking 77
< 1,

that
| pn

|

lies between (1 + 77) | p nri \

and (I 77) | p n
|

,
for all values

of n that arc > n
n

. Thus, since
| p n

\
is, for all values of n, with the possible

exception of those of a finite set, greater than the fixed positive number

(1 *?) I Pnr, 1
9
an(^ less than the fixed positive number (1 + 77) | p ni] \

,

it follows that
| p n

\

is greater than some fixed positive number
gr,

and

less than a fixed positive number G, for all values of n. Thus the

condition (a) is satisfied. Also, from (c) we have

for all values of n > n^.

We have now, for n^n^, \pn pn^ \

< Grj < |e, if
77
be chosen to be

|e/6r. From this it follows that
| pn+m pn

\

< e, for nn
n , and

m =
1, 2, 3, ...; thus the condition (6) is satisfied. Since the conditions

(a) and (6) are both deducible from (c), it follows that the condition (c)

is sufficient for the convergence of the product.

Let m =
1, then the condition (c) shews that

|

an ,H1 1
|

<
77,

and

thus, since
77

is arbitrary, we have lim (an 1)
= 0. Writing an = 1 + cn ,

we have lim cn = ;
and it is consequently convenient to consider the

product in the form (1 + cx) (1 + c2) ... (1 + cn) ... ,
where lim cn = is

a necessary condition for the convergence of the infinite product.
* Math. Annalen, vol. xxxm (1889), p. 119.



60 Sequences and Series of Numbers [OH. i

It is clear that we may so far relax the condition that 1 + cn be positive

for all values of n, as to admit the case in which it is negative for a finite

set of values of n. Those factors for which this is the case may be removed

without affecting the convergence or divergence.
/

y'40. // an 0, for every value of n, it is necessary and sufficient for the

convergence of the infinite products

(1 + ax) (1 + a,) (1 + a,) ... (1 + on) ...,

(l-o1)(l-a,)(l-a,)...(l-aB)...,
GO

that the series San should be convergent,
i

Consider first the product (1 + i) (1 4- #2 ) (1 + an) We have

pn > 1 + ax + a2 + ... + a n ;
and consequently Saw must converge to a

value less than P, the limit of pn ;
thus the condition is necessary.

Again 2 =
(i + an+1) (1 + an+z) ... (1 + an+m )

Pn
n+m / n+m \2 / n+m \m
S ar + (

S ar )
+ ... +

(
S ar )

.

~n+l \r~n-H / \r~n+l Ir~n+l
oo n+m

If S ar is convergent, n may be so chosen that ar < e, for all
r-l r-n+l

values of %; thus
*n f

"piT
~ x < + + - + *m<

i - 6
< 2*>

provided be chosen to be < \ . Since this holds for all sufficiently large
values of n, and since is arbitrarily small, it follows that pn converges
as n ~ QO .

Consider next the product (1 a^ (1 a2 ) ... (1 an ) .... It will be

assumed that an < 1, for all values of n, for if the product be convergent,
this condition will be satisfied if a finite set of terms is removed, and if
GO

San is convergent this is also the case.

We have then

> 1 + at +a2 + ...

If the series Saw is divergent, we therefore have

lim (1
- ax ) (1

- a2) ... (1
- an)

= 0,

and the product diverges to zero. Therefore it is necessary for convergence
of the product that the series Saw should be convergent.

t, if San is convergent, n can be so chosen that
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for m = 1, 2, 3, ... ;
and

1 - (an+1 + an+2),

and generally

(1
- a+i) (1

-
n+2) (1

-
n+m) > l -

(
an+l + + O,n+m )

and therefore

The condition for the convergence of the product is therefore satisfied.

The condition that San should be convergent has thus been shewn to be

sufficient for the convergence of (1 a^) (1 a2 ) ... .

41. It can be shewn that if an S 0, for all values of n, and the order

of the factors of the product be rearranged, in accordance with any

prescribed law, the type of the infinite product being unaltered, then the

new infinite product converges to P, the limit of the infinite product in

the original order. When this is the case for any infinite product which

converges, the product is said to converge unconditionally.

Let pn
'

denote the product of n factors when the new order is taken.

Let the factors 1 + al ,
1 + a2 , ... 1 + a

ni
all occur in pn

'

;
thus

Pn = P ni qnz , where p ni
=

(1 + aj (1 + a2 ) ... (1 + a ni ),

and qn9
denotes

(1 + a
ai ) (1 + a

aa ) ... (1 + a
awa ), where x < a 2 < ... < anz ;

thus ax > n . It is clear that, as w ~ oo
,
also n ~ QO .

Now ?W2 ^ (1 + a
ai ) (1 + aai+1) (1 + aai+2 ) ... (1 + a^)

The integer n can be chosen so large that n is sufficiently large for the

7} *

inequality
^n fm

1 < e to hold, provided n' ^ i^i . It then follows that

q nz
^ 1 + ] and therefore pn

'

lies between ^ Wl
and p ni (1 + e), provided

7i is sufficiently large. Since e is arbitrary, it follows that lim pn
' = lim p ni

.

n^oo ni~oo

It has thus been established that :

// al9 a2 , ... an , ... are all ^ 0, a?irf <fee infinite product

i5 convergent, which is the case when San is convergent, then the convergence

of the product is unconditional.

j 42. When al9 a%, ...an , ... are not all positive, the infinite product

(1 + ax ) ... (1 + an )
... is convergent if the product

(1 + 1^1) (1 + | a, I)... (1 + | aj)...

is convergent, tJiat is if S
|

an
\

is convergent.
n-l
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The converse of this theorem does not hold good; thus

(1 +!)... (l + an)...

may be convergent whilst (1 + |

a
|)

... (1 + |

an |)
... is divergent.

To prove the theorem, we have

(1 + fln+l) (1 +
hence

+ 0+2 + 0*4-10*4-2 +
^ (1 + I 0*+i I) (1 + I ^+2 1)

- (1 + I 0*+m I)
-

for all values of n that are sufficiently large, and for m =
1, 2, 3, ... . Thus

the condition of convergence of the product (1 + a^ ... (1 + a n ) ... is satis-

fied. In particular, if al9 a2 , ... a n , ... are all positive and

is convergent, so also is

The convergence of the product (1+ ax ) (I + a 2 ) ... (1 + an ) ... is said

to be absolute, in case the product (1 + |

a l |) (1 + \

az |)
... (1 + |

an |)
...

is convergent, which is the case if the series
|

a n
\

is convergent.

It can be shewn that :

An infinite product which converges absolutely is also unconditionally

convergent, and conversely, if the convergence is unconditional it is absolute.

Let pn , p^ denote the product of the first n factors in the original and

the new orders. Choosing any value of n, a greater value n can be so

chosen that all the factors in pn
'

are contained in pni ;
we can regard n

as a function of n. If pn , pn
'

are the corresponding products when
|

an \

is taken in each factor instead of an ,
we see that all the factors in pn

'

are

contained in pni
. Since ^ 1 consists of the same terms as

, 1, but
Pn Pn

with all the terms positive, we have

^?~
Since pn

'

pn ', we have

On account of the absolute and unconditional convergence of

we see that
| p ni pn

'

\

< e, for all sufficiently great values of n. Now p ni

differs from p by less than e, if n be taken sufficiently large, hence pn
'
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differs from p by less than 2c, for all sufficiently large vahaes of n, and

thus lim pn
' = p = lim pn . The convergence of the absolutely convergent

n~oo n~oo

product has thus been shewn to be unconditional.

Next, let it be assumed that the product converges unconditionally.

Let those factors for which an ^ be denoted by
l + b l9

l + 6 2 ,..., l + 6r , ...,

and those for which an < 0, by
1 Cj ,

1 C2 ,
. . . ,

1 C39 ....

By hypothesis the product

(1 + bj (1 + 6.) ... (1 + br) (1
- cx ) (1

- ct) ... (1
-

c.)

converges to a definite number p> when to r and s are assigned the corre-

sponding values rw ,
sn in any two divergent increasing sequences rl9 r^ 9

...

and s
l , 2 , . . .

;
the number ^> being independent of the particular sequences

chosen. If (1 + 6 X ) (1 + 6 2 )
... (1 + 6r ) diverges as r ~ oo

,
it is clear that

(1 Ci) (1 c2 ) ... (1 cs ) diverges to zero as s ~oo
,
for otherwise the

product (1 + 6X ) ... (1 + br ) (1 ct ) ... (1 cs )
could not be convergent;

and thus both the series S6n ,
Scn are divergent. When this is the case, it

can be shewn that sequences of values of r and s can be so chosen that the

product converges to any assigned value A which may differ from p, and

thus the given product is not unconditionally convergent. Let rl be the

smallest value of r such that (1 + bj (1 + 62) ... (1 + b
ri ) > A, and s^ the

smallest value of s such that

(1 + 6t ) (1 + 6.) ... (1 + b
ri ) (1

-
Cl ) (1

- ca) ... (1
- cj

is < .4
; then let r2 be the smallest value of r such that

(1 + bj ... (1 + 6
ra) (1

-
Cl ) (1

- c2 ) ... (1
- c

si ) > A,

and 6-2 the smallest value of s such that

(1 + 6,)... (1 + 6
rj) (1

-
Cl)

... (1-cJ
is < ^4. Proceeding in this manner we obtain a sequence of the numbers

(1 + 6X ) (1 + 6
2 )

... (1 + b
rn) (1

-
c,) (1

- c2 ) ... (1
-
cj,

where n = 1, 2, 3,

The ratio of

(1 + 6X ) (1 + 6 f ) ... (1 + brn) (1
-

Cl ) (1
- c2) ... (1

- cj
to J. is less than 1, and greater than (1 c

sn).
Since c

g|l converges to zero

as n ~ QO
,
on account of the convergence of the product, it follows that

the ratio converges to 1
;
hence a sequence of products has been obtained

which converges to the arbitrarily chosen number A. This is inconsistent

with the assumption that the product converges to p, whatever sequences
of values are assigned to r and s. It follows that the product
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is convergent, and thus that the series S6r is convergent. Also

must accordingly be convergent, and consequently the series Sca is con-

vergent. It now follows that the product (1 + a^ (1 + a2) ... is absolutely

convergent, since
|

an
\

= S6n + Scw . It has thus been shewn that an

unconditionally convergent product is also absolutely convergent*. This

is the analogue of the theorem of 25.

It follows from the above theorem that, if an is ^ for all values of n,

and the product (1 c^) (1 aa ) ... (1 an) ...is convergent, then the con-

vergence is unconditional.

By a modification of the process in the above proof it can be shewn

that the terms of a conditionally convergent product can be so arranged
that the new product either diverges, or so that it oscillates with assigned
limits of indeterminancy, as in the case of conditionally convergent series

(see 26).

43. The following theorem will be established, which is due to Cauchyf :

// the series San is conditionally convergent, then the product

is convergent, or diverges towards zero, according as the series Saw
2 is con-

vergent or divergent.

Employing Maclaurin's theorem
( 142) we have

a 2

log (1 + an )
= an

- - - where < n < 1.
A (l + Unan )

A

Hence S log (1 + an )
- S an -

*
2 rr-^ Tt-.

If an be positive 7^ r ^ x 2
<an\ a^d if an be negative, it must, except

(i + vnan )

possibly for a finite set of values of n, be > 1, so that

1 + 6nan > l + an >g,
, ,, an

2 an
2

T ^ . . ,

and thus ^ ~ rr< ~. In case # 2 is convergent, it is now clear
(l+enan }* g*

*

a 2

that S -* is convergent, and it then follows that S log (1 + an)

(l + unan )

is convergent, and thus the product (1 + ax ) (1 4- a2) ... is convergent.
* The proof of this theorem given by Pringsheim in Math. Annalen, vol. xxxm (1889), p. 140,

contains a hiatus. He argues that, if an unconditionally convergent product is split in any manner
into two Vn , Wn such that lim Vn Wn = U9 when wlf n2 diverge to infinity independently of one

another, then
|

Vn Wn - U
\ <c5, if nx

> N19 na
> N^. This amounts to the assumption that

Vn Wn converges to U, not onlyfor all pairs of sequences of values of n^ and na , but alsouniformly

for all such pairs of sequences; that this is the case does not appear to be immediately obvious.

t Coura d?Analyse alg&rique (1821), p. 663.
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We have also, when H<7n
* is divergent if an is positive,

.__?
2

___ >
an > a_n*

y

where 1 + an < G, for all values of n. Since a n must be positive for an

a 2

infinite set of values of n, it follows that 2 -r-
" -

y,
is divergent, and

therefore the series Slog(l+an ) diverges to QO
,
and the product

(1 + ax ) (1 + a 2 ) ...,diverges to zero.

It is clear that, if San
2 is convergent, the series Slog (1 + a n ), and

therefore also the product (1 + a ) (I + a 2 ) ...
,
oscillates or diverges in case

the series Saw oscillates or diverges.

A proof has been given of the above theorem by Pringsheim, in which

the series of logarithms are not employed (loc. cit. p. 150).

EXAMPLE.

If a > 0, the product (
I + ~

) (l + ^ )
...

(
1 +

)
... and the product

\ V \ ^/ \ n/

]

arc both divergent, since 2 - is divergent.
n-l n

The series 2
jlog

( I -f
j

--- - is convergent, as has been shewn above; thus

converges as ti ~ oo . Since - + -f ... + - -
log ti converges to a fixed number C, it

follows that n~a n + ^Hl + ~J...M +-)is convergent.

The product . . .

- ----- is accordingly convergent as n ~ oo
; it is defined1

(a 4- ]) (a + 2) ... (a + n)
to J &

to be the Gaussian function II (a).

THE SUMMABILITY OF SEJillSS.

V 44. Various definitions have been introduced in recent years of what

may be termed the conventional sum of an arithmetic series. Such a con-

ventional sum should satisfy the consistency condition, that its value for a

convergent series coincides with the ordinary sum of the series, whilst the

conventional sum should have a definite value for oscillating series

belonging to some class wider than, but including, the class of convergent
series. The value of the introduction of such conventional sums will be

clearly exhibited when we consider the case of series of which the terms

are functions of a variable, as for example, in the case of Fourier's

series, or in that of power series.

HH . 5
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Assigning that the consistency condition is satisfied by a particular

conventional sum of a series, the utility of such conventional sum will be

affected by the fact of its possessing or not possessing various simple

properties which appertain to the ordinary sums of convergent series.

Examples of such properties are the following :

L an + S bn - S (an f bn )

n -
I n-l n -- 1

CO CO

k an
= S kan

n = 1 n~l

+ a l + a., + ... = a^ + a2 + a3 + ... ,

1 + 2 + = ai + (a2 + a * + )

It can be seen that all these properties hold good for the conventional sum

as defined by Ces&ro, which will be considered here, but the last of them

is not necessarily satisfied* in the case of Borel's definition
( 46); for it

can be seen that the series of which a
x
is the first term may be summable,

but not that of which a2 is the first term. None of the conventional sums

have the property denoted by
a x -I- a2 + a 3 + ... =- (a t + a 2 ) + (a 3 4- a4 ) + ...

;

which holds good for the ordinary sums of convergent series.

The simplest definition of a conventional sum of an arithmetic series

is that involved in the summation by arithmetic means, which has already

been treated in some detail in 27, 28. This definition has been extended

in two different manners by Holderf and by C'esaroJ. Taking Holder's

method first, let?L+?I^1 be denoted by h
,
arid let

n

be denoted by 7^
2)

;
and generally let h denote

(k-l)

n

where k is any positive integer. In case lim h n has a definite value, for
/I'^'CO

some integral value of k, the series S an is said to be summable in accord-
n=*l

ance with Holder's definition, of order k, or to be summable (//, k), and

the value of lim lin is said to be the sum (H, k) of the series.
n~00

Cesaro's own extension of the method of arithmetic means is as follows :

Let s n be denoted by ,$1
0)

;
let s^ + s^ + ... + s^

0)
be denoted by s^ ;

and
11 i A. (k-l) (k-l) , (k-l) , j , -i

-. (k) ,

generally let Si + s% + ... + s n be denoted by s n , for each

positive integral value of k.

* See Hardy, Camb. Phil. Trans, vol. xix (1904), p. 300.

t Math. Annakn, vol. xx (1882), p. 535. } Bulletin d. Sc. Mat. vol. xiv (1890).
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T x /-Y(&) kl(n l)\ (k) , u .n ,, ... . , , ,

Let (7^ =
^ -j ~7 Sn >

then " *or some positive integral value of
("ft -p fC 1) !

k, lim C^ has a definite value, the series is said to be summable (C, k) 9

n~oo
that is to be summable by Cesaro's method of order fc; the sum (C, k) of

the series is then taken to be the limit of Cn ,
as n ~ <x> .

It can easily be shewn by means of the theorem given in 6 that,

when the series San is convergent, so that lim sn = s, both lim (7*f
}

and
n~<

lim hn exist, and have the value s.

n~ao

T-. * (fc) o (ft + fc 1) ! i (fc-1)
For, if an - sn , n

-
^ j

, -_- j

'

,
we have an

- an^ - 8n ,

r /^ (ft -f- & 2) ! j^,, . -.(fc-i) t

ftn
-

j8-i =-
7|- lVf / i M Thtl8

'
lf G * Converges, as n ~ QO

, so also
^A/ i; ! ^ i; i

does C (

n ,
and the two limits are the same; letting k have the values

r, r 1, ... 1, successively, we see that if C^ converges, so also does C,* 9

and both have the same limit.

Again, if an
- nJ$\ jSn

-
?i, we have a n

- aw _x - ///f~
1}

, j8n
-

j8w^!
- 1

;

and thus, if /^ "converges, as H ~ oo
,
so also does 7f w

"

,
and the two limits

are the same; letting k have the values r, r 1, ... 1, successively, we see

that if hn 5
or #, converges, so also does //'

, and the two limits are the

same.

It was first shewn by Knopp* that a series which is summable (//, k)

is necessarily summable (C, k). The converse was established by Schneef
and by FordJ. The simplest proof of the complete equivalence of the two

definitions of suinmability of order k is that given by Schur; this will

be given in a modified form in 55. A proof has also been given|| by Hahn.
In view of this complete equivalence it is unnecessary to consider any
further Holder's method. The method of Cesaro, in an extended form, in

which k is not necessarily a positive integer, will be dealt with below.

45. Another method of summation was introduced by M. Riesz. Let

[n] denote the greatest integer less than a positive variable ?i, and let A (n)

denote a positive monotone function of n, which diverges to GO with n.

T *
rv]

f,
A

<
mH r

v (r)

Let S um
]\.

-
^r-(\

=SH ;

w-O I
A

(
n ))

then, if S^ has a definite limit as the continuous variable n is increased

* Grenzwerte von Eeih-en bei der Anndhcrtnig an die Convergenzgrenze, Inaugural Dissertation,

Berlin, 1907.

f Math. Atmalcn, vol. LXVII (1909), p. 110.

J A?ner. Journ. of Math. vol. xxxii (1910), p. 315.

Math. Annalen, vol. LXXIV (1913), p. 447; see also a memoir by Knopp in the same volume,

p. 459.

l| Monatshfte f. Math. u. Physik, vol. xxxm (1923), p. 135.

5-2
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indefinitely, the series UQ + % + u2 + ... is said to be summable (R, A, r),

or summable by Riesz's method of order r. The order r is not necessarily

a positive integer ; but may have any value > 0.

The simplest and most important case of Riesz's method is that

which A (n)
= n

;
in this case

(r)
m~[nj / my

if S^ has a definite limit as the continuous variable n is indefinitely in-

creased, we shall say that the series X un is summable (R, r) ;
r denoting

n =

any positive number. It will hereafter be shewn
( 58) that this method

of Riesz is completely equivalent, for positive values of r, to that of

Cesaro, when the latter is extended to include non-integral values of

r. Another important case of Riesz's general method of defining a

conventional sum is obtained by taking A (n)
= loge n. Riesz's method

has received an important application* to the case of Dirichlet's series

ann~s
,
or more generally to the series S aw e~V, where A1? A2 ,

... is a
n = 1 n => 1

diverging sequence of real increasing numbers.

^/46. A general modef of defining conventional sums of a series depends

upon a principle which may be stated as follows :

If a repeated limit of a function of two variables has a definite value JC,

but the repeated limit taken in the reverse order has no definite value, it

may be agreed to consider X as the conventional value of the second

repeated limit. A method which was employed by Poisson in connection

with certain series may be considered as an example of this method. Let

us consider the repeated limits of

UQ + uji + u 2 h? + ... + un h
n

,

where h < 1, as a function of the two variables n and h. It may happen
that the series u + uji + ... + un h

n + ... is convergent for ^ h < 1,

and has S (h) for its sum
;
thus

S (h)
- lim (^ + u^h + u2h

2 + ... + nnh
n
).

W~ao

If S (h) converges to a definite number s, as h ~ 1, we have

s = lim lim (UQ + uji + u2h
z + ... + unhn ).

h~~l n~oo

It may happen that the series UQ + u + u 2 + ... is not convergent, so that

lim lim (u + uji + ... + ujin )
n^oo fi~l

has no definite value. In that case s may be regarded as the conventional

Poisson sum of the series u + u^ + u2 + . . . .

* See the Cambridge tract by G. H. Hardy and M. Riesz on The general theory of Dirichkfs

series, p. 21.

f See Hardy, Quarterly Journal, vol. xxxv (1904), p. 22.



45, 46J The SummcibiUty of Series 69

As another example of the principle, the conventional value of

rh fa>

lim lim / (x, n) dx, or lim / (x, n) dx,*/rv <M *s
' A

/I'^'oo /I'^'OQ J \) n^tyj \j

may be taken to be the value of lim lim / (x, n) dx, assuming that this

latter repeated limit exists.

(/y
/y2 /vW \

ao+aii
X

!+a2 |_.
K .. +a^J j

we have / e~*(a + airr + aa o'i + + a* l}d%
J \ A ^ ^ /

= tl + #1 + #2 ~t"~ "I" ton

Thus the conventional sum of the series 21 an is taken to be

lim lim I e~x (a + a i T~J
+ + a" i )

^;r -

h~co n~ao J \ I W !/

/v /y7l

If now the series a + a
a

---.- + ... + an -
-. + ... converges for all values of a:

in the interval (0, h). we have (see 214(1)), since the convergence is uniform,

i- [
h

( % xn\ jlim e~~
x

(
a + a l --. f ... ~{- ct>n i 1 dx

n-ooJo \ li W!/

a -f Bl + ... +an + ...

Thus the conventional sum of the series a + at + a2 + . . . will be taken

to be

where it is assumed that this integral exists.

We have thus the method of Borel, in accordance with which the con-

roo
e~x u (x) dx, provided

. o

this integral exists
; where u (x) denotes the sum of the series

x xn
ff'O + 1

J-,
+ ... +

0*^1
+ ... ,

which is assumed to be convergent for all values of x.

It is necessary to shew that this holds good in case a + a r + a2 + . . .

is convergent, and that the conventional sum then agrees with the ordinary

sum. For a general theory of this method of summation, and for its rela-

tions with other methods, reference may be made to a treatise by Borel*,

where, however, the question of consistency is not considered.

* Lemons sur les series divergentes, Paris (1901), p. 98. See also a memoir by G. H. Hardy
and S. Chapman, Quarterly Journal, vol. XLII (1911), p. 181, and further, a memoir by
G. H. Hardy and Littlewood, Proc. Lond. Math. Soc. (2), vol. xi (1911), p. 1. See also Brom-

wich's Theory of Infinite Series, pp. 267-273.
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EXTENSION OF CESlRO's THEORY OF SUMMABILITY.

47. The theory of summability introduced by Ces&ro (see 44) has

been extended by S. Chapman*, and Knoppf to the case in which the

order of summability may be any number, not necessarily integral.

It is convenient to denote the series by a + at + #2 + - + an + >

and a
,
a + a l9 ... ,

a + a x + ... + an , by s
,
sl , ... sn .

Let S n denote

fr + l\ (r + 2\ fr + n l ,, ,

2
2

3
-- n -(1)

which is equivalent to

+
(' t ')

~ +
('

+
2

where ( ) denotes
\ a /

(r+ l)(r + 2),.. (r + g) ,
F (r

s s+ l)(r+l)

We then define (7?l

r
to be equal to S^ I

( )
;
where r may have any

real (or also complex) value, except that negative integral values are ex-

cluded. In the following investigations r will in general be confined to have

real values > 1. If, for any such value of r, lim C^ has a definite value,
n~o>

that value is said to be the Cesaro sum, of order r, of the given scries, or

to be the sum (C, r) of that series.

It will be seen that when r is a positive integer, this definition is in

agreement with that of 44, allowance being made for the difference of

notation.

A series which is summable ((7, 0) is by definition convergent ; and such

a series may be summable (C, r) for values of r which are negative. The con-

sideration of such cases may be expected to throw light upon the nature

of the convergence of such a convergent series.

In case
|

C
|

is bounded for all values of n, the series is said to be

bounded ((7, r).

Taking Stirling'sJ asymptotic value of F (1 + x), which is

* Proc. Loud. Math. Soc. (2), vol. ix (1910), p. 369.

t Inaugural Dissertation, Berlin, 1907. Also Archiv d. Math. u. PJiysik (3), vol. xn (1907).

A very complete treatment of the Ceaaro method for unrestricted orders is contained in

A. F. Andersen's work, Studier over Cesaro's Summabilitetsmethode, Copenhagen, 1921. For the

case of double series see C. N. Moore, Trans. Amer. Math. <S'oc. vol. xvi (1913), p, 73.

J A proof of Stirling's theorem is given in Bromwich's Theory of Infinite Series, p. 461.
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where x
~~

0, as x ~ <x>
, we have

1 r
{
r_+ n + l ) _ nT

f v"~ "~ +4J>n

where <~
0, as w ~ oo . It thus appears that

where n
' ~ 0, as n ~ oo . Accordingly,

-*- has a definite limit, when the
MI

series is summable (<7, r) ;
and it is bounded when the series is bounded

(C,r).

48. Since the series

is absolutely convergent when
|

x
\

< 1, and has the sum (1 x)~
r

,
if the

series is multiplied by the finite series SQ + sx + s2x* + ... + snx
n

,
the

Caachy-product series is absolutely convergent, and has for its sum the pro-
duct of the sums of the two series that are multiplied together. The coeffi-

cient of xn in the product series is & . Hence

(*o + *i*+ + snx
n
)(l -x)~r

is the sum of an absolutely convergent series, of which the first n + 1

terms are
O^) , o(f) , ry(0 9 , , ct(r) *,

/S'o + Si x + S% x2 + ... + Sn xn .

No assumption is here made as regards the convergence of the infinite

series S ti
(

t ,
xn

.

ti-Q

It follows that 8 + 8iX + ... + sn x
n is the product of (1 x)

r into the

sum of the series of which the first n + 1 terms have been stated. Therefore

\
Q(r).

)
ŝ o ?

(r)
, nn frw-2 - + (- 1)

\ n

and this holds for every value of n. In case r is a positive integer, the series

stops after r + 1 terms, if n > r. In a precisely similar manner, by the

employment of the series for (1 x)
*(r+1

), it is found that

(r) r + l\ (r) f + IN (r) , v w /f + IN (r) , ,

where the series stops after r + 2 terms, in case r is a positive integer < n 1 .

When
|

a;
|

< 1, it has been shewn that the sum of a certain absolutely

convergent series of which the sum of the first n + 1 terms is

S ( r) + fli
r)
* -I- - + &?& is (1

~
*)'

r K + *!*+...+ **"},

which is equal to

(1
-

a?)-('-0 {(1
-

x)~
r
' K -1- 5,0; + ... + snx

n
)}.



72 Sequences and Series of Numbers [CH. I

This last expression is the product of (1 x)~(
r-r "> into the sum of an

absolutely convergent of which the sum of the first n + 1 terms is

The Cauchy-product of this last series and the series for (1 a;)-^
7") is

a series of which the sum of the first n + 1 terms is

There cannot be two different series in powers of x which converge, for

|

x
|

< 1 to the same sum (see 134); it follows that

<?
(r) v(r/)

JL. (
r ~ r

'\ Q(r/)
, (

r ~ r
' + l

\ c*^ j_* = + I

j j
&-i + {

2
l& ra _ 2 + ...

(r
~ r' + n -1

+
( n

We shall assume that r' < r, in this expression. In case r' > r, we have

/tp
_ y

1
JL. rn _ ]\ /f* _ y\

(
I ( l)

p
( ),

and the formula becomes, on inter-\pj\pj
change of r and r',

o(*") o(r) fr
- T'\

q(r) (T
- r'\ ,,(/) /r - r'\

Q(r)

n =*n -
I

j
)n-l+(

2 J
^~2 ~* + (~ !) I

^ )
^

,

...... (6)

where we assume that r' < r. In case r /' is an integer less than ^, the

expression breaks off after r r' + I terms.

If, in (5), we have r> 0, we may take r' = 0, and the formula reduces to

(1) in 47. If r > 1, we may take r' = 1
;
and since S^ =an >

the formula

reduces to (2).

If, in (6), we take r > 0, r' = 0, the formula reduces to (3) ;
and if r > 1

,

r' = 1, it reduces to (4).

49. If, in (6), we write r -\- 1 for r, and r for r', we have

Taking also the relation

fr
+ n\

(r
+ n + 1\ Ir + n\

( n / V n / U- I/'

it is seen, by employing Stolz's theorem given in 6, that :

// a series is summable (C, r), where r > 1, it is also summable

(C,r+l).

For we have only to write an = &n-i Pn = { }
in the theorem of

v& A/

6.
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This theorem is only a particular case of the more general theorem *

that:

// a series is summable (<7, r), it is also summable (<7, r'), where r, r' are

any real numbers such tliat r' > r > 1; and the sums ((7, r), (<7, r') have

one and the same value.

In order to prove this theorem, the following theorem, due to Cesaro,

will be established:

If{an}, {pn} are sequences of numbers such that ^,
~

converge respectivelyn n
to definite limits a, f$,

as n ~ <x>
, then

provided r and s are numbers both > 1.

Let a,,
= cmr

(1 + 7? n ),
=

/to* (1 + w); then, since
7jn , n both con-

verge to zero as n ~ oo
, they are both bounded; thus

| rjn \

< A, \^n \<B,
where A and B are fixed numbers.

c :*)
~
r>'-.->

" - > c : ")
-
r ,;;

* +

^n? w converge to zero, and are therefore bounded for all values of n,

we have

= T (r + 1) a (1 +O , j8.
= T

( + 1) ft (1 + S,/)

where en ', 8n
'

are bounded; and thus
|
e,/

|

< A',
\

8n
'

\

< B'. We now have

ij8 + 2/5-i + - + & == T (r + 1) T (s + 1)

n _ t+l
t^n/if _L A /^ -I- ft,

_ ^4- 1\
Since S I 1 1 1 , being the coefficient of xn in the pro-

t-i\ t I \ n t + I /

duct (1
-

a?)-('+ (1
- )-(+, or (1 -^-ow), is equal to (

r + S + W + 1

\,

we see that the part of
gl ^n + g*

^
" ' + ""^ obtained by omitting

#sr (T + i) r (<$ 4- 1)
which converges, as n ~ oo

, to
~-

(
.

t**n
/y _L A /$ _L

TJ, ^ I 1 \
Consider next the sum S e/ (

if
4

1
1 ;
we may choose

= 1 \ ^ / V ^ t ~r L /

* See Knopp, Inaugural Dissertation, Berlin (1907), p. 46; also Archiv d. Math. u. Physik (3),

vol. xn (1907); the theorem is also proved by Chapman, Proc. Land. Math. Soc. (2), vol. ix

(1911), p. 377. See also Ottolenghi, Giorn. Batlaligni (3), vol. XLIX (1911), p. 239.
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the integer m so that
|
e/

|

<
77,

for t > ra; and we may take n to be

greater than m. The part of the sum taken from t=ltot = mis less

t^m /* i /\ /o J- </r / i 1\
than A' I . )( .

,

. ), or than
t-i \ t J \ n-t+ 1 J

9

r / 7~TV~ '
' ^n-<+i/ ?

t -i

i
when this is multiplied by ^ -

,
it converges to zero, as n ~ <x>

,
the

integer m being kept fixed. The part of the sum from t = m+ltot n
t~ n /y -I- t\ /S -\- n t + 1\

is numerically less than
77
2 I

)
I

) ;
and when this is

/i \ t / \ n & + 1 )

multiplied by -7^5, it converges, as n ~ <x>
, to a fixed multiple of

T?.

rm. '^
W

*, fr + t\ /S + H t+ 1\ , T i T - A xThe sum 2 8 n^t+l { ) [ }
can be divided into two parts

t=i \
*

/ \ ft
* + l /

by taking m so that
|

8'n- t +i \

<
*]>

for t < n m, and considering

separately the sums for t = 1 to n m 1, and from t n m to t = 71;

as before, when n ~ QC
, the sum when multiplied by +t+l , converges

to a fixed multiple of
77.

We have lastly to consider

1
'v
n

'&* (r + *\ (s * ^- + 1\

n^+^./^'-^V < A n-<-Hl J
;

this is numerically less than

+ n-t+l
< / V n ~t+ 1

and this has been shewn to converge to a fixed multiple of
tj.

Since

^-^ n

,+m
"

: has been shewn to have upper and lower limits
/I/

p (<r
.L. 1) r (<s + 1)

which differ from 5-^ ^TT~O\
" "^ ^y a fixed multiple of the arbi-

1 (T + S ~{- JLj

trarily chosen number
77,

Ces&ro's theorem has been established.

In this theorem, let an denote $/ , where ~ is assumed to converge
fb

to the definite limit _, ;
the series being taken to be summable (C, r) ;

(if

9 y_L^ J\ Q

J,
and is thus such that --;~j converges to

__ when r' r 1 = s, and r' > r.

(r'-r)'

By employing the expression (5), of 48, for 8%*, we see that ~~.-
nr
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converges to
pyr^i T\; and therefore S^/T

j
converges to s^, the

sum (C, r) of the given series.

The particular case of Ctesaro's theorem which arises when r = 0,

s = is that :

// {an}, {/3n} are two sequences of numbers ivhich converge to a and j8,

respectively, then
ai *-+ a Ari +__^+_^A

converges to aj8.n

50. // a series is divergent (C, r), where r > 1, it is also divergent

(C,r+l).

By divergent (<7, r) is meant that the Cesaro sum (C, r) is + oo
,
or oo .

S(r)

The condition of the theorem is that lim - = +QO ,
or oo

,
or

n~oo fn + r\

U
_

lim-- - ^JLil- = oo or oo . Applying the theorem of 5 6, it
+ r + 1\

(n + r
' rr J & * '

n ) U-l
follows that lim

n
1
= + QO

,
or QO

;
therefore the given series is

+ r +
n

divergent (C, r + 1).

Now, if r =-. 0, it follows that, if the given series is divergent, the sum

(C, 1) is infinite. This has already been shewn to be the case in 27. It

now follows, by letting r successively have the values 1, 2, 3, ..., that the

Cesaro sums of all integral orders are infinite. By employing the theorem

of 49, it now follows that the series cannot be summable for any positive

value of r, for if it were so it would also be summable of order the integer

next greater than r. Hence we have the theorem that :

// a series is summable (C, r), for any positive value of r, the given series

either converges or oscillates between finite or infinite limits, but it cannot be

divergent.

In case the series San is summable (C, k) for k > r, but not summable

((7, k) for k < r, the number r may be called the index of summability of

San . If the series is summable (C, r), the index of summability is said to

be attained. Clearly the index of summability of a series may be zero,

and yet the series may not be convergent, the index zero being in that

case unattained.

51. The following multiplication theorem due to Knopp, and of which

Chapman has given a simpler proof, is applicable to the Cauchy-product
of two series which are summable (C, r) and ((7, s) respectively.
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// S an is summable (C, r), and S bn is summable (C, s), where r > 1,

s > 1, the series S cn ,
where cn = an 6 + an_ l b 1 + ... + a bn ,

is summable

(C, r + s + 1). In particular, if both the given series are convergent, Sc w

is summable (C, 1). The Cesdro sum (C,r + s + 1) of Scw is the product of
the sums (C, r) and (C, s) of the series Saw ,

26n .

Ces&ro established this theorem for the case in which r and s are both

positive integers, or zero. To prove the theorem generally, we employ
Ces&ro's theorem given in 49. Let an = 8% ,

for the series San ,
and let

fa\ (f*\ I y\

j8n
= 8'n ,

for the series S6n ;
then since Sn /n

r
,
8 n /n

s
converge to

1 T ,rt(r) 1 T s-iM A.' i

r /> . IN hm n > P /
, TN

^m C H respectively,

+ ss' + ... +
nr+s+l

converges to lim c
}

. lim C^jT (r + s + 2).
n~oo w^-oo

The product (a + Gfjo; + ... + anx
n
) (1 a;)-^

r+1)
is, when arranged in

powers of x, an absolutely convergent series, for
|

x
\

< 1, of which the

first n + 1 terms are S (

Q
} + S^x + ... + 8(

nXn
\
arid a similar statement

applies to the product (6 + b x + ... + bn x
n
) (1 ^)"(

s+1)
.

The first n + 1 terms of the Cauchy-product of the two series are

S (8% S
(

o
8)

+ ^}

_x 8i
} + ... + S(r)

Sn) x
;

the Cauchy-product series
TO-O

being absolutely convergent. This series has the same sum as the Cauchy-

product series of the two series for

(a + a l x + ... + an x
n

) (1
-

x)~(
r
+V, (b + b l x+ ... + b

fl
xn

) (1
- z)-^

l
>,

and the first n + 1 terms of this series are the same as the first n + I terms

of the series for (c + c^x + ... + cn x
n

) (I x) (
r+*+ 2

), and are thus

,
,

^1 X + ... + bn Xn

where 8^
*

refers to the series S cn . Consequently we have
71=0

It now follows that lim r y-
= lim C

r
. lim (7

8

;
which es-

n^oo /'Z' "T ' ~T o "T A\ ^,^00 ^^oo
tablishes the theorem. \ n J

52. // S an is summable (C, r), where r has a value > 1
,
then S^

} = o (n
r
),

71 =
(r')

where r' lias any value < r. Also, if 2 an is bounded (C, r) then Sn
' = O (n

r
),

n =

r < r.

This general theorem was given by Andersen*, but particular cases

* Loc. tit. p. ll.
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were known previously. In case r > I, we can take r' = 1; and in

case r > 0, we can take r' = 0. We thus have :

// r > 1, then an = o (n
r
), or an

= (n
r
), according as the series

an is summable (C,r), or bounded (C,r). If r > 0, then sn = o(n
r
),

n --"

or sn = (n
r
), according as the series is summable, or is bounded (C, r).

In order to prove the general theorem, we employ the relation (6) of

48. We have

q(f) qW fr
- r'\ o(r) , nw /r - r'\ ~<r)

* = n -
(

j
)w-l + ... -h (- If f

^ 1*0,

where the series stops after r r' ~\- 1 terms in case r r' is an integer < n.

When the series is bounded (O, r), with U and L as the upper and lower

limits of indeterminancy, we may write

n /

where
|

n
\

^ 1, and e w converges to zero, as n ~ QO
,
and is accordingly

bounded.

The part of
'

)

which involves \ (U + L) is

1 (U + L) -~ -
+ ... -,- (- 1).^

[\ n J \nj\n-lj '

\ n

the series in the bracket is the coefficient of xn in the product of the series

for (J x)
r"r

'

(1 x)~
r

,
where

|

x
|

< 1, or in the series for (1 x)~
r
',

and it is thus equal to
( ].

When multiplied by -
r ,
we see that this

part of S^ /n
r
converges to zero, since

r
, f 1 is bounded.

The remaining part of 8% jn
r
is

If r r' is an integer less than n the series stops after r r' + 1 terms

and the last term does not occur. When this is the case the expression is

less for all values of n (> r r' + 1) than a fixed number, since On_p ,

ZH-P, n-p &re bounded; and thus S^ /n
r is bounded.

If U = L, since lim en _p
= 0, for each of the r r' + 1 values of p, it

. ,. 71-00

is clear that 8n /n
r
converges to zero, as n ~ QO .

Next let it be assumed that r r' is not integral; we then have to

consider the whole of the above expression, the number of terms being

now no longer independent of n.



78

We have

number; hence
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where K is a fixed
r'+l>

j i y _ y'\

( )nr
\\ n J

K * uwhich converges to zero, when

r + 1 > 0, r r' > 0, as n ~ oo
;

it thus appears that the last term in

the above expression converges to zero
;
it may therefore be omitted.

(**) / 7?\
r

If r > 0, the part of Sn jn
r

, is, since ( 1 -
1 < 1

, numerically less than

where m (< n) and n are so chosen that
|

__
|

,
|

. n_^ |

are less than an

arbitrarily chosen positive number 8, for p = 0, 1, 2, ... m\ and K' is a

fixed number.

The series 2

(/*.

v '

P

is convergent, when r r' >
;

hence

is less, for all values of m, than a fixed number, independent

of n. Also m can be chosen so large that S
P

< 8. It thus

appears that
|

S
tl /n

r

\

is bounded; and, if U = L, it is less, for all suffi-

ciently large values of n, than a fixed multiple of S; consequently it

converges to zero, as n ~ QO .

Tf o> r > 1, we divide the expression for Sn /n
r into three parts;

the first of these is

j p=ti

where m is a fixed number less than \n, and n is so large that
|

n __v \
,

|

ew _p |

are < 8, for p = 0, 1, 2, ... m. We have then
(
1 -

)
<

;
and

\ ti/ Zi

as before, this expression is seen to be bounded
;
and when U -= L, it is

less than a fixed multiple of 8; the number m being kept fixed.

We next take the summation from p ~ m + 1 to p =
[Jw], which

denotes \n or J (^ 1). The number m may be so chosen that it satisfies

the condition 2
{

1 <8; the part of the expression under con-
m + l \ P J

[\n] i

/^.
_

^.'\

sideration is then numericallv less than a fixed multiple of S
[ 1

i+i|\ P J
which is < 8. The last part of the expression is less than a fixed multiple

of
/ ^\r J

S 1 - -
)

- .. ,
which is less than a fixed multiple of

r~T+l *

(1
~
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and this converges to 0, as n ~ QO . It has now been shewn that, for r> -
1,

r -r'> 0, tin /n
r
is bounded, or converges to zero, when tiffin? is bounded,

or is convergent.

53. // San is either summable (C, r), or bounded ((7, r), where r > 0, and

{vn} is a sequence of numbers, then S anvn is convergent provided' (1),
/1\ n=o ^ v "

Vn ^ Wj '
and ^' %nrVr+l vn is absolutely convergent; and the sum of

2 an vn is that of the series Z;8n
r

Vr "fl
^n ? which is absolutely convergent. If

71-0
/ 1 \

the condition (}) be replaced by (1)', vn - (

-
, and (2) remains unchanged,\n /

the series S an vn is bounded.
71-0

The sum of the series vn -
(^

+
)
v +i +

(** "2 )
vn+2

- is here

denoted by Vr ~n vn . It is infinite when r is not integral, and it may be

regarded as a generalization of the definition of differences of integral
order. This series is convergent because

1 t-

V -1 /
I
\ z /

t = n

2

is convergent and
|

vn+m \

is bounded. Since a,, S
( 1)* {

+
^$T-* the

*-o \ t )
n 7ii

finite sum S an vn is equal to

The coefficient of 5n
r

differs from Vf+1vn by
r/

/- -f 1 \
(_. IJm-n+l J J

,y

'

__

which is, in absolute value, less than

,_ _ _
\(m -n + l)

r+2
(m - n + 2)

r+* "*"

'"j"
'

or tlian ~^T T^ ^, \7-i-i 5 where A' and K' are fixed positive numbers, andm \7ii nj

vv'P
r

I

< T?m >
for a^ values of p S m. When ^ = m, the absolute difference

+ *"' which is less than ~~' We n w see that

7i = wi n-*m ()S anvn differs from S S,/V+1 vn by less than
71 - n =
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or by less than Lrjm ,
where L is a fixed positive number, independent

o(r)

of m, provided
-~- is bounded, in which case

| Sp \

is less than a fixed

multiple of wr
,
for p ^ m.

If m2 > ml ra, an vn differs from Sn V/+1vn by less than

If %nr Vr+l vn is absolutely convergent, so also is /8n
r

Vr+1^; and if

rn = ( r ]
5 ^m is arbitrarily small, for a sufficiently large value of m. It

then follows that, provided ra2 > MJ ~ m, where m is sufficiently large.
n -

niy.

an vn is less, in absolute magnitude, than an arbitrarily chosen
n ~mi

positive number ;
and therefore ^an vn is convergent, although not neces-

sarily absolutely convergent, and it converges to the sum of the series

/ l \
r

n
r
Vr+l vn . If the condition which vn satisfies is v =

(
-

),
-nm is bounded,

\nr
j

and anvn differs from SnV r ^ l vn by less than a fixed number;

consequently the series ^an v rl
is bounded.

As a particular case, let vn = , where s ^ r > 0, then the con-
(n + 1)

dition (1) is satisfied when s > r, and the condition (1)' is satisfied when
s = r. It will be shewn that, in either case, the condition (2) is satisfied.

We have

co /r I 1 \
1 S (- 1)"M
m-o

since, when the factors
( l)

m are omitted in the integrand, the new inte-

grand converges to a function that is summable in (0, QO
), in accordance

with a criterion given at the end of 214, term by term integration is

permissible. It has thus been shewn that

Vr+1 ^w = pV; rV^^-M 1 - e-*)l
f+Vdx

9

which shews that V r+ l vn has a positive value, decreasing as n increases.

We have
n^m If 00 n =m
S nrVr+l vn - _--r a:*-

1
(1
- e~xy+

l S ^g-^+i)* ^
n=o 1 (^) Jo n = o

which is less than

M I" Xs-*
(1
- e-*)'+iS

r "f

Jo o
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where M is a fixed positive number; and this expression reduces to
TOO

M\ xs-l e~x dx, or MY (s). The absolute convergence of the series
Jo

S nrVr+l vn has now been established. From the general theorem we now
n-O
obtain the following special theorem :

// San is bounded (C, r), or summable (C, r) where r > 0, the series

*
--r

,
where s>r, is convergent, and the series S -----* - - - is bounded.

The first part of this theorem and the corresponding part of the general
theorem were established by Chapman*.

54. It has been shewn in 52 that, if S an is summable (C, r), then
w-O

an/n
r
converges to zero, as n increases indefinitely. This may be expressed

by the statement that the summation (C, r) is inapplicable, for all values

of r, if
|

an
|

increases too rapidly with n\ for example, if an = ( l)
n kn ,

where k > 1, the series ( l)
n kn is not summable (O9 r) for any value

n-O
of r. It can, however, also be shewn that the method of summation may
also be inapplicable in case

|

an
\

diminishes too rapidly as n is increased.

This appears from the following important theorem, which is due to Hardyf :

00

If nan is bounded, the series an cannot be summable (C, r), for anyn0
positive values of r, unless the series is convergent.

In particular, if lim nan
= 0, the scries cannot be summable ((7, r)

?l~OQ

unless the series an is convergent. We may take r to be an integer.
n =

Let it be assumed that
| (n + J) an \

is less than a positive number k,

for all values of n, and let (n + 1) an = bn . We have

r + l r + 2 r + n

r -I- 1\
,

/r + n - 1

where we take r to be a positive integer ; this involves no loss of generality
since r can always be replaced by the next greater integer. We may define

i?- "by

and it can easily be verified that rS^ + T~ I} - (n + r + 1) S
(*~ l

\ and

that ttfj? +

* Proc. Lond. Math. Soc. (2), vol. ix (1911), pp. 382-387.

f Proc. Lond. Math. Soc. (2), vol. vm (1909), p. 301.

HII
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The first of these equations may be written in the form

^(r-l) T + n ^(r) , Tn~
l)

from which it follows that, if the series S an is summable ((7, r), the
n~0

necessary and sufficient condition that it should be also summable (C, r 1)

is that lim Tn~
1}

/n
r = 0.

We have sn = 6 + &1 + ^ + ... + -A--;
^5 O 71 -f- 1

and remembering that T^
0) = 6 + 6 X + ... + 6W? we have

where &f(x) denotes /(#) f(x+ 1). Proceeding in the same manner,
we have

and generally

+

It can be easily verified that

i1 od)
H - 11

, 7'
(1) A f

1
}

2
?
(2)

' ~
n +1

- 2- A
UJ

*
(*"+ 1) *

5 - '

These are particular cases of the identity

""' '
1 \_rl(n+l-r)\- -----

which may be proved by induction. Assuming it to be true for r = p, it

will also hold for r ~ p + 1 if

p\ (n+ I ~p)l CCP) (p+ 1)! (n-p)l (p+i) (J3) 1

-

(n"+ YjT~ *"-*
(^VIJT

^- J'- 1
- Jn -*>* n + l-p'

1 ^> ! (H 79) !

since A p --
;:

----- =
/ TTT- 5 it has to be shewn that

n + 1 - p (n + 1)1

(n+l-p) S p
-

(p + 1)

which is obtained by writing n p 1 for w, and jp + 1 for r, in the

identity rSj? + T%+? = (n + 2)S
(

+?. Since the relation (B) holds for

r = 1, it holds generally.
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From (^4) and (B) we have

r!(n+l-r)!(r)- -~
I \.-

I
,+ I/

w _ r -

(n + 1)! -<)

and from this it follows that the necessary and sufficient condition that

the given series is summable (C, r) is that the series S T*~~ Ar
[
---

)

,,~o \v + A/

should be convergent. It will be shewn that, if the condition

is not satisfied, this series cannot be convergent, it being assumed that

I
6

|

< k.

Let it be assumed that T^ /n
r does not converge to zero; then, for

arbitrarily large values N, of n, we haveT~ > k^ Nr
,
or else T^~ < k^N

T
9

where k^ is a positive number which we may take to be < k. The second

inequality is reduced to be first by changing the sign of an ,
for every value

of n
; consequently we may assiime that T^ > k^NT

, for an infinite set of

/ k \
values of N. Let N be the least integer such that Nl ^ ( 1 ~H N; thus

JVj < N, andNl increases indefinitely as N does so. We may take Nl
= k%N

and N l < k$N 9
where k 2 < k3 < 1.

Let Nl nN, then the value of T%~
1) - T (*~ l)

is

+ N 8 1\
s ~ n

, , 1X /r + n 8 1

,.
and since

we have

x/r + w-^-lX
=

) >

/ V ^-5 /'

+N ~ S ~ -
N _ s o n _ s

The expression on the right hand side is equal to

.-*-.-! ,r + _,_^
8 _ V N-8 J'

(r
-)_ ^v _ j\

,,
)

, or than

k (N - n) (N + 1) (N + 2) ... (N + r - 1);

and this is, for every value of n, less than

k
Since k2 1 -i we have (1 &2 )

& ^ l/^; it follows that, for all suffi-

ciently large values of n,
|

T(

^"
l)

T^~
1

|

< ^A;^ where Tc is a constant

6-2
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which may be taken to be greater than k by as small a difference as we

please.

Since T (

^~~
l) > ^N', it follows that T%~

1) > fa -
-|fc)
Nr

;
thus

T(

n~
l) > \kiN

T
, for Ni^n^-N, where ^ is a number which we may

suppose less than k by as little as we please.

We now have

v frr(*"""!) A

and the expression on the right hand side is

1 1

We have
(^ + 1} (^ +

*

2) (^ > A, where &4 is less than 1

by as small a difference as we please, provided Nl is sufficiently large ;
also

1 1 V ~N (r-l) 1
-.-- --- < -__- . Thus S Tj Ar

7 "
-^ -.-- --- -__- .

-----r is greater
(N + 2) (N + 3) ... (A

7 + r + 1) Nr
v = Nl

"
v + I

*

than
^^(r-l)!^--^),

or than jJE, (
r - 1)1 (^r

-
l)

. The

number A:2 having been fixed, for sufficiently large values of N, we may
choose &4 so that k2

r < k4 < 1
; thus, for all sufficiently large values of A7

,
such

that T#~
l} > kNr the value of ^2 T(

J~
l) Ar ---

v exceeds a fixed positive
v-A^ V + 1

number. It is therefore impossible that the series S T7

/ Ar-- can
v-O V + 1

converge; and therefore the given series cannot be summable ((7, r).

If lim Tn~
l)

/n
r = 0, and the series is summable (C, r) it has been shewn

n'oo

also to be summable (C, r 1). Thus, if nan is bounded, and the series

2 an is summable ((7, r), for any integral value of r, it is also summable
n0
((7, r 1), and therefore also it is summable ((7, r 2), ...; it is conse-

quently summable (C, 0), that is, it is convergent.

The theorem of Hardy which has now been established has been ex-

tended by Landau* to the case in which nan is bounded on one side only ;

thus :

// nan < k, or nan > k, for all values of n, where k is some positive
00

number, then the series 2 an cannot be summable (C, r) unless it is con-
n-O

vergent.

* Prac. matematyczno-fizycznych, vol. xxi (1910), p. 97.
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EXAMPLES.

(1) If 2 an is bounded, or summable, (C, r) 9 where r is any real number, shew that

2 n
-is summable (C9 r -

1). This theorem was given by Chapman* ; the case when r is a
n ft ~t~ A

positive integer, and the series is summable (C, r) had been given by H. Bohrf and M. EieszJ.

(2) If r is a positive integer, and 2 an is bounded (C, r), shew that 2 ?? is summable
n-0 Ti-1 w*

((7, r), provided 5 > 0, whether 5 be integral or not. This theorem is due to H. Bohrf.

(3) If 2 an is summable (<7, r), where r is a positive integer, prove that 2 - is

n-0 n~iws

summable (C,r -
s), where $ > 0. This result was given by M. RieszJ.

(4) If the series 2 an is bounded (C, r), and summable (C, r -f 1), where r > -
1,

ra=0

show that the series is summablo (C, r -f S), provided 5 > 0.

(5) Prove that the series 1
s - 28

-f 3s -
..., is summable (C, r), provided r> s. The

number s may have either sign. This theorem was given by Chapman ||. It had been shewn

by Bromwich^f that, when s is integral, the series is summable (C, tt+ 1); and by the same

method it could be proved that it is bounded ((7, s).

(6) If the series 2 an is bounded (C, r), where r > -
1, and the series 2 bn is bounded

n=0 n-0
(C, s), where s > -

1, then the Cauchy-product 2 cn is bounded (C, r + s + 1).
n^O

THE EQUIVALENCE OF CESlKO's AND HOLDER'S METHODS OF SUMMATION.

v'55. The notation of 44, in which the given series is taken to be

a x + aa + ... + an + ..., will be employed here. If xl9 x2 ,
#3 , ..., be an

infinite set of variables, and {anm} a set of numbers such that anm = 0,

when m > n, and anm = 0, for m ^ n, let us consider the set of equations

yn - anlx + an2x2 4- ... + anmxn ,
ra = 1, 2, 3, ... .

Denoting the matrix

by A, we may regard the set of variables {yn } as obtained from the set {xn}

by means of the operation A, and this fact may be expressed by (y) A (x).

If, whenever lim xn has a definite value, lim yn has also the same definite
tt~oo n~oo

value, the operation A is said to be regular.

The set of equations by which xl9 x2 ,
... xn ,

... may be expressed in

terms of yx , y2 ,
. . . yn ,

. . . define an operation which may be denoted by
* Loc. cit. p. 388. See Andersen, foe. cit. p. 56.

t Comptes Rendus, vol. CXLTII (1909), p. 75.
||

Loc. cit. p. 397.

J Ibid. p. 1658. More general theorems are there given. ^ Theory of Infinite Series, p. 317.
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A~*\ thus (x)
= A(~v (y). If A and A~l are both regular, A may be termed

a reversible operation.

If a third set of variables zn are obtained from the variables yn by means
of an operation B, or

bu 00
6 2 j 622

so that z = jB (?/), the operation by which the variables zn are obtained from

the variables xn may be denoted by BA
;
thus (z)

= JS^4 (a:). In case

-45 = 1L4, the operations A and JB are said to be interchangeable.

If A and JS are two regular operations, AB is also a regular operation.

Moreover the operation aA + (
1 a) B, for which the constants are

aanm + (1 a) bnm ,
is also regular. Also AB is reversible if A and B are

reversible operations.

If two operations A, B are such that, when y = A (x), z B (#),

for every sequence {xn} the sequences {?/}, {zn} are either both convergent,
with one and the same limit, or both non-convergent, the operations A
and B are said to be equivalent. Since (y)

= AB~l
(z), (z)

-= BA"1
(y),

the operations .4 and B are equivalent only if AB~l
,
BA~l are regular

operations.

The identical operation E represents the set of equations xn
-= xn ,

for which ann = 1, anm = 0, when mn.

56. If we take anm = -, for m ^ w, anm = 0, for m> n, we have

7iW - J!f (), A( 2> - J/ (AW), ... W - Jf (W
r-J

)),
and thus hW = M' (a), in

accordance with the definition of Holder's means, given in 44
;
where

M denotes the operation with the matrix1000..
* \ ..

i 4-4 o ...

In accordance with the definition of Ces&ro's means, given in 44,

we have
-

1^ ^(r) (r-l) (r-l)
On = Si -p 02

(r-l) (r) (r-l)
n = 5n _! + ^ir) =

(

w

and therefore f
J
C^ = f _i )

^ 5

and this can be written in the form

(n + r 1\
p(r) __ /n + r 2\

^(r)
/?& + r 2\

^(r-i)
V r /

n ~\ r /
ri "" 1

\ r 1 /
n '

from which we have rC~ 1} = fr - 1)^ + ^^ -
(n
-

1) (7^!.
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It then follows that

rfr-D , r(r-D ,
, r(r~U p(r) r(r) ^(r)^1 + 02 + + ^n _ t _ n ^1 + ^2 + + On

, r (r)
r _

(r i)
- + o tt ,

which may be written in the form

rM (<7C"-D)
=

(
r -l)M (CM) + (CM),

or Jlf(O-1
))
- Sr (CM), where r denotes the operation

l
-E + (l ~^\M.

Since ^ - C, we have (&<
2
))
= M (hP) - Jf (CW) - 2 (<7<

2
)). Also,

since the operations $2 , $3 ,
... are clearly interchangeable with M, and

with one another, we obtain

(hW) - M (hW) - MS2 (C<
2
>)
- >S2 ^f ((7(

2
))
- /8fa /8fs ((7(

3
));

and proceeding in this manner we find that

(*M) = a 8 - $r (W) = Pr (OW),

where Pr denotes the operation $2$3 ... ASr .

Now M is a regular operation (see 55), and consequently S2 . S3 ,
... Sr

are regular operations, and therefore Pr is a regular operation. Conse-

quently, if lim (f* exists, so also does lim h
,
and the values are the same ;

7l~co 7fc~oQ

thus one part of the theorem of equivalence has been established.

In order to prove the second part of the theorem it is necessary and

sufficient to shew that the operation Pr is reversible, for every value of r;

and in order to prove this it is sufficient to show that the operation

Sr = - E + (l --
)
M is reversible. Writing a for

,
it will be shewn*

that, if < a ^ 1, and the limit

1- ( , /i \
Xl + X2 + + Xn]lun

\axn + (l-a) -J-____
ri-oo (

i*
)

exists, as a definite number, then lim xn exists, and the two limits have
n~oo

the same value.

'V L- y I I

/y

Denoting
- 1 --- -- by Xn ,

we see that, if xn < Xn9 then
?^

Xn^ > Xn ] that, if xn = Xn ,
then ^.j, Xn \

and that, if xn > Xn9 then

Xn_! < Xn . These results follow at once from the identity

It has been shewn in 27 that, if lim #n = + or lim xn = >

Ti-^-oo n~oo

then lim Xn
= + oo

,
in the first case, and lim Xn

= <x>
, in the second

TI^OO n^oo

* The proof of this part of the theorem given here is a modification of that given by Knopp,
Math. Annalen, vol. LXXIV (1913), p. 459, in a remark upon Schur's proof of the complete theorem

given in the same volume. The limit was first investigated by Mercer, Proc. Lond. Math. Soc. (2),

vol. v (1906), p. 206.
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case. It then follows that, since 1 a 0, lim {axn + (1 a) Xn} is + oo

n~oo
in the first case, and is o> in the second case. It has thus been shewn
that the sequence {Xn} cannot be divergent, and must therefore, unless it

converges, oscillate between limits, either of which may be finite or infinite.

Let it be assumed, if possible, to oscillate. Let P and Q be two numbers

such that

limXn > P>Q>lim Xn ,

n~oo n~co

whether the upper and lower limits be finite or infinite. If N be an arbi-

trarily chosen integer, there is an infinite set of values of n (> N) such

that Xn > P, and there is also an infinite set of values of n (> N) such that

Xn < Q. If, for every value of n (> N), xn ^ Xn ,
we have Xn^ ^ Xn ,

and thus the sequence {Xn} is monotone non-increasing, for n > N, and
it therefore converges, since it cannot diverge. Since Xn , axn + (1 a) Xn

both converge, as n ~ oo
, it follows that xn converges. Similarly, if xn > Xn ,

for every value of n (> N), it can be shewn that xn converges. The case in

which there is only a finite set of values of n (> N), for which xn ^ Xn ,

or that in which there is only a finite set of values of n (> N) for which

xn > Xn ,
can be reduced to the above, by proper choice of N. We have

therefore only to consider the case in which there is an infinite set of values

of n (> N) for which xn ^ Xn ,
and also an infinite set for which xn > Xn .

The integer m (> N) can be chosen so large that, amongst the integers
N -I- 1, N + 2, ... m, there are values of n for which xn ^ Xn ,

and also

values for which xn > Xn . Letm be also so chosen thatXm > P ;
if xm > Xm ,

we have xm > P and therefore axm + (!) Xm > P. If, on the other

hand, xm ^ Xm ,
we have Xm _ l Xm \

let ml be the greatest integer < m,
and necessarily > N, for which xmi > Xmi . We have then

Y > Y > > Yai"W = -**-7 = = -"-Wl*

and xmi > Xmi > Xm ]
therefore xmi > P. It has thus been shewn that a

value of n, greater than the arbitrarily chosen integer JV, exists, such that

xn > P, and also Xn > P.

For this value of n, axn + (1 a) Xn > P. In a similar manner,

taking xm < Q, it can be shewn that a value of n (> N) exists, for which

axn + (1 a) xn < Q. Since N is arbitrary, the results are incompatible
with the convergence of axn + (!) Xn . It follows that Xn must be

convergent, as n ~ oo
,
and therefore xn converges, as n ~ oo .

The reversibility of the operation Pr having been established, if the

sequence {h^ } converges, so also does the sequence (C^ }, and the two
limits are the same. The equivalence of the two modes of summation has

now been completely established.

57. It may be remarked that, in the theorem that has been proved
above that, if axn + (1 a) Xn converges to a definite limit, xn also does
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so, the condition < a 1 may be replaced by the wider condition < a.

In fact the theorem can be very easily established in the case a > 1, and

this, taken together with the case 0a 1, shews that it holds for

0< a.

Let un
= axn + (1 a) Xn ,

or axn = un + (a 1) Xn ,
we then have,

if a > 1, a Km xn ^ lim un + (a 1) Km Xn , and also

a lim xn ^ lim un + (a 1) lim Xn .

It follows that

a (lim xn Km a?n ) (Km un Km tt w ) + (a 1) (Km J n lim Xn ) ;

and we have (see 27)

Km # ^ Km JL n KmXn lim #n ,

and thus lim xn lim xn ^ (Km un Km ^w ) ;

it then follows that, if lim un exists, so also does lim xn . The theorem is

a particular case of the following general theorem, due to Knopp* :

QO

// bn ^ 0, and S bn is divergent, and a > ; then if

is convergent, so also is xn) and the two converge to the same number.

The theorem can be proved in exactly the same manner as in the case

bn = 1
, established above.

In the memoir by Knopp (loc. cit.), the following theorem is given:

//, for a given sequence {$} the relation

n~U-o\ p )\ k+p+1
holds for a particular integer k (^ 0) and a particular integer p (^ 0), then

it also holds when k is replaced by a greater integer, or when p is replaced by

any integer (^ 0), or when both changes are made.

This theorem and the foregoing are employed by Knopp to obtain a

new proof of the equivalence of Ces&ro's and Holder's methods of sum-

mation, and to obtain a new proof of Hardy's theorem (see 54), that if

a series Saw is summable ((7, r), and if nan is bounded, then the series is

convergent.

* Math. Zeitschr. vol. xix (1924), p. 99. In the proof there given, the possibility that xn and

Xn may both diverge to + oo
, or to - oo , is left out of account.
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THE EQUIVALENCE OF CESlRO's AND RIESZ's METHODS OF SUMMATION.

58. If we denote by 0^(0)), where k 0, the sum 2 ar (a> r)
k

;

r<w
GO

in accordance with Riesz's method of summation ( 45) the series S ar
r-O

is summable if lim
a-~*~ has a definite value; where to is a continuous

U)-00 <*

s(k}

variable, and not merely a sequence of integers. If lim -T- has a definite
n^-oo ('ft + *\

\ n J
00

value
( 47), the series S ar is summable (C, k). It will be shewn that,

r =

if either of these limits exists, then the other exists, and both have the

same value; and thus that the two methods of summation are equivalent.

Throughout the following proof, when a relation
cf> (n)

= o
{ifj (n)} is

employed, where
<f> (n), ifj (n) involve one or more parameters besides n,

it will be understood to mean that, if e be arbitrarily chosen, then for each

fixed set of values of the parameters, n can be so chosen that

but that ne cannot necessarily be so chosen as to be independent of the

values of the parameters. A similar remark applies to a relation

<f>(n)
= {0 (n)}.

If lim -

fc

==
$, by changing a into a s, we see that lim

k =
;

10^00 to w~oo to

s(k)

similarly if lim
*

exists, it is seen that, by changing the value of a ,

n-co Cn
the limit becomes zero. It is therefore sufficient, in order to prove the

theorem of equivalence, to shew* that, if either of the two limits exists

arid is zero, then the other exists and is also zero.

Some preliminary propositions, required in the proof, will be first

established.

(a) If A#
fc

, Ar# fc denote the differences

xk -(x- l)
k

,
xk -r(x- l)

k + ~r~l~
(x
-

2)*
- ... + (- 1)' (x

-
r)*,

2t !

for r = 1, 2, 3, ... , where x r > 0, then

&rxk - k (k
-

1) ... (k
- r + 1) x

k~r + O (a*-'-
1
).

* The proof here given is founded upon that indicated by M. Riesz, Comptes Rendus, vol. GUI

(1911), p. 1651, and it haa been supplemented by reference to a letter written by Riesz, containing
further details of the proof.
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It is easily seen that &rxk may be expressed in the form

x-l _

where x - r > 0. Thus
|

krxk - k (k
-

1) ... (k
- r + 1) x

k~r
\

is expressed by

k (k
-

1) ... (k
- r + 1) (

X

dui I* du2 ... T'"
1

(x*~
r - ur

k~ r
)
dur .

J X-I J Ui~l J U
f_^-l

The integrand xk~r ur
k-r is positive and less than xk~ r

(x r)
fc- r

,

since ?/r is in the interval (# r, x) ;
and this is less than

/ r \fc-r~

l - l -

which is equal to O (a;
fc-r-1

). Therefore

Ar fc - fe
(Jfc
-

1) ... (k
- r + 1) x

k'r =
(a;*

From Stirling's theorem we find that

(k + 1) (fc +_2)_11
.JA + w) 1 1

~ ~"

thus lt + l)(fc + 2)...(t +_n)
1

n\ nk ^ '

Denoting the expression on the left hand side by/ (n), we have

_

It follows that

00 1 1
and this is less than a fixed multiple of 2 ^ or ^

i !
hence

'm^n m n i

r (^ + k + i) n / * i\or
i

nk = (n
k~l

).
n\

(c) If i is an integer, S
(^ can be expressed as a linear function of

<*i (n), o^ (n), <7*_ 2 (n), ... a (n).
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w t o<*)
r^n (n

- r + I) (n - r + 2) ... (n
- r + i) , ,,We have Sn = S -- -

=-y
----- -ar ;

and the
r-o *!

numerator of the coefficient is of the form (n r)* + X1 (n r)*"
1 +...+!;

where Ax , A2 , ... are integers dependent only on i. Thus we have

S* =*
77 fa (n) + Ai*-i (

w
) + + * !oro fa)}-

& !

/xr\ tPT) (~K.\

(d) ak (CD) can be expressed as a linear function of $ , Si , ... Sn ,

where K is the integer next less than k, and n < a> n + 1.

We have ar
= S -

(

K +^i + ... + (-
1)'(

Z +
^S?

5
;
where

the series stops after Jf + 2 terms, or after r + 1 terms, whichever is the

smaller of these numbers. Substituting this value of ar in the expression
Sar (CD r)

k
, we have

i-r)*+ 2 5
r-O r-n-i:

x {(to
-

r)*
-

(JT + 1) (ai
- r - l)

fc

+...},

where the number of terms in the bracket is, for every value of r,

n r + 1.

59. In order to prove the equivalence theorem, three lemmas will be

required. Lemma I :

g(k) g(k')

If lim -- = 0, then lim
n

fc

-- = 0, where k' < k.
n~oo ^ TI^QO ^

This has already been proved in 52.

We proceed to the proof of Lemma II :

/ v o(l)

// lim
-~ = 0, and i be any integer less than k, then lim -^ = 0.

W^QO (*) Tl'^'OO I"

The lemma will be first proved in the case in which k is an integer, so

that i has any one of the values k 1, k 2, ... 0. Let n be the integer

next less than o>, so that n *> n + 1.

Let us consider

where p may have the values 0, 1, 2, ... fc 1.

The coefficient of ar in this expression is

^fe i7i"f" r)ic

and this is the coefficient of ^ in e(w
-r >x

(k p)e\
k ' + ... or in

X

(_ ij^-Dg^-rjaj^fc
_

l)*-p. It follows that the coefficient of ar is of the
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form A (n r)
p + A l (n r)

p~* + ... + A p ,
where A Q ,

A l9 ... A v depend

only on k and p. It then follows that

/ l\
/ i \fr / ^ 7^\

&k (^) v"' ft) &k (
^ H~ 7 i ~~f~" ~t~" ( 1)

^ O"n
(
71 -f- 7 I

has the form A QaP (n) + A^a^^ (n) + ... + A v aQ (n).

Letp = 0, this expression then becomes A aQ (n) ;
thus a

(rz.)
is expressed

as a linear function of ak (n), ak (n + r), ... crk (n + I). Next let p ==
1,

\ AJ/

we have then the form A^a-^ (n) + A^aQ (n), hence c^ (n) can be expressed

as a linear function of cr^ (%), crk (n + T) , Letting p have the values

2, 3, ... k 1, we see that or (n), <j (n), ... ak^ (n) are all expressible as

linear functions of ak (n), crk (n +
-rj

, ... crk (n + 1).

Now S has been shewn in theorem (c), of 58, to be a linear function

of a (n), GI (n), ... ak (n) ;
therefore Sn is a linear function of

/ \ ak\ n ~^
f.) /

If JLLJ
converges to zero,

k
, ,

... -^ r - all converge
Ci) % Tb

^
Ifo

to zero, since n < a> ^n + \\ it then follows that -

converges to zero
;

71

hence also, using Lemma I,
~

converges to zero, where i is an integer
ift

less than k.

Next let k not be an integer, and let K be the integer next less than k.

It will be proved that

l\ fc(fc-l)-(fe-g)f ,/W rt*-*-!,*
o^ (o>)

=
j^ / OK (t) (a) t)

k * * at.

Integrating by parts, we have

(*) (a)
-

t)
k-K~l dt=\-aK (t) ,

Proceeding in this manner, we have, since a^
)

() = K ! S

EFT77-X) (k
^-T-Ti
-

7;
-H f- K+ 1) ... (k
-

1) Jo r<K
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'

Thus <jfc (co) is a fixed multiple of aK (t) (co t)
k~K~l dt. Dividing the

Jo

integral in two parts, in which (0, n), (n, co) are the intervals of integration,
en

respectively, we shall consider first <JK (t) (co t)
k~K~l dt.

Jo

rt

It can be shewn that aK (t)
= M I ak

'

(u) (t u)-(
k~K) du; for

Jo

ak
'

(
U

)
= Jc S a, (u

-
r)*-

1
,

r<u

and f ak
'

(u) (t
-

te)-<*-*> du = 1c "LaA (u- r)
k~l

(t
-

^)~ (fc
~K) <fo.

JO r<t Jr

Changing the variable in the integral on the right hand side to w, where

t u = (t r) w, the expression becomes

* S a r I (t-r)
K (l-

r<t Jo

II In Jt*\ 7
/j/i IAC *vJ /-//)/*MX If It/

which is a fixed multiple -^ of

We now have

rK (t) (en
~

t)
k-K~l dt - M ("(a*

-
t)

k-K~l dt f ak
'

(u) (t
-

u)~-(
k~W du

Jo Jo Jo

- M \

n
ak

'

(u) du \

n

(t
-

w)-(*-K) (co
-

t)*-
K-*

dt;
Jo Ju

the validity of the inversion of the order of integration following from the

fact that the repeated integral exists when the integrand is changed into

its absolute value (see I, 429).

rn

Let
/ (t u)-(

k~K)
(co Z)*-^-

1 dt be denoted by if* (u); thus
Ju

I "OK (t) (CD
-

t)
k-K~l dt^ M (

n
<jk

f

(u) </r (u) du.
Jo Jo

The function $ (u) diminishes as u increases, for it is the difference of

r fw

I (t u)~ (k
~K )

(co t)
k-K~l dt and I (t u)~^

k~K ^

(co t)
k~K-'L

dt;
J u J n

and the latter integral increases with u 9 whereas the former reduces,

by substituting the new variable w, given by (t u) = (co u) w, to a

constant.

Employing the second mean value theorem, we have

rn

&K (t) (<*> t)
k~K~l dt = M ib (0) ak (r)

Jo

where r is in the interval (0, n). To express ifj (0), we have

rn

ijj (0)
= I ^-(fc-^) (^ t)

k ~~K~~l dt.

Jo
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Let t = nt', we have then

,/, /o\ I i-(fc-/v:)/'--(fc-) //f> _ n *'\je-K-i fjff ^ [ f'-(k-K) n /'\UJ I vf I I /Cf
* v V vt/

^^
/C'C/ I lC'1' ^^ IV \ A ~~~

t* Irv '

Jo Jo
V

Thus
J/T (0) is bounded for all values of ?i

;
or

TK (t) (c*
- O*-^1 *

95

where T is in the interval (0, n), and A is independent of n and a).

Let it now be assumed that lim k =
;

if we suppose that
co'O'OO ^

fc > 0, it is possible to choose a positive number 77,
and a sequencelim

w^co

{com}, of values of to, so that >
77,

for all values of m, where rm is the

value of r that corresponds to a)m . Now < 77,
if T is greater than some

fixed number
j8 ;

and it thus follows that rm ^ j8,
for all values of m

;
and

then lim ~ = 0, from which it follows that lim Aip?/
= o

; contrary to the

must be zero, and thereforehypothesis. Hence lim

w^oo ^ fc

Jo

y*co

Next, let us consider / <JK (0 (^ O*"^""
1 ^; on successive integration

w n

by parts, this is equal to

nr (,., _ t\k-K

L
K

k
+ ... + T(g)

v^
^ r/^

or to

CTK (W)
n)

fc~K

+ (co-
... + Ujc _.___,

and this is a linear function of aK (n), aK^ (n), ... a (n).

If we assign to o>, X + 1 different values cu 1? ou 2 > ... ^^+1 ,
all within

the interval (n, n -\- 1), we obtain K + 1 such linear functions. As the

determinant of these linear functions is a multiple of

l n)
K

which is a multiple of the product of the differences of pairs of
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the determinant does not vanish, and therefore the linear functions are

independent. Therefore aK (n), ajc^i (n), ... CTO (n) are all expressible as

r 'Bi-

linear functions of the K + 1 expressions OK (t) (co r t)
k~K~l dt.

J n

From theorem (c), 8^ is expressible as a linear function of

tfo M> \ ()> cr, (ri)\

and it follows that 8^ ,
for all integers i ^ K < k is expressible as a linear

rw

function, of the K + I expression I

f

aic(t) (cor t)
k-K~l dt. If now we

J n

a (co) 1 [
n

assume that lim -=L -^ = 0> since lim r erg (t) (co t)
k~K~l dt = 0, we

co~0 CO* w^oo CO* J o

have lim ^ cr# () (co t)
k"K~l dt = 0.

If, as T& increases, co 1? o> 2 ,
... co#+1 so increase that the differences

cox n, co2 n, ... co^+i n remain constant, we see that lim -~ = 0,

for all integers i < k
;
thus the Lemma has been proved.

60. It remains to investigate Lemma III :

// lim~ 0, for every integer i, less tJian k, then

On account of Lemma I it follows that lim *-^-
=

0, where K is the in-

teger next less than k.

Let Sn denote the maximum of
|

8r
|

for r < n
;

it can be shewn

that, if lim ~~ =
0, then lim

fc

- = 0. A number v can be so fixed that
tt~CO ^ 71^00 ^

I Q^^) I I O^^) I

' r ' < ,
for r > v\ there exists a number M such that ' ^ < M, for

r
r = 1, 2, 3, ... v. We have then, taking n > v,

fKT\ CK'\

Sn < r* maximum of \

Sr
[
, /or r ^ ?&

"n*"
""
w*

*

r*

^ greater of the numbers e, M (- } ;

\nj

n can be so chosen that M (
-

]
< ,

and thereforew
< ;

and thus lim ~r = 0.
nk

n^oo nk
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We have now

97

and
r (k + i) i

>-)

as is seen by employing theorem (6), and remembering that

(70 r (k + n + 1)
Cn =

TTF+TjwT'

Employing (5), of 48, we have

and therefore
n K

n\ ~

n nK

It has now been shown that

^T i GV
Next, we consider ' -- + i) i

-
'

. Employing theorem (d)

and the formula (5) of 48, we see that this is not greater than

(K) *
(01
-

r)*
- T (fc + I)c"

+ [1
K)

(1) + S (

*\0 (1) + ...

^(0

Since lim ~ - = 0, each of the K + 1 expressions *--, -~-
, ...

n
k

K

is o (1). In accordance with theorem (a), we have

- r )
k = k (k

-
1) ... (k

- K) (GO
-

r)
k~K~l + {(GO

-
r)

k~K-2
}

= k(k - 1) ... (k
- K)(n - r )

k~K-* + O {n - r)
k~K

-*}.

7HTI
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Also

T- /T , i\ (k-K-i) 7/7 1X n Tr. T (k K + n r)T (k + 1) c;- r
- A; (k

-
1) ... (*

- K) -^^r^-- ;

and
|

A**1
(co

-
r)*

- T (k + 1) c*lf
" 1

|

- O {(n
- r)*~

K
-*}

for r ^ n K 1, from theorem (6). Thus we have

where A denotes some fixed number.

The Lemma has now been established.

The equivalence theorem can be at once deduced from the three

Lemmas. For, if it be assumed that lim - ~ --= 0, we have, from Lemma II,
n~> >*

<0 <*)

lim -~ = 0, (i < k), and then, by Lemma III, lim -^ = 0. If it be as-
n~oo ^ n~oo ^

^(*) ^(0
sumed that lim --- = 0, by Lemma I we have lim ~\ = 0, i < fc, and

Vt ^ W K
n~co ff/ n~so 'v

then, by Lemma III, lim
or* ^ = 0.



CHAPTER II

FUNCTIONS DEFINED BY SEQUENCES OR SERIES

61. Let s1 (#), s.2 (x), s3 (x), ... sn (a;), ... be a sequence of functions

defined for the values of x in some given set of points E. All the functions

sn (x) will, in the first instance, be taken to be single-valued functions of x,

in the sense that, at each point of E, sn (x) has a single finite value, cither

finite, or + QO
, or GO . The function sn (x), when everywhere finite, is not

necessarily bounded in the set E. The set E may be a linear set, or a

p-dimensioiial set, in which case x symbolizes a point (xl9 x%, ... xp ), of

the set. The set E is said to be the field, or domain, of the variable a?,

for which the functions are defined. It need not be assumed in the first

instance to be restricted in any special manner; thus it is not necessarily

bounded or closed.

At any point f ,
of the domain of the functions, the sequence of numbers

s
i (f)> S 2 (f)> sn (f); may either (1), have a single finite limiting point,

in which case the sequence {sn (x)} is said to be convergent at the point ;

or (2), it may have a single improper limiting point oo
,
or <x>

,
but no

further limiting point, in which case the sequence {sn (x)} is said to be

divergent at the point ;
or (3), it may have a set of limiting points, either

finite but containing more than one point, or infinite, which may include

either, or both, of the improper points + oo
,

GO
;
in this last case the

sequence is said to oscillate at the point .

Let the function s (x) be defined in the field E, for which the functions

of the sequence are defined, by the rules that, at any point at which the

sequence {sn (x)} is convergent, s () is the number to which the sequence

converges ;
at any point at which the sequence diverges, s () has the value

+ QO
,
or oo

,
as the case may be ;

and at any point , at which the sequence

oscillates, s () is multiple-valued, having for its stock of values those

defined by the limiting points, finite or infinite, of the sequence {sn ()}.

If U (), L () are respectively the upper and the lower boundaries of

all the numbers $n (), the two functions U (x), L (x) are single-valued
functions which may be termed the upper boundary function and the lower

boundary function of the sequence {sn (x)}. Either or both of the numbers

U (), L () may be infinite.

The set of values of s (x) at any point , when it does not consist of a

single point^ necessarily consists of a closed linear set of points, the term

closed set being extended, when necessary, to include cases in which one

or both of the points + oo
,

oo belong to the set. It should be re-

7-2
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rnembered that if, for an infinite set of values of n, the values of sn ()
are all identical, their common value must be reckoned as belonging to

the closed linear set of values of s ( ).

The upper and lower boundaries of this closed set, of values of s (),

may be denoted by s (), s (), where either, or both, of these may be either

finite or infinite. The single-valued functions s (x), s (x) defined in the

field E, as having at each point ,
the values respectively of s (), s ()

are termed the upper limiting function and the lower limiting function,

respectively, or simply the upper and lower functions, defined by the

sequence {sn (x)}.

At a point ,
of convergence, or divergence of {sn (x)}, we have

*() = ().

If be an arbitrarily chosen positive number, and if s (), s () are both

finite, sn () must lie in the interval (s () e, s (f) + e), for every value of n,

with the possible exception of a finite number of such values. If S () = oo
,

and s () is finite, only a finite set of the numbers sn () can be less than

("-.
It is clear that, at every point x, the delations U (x) S S (x) ^s(x)^L (x),

are satisfied.

In case, at each point , of E, the sequence {sn (x)} is convergent,

s (x)
=

(x), and the limiting function s (x) is single-valued and finite. If,

at each point of E, the sequence {sn (x)} is either convergent or divergent,

s (x) is also single-valued, but at each point of divergence of the sequence

it has for its value either oo
,
or oo

,
as the case may be.

K (PI, Pz, ... pn > )
be a^sequence of increasing positive integers, the

sequence {spn (x)} may be said to be a sub-sequence of the sequence (sn (x)}.

Such a sub-sequence will have an upper function that is ~ s (x), and a

lower function that is ^s(x). If a sub-sequence be convergent, it may
have for its limiting function either S (x) or (x) or some function whose

value at each point is a limiting point of {sn (x)} in the interval bounded

by s(x) and (x). When all possible sub-sequences of {sn (x)} are taken

into account, the totality of their upper functions may be spoken of as

the set of upper functions of the sequence {sn (x)}. Similarly the set of

lower functions of the sequence is defined as the totality of the lower

functions of all sub-sequences.

62. If the method of transformation given in I, 219 be applied to the

functions of the sequence {sn (#)}, defining the function an (x) by

~
1 +

|
sn (x)

s (x)
and or (x) by a (x)

= -
.

-r-, , we observe the fact that, for any point
l +

I

s (x) I
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, corresponding to the set of values of s (g) in
(

<x>
,
oo

), which is closed

either in the ordinary sense, or in the extended sense in which + oo and
QO are admissible points of the set, there exists a closed set of values of

or () in the interval ( 1, 1); .moreover the converse of this holds good.

Divergence of {sn ()} to + > implies convergence of {an ()} to the

point 1, and divergence of {$n ()} to oo implies convergence of {an ()}
to the value 1.

From this point of view, the distinction between convergence and

divergence of a sequence, at a point, is unessential, whereas oscillation is

essentially distinct from either. Thus, for example, if {sn (x)} be at all

points of E, either convergent or divergent, the sequence {an (x)} is, at all

points of E, convergent.

In case + oo
,
or oo

,
is the value of sn (x) at a particular point , the

corresponding value of o-n (a?) is 1, or 1, as the case may be.

It is sometimes convenient to modify the transformation just employed.
If {an (x)} be a sequence of functions of which the values all lie in the

. , i / , , \ ,1 , \ nn / \

interval (- 1, 1), we may take sn (x)
= -

f~- ?
-,

,

,*(&) = ^

-
rrTZTi >

1 ~~ Kn
I

an \
x

)
|

1 ~
|

CT \J,) |

where {kn} is a monotone increasing sequence of positive numbers con-

verging to 1, as limit. The advantage which this transformation has,

over the one above which corresponds to the case kn ^=
1, is that sw (x) is

k,

necessarily bounded, for each value of n, being numerically ^ i~~\~I lcn

'<*' 63. If H! (x), u2 (x), ... un (x), ... be a sequence of functions defined in

a given linear, or p-dimensional, set of points E, let

sn (x)
-

Uj (x) -f u 2 (x) + ... + un (x):

then the sequence {sn (x)} defines, as explained above, the limiting function

s (x). This function may be termed the sum -function of the infinite series

% (x) + wa (x) + ... + un (x) + ....

It thus appears that the theory relating to the sum-function defined

by an infinite series, each term of which is a function of one or more variables,

is identical with the theory of the limiting functions of a sequence of

functions defined in the given domain E. Thus any theorem relating to the

theory of infinite series of functions of one or more variables can be stated

as a theorem relating to sequences of functions. The functions s (x), s (x)

may be termed the upper sum-function, and the lower sum-function of the

given series. At a point , of convergence or of divergence of the series,

we have s () = s (g )
= s (), the number s (f ) being finite at a point of

convergence, and either oo or x
,
as the case may be, at a point of

divergence of the series.
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FUNCTIONS RELATED WITH A GIVEN FUNCTION.

64. In i, 220, the maximal and minimal functions at a point x, of the

domain of a single-valued function of a single variable, have been defined.

These definitions can be extended to the case of a function s (x), of any
number of variables, when the function is not necessarily single-valued,

but may have, at each point x, upper and lower boundaries U (x), L (x),

and upper and lower limits u (x), I (x), each of which may be finite or

infinite. The values of s (x), for each x, form a closed set, when $ (x) is

defined, as in 61, by means of a sequence {sn (x)}; but in case s (x) is not

defined in that manner it need not be assumed that the set of values of

s (x), at a;, is closed.

Let E denote the domain of the function s (x), and let g be a limiting

point of E which belongs to the set. The upper boundary of the numbers

U (x), for all points x, of E, in a neighbourhood A, of , converges as the

span of A converges to zero, to a number M () which is the value, at ,

of the maximal function M (x), associated with s (x). Similarly, the lower

boundary of the numbers L (x), for all points x, of E, in the neighbour-
hood A, of , converges, as the span of A converges to zero, to a number
m (), which is the value, at ,

of the minimal junction m (x) associated

with s (x).

In these definitions, the values of x include itself; but if the value f

be excluded from the permissible values of x, so that the values of s (f )

are irrelevant, we obtain, instead of M (f), and m (f), numbers A (f), a (),

the values of which are termed respectively those of the upper associated

function A (x), and the lower associated function a (x). The number M (g)

is clearly the greater of the numbers U (), A () ; and the number m ()
is the lesser of the two numbers L (), a (). The definitions are applicable

also to a point , of E', which does not belong to E, and at such a point
M () = A (), and m () = a (). At an isolated point , of E, the asso-

ciated functions do not exist, but M (f )
= U (f), and m (f)

= L (f ).

The above definitions may be stated more explicitly in the following

form:

If g be a limiting point of the set E in which the single or multiple valued

function s (x) is defined, and if {Am} be a sequence ofneighbourhoods of ,
each of

which contains the next, and which converge to the point f,
then if U (Am ) denote

the upper boundary of U (x), for all points x, of E, in Am , the non-increasing

sequence {U (Am)} lias a lower limit M (), as m ~ o>
, which is taken to be

the value, at , of the maximal function M (x). Similarly, if L (A?n ) denote

the lower boundary ofL (x),for all points x, of E, in Am ,
the non-diminishing

sequence {L (Am )} has an upper limit m (), which is taken to be tiie value,

<** > of the minimal function m (x).
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// U (Am ) denotejhe upper boundary of U (x), for all points x, of E,

except , in Aw ; and L (Aw ) denote the lower boundary ofL (x),for all points x,

of^E) except^g, in Aw , the limits A (), a (g) of the two monotone sequences

{U (Am )}, (L (Aw )}, define the values, at g, of the upper and lower associated

functions A (x), a (x).

It is easily seen that the four numbers defined are independent of the

particular sequence, {Aw}, of neighbourhoods employed. For, if {A'm} be

any other such sequence, and m be sufficiently large, A'm is contained in

a neighbourhood A,,/; and also A'm contains Am , if m" be sufficiently

large; so that U (A'w )
lies between U (Aw') and U (Am*). A similar argu-

ment applies to all four numbers.

It is seen from the definitions of the maximal, minimal, and associated

functions that, at every point, they satisfy the conditions

M (x)^A (x)
> a (x) ^ m (x).

65. In accordance with the definition of M (), having given an arbi-

trarily chosen positive number e, a neighbourhood A, of , can be so deter-

mined that the upper boundary U (A), of s (x), for all points of E, in A, is

< M () -I- e, and that there exists one point x of E, at least, in A, at which

U(x)>M () - 6.

Similarly A can be so determined that the lower boundary L (A), of

8 (x), in A, is > m () e, and which contains at least one point at which

L(x)<m () + e.

It is clear that M (f)
=-= m () is the necessary and sufficient condition

that s (x) should be continuous at the point . This condition may also

be expressed by s () ~ A () = a (). It is also clear that the necessary
and sufficient condition that s (x) should be upper semi-continuous at

is that M () = s (), and that m () = s () is the necessary and sufficient

condition that s (x) should be lower semi-continuous at . It is here

assumed that s () has a single value.

For the case of a single-valued function it has been shewn by W. H.

Young* that the relation A (x) s (x) S a (x) holds, except possibly at

points of an enumerable set.

It can be shewn that :

The functions M (x), A (x) are both upper semi-continuous, and the

functions m (x), a (x) are both lower semi-continuous.

For if, in every neighbourhood of , there are points at which

M(x)>M (f) + ,

for some fixed value of 6, there must be points at which U (x) > M (g) + e,
t

*
Quart. Journ. vol. xxxix (1908), p. 82, and Proc. Land. Math. Soc. (2), vol. vin (1910), p. 119.
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and this is inconsistent with the fact thatM () is the value of the maximal

function at . A similar argument applies to the function A (x). The

property of m (x) and a (x) is established in a similar manner.

UNIFORM CONVERGENCE OF SEQUENCES AND SERIES.

66. If, in any domain E, of one or more dimensions, for which the

sequence (sn (x)}, of single valued functions sn (x), is defined, the limiting

function s (x) has, at each point of the domain, a single finite value, the

sequence {sn (x)} is said to be convergent in the given domain.

At each point ,
of the given domain, the condition is satisfied that,

if be an arbitrarily prescribed positive number,
\

s () sn () I

< 6
>

f r

all values of n which are not less than some definite integer, dependent

upon e, and in general also upon the particular point f . We may denote

the smallest integer which satisfies this condition by n (e, ). A very

important case of convergence arises when the numbers n (e, ) have, for

each fixed value of e, a finite upper boundary, when all points ,
of E, are

taken into account. In this case, n (e), or n
,
can be so chosen that,

|

s (x) 8^ (x) I

<
,
for n^n , everywhere in E. The convergence of the

sequence {sn (x)} is then said to be uniform in the given domain. We have

thus the following definition of uniform convergence :

//, in a given domain, of one or more dimensions, the sequence {sn (x)}

of single-valuedfunctions, everywhere converges to the value of a function s (x),

finite at each point of the domain, and if, corresponding to each arbitrarily

prescribed positive number c, an integer n can be so determined that

|

S (X)
- Sn (X) I

< ,

provided n ^ n
,
and for all values of x in the given domain, so that n is

independent of x, the convergence of {sn (x)} is said to be uniform in the given

domain.

The criterion of uniform convergence may be stated in the following

form, in which the conditions of convergence and of uniform convergence
are combined in one statement:

//, in a given domain, of one or more dimensions, the sequence {sn (x)}

satisfies the condition that, corresponding to each arbitrarily chosen positive

number e, a number n can be so determined that
\

sn (x) sn'

(x) \

< 6,

provided n and ri are any pair of integers such that n^n*, n' ^ n
, whatever

value x may have in the given domain, the sequence {sn (x)} is said to be uni-

formly convergent in the given domain.

In case the sequence consists of the partial sums of a series

Ui (x) + u2 (x) + Us (x) + ... ,

where the terms are functions which have single definite values at each
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point of a given linear or p-dimensional domain, the definition of uniform

convergence of the series may be stated as follows :

//, corresponding to each arbitrarily assigned positive number e, a value

of n, independent of x, can be so determined that

I ***() I. \Bn,,(x)\:.\R*,,(x)\>~
are all less than e, for every value of x 9 the series % (x) + u 2 (x) + ... is said

to converge uniformly in the given domain.

In case the convergence of the series at each point of the given domain
is assumed, the condition of uniform convergence may be stated thus :

// the series u
l (x) + u2 (x) + ... + un (x) + ... converge, for each value

of x, in a given linear, or p-dimensional, domain, the series is said to converge

uniformly in that domain provided that, corresponding to. each arbitrarily

assigned positive number e, a number n, independent of x, can be determined

such that all the remainders Rn (x), Rn+i (x), ... are, in absolute value, less

than
, for every value of x in the given domain.

In case a sequence {sn (x)} converges uniformly in a set E, it is clear

that the sequence also converges uniformly in any part El9 of E. But if

(E19 E2 ,
... Er , ...) be a sequence of sets, each one of which is contained

in the next, and of which E is the outer limiting set, a sequence {sn (x)},

defined in E, may converge uniformly in each of the sets Er ,
and yet may

not converge uniformly in E. If n (r, e) be the least integer such that, at

every point of Er , \s (x)
- sn (x)

\

< e, provided n ^ n (r, e), it may happen
that, for some value of e, n (r, e) has no upper boundary for r 1,2,3,...;

in that case there exists no integer n (e) such that
|

s (x) sn (x) \

< e, for

n^n(), and for all points of E; the convergence is in that case not
x

uniform in E. For example, let s (x) sn (x)
= -

,
in the infinitely greatn

semi-closed linear interval (O^x). In any interval (0,7^), where h > 0,

|

,9 (x) sn (x) |

< ,
if n > h/e; but there is no value of n for which

|

s (x) sn (x)
|

< e in the whole interval ^ x. Thus, although the se-

quence converges uniformly in every finite interval (0, h), it does not

converge uniformly in the infinite interval (0 ^ x).

SIMPLY UNIFORM CONVERGENCE.

67. A mode of convergence of a series, or sequence, in a given domain,

less stringent in character than that of uniform convergence, has been

considered by Dini and by other writers. This mode of convergence has

been termed by Dini "simple uniform convergence," and has been defined

by him* as follows :

The series % (x) + u2 (x) + u3 (x) + ... which converges at each point x,

of a given domain, to the value s (x), is said to be simply-uniformly convergent
* See Dini's Grundlagen, by Liiroth and Schepp, p. 137.
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in the domain if, corresponding to each arbitrarily assigned positive number e,

and to each arbitrarily assigned integer ra', at least one integer m, not less

tlum m', can be so determined that, for all values of x in the domain,

The condition of simple-uniform convergence is less stringent than

that of uniform convergence, in that, in the latter case, all the remainders

after a certain one are numerically less than e, whereas in the former case,

not necessarily all the remainders are, for all the values of x, numerically
less than e.

As regards the above definition, it should be remarked that, if there is

one integer m ( m') such that
|

Em (x) \

< ,
for all the values of x, there

must be an infinite set of such integers. For we have only to ascribe to m'

successively values which increase indefinitely, and for each of these there

exists a corresponding value of m.

Let 19 2 , 3 , ... be a sequence of diminishing positive numbers which

converges to zero. If Zu (x) be a simply-uniformly convergent series,

n^ can be determined so that
|

R
ni (x) \< 19 for all the values of x ; then

an integer n2 (> n^) can be so determined that
|

Rn, (x) \

< e2 ;
then

ns (> n 2 )
so that

| JR^ (x) |

< 3 ;
and so on.

It follows that the sequence s
ni (x), snz (x), s

3 (x), ... converges uni-

formly to s (x). If now the first n terms of the series be amalgamated into

one term, then those after the first % up to, and including unz (x), and so

on, the series is transformed into

*n (*) I- [>n, (*0
~

*m (*)] + [** (
x

)
-

*n 2 (a?)] ;

and in this form the series is uniformly convergent.

It has thus been shewn that :

v4 simply-uniformly convergent series can be changed into one which is

uniformly convergent, by bracketing the terms suitably, in accordance with

some norm, and taking each bracket to constitute a term of the new series.

It thus appears that, if {sn (x)} is a convergent sequence, it is simply-

uniformly convergent provided it contains {snp (x)}, (p--^ 1, 2, 3, ...), a

sub-sequence which is uniformly convergent in the domain.

It should be observed that, when the sequence {sn (x)} does not con-

verge everywhere in the domain of x, it may still be possible to determine

a sub-sequence {snp (x)}, p = 1, 2, 3, ... which converges uniformly in the

domain of x.

If each term un (x) of a uniformly convergent series be replaced, in

accordance with some norm, by the sum of rn functions, such that

un (x)
= Untl (x) + Un , 2 (x) + ... + Un , rn (x),
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then the new series

is not necessarily convergent, but may at any point of the domain be

oscillatory. If, however, the series be convergent in the domain of x 9
it

converges at least simply-uniformiy. In any case the series is reducible

to a uniformly convergent series by introducing a suitable set of brackets

and amalgamating the terms in each bracket. It thus appears* that the

distinction between uniform convergence and simply-imiform convergence
is legs fundamental than might at first sight have been supposed.

68. A series which converges for every value of x in a given domain is

certainly simply-unifonnly convergent in that domain in case there exist

an infinite set of values of n such that Rn (x)
-= for all the values of x.

Let us next suppose that there are at most a finite set of values of n

such that Rn (x) for all these values of n, and for all values of x, in E.

It will be shewn that the definition of simply-uniform convergence can,

in this case, be reduced to a simpler form, viz. that, for each ,
a number n

can be determined so that
|

Rn (x) \

< e, for every value of x, and such that

Rn (x) does not vanish everywhere. Let us denote by Rn the upper boundary
of

]

Rn (x) |

in the domain of x\ Rn may be either infinite or finite. Let it

be assumed that there exists one value of n, such that
|

Rn (x) \

< e, and

such that Rn (x) does not vanish for all values of x in the domain
;
we have

then Rn ^ e. Let us take a positive number l less than Rn ,
and also less

than all of those numbers JRl} JR2 ,
... Rn^ which do not vanish. By hypo-

thesis there exists an integer n
,
such that

|

JRWl (x) \

< el < e, and such

that JK
nj (x) docs not everywhere vanish. This number n cannot be one of

the numbers 1, 2, 3, ... n\ for it is always possible to determine a value

of x for which
|

Rn (x)
\

is arbitrarily near its upper boundary, and is

thus > l . Similarly it may be shewn that an integer n 2 (> n^ exists which

has the same property such that
|

Rn , (x) \

< . Thus an indefinitely great
set of values of n can be so determined, for which

|

Rn (x) \

< e, for every a;;

and the condition in Dinfs definition is satisfied. We have accordingly

the following modified form of Dini's definition:

A series which converges for every value of x in a given linear, or p-dimen-

sional, domain is said to converge simply-uniformiy either, (I) if there are

at most a finite set of values of n for winch Rn (x)
~ 0, for all the values of x,

and if, corresponding to each arbitrarily assigned, positive number c, an integer

n, independent of x, can be so determined tliat
\

Rn (x)
\

< e, far all the values

of x, whilst Rn (x) does not vanish for all the values of x, or (2) if there be an

indefinitely great set of values of n for which Rn (x)
= for all the values of x.

* See Arzel&, Bologna R&ndiconti (5), vol. vin (1899); also Hobson, Proc. Lond. Math. Soc.

(2), vol. i (1904), p. 370.
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A series which is uniformly convergent is also simply-uniformly con-

vergent, but the converse does not hold.

If the series be simply-uniformly convergent, but be not uniformly

convergent, there must, corresponding to each sufficiently small e, be an

indefinitely great set of values of n for which the condition
|

En (x) \

< c,

for all the values of x, is not satisfied; for if there were only a finite set of

such values, n could be taken greater than the greatest of these, and thus

the condition for uniform convergence would be satisfied, which is con-

trary to hypothesis.

If all the terms of a series Zun (x) be non-negative for all values of x

in the domain of the variable, and if the series %un (x) is simply-uniformly

convergent, then it is necessarily uniformly convergent. For in this case

fan (#)} is a monotone non-diminishing sequence, for each value of x. If

|

,9 (x)
- sn (x) |

< e,

for any value of n, and for all the values of x, it follows that the inequality
holds good for all greater values of n, and therefore the convergence is

uniform.

UNIFORM DIVERGENCE AND UNIFORM APPROACH.

69. Let it be assumed that, in a set El9 the sequence {sn (x)} diverges
at each point, either to +- <x> or to <*> .

If, corresponding to each arbitrarily assigned positive mimber N, an

integer ny can be so determined that, at each point of E
1 ,

one or other of

the conditions sn (x) > N, sn (x) < N, according as the divergence is to

+ oo or to oo
,

is satisfied provided n^n^, the number n^ being inde-

pendent of x, whatever point x may be, in Els the sequence is said to

diverge uniformly in El .

If E! be a part of a domain E, for which the functions of the sequence

{sn (x)} are defined, and that sequence converges uniformly in E E
l ,

whilst it diverges uniformly in E
,
then the sequence is said to approach

s (x) uniformly in E. The term uniform approach may be taken to include

uniform divergence and uniform convergence.

The definition of uniform approach may be stated as follows :

v //, corresponding to each arbitrarily assigned pair of positive numbers

A, e, an integer n (A, e), independent of x, can be so determined tJiat, at each

point of convergence of {sn (x)}, \

s (x) sn (x)\ < and at each point of

divergence sn (x) > A, or sn (x)< A, according as the divergence is to oo or

to oo
, provided in each case n,n(A,), the sequence is said to approach

s (x) uniformly in E, it being assumed that the sequence is not oscillatory at

any point of E.
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The justification for this terminology is to be found in the fact that,
s (x)

if the transformation an (x)
= - -?- ~-r~, be employed, the sequence

L +
\

$n (X) \

{crn (x)} is uniformly convergent in E 9
in accordance with the definition

of 66, provided {sn (x)} approaches s (x) uniformly in E.

To prove the theorem, let
77
be an arbitrarily chosen positive number,

and let A and e be such that (1 + A)"
1 < 77,

e <
77.

At a point at which

sn (
x

) > A, for n m we have
1-

*n (X) |

= 1 -
1 + sn (x)

and similarly, at a point at which sn (x) < A, we have
|

1 an (x)
\

< 77,

for n ^ m. At a point at which
|

s (x) sn (x) \

< e, for n s m, we have

|

a (x) an (x) |

<
|

s (x) sn (x)
\

< < 77, provided |

s (x) |

> 6, in which

case s (x) and sn (x) have the same sign. If, however,
|

s (x)
\

e, we
have

|

a (x) an (x)\< \

sn (x) \
+

\

s (x) \

< 3e < 77.
It thus appears that

{crn (x)} converges uniformly to o- (x) in the set E, since, for the arbitrarily

chosen number
77, |

a (x) crn (x)
\

< 77,
for n ~ m, and for all points x

9
in E.

The converse of this theorem does not hold good. If it be assumed

that {an (x)} converges uniformly to a (x), although it can be inferred

(see i, 219) that {sn (x)} converges or diverges, at every point x, to s (x),

the approach of the sequence to the limiting function is not necessarily

uniform.

Uniform approach of the sequence {sn (x)} to s (x) has been defined*

otherwise by Hahn, as subsisting whenever {vn (x)} converges uniformly to

a (x). There is however a certain arbitrariness in this definition, as it

depends upon the employment of a special transformation.

POINTS OF UNIFORM AND OF NON-UNIFORM CONVERGENCE.

70. Let the sequence {sn (x)} converge at each point of a domain E,
of one or more dimensions, to the value of s (x). Let n (e, x) denote the

least value which n can have, for a particular point x, such that

|

8n (X)
- S (X) |, j

Sn+l (X)
- S (X) |, |

Sn+2 (X)
- S (X) |,

...

are all < ;
thus n (e, x) has a definite value for each value of e, and for

each point x
9
of E. For a fixed value of e that is sufficiently small, it may

happen that n (e, x) has no upper boundary in E
;
this will be the case

when the convergence of the sequence is non-uniform in E.

In accordance with the theorem of i, 213, there must be at least one

point ,
of E, in case E be closed, such that, in an arbitrarily small neigh-

bourhood of ,
n (e, x) has no upper boundary. There may be a finite,

or an infinite, set of such points f ;
and in an arbitrary neighbourhood of

any point of this set, n (c, x) has no upper boundary, and thus has values

* Theorie der reellen Funktionen, vol. i, p. 247.
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greater than an arbitrarily chosen positive number A. Nevertheless

n (e, x) has a finite value at each point of E, for otherwise the sequence
would not converge at the point.

y''-4 point for which, for each value of (> 0), there is some neighbourhood,

dependent in general on e, in which n (e, x) has a finite upper boundary, is

said to be a point of uniform convergence of the sequence.

A point, in the neighbourhood of 'which n (e, x) Jias no finite upper

boundary, provided e be fixed sufficiently small, is said to be a point of

non-uniform convergence of the sequence.

If the domainE be not closed, the point in the neighbourhood of which

n (e, x) has infinity for its upper boundary, need not belong to E, although
it must then be a limiting point of E, and would thus belong to the closed

set E = M (E, E'), obtained by adjoining to E those of its limiting points
which do not belong to the set. Thus we should have to consider points
of non-uniform convergence which belong to E but not to E. Although
the most important case is that in which the domain E, for which the

functions of the sequence {sn (x)} are defined, is closed, being a closed linear

interval, or a closed continuous domain of any number of dimensions, we

shall, for generality, consider the case of any domain E which is not

necessarily closed.

The above definitions are equivalent to the following:

/ //, for a point , of E, or of E
f

', there exists, for each positive value of e,

a neighbourhood ( A, f + A) (linear or p-dimensional) such that, for
n ^ n

,
a number dependent on e,

\

s (x) sn (x) \

< e, for all points x in

that neighbourhood, the point is said to be a point of uniform convergence

of the sequence {sn (x)}.

If) for a sufficiently small value of e, no such neighbourhood exists, is

said to be a point of non-uniform convergence of the sequence {sn (x)}. A point

f , of E', which does not belong to E, may be a point of non-uniform convergence.

The definitions may also be stated in the following form :

At a point , of E, or of E', the convergence is uniform or non-uniform

according as
\

Kn (x) \
has, or has not, the unique double limit zero, as x ~

,

n~ GO .

71. It is convenient in this definition to take a neighbourhood

( A, $ + d ), of which is the middle point, in the case of functions of

a, single variable
;
and it is convenient to take a square or cubic neighbour-

hood in the case of functions of two, or of three, variables. In general a

neighbourhood

(
(1) - A, f - A, ... fW - d

; {V -|- de, fw + d
,

... (& + A),

represented also by ( de , + d ), can be taken in the case in which
* is a point (

(1
>, f<

a
>, ... b)) of a p-dimensional set. If

|

8 (x)
- sn () |

< ,

[or n ^ n
,
in a neighbourhood (f A, f + A), there will be an infinite set
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of values of d for which the condition is satisfied. This set will have a

maximum value rfe ,
such that, at any point within the neighbourhood

( ^e, + rfe), the condition
|

sn (x) s (x) \

< c is satisfied for n ^ n .

If we give to de the value | d ,
for example, we have a rule for determining

a neighbourhood, definite for each point f ,
in which (including its boundary)

the condition is satisfied.

At a point , of uniform convergence, the number d will in general

depend upon the value of e
;
and if c ~ 0, and ne increases indefinitely, the

numbers d will converge to a number which is either positive (say d')

or is zero. In the former case there exists a neighbourhood (
d"

', + d"),

where d"<d', in which the convergence is uniform; points of con-

vergence for which this is the case were considered by Weierstrass*,

and spoken of as points in the neighbourhood of which the sequence

converges uniformly. He proved that, for a closed domain E, if every point
has this property, the sequence converges uniformly in E. In case d

converges to zero with e, the point ,
of uniform convergence, has no

neighbourhood in which the sequence converges uniformly; such a point
has been termed by Pringsheimf a singular point of uniform convergence.

Such a point is in general a limiting point of a set of points of non-uniform

convergence. When the functions sn (x) are discontinuous, a point of

uniform convergence may even be an isolated point of the set of all points
of uniform convergenceJ (see 95). The definition of a point of uni-

form convergence was given explicitly by W. H. Young ,
and later by

Van Vleck||. It was given implicitly by other writers, for example, in the

first edition of this work.

In the case in which the domain E is linear, a distinction may be made
between uniform continuity, at a point ,

on the right and on the left.

If the condition
|

s (x) sn (x) \

< e, for n ^ n
,
is satisfied for all points x

in an interval (, -|- df ), and for all values of 6, the point f is one of

uniform continuity on the right. By employing intervals
( d!e , f),

uniform continuity on the left is defined. A point is of uniform con-

vergence if it is uniformly convergent both on the right and on the left.

A similar distinction might be made when the domain has two or more

dimensions.

72. It has been shewn that if, for some sufficiently small value of 6,

n (e, x) has no upper boundary in a closed set E, there must be at least

one point of non-uniform convergence, which belongs to E. It follows

* See Werlce, vol. n, p. 202; also I)u Bois-Reymond, Crelle's Journal, vol. c (1887), p. 335.

f Munch. Sitzungsber. for 1919, p. 419, where some remarks of a historical kind will be found.

J See W. H. Young, Proc. Lond. Math. Soc. (2), vol. i (1903), p. 90, but it is in agreement with

Du Bois-Roymond's definition of "stetige Convergenz" at a point.

Proc. Lond. Math. Soc. (2), vol. I (1903), p. 89; see also (2) vol. vi (1908), p. 30.

||
Trans. Amer. Math. Soc. vol. vm (1907), p. 204 footnote.
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that, if every point of the closed domain E is a point of uniform con-

vergence of the convergent sequence {sn (#)}, the sequence is uniformly

convergent in E. This does not hold good if E is not closed.

If a point f, of E, or of E 1

', be such that a sequence nl9 n2 , n3 , ... of

increasing integers exists such that is a point of uniform convergence of

the sequence s
ni (x), sn2 (x), sn9 (x), ..., without necessarily being a point

of uniform convergence of the convergent sequence {sn (x)}, the point is

said to be a point of simply uniform convergence of the sequence {sn (x)}.

It is clear that, if the sequence {sn (x)} is simply-uniformly convergent
in a closed domain E, every point of E is one of simply uniform convergence
of the sequence. For we have only to apply the fact that, if {sn (x)} con-

verges uniformly in E, every point of E is a point of uniform convergence
of that sequence.

The converse theorem that, if every point of E is a point of simply
uniform convergence, then the sequence converges simply uniformly in

E, does not hold. For the datum only ensures the existence of an integer

sequence nl9 n2> n3) ..., as in the definition, for each point of E, but there

may exist no one such sequence which applies to all the points of E.

73. If {sn (f)} is divergent, say to + oo
, and the condition is satisfied

that, for each positive number A ,
a neighbourhood of the point , dependent

in general on A, exists, such that at every point x in that neighbourhood,
sn (x) > A, for n^nAy the point is said to be a point of uniform divergence

of the sequence {sn (x)}. It is seen at once that, when the transformation
s (x}

crn (x)
=

1
/ \

i

ig Applied, a point of uniform divergence of {sn (x)}
A +

I

Sn (
X

) I

is a point of uniform convergence of {an (x)}.

It now follows that, if every point of the closed set E is either a point
of uniform convergence, or a point of uniform divergence, of {sn (x)}, the

sequence {an (x)} converges uniformly in E.

74. The definition of uniform convergence of a sequence {sn (x)} at

a point may be stated in the following form, in which the convergence
of the sequence is not presupposed :

If the functions of a sequence {sn (x)} are defined in a domain E, the

sequence is said to be uniformly convergent at a point , of E, or of E', if,

corresponding to each arbitrarily assigned positive number e, a neighbourhood

( d
, + d

) can be so determined that, for every point x, of E, in that

neighbourhood, the condition
\

sn (x) sn> (x) \

< , for n^n6 ,
ri ^ n

,
is

satisfied; where n is some integer dependent on e.

That the definition*, in this form, implies the convergence of the

sequence at the point f ,
in case belongs to E, is seen by taking x = f

in the condition that is satisfied. It is, however, not necessarily the case

* This definition is given in Hahn's Theorie der reellen Funktionen, vol. I, p. 247.
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that, when the condition is satisfied, the sequence should converge at any
point in a neighbourhood of , except at the point itself. This definition

is accordingly applicable to any sequence {sn (x)} not assumed to be con-

vergent in E. It is thus more general than in the form, given in 70, that

the double limit of
|

Rn (x) \

at the point (, o>
) should exist and have the

value zero. For Rn (x) need not exist except at
,
in case belongs to E.

This definition may be expressed in the following equivalent form :

// the functions of a sequence {sn (x)} are defined in the domain E, the

sequence is said to be uniformly convergent at a point , of E, or of E', if,

corresponding to each arbitrarily assigned positive number e, a neighbourhood

A, of ,
can be so determined that, for every point x, of E, in A, the conditions

|

sn (x) s (x) I

< e,
|

sn (x) s (x) |

< e are satisfied, for n > n
,
where

s (x), s (x) are the upper and lower limits of sn (x), as n ~ oo .

To prove that this form follows from the first, choose A so that, in A,

|
#n (X)

~ <V (X)
|

< I 6,

for n^n
,
n' ^ nf . By giving to n' the values in a properly chosen

sequence, sn> (x) converges to s (x), and by a different sequence it converges
to (x) ; hence

|

sn (x) s (x) \

< e,
|

sn (x) s (x) \

< e. To prove that the

first form of the definition follows from the second, choose A so that

I

* (x) * (x) |

< ic, |

sn (x)
- s (x) |

< J c,

for n ^ tie . It now follows that, if n ^ n6 ,
n' S n ,

|

sn (x) 6V (x)
\

< e.

75. A more stringent condition than the one contained in the above

definition would be obtained by assuming that
|

sn (x) sn'

(x') \

< e,

for n=^n , ri ^n
,
and for every pair of points in the neighbourhood

( de 9 + d ) of the point . When this condition is satisfied the sequence
is said to be continuously convergent at the point f . This condition may be

stated in the form that sn (x) should be continuous with respect to (x, n)

at the point (, o> ), so that sn (x) has a unique double limit, as x ~
,

n ~ oo .

It is clear that, if the sequence is continuously convergent at the point ,

it is also uniformly convergent at that point, but the converse does not
in general hold good.

Consider, for example, the case of a discontinuous function 8n (x) defined

for a finite linear interval containing the point x = 1, by sn (1)
=

1, sn (x) = ~,n
for x i= 1. We have then s (1)

=
1, $ (#)

= 0, for x ^ 1- The condition of

uniform convergence, that, in a sufficiently small neighbourhood of the

point 1, \8n
>

(x) sn (x) |

< , for n ^ n
,
ri ^ n

, is satisfied, but the

condition
|

sn, (x
f

)
sn (x) |

< e, is not satisfied, as is seen by taking x = 1.

Thus the sequence converges uniformly, but not continuously, at the

point 1. In fact the double limit of Rn (x), at (I, oo ) is zero, but that of

H II 8



114 Functions Defined by Sequences or Series [OH. n

sn (x) is not s (I). It can, however, be shewn that, if an infinite number of

the functions sn (x) are continuous at the point ,
and the convergence at

that point is uniform, it is then also continuous. From the condition

of uniform convergence it is seen that s (g) exists and has a finite value.

A neighbourhood A', of , and an integer n ,
can be so chosen that both

the inequalities |

sn (x) sn
>

(x) \

< 6,
|

sn (f) s () j

< e, hold for n ^ n
,

n' ^ fie, provided x is in A'. Let n (^ n
)
have a fixed value such that

sn (x) is continuous at
, then a neighbourhood A", of

, contained in A',

can be so chosen that, if x is in A", for the fixed value of n, we have

I $n (
x

) sn () I

< * From the three inequalities it is seen that, in A",

I V 0*0 *(f)|< 3e, for ri ^ n : and therefore
|

sn >

(x) sn (x
f

) \
< 6c,

for every pair of points x, x', belonging to E, and in A", and for all values

of n' } n" that are ^ n . Since e is arbitrary it follows that the convergence
of the sequence is continuous.

J If the sequence {sn (x)} is continuously convergent at the point ,
the

functions s (x), s (x) are both continuous at the point , ivhere they both have

the value s (f), in case f is a point of E.

Since, in a certain neighbourhood A, of
,

|

sn () sn (x) \

< e, for n ^ n
,

by giving to n a sequence of values such that sn (x) converges to s (#), as

n has the values in the sequence, we have
|

s () s (x) \

:_ e
;
thus 3 (x)

is continuous at
; and in a similar manner it is seen that s (x) is continuous

at f ;
in fact s (x) s (x) converges to zero, as x ~ .

76. If the terms of a convergent series %un (x) are all continuous at

a point ,
and consequently all the terms of the sequence {sn (x)} are

continuous at that point, and if s (x) be discontinuous at
,
that point is

one of non-uniform convergence of the series (see 86), and may be said to

be a visible* point of non-uniform convergence. But if s (x) is continuous

at , that point may still be a point of non-uniform convergence, and may
be said to be an invisible point of non-uniform convergence. At every
invisible point ,

of non-uniform convergence, Rn (x) is, for each value

of 7i, continuous with respect to x, but Rn (x), considered as a function of

x and n, is discontinuous at (, QO ) with respect to (x, n).

When some, or all of the functions un (x) are discontinuous, there are

still two classes of points of non-uniform convergence, the visible ones,

at which one or more of the functions s (x), % (x), u2 (x), ... are discon-

tinuous, and invisible ones at which they are all continuous. That the

discontinuity of a single function ur (x), at
,
will entail the existence of

a point of non-uniform convergence at f , if all the other functions are

continuous, is seen from the consideration that ur (x) is the sum-function

of the series UL (X) + ... + uf_ (x) s (x) + ur+l (x) + ....

* See W H. Young, Proc. Lond. Math. Soc. (2), vol. i, p. 93.
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TESTS OF UNIFORM CONVERGENCE.

77. The following test, known as Weierstrass' test, is frequently suffi-

cient to establish the fact that a series is uniformly convergent in a given
domain of the variable. The domain may be of any number of dimensions.

/ S un (x) denote a series of functions defined in a given domain of x,

and if un denote the upper boundary of \

un (x)
\

in the domain, then if the

series u + u2 + ... + un + ... is convergent, the series %un (x) is uniformly

convergent in the domain, and is absolutely convergent for each point x.

Moreover S
|

un (x) \

is uniformly convergent.

We have

|

Mn+l (X) -|- Un+ z (X) + ... + Un+m (X)
|

^ Un+1 + lln+2 + ... + Un{ .m

for all values of x in the given domain. From the condition of convergence
of un ,

it follows that, if be an arbitrarily prescribed positive number,
n may be so chosen that the sum un^ + un+2 + ... + un+m is < e, for all

values 1, 2, 3, ..., of m. Thus, with this value of n,
\

Rnt m (x) \

< e, for

all values of x in the given domain, and for in = 1, 2, 3, .... Therefore,

in accordance with the definition of 66, the series ZMM (a:) is uniformly

convergent in the given domain.

Since

I ^+i () |
+

| tt+2 (x) |
+ ... +

|

Mnfm (x) \ n+1 + n+2 + ... + fln+m

the uniform convergence of the scries S
|

un (x) \

can be established in the

same mariner.

78. // all the terms of the series S?/n (x) are S 0, for all values of x in a

given domain, of one or more dimensions, and if the series converge uniformly
in that domain, then any series of type w, obtained by rearranging the order

of the terms, is also uniformly convergent in the domain of x.

That the new series, obtained by the rearrangement of the order of

the terms, is convergent at each point of the given domain, and has the

same sum as the original series, has been proved in 8. Considering the

first n terms of the given series, and the remainder Rn (x), there exists,

corresponding to n, an integer'n' such that the first n terms of the given
series all occur amongst the first n' terms of the new series. If R'n* (x)

denote the remainder after ri terms, of the new series, we have

* J?V (X)
* Rn (X) < ,

provided n is so chosen that Rn (x) < , for all values of x in the given

domain. It is clear that, if R'n* (x) < , then also Rn>+m (x) < e, for m =
1,

2, 3, ..., since the remainders clearly cannot increase as the index increases.

It follows that the new series converges uniformly.
8-2
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If the series \ul (x)\ + \

u2 (x) \
+ ... +

\

un (x) \
+ ... converges uniformly

in a given domain of x, then the series % (x) + u2 (x) + ... + un (x) + ...

also converges uniformly in the same domain. Moreover any other series oj

type o) } obtained by rearranging the order of terms of the latter series, is

uniformly convergent.

In accordance with the theorem of 25, the second series converges
at each point of the domain of x. If n be so chosen that the remainder,

after n terms, of the first series is < ,
the absolute value of the remainder,

after n terms, of the second series is also less than . Therefore the second

series is uniformly convergent. Since, from the last theorem, a rearrange-
ment of the order of the terms of the first series does not affect its uniform

convergence, it follows that a corresponding rearrangement of the terms

of the second series does not affect its uniform convergence.

The converse of this theorem has been established by Birkhoff*, and

may be stated as follows :

// the series Zun (x) be uniformly convergent in the domain of x, and if

all the series obtained by systematic rearrangement of the order of the terms

be also uniformly convergent, then the series S
|

uv (x) \

is uniformly convergent

in the domain.

79. It may be shewn that: // Jun (x) is uniformly convergent in a given

domain, the terms of the series may be so bracketed that the resulting series is

absolutely convergent for all values of x in the domain.

It is easily seen that a sequence nl9 n 2 , ... nr , ... of increasing integers

may be so determined that

for r = 1, 2, 3, ..., and for all the values of x. It then follows that the series

*! (
X

) + tena (*)
-

*fii (
x)} + + {V (X)

- V-i (X)} + ...

is absolutely convergent for all the values of x.

The following theorem is sometimes useful:

// the terms of the series % (x) + u2 (x) + ... be continuous in a perfect

domain of x, either linear, or in any number of dimensions, and if the terms

are all ^ 0, for all the values of x, then if the series converge throughout the

perfect domain to a continuous sum-function s (x), the series converges uni-

formly in the domain.

Let xl be any point of the domain, then

8(x)-8 to) = K (x)
- sn (x,)} + {Rn (x)

- Rn (x,)}.

The point x1 being fixed, corresponding to an arbitrarily assigned positive

number e, n can be so determined that En (x^ <\e. This value of n being
* See Annals of Math. (2), vol. vi (1905), p. 90.
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fixed, a neighbourhood (xl 8, xl + 8), of xl can be so determined that,

if x be in this neighbourhood, both \s(x) 8 (x^) \

and
|

sn (x) sn (x^ \

are < ^e; this follows from the continuity of s (x) and sn (x) at x
1

. We
now see that, if x is in this neighbourhood, the condition Rn (x) < is

satisfied; and since the terms of the series are never negative, it follows

that Rn+m (x) < c, for ra = 1, 2, 3, .... It has thus been shewn that xl

is a point of uniform continuity of the series; and since xl may be any

point whatever of the given perfect domain, the convergence of the series

is uniform in (a, 6).

It is clear that, if the sequence {sn (x)} of partial sums is monotone

non-diminishing, s (x) is the sum-function of a series of which all the terms

are S 0. Thus the theorem may be stated as follows:

A sentence of functions {sn (x)} which are all continuous in a perfect

domain, and which sequence is monotone non-diminishing (or non-increasing),

and converges to a continuous function s (x), converges uniformly in the

perfect domain to s (x).

80. The following theorem* provides a test of uniform convergence
which can be frequently employed :

Let % (x), u 2 (x), ... un (x), ...be defined in a given perfect domain, of

one or more dimensions, and un (x) ^ 0, for all values of n and x, and further

un (x) ^ ?(n+1 (x), for all values of n and x. Also let it be assumed that uv (x),

and consequently un (x), is bounded in the given domain. Then, if S an
n-l

be any convergent numerical series, the series S anun (x) is uniformly con-
71-1

vergent in the given domain.

Moreover, if S an do not converge, but oscillate finitely, then, provided
n-l

the additional condition is satisfied that the functions un (x) are all continuous,

and that lim un (x)
= 0,/or each value ofxin the domain, the series Hanun (x)

tt~X)

is uniformly convergent in the perfect domain, and its sum is consequently

continuous (see 86).

In the usual statement of the second part of the theorem it is

unnecessarily presupposed that un (x) converges uniformly to zero in the

domain. It will be seen that this uniform convergence is a consequence
of the conditions stated.

When the domain of x contains one point only, the theorem reduces

to a theorem given in 24, of which one part is due f to Abel and the

other to Dirichlet.

* See Hardy, Proc. Loud. Math. Soc. (2), vol. iv (1907), pp. 250, 251.

f See Whittaker and Watson's Course of Modern Analysis, 3rd ed. (1910), pp. 17, 50.
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In case the series 2aw is convergent, the partial remainder Rn , m (x)

of the series ^an un (x) being

r -=m
+ 2 (an+1 + an n + ... + art+r ) {tiw+r (a?)

- tt

r = l

we see that, by choosing ?i so great that all the partial remainders of the

series San ,
after the nth term, are numerically less than the arbitrarily

prescribed positive number e, the condition
|

JRH , m (x) \

< Un+1 (x) is

satisfied. Therefore, since all the differences un+r (x) un+ r+1 (x) are ^ 0,

for every value of x in the domain, we have

\Xn . m (*)\<cU 9

where U is the upper boundary of % (x) in the domain. Since e?7 is arbi-

trarily small, the condition of uniform convergence of lanun (x) is satisfied.

When San oscillates between finite limits, K can be so determined that

I
an+i + n f 2 + - + an+r \

< K, for all values of n and r. Then we have

\Rn . m (x)\<K\uM (x)\.

Since the sequence {un (x)} is monotone, non-increasing, and converges to

the continuous limit zero, in the perfect domain of x, and un (x) is con-

tinuous, it follows from the third theorem of 79 that the convergence
of the sequence to zero is uniform

;
and thus, if n be sufficiently large,

I tt+i (*) I

< */#>

for all the values of x\ and therefore
|

Rnt .m (x) \
< e. The uniform con-

vergence of the series has thus been established.

The first part of the theorem can be extended to the case in which

al9 a2) ... an , ... are functions of x, provided San converges uniformly in

the given domain. The second part can also be extended to the case in

which al9 a2 , ... an ,
... are functions of x, provided the partial sum sn is

numerically less than some fixed number K, for all values of n and x.

EXAMPLES.

(1) Let* .(#) = a;'
l

(l
- a?),0^a?< 1. In this case 8 (x) = #,forO^ #< l;but* (x) = 0,

for x = 1; and the scries converges non-uniformly in the neighbourhood of the point x ~ 1.

(2) Let* un (x) = x* (1
- x 11

). If
|

x
\

< 1, we find s (x) = ^ T ; also 5 (1) = 0; whereas
A ~~ *C

lim 5 (a;)
= oo . The series converges non-uniformly in the neighbourhood of the point 1,

x~l
and its sum-function has an infinite discontinuity at that point.

(3) Let un (x) = - 2 (TI
-

I)
2 xe-(n~Wx* + 2n2xe~n*x

*. Here s (x) = 0. for every value of

x; En (x) - - 2n2xe~n* x
*; and at a; - -, Rn (

-

)
= --- . The series converges non-uniformly

74 \^Y ^

*
Arzela, Memorie di Bologna (5), vol. vm, p. 139.
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in every neighbourhood of x = 0, since arbitrarily large values of
|

Rn (x) \

'exist in such

neighbourhood; but the sum-function is continuous at x = 0.

(4) Let* sn (x) = <l>n (x) + *i <t>n (2 ! x) + ... + 1
<t>n (k ! x) + ...

where
<t>n (x) \/2e.nain

2 7rx.e~
n* 6*n' nX

. The series which defines sw (#) converges uni-

formly, since
| <j>n (kl x) \

^ 1; and thus sn (x) is a continuous function of x. The sum-func-

tion s (x) is also a continuous function of x; but the convergence of the functions sn (x) to

s (x} is non-uniform in every sub-interval of the interval (0, I).

(5) Letf u2n_i (x)
= x*+\ u2n (x)

~ - x+i
jl

- --
*

^
-

j
, where < 1, and

The series 2^ (x) is simply-uniformly convergent in (0, 1), but it is not uniformly con-

vergent.

(6) Consider J the series

1 + 5# x (x + 2) ?i
2 + x (4

-
#) n + 1 - a;

2 (1 4- a?)

+ "' +
n"(wTiy{(n^~l) o~+ T}"(na? +1)

+ '" '

Here ?/ n (#)=- + ---- --- - ---
, + , ; thus (#)

= 3, unless .T = 0, whenn v '

[_?i (w
-

1) # + 1J L^ + 1 nx + * J
6

1

(0) 1 ; and the sum-function is therefore discontinuous at the point 0.

1 2
Since Rn (x) + -- , we find on equating this to e, and solving for n,

ft ~r~ X 92>2? T" J-

= {* + 2-c (*+!)+ V[{* + 2 - c (x + 1 )}
2 + 4* a; (3

-
a?);

thus, for a fixed *, the value of n increases indefinitely as x approaches the value 0.

(7) The series
'

2 _ a
x2 x2 x2

x*_
x2

x" x~ +
l + js

-
i + ^.a

+
(1 + a:

2
)

2
(1 + a:

2
)
2
+

(1 + a;
2
)
3

""

is uniformly and absolutely convergent in any interval (--4, B). For s2n (x)
= 0,

x2
1

szn+i (
x

)
~

"~~2\u 9 anc^ nence S2n+i (
x

)
< ~l therefore the series converges uniformly to

(i -{ x y n

the sum zero. The series

ar
2 x2 x2 x2 x2 x2

+
( +) l+ x +* + * + x

obtained by rearranging the terms of the given series, is however non-uniformly con-

vergent in (- A, B), the point being a point of non-uniform convergence. For

/ x -d t^"1^ -

1
.

^sn-i (
x

) /
1 + ^^/t-a

'

_1. i

and for x = (2-l -
l)
f

, ^n-! (a;)
-

}.

The given series does not satisfy the condition stated in the second theorem of 78,

*
Osgood, Bulletin of the American Math. Soc. (2), vol. m (1896), p. 70.

f Volterra, Gior. di Mat. vol. xix (1881), p. 79.

J Stokes, Math, and Phys. Papers, vol. i, p. 280.

Bocher, Annals of Math. (2), vol. iv (1904), p. 159.
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that the series whose terms are the absolute values of those of the given series should be

uniformly convergent. For the series

X2 X" X*
M" 4" # 4- i :, -f- ,-- H- 7^ O .n 4* ...

1 + x* 1 + a;
2

(1 + a:
2
)
2

has its sum discontinuous at the point x = 0, and therefore does not converge uniformly in

an interval (- A, B).

(8) Let* ^ (,,,_-__ f 2n (,)
=

(re+

-

iy
-
5
_
+ -_>TJ[

__
a

.

In this case, the series converges for all values of x, and

In an interval (a, /3), which contains the point x = 0, the series converges simply-uniformly,

but it does not converge uniformly, since $2w_2 f

j
= 1, however great n may be, and thus

Rn (x) has not the unique double limit zero, at #=0, and that point is accordingly one of

non-uniform convergence.

Fig. 1.

n^x
(9) Letf sn (x) -= -

, s (x)
= 0, for ^ x < 1. This series converges non-uniformlyA ~r* ni X"* '

in the neighbourhood of the point x = 0. The approximation curves y = sn (x) have peaks
of height Jn-, which increase indefinitely in height as n is increased. At the same time, the

point --, at which the ordinate is a maximum, continually approaches the point 0; and
71"

thus, in any neighbourhood of the point 0, x and n may be so chosen that sn (x) is

arbitrarily great. At the point x ~
0, we have sn (x) = 0, for every n.

wx
(10) Let sn (x) =

j-j_ ^- , a (x) = 0, 0^ x < 1. The curves y = sn (x) have peaks all of

the same height , at the points x = -
. As in the last example the point x =

, below then r l n

peak, continually approaches the origin as n is increased. The convergence is non-uniform
in the neighbourhood of x ~ 0.

*
Tannery, TMorie des fauctions, p. 134.

t Osgood, Amer. Journal of Math. vol. xix (1897), p. 156; also G. Cantor, Math. Annalen,
vol. xvi (1880), p. 269.
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_
Let

n sin2 kirx

The series which defines sn (#) converges uniformly, and thus sn (x) is a continuous function

of x. In the neighbourhood of any rational point x p/q, the curve y = $w (a?) has peaks

arising from the term
y-^ </>/,. , (a;), where k is the smallest integer such that k I is divisible

by q. The series converges to the limit s (x)
= 0, non-uniformly in any interval whatever

(a, 6), taken in the interval (0, 1).

Fig. 2.

81. The following special theorem, which follows from the general

theory given in 85, can sometimes be usefully employed* :

// un (m) be a series which converges uniformly tof(m),for all positive

integral values of m (or for all continuously varying positive values of m)
and if each limit lim un (m) exists, then lim / (m) exists, and the series

S lim un (m) is convergent, and has lim / (m) for its limiting sum.

For, if e be an arbitrarily chosen positive number, we have

N
|

/ (m)
- un (m)

|

< e,

provided the integer N is large enough. It follows that

n N n-N
S vn

where #w denotes lim un (m). It is then seen that
7/1~ XI

lim / (m)
- lim / (m)

j

& 2e ;

W~ oo M oo
j

and since is arbitrary, lim/ (m) = lim/(m); or lim/(m) exists as a
m QO m oo m co

definite number.

* See Osgood, Lehrbiich der Funktionentheorie, vol. I, p. 521.
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Further, since lim / (m)
- S vn

n*l
^ e, for all values of N greater than

an integer N , dependent on e, it is seen that S vn is convergent, and has
nl

lim / (m) for its limiting sum.

In applying the theorem, in case m has positive integral values only*,

it frequently happens that, for each value of m, the series un (m) has
n-l

only a finite number of terms, that number being dependent on m, and

increasing indefinitely as m does so. Such a finite series is, of course, a

particular case of an infinite series, which arises when all the terms after

a fixed one are zero.

EXAMPLES.

(1) If x be any fixed real number, and m a positive integer, we have

i' ") "(!-'--m)
.

... ...

mj 2! rl

the series having m + 1 terms.

For a fixed value of r, the (r -f- l)th term of the series is numerically less than ~
| x\

r
,

and this is the (r + l)th term of a convergent series. Thus the condition of uniform con-

vergence in the above theorem is satisfied. The series formed by taking the limit, as m ~ oo
,

of each term of the above series, is the convergent series

(x\
m

I + } exists, and is the sum of the convergent series
mj !

&

(2) It can be shewn by an elementary process that

2! \ x/m ) \m

+ (- l)
r - ""

/0 \, 2L^-a.2r
(

I^L\ Cos-^(-) T ...,
(2r)! V x/m ) \mj

where m is a positive integer, and the series stops after a finite number of terms, so that
xr

2r - Km. The general term of the series is numerically less than , which, for each

fixed value of m, is the general term of a convergent series of positive terms. Assuming tho

known theorem that lim cosm
( )

-
1, and the theorem that lim - = 1, we obtain

w~co \W m~oo x/m
at once, by applying the above theorem, the result that, for each value of x,

I _ ^ +
* _

converges to cos x.

The series for sin x may be obtained in a similar manner.

* In this case the theorem is practically equivalent to a theorem given by Tannery,
Fonctiona (Tune variable, 2nd ed., vol. i, p. 292.
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THE CONTINUITY OF A SUM-FUNCTION AT A POINT.

82. Let the series 2 un (x) converge in a domain E, of one or more
71=1

dimensions, to the sum-function s (x). Let be a point of E at which all

the functions un (x) are continuous ;
a sufficient condition will be obtained

that s (x) may be continuous at the point . We have, since

* (*)
= *n (0 + RU (*0,

at every point of E,

\8(x)-8($\*\8n (X)
- Sn (f) |

+
|

En (X)
- Rn tf ) I

\*n(*)-*n(&\+\Rn(x)\+\R(t)\.
Let it be assumed that an integer n exists such that a neighbourhood D ,

of ,
can be so determined that, at every point of it that belongs to E,

I

Rn (%) |

< i* Since sn (x) is continuous at
, a neighbourhood Z>2 , of f,

can be so determined that, in it, at qyery point that belongs to E.

I (*)-*. (!<*.
A neighbourhood Z), of ,

can be determined, all the points of which

belong both to Dl and to D2 . It follows that, at every point x of E, that

is in Z), the condition
|

s (x) s (f) |

< e, is satisfied. If D can be deter-

mined, corresponding to any value of <(> 0) whatever, s (x) is continuous

at . The following theorem has thus been established :

// a series S un (x) converge to a function s (x) at the points of a domain
n=i

E
9 of one or more dimensions, and the point , of E, be a point of continuity

of all the functions un (x), it is a sufficient condition for the continuity of s (x)

at the point ,
that , corresponding to any arbitrary 77,

an integer n should exist

and also a neighbourhood of ,
such that

|

sn (x)
- s (x) I

< 77,

at every point x, of E, in that neighbourhood.

It will be observed that the neighbourhood depends upon both n and
77.

It should be noticed that the condition in the theorem is satisfied when
is a point of uniform convergence of the series, and also when it is a point

of simply uniform convergence; but either of these latter conditions is

more stringent than that in the theorem.

When
77

is prescribed, the condition in the theorem asserts that it is

sufficient for one value of n and a neighbourhood A, dependent on
77,

to

exist, in which
|

sn (x) s (x) \
< 77.

But when the point is one of uniform

convergence, a neighbourhood A (77), dependent on
77,

exists in which

|

sn (x)
- s (x) I

< 77,

for every value of n greater than some integer n n , dependent only on
77.

When the point is a point of simply uniform convergence, a neigh-

bourhood A (77), dependent on
77,

exists in which
|

sn (x) s (x) \
<

77,
for

a divergent sequence nly n2 ,
... of values of n, only.
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It thus appears that the following criterion is sufficient for the

continuity of a sum-function at a point :

Ifa series S un (x) converge to afunction s (x) at the points ofa domain E,
n~l

of one or more dimensions, and the point f , of E, be a point of continuity of
all the functions un (a?), it is a sufficient condition for the continuity of s (x)

at the point , that the point be a point of simply uniform convergence of the

series. A fortiori, it is sufficient that be a point of uniform convergence of

the series.

83. In order to determine necessary conditions for the continuity of

s (x) at ,
we see that, since {sn ()} converges to s (), an integer N exists

such that
|

s ( )
sn () |

< J<=, for every value of n that is > N. Taking

any one such value of n, a neighbourhood of can be determined for which

|

sn (x) sn () |

< ^e, where x is any point of E, in that neighbourhood.
If s (x) is continuous at f ,

a neighbourhood of can be determined such

that \8 (x) 8 ()\ < $, for all points of E in that neighbourhood. It

follows that a neighbourhood of can be determined, in which both

|

s (x) s
( ) |

and
|

sn (x) sn () |

are < ^e, for all points of E in that

neighbourhood. It now follows from the three inequalities that

|

S (X)
- Sn (X) I

< ,

in that neighbourhood. Taking this result in conjunction with the first

theorem of 82, we have the following:

If a series lZun (x) converges to s (x) in a domain E, of one or more dimen-

sions, the necessary and sufficient condition tfiat s (x) should be continuous at

a point , of E, at which the functions un (x) are all continuous, is that, having

assigned an arbitrarily chosen positive number
, an integer N should exist,

such that, for each vahie of n that is > N ,
a neighbourhood ( dnt , + dn , c )

of exists so that at every point of it that is in E, the condition

|

* (a?)
- sn (x)\<

is satisfied.

It will be observed that the neighbourhood of depends not only upon
the value of 6, but also upon that of n; it may accordingly be denoted

by A (, , n), where n > N . This mode of convergence is accordingly
less stringent than that in which the point is a point of uniform

convergence, and in which the neighbourhood depends only upon s, pro-
vided n be > N ,

and may be denoted by A (, e).

Another formulation of necessary and sufficient conditions for the

continuity of s (x) at is the following :

It is necessary and sufficient for the continuity of s (x) at the point that,

if Nl be an arbitrarily chosen integer, and an arbitrarily chosen positive



82-84] The Continuity of a Sum-Function at a Point 125

number, an integer n^ (, c, NJ (> NJ can be determined, and also a

neighbourhood of ,
A (, e, N^), such that

|

s (x)
- sni (x) \

< ,

for all points of E in tJiat neighbourhood.

Since the neighbourhood depends not only upon e but also upon Nl ,

and may thus be denoted by A (, e, JV^), this mode of convergence is less

stringent than that in which the point is a point of simply uniform

convergence of the series, and in which accordingly the neighbourhood

depends only on e, and may thus be denoted by A (, e), and can be

taken to be the same for all values of n in some infinite sequence.

The sufficiency of the condition follows from the first theorem of 82.

Its necessity follows from the last theorem.

Conditions of continuity substantially identical with those formulated

above were given* by Dini. It may be remarked that the term simply
uniform convergence is, by some writersf, applied to the mode of conver-

gence indicated in this theorem.

84. It is frequently convenient to transform the function Rn (x), of

(n, x), into the function R (x, y), of (x, y), where y = 1/n. In R (x, y), the

field of y consists then of the set of reciprocals of the positive integers.

At a point of convergence of the sequence or series to which R (x, y) is

related, we have lim R (x, y)
= 0. For a prescribed e, there is, for a point

2/~0

x, of convergence, a certain range of values of y, for all of which, without

a gap, \

R (x,y)\ < e\ and the upper boundary of these values of y may
be denoted by <f> (x) : but there may be other greater values of y

separated from
cf> (x) by values of y for which the condition is not

satisfied, for which the condition
|

R (x, y) \
< , is also satisfied. At a

point #! of non-uniform convergence of the series, the lower limit of
<f>e (x),

for the values of x in any neighbourhood of xl9 is zero, provided be

chosen sufficiently small; whereas, for a point xl of uniform convergence,
a neighbourhood of xl ,

in general dependent on 6, can be found for which

the lower limit of
<f> (x) is greater than zero.

The distinction between the three classes of points in the interval (a, 6),

viz. (1), those at which the series is uniformly convergent, (2), those at

which the series is non-uniformly convergent, but at which the sum-

function is continuous, and (3), those points at which the sum-function is

discontinuous, may be illustrated by means of figuresf which indicate the

regions of (x, y) in the neighbourhood of (xl9 0), at which
|

R (x, y) \

is

less than an arbitrarily chosen .

* See Grundlagen, pp. 143-146.

t See Hahn's Tkeorie der reellen Funktionen, pp. 282, 283.

J See Hobson,
" On modes of convergence of an infinite series of functions of a real variable,"

Proc. Lond. Math. Soc. (2), vol. I (1904), p. 378.
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Fig, 3 represents the neighbourhood of a point P at which the con-

vergence of the series is uniform. The blackened lines represent those

portions of the lines whose ordinates are Ifn, 1j(n + 1), l/(n + 2), ... at

which
|

Rn (x) |, |

Rn+i (x)\ ... are ^ c. These portions consist of all those

parts of the lines which are bounded by the curve y = < e (x), there being
also possibly such pieces outside the curve. An area, for example semi-

circular, can be drawn, bounded by a portion of the #-axis containing P,
and such that for every point within it

|

ft (x, y ) |

< e ; and that this should

be possible for every value of c is the condition that R (x, y) be continuous

at the point P with regard to the domain of (x, y).

-1/n

Fig. 3.

Fig. 4 represents the neighbourhood of a point P at which the function

s (x) is continuous, but at which the series is non-uniformly convergent. In

this case the function
cf>

f (x) is for all values of 6, less than some number e
,

discontinuous at P. The value of
(f> (x) at P is itself finite

;
but the func-

tional limits
</>e (#! + 0), <f) (xl 0) at P are both zero. The breadth of

y

l/n

Fig. 4.
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the blackened portions of the straight lines parallel to the #-axis, which

represent the portions of those lines at which
|

Rn (x) \

^
, diminishes

indefinitely as y approaches the value zero at P. In this case no semi-circle

can be drawn with P as centre, for all internal points of which
|

R (x, y) \

< ;

and thus the point P is one of non-uniform continuity. In the figure, the

convergence is non-uniform on both sides of P; it is clear however in what
manner the figure must be modified for the case in which the convergence
is non-uniform on one side only of P. In case the measure of non-uniform

convergence (see 90) be indefinitely great the figure will be essentially

similar to the above figure, whatever value of e be chosen ;
otherwise the

figure applies to an e which is less than the measure e of non-uniform

convergence, viz. the saltus at P of
|

R (x, y) \

in the two-dimensional

continuum.

-l/n

P

Fig. 5.

Fig. 5 represents the neighbourhood of a point P at which s (x) is

discontinuous, the value of e being less than the measure of non-uniform

convergence of the series at P (see 90). In this case, as before, <f> (x) is

finite at P, and
<f> (x^ + 0), </>

e (x 0) are zero; but, on the parallels to

Ox intersecting the ordinate at P, there are no intervals near P inter-

secting the ordinate, at which
\

R (x,y}\ < e. but only points on the

ordinate through P itself.

EXAMPLE.

As an example we may take the case in 80, Ex. 10, Rn (x) =
nx

, and thus

and we may suppose the domain of x to be the interval (0, 1). In this case, the point

x = is a point of discontinuity of R (x, y) 9 and we find that if e < , the condition

is satisfied for the space bounded by the #-axis, and by the straight line
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The same condition is also satisfied for the space between the ?/-axis and the straight line

and thus the point x is a point of continuity of the function s (x), although the con-

vergence is non-uniform at that point. If e > , then
|

R (x, y) \

< e, for the whole space

between the axes; and thus the measure of non-uniform convergence at the point x = is ,

the upper double limit of R (x, y) having the value (see 90).

85. In case the domain E is linear, the two sides of a point may be

considered separately, the neighbourhoods of the point being taken on the

two sides separately. It is sufficient to consider the case of a point which

is a limiting point of the domain on its right, and to assume that the

functions sn () are continuous on the right. Further we may consider the

functions sn ( + 0) instead of sn ( ), it being assumed that the point is

excluded from the domain of which it is a limiting point on the right.

We thus obtain necessary and sufficient conditions that s (g + 0) may
exist and that the series Zun (g + 0) may converge to s (g + 0). The

following theorem contains these conditions :

A necessary and sufficient condition that the sum s (x) of the convergent

series TiU (x) may have a definite limit s
( + 0) at the limiting point of

the linear domain of x to which the series ^Lun ( + 0) may converge, the terms

of this series being assumed to Jiave definite values, is that, corresponding to

each arbitrarily chosen positive number e, and to each integer n, which is

greater than some fixed integer N , dependent on e, a positive number (, e, n)

can be determined, such that, for every value of x in the domain and in the

interval (f , + 6), the condition
\

Rn (x) \

< e is satisfied; the number 6 being

dependent in general upon n as well as e.

In case 6 is, for each value of e, independent of n (> jVe ), the point f is

a point of uniform convergence on the right, therefore uniform convergence

at on the right is a sufficient condition that s (a + 0) may have a definite

value and that the series *Lun (a + 0) may converge to s (a + 0).

This theorem is a particular case of the first theorem of 83, but

it may also be obtained from that of I, 305. For, let n = l/y, then

sn (x) becomes a function s (x, y) of the two variables x and y, and the

condition in the theorem is equivalent to the condition that the repeated
limits

lim lim s (x, y), lim lim s (x, y)
x~ 2/-0 y~0 x~

should both exist and have the same value.

By employing the last theorem of 83, or that of I, 306, we obtain

the following theorem :

Necessary and sufficient conditions that the sum s (x) of the convergent

series ^Lu (x) may Jiave a definite limit s ($ + 0) at the limiting point of its
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linear domain are, (1), tJiat sn ( + 0) should converge to a definite limit as

n ~ oo and (2), that, corresponding to each arbitrarily chosen positive number e,

and to each arbitrarily chosen integerN1 , there should exist a value ofn (> JVj),

and also a positive number (, e, n), such tJiat
\

Rn (x) \

< for every value

of x belonging to the domain which is in the interval (f , f + 6).

In this formulation the condition (1) is not included in (2), and must

therefore be stated separately. In case the number depends only on e,

and not also on n, the point would be one of simply uniform convergence.

However, in general 6 will depend upon the value of n as well as upon e,

and thus the condition is less stringent than that of simply uniform con-

vergence at the point.

THE CONTINUITY OF A SUM-FUNCTION IN A DOMAIN

86. It will now be assumed that the functions % (x), u.2 (x), u3 (x), ...,

of one or more variables, are all continuous in E. The following theorem

will be established :

If the series IZu (x) converge simply-uniformly in the domain E, the sum-

function s (x) is continuous in E. A fortiori, the condition that the series

converges uniformly in E is sufficient to secure tJiat the sum-function may be

continuous in E.

It should be observed that the condition in the theorem is sufficient,

but not necessary, for the continuity of the sum-function.

Since the convergence of the series is simply-uniform, a value n of n,

corresponding to an arbitrarily chosen positive number e, can be so deter-

mined that
|

E
tle (x)\<l e, for all points x, in E. Consider a point , of E;

a neighbourhood ( 8, + 8) of
,
can be so determined that for every

point x, of E, in that neighbourhood, |

s
He (x) s

ne (f ) |

< J e, since s
ne (x)

is continuous at f .

Since

|

,9 (f)
-

,5 (x) |

*
|

s
ne ()

- s
ne (x) |

+
|

R
ne tf) I

+
I

R
ne (x) |

<
;

provided x is in
( S, + 8). Since is arbitrary, it follows that s (x) is

continuous at .

The above proof suffices to establish the following more general
theorem :

// the functions un (x) be all continuous at the point , but not necessarily

elsewhere, the condition of simply uniform convergence of the series in some

neighbourhood of is sufficient to ensure that s (x) is continuous at .

It has already been proved, in 82, that, if the sum-function is any-
where discontinuous, the convergence cannot be either uniform or simply

HII
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uniform, but the following additional proof of this important fact may be

given.

If the function s (x) be discontinuous at the point , there exists a

positive number a such that points x exist in every neighbourhood of ,

however small, for which
\

s (x) s (g)\> a, or

|

Rn (x)
- Rn tf) + sn (x)

- sn (() |

> a.

It is impossible to choose n so that
|

Rn (x) |

< Je, for all values of x,

consisting of all points of E in some neighbourhood of , provided
is sufficiently small ; for we should then have

ic > |

Rn (x)
- *n () I

> -
I

* (x)
- sn (f)\.

For any value of n that might be chosen, | could be so taken that

I (x)
- sn ({) I

< |e,

and thus e > a. Since c can be chosen to be < a, the impossibility of choosing
n so that

|

Rn (x)\<\ e, for all points x in a neighbourhood of , is demon-
strated. Therefore, in this case, the convergence of the series is neither

uniform nor simply uniform, and the point is not a point of uniform

convergence.

87. It has long been known that the sum of a convergent series of

which all the terms are continuous is not necessarily itself continuous.

The statement has often been made that the important discovery that

discontinuity, when it occurs, is due to non-uniform convergence of the

series was made by Stokes*, Seidelf, and WeierstrassJ, independently of

one another. A critical discussion has been given by Hardy of the treat-

ment of the matter, undoubtedly independently of one another, by these

three Mathematicians. Hardy shows that the above Statement requires

considerable modification; he points out that the conception defined by
Seidel, in 1848, is that which has been called in 71, uniform convergence
in the neighbourhood of a particular point, whereas Stokes, in 1847, defined

a mode of convergence equivalent to what is here described as simply

* Camb. Phil. Trans, vol. vin (1847), pp. 533-583; also Mathematical and Physical Papers,
vol. i, pp. 236-313.

f Munch. Abhand. vol. vn (1848), pp. 381-394; also Ostwald's Klassiker der exacten Wissen-

schaften, no. 116.

J Abhandlungen aus der Funktionenlehre, pp. 69-101.

Proc. Camb. Phil. Soc. vol. xix (1918), p. 148. It should bo observed that, although what

is there called quasi-uniform convergence in an interval is identical with what is called in 67,

simply uniform convergence in the interval, and what is there called quasi-uniform convergence in

the neighbourhood of a point agrees with what is here understood by simply uniform convergence
in the neighbourhood of a point, nevertheless what is called quasi-uniform convergence at a point

is not equivalent to simply uniform convergence at a point, as defined in 72, but is e<| uivalent

to the mode of convergence given in 83, in the second form of the necessary and sufficient con-

dition of continuity. On the history of the discovery see also ReifFs Gesch. der unendl. Reihen,

p. 207, and also Pringsheim's article in the EncykL d. Math. Wissensch. n, A i.
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uniform convergence in a fixed neighbourhood of the particular point.
Stokes gave a valid demonstration that his condition is sufficient to ensure

continuity of the sum-function at the point, but his attempted proof that

the condition is necessary for continuity is invalid because he failed to dis-

tinguish his condition from that given in the second statement of necessary
and sufficient conditions in 83. Both Stokes and Seidel confined their

attention to a fixed neighbourhood of a particular point, whereas Weier-

strass was familiar with the conceptions of uniform convergence in a linear

interval and of uniform convergence in the neighbourhood of a point, as

early as 1841 or 1842. That uniform convergence in the neighbourhood of

every point of a linear interval involves uniform convergence in the interval

was first proved* by Weierstrass in 1880. Under the influence of Weier-

strass, the great importance of the notion of uniform convergence in the

Theory of Functions became fully recognized.

The question whether non-uniform convergence necessarily implies

discontinuity in the sum-function remained for some time an open one.

It was decided in the negative sense when Darboux and Du Bois-Reymond
constructed examples in which the series are non-uniformly convergent,,
and yet nevertheless have continuous sum-funptions.

88. In order to determine necessary and sufficient conditions for the

continuity of the sum-function of a series of continuous functions in the

whole domain E of the convergent series, it is sufficient to consider the

case in which E consists of a closed set. Let e be an arbitrarily chosen

positive number, then, if n be sufficiently large, there exist points of E
at which

|

Rn (x) \

< e. If we assume that s (x) is continuous in E, since

sn (x) is by hypothesis continuous in E, it follows that
|

Rn (x) \

is con-

tinuous in E, and therefore the set of points at which
|

Rn (x) \

^ e is

closed relatively to E, and the set at which
|

Rn (x) \

< is consequently

open relatively to E ; let this set be denoted by On . Each point of E belongs
to all the sets of the sequence {On}, from and after some value of n dependent
on the particular point, since Rn (x) converges to zero, as n ~ QO

, for each

value of x. If ra be an integer chosen arbitrarily, employing de la Vallee

Poussin's extension of the Heine-Borel theorem (i, 75), a finite set of the

open sets Om ,
Om+1 , ... exists such that every point of E belongs to one

at least of these open sets, which we may denote by Om+t-

1 , Om+iz , ... Om+ir .

On the assumption that s (x) is continuous in E, it thus appears that

|

Rs (x) |

< e at every point of E, provided that s has one of the values

m + il9 m + i 2 , ... m + ir , that value being dependent on the particular

point.

Conversely, if it be assumed that this last condition is satisfied for

every value of e, then, remembering that m is arbitrary, any particular

* Z,oc. cit. pp. 71, 72.
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point x9
of E, is such as to belong to each of the open sets

8l , S2 , . . . where

8I9 s29 ... is some increasing sequence of integers, dependent on the

particular point . A neighbourhood of can be so determined that all

points of E contained in it are points of
Sp ;

and this for each value of p ;

and, in this neighbourhood, |

R
Sp (x) \

< e. This is the condition of 82,

that s (x) should be continuous at g. Hence the condition is sufficient for

the continuity of s (x) at every point of the closed set E.

The following theorem has now been established:

The necessary and sufficient condition for the continuity in a closed set E,

of any number of dimensions, of the sum s (x) of a series %un (x), each term

of which is continuous in E, and which converges throughout E, is that,

corresponding to each arbitrarily chosen positive number e, and to each

arbitrarily chosen integer m, the condition
\

JRS (x) \

< is satisfied for every

point x in E, provided s has one of a finite set of values, all ^ m, the value of

s being dependent in general upon x, but being constant for all points x which

are in one of a finite set of sets of points all of which are open in E.

89. The particular case of the above theorem which arises when the

set E consists of a linear closed interval (a, 6) was first established* otherwise

by Arzela.

In this case the mode of convergence in the interval (a, b) is charac-

terized by the condition that
|

R8 (x) \

< e, for every point of (a, 6), where s

has one of a finite set of values all ^ n, the value of s being constant in

each of a set of open intervals, two of which however may be half closed

by the addition of the end- points a and b
;
where < is an arbitrarily chosen

positive number, and n is an arbitrarily chosen integer. This mode of con-

vergence has been denoted by Arzela by the term convergenza uniforme a

tratti (uniform convergence by segments). This term would not appear to

be appropriate, because the intervals are dependent in number and length

upon ,
and there does not necessarily exist any interval in which the

convergence is uniform. Uniform convergence, and simply uniform con-

vergence are special cases of this mode of convergence ;
for in these cases

the finite set of intervals which corresponds to given and n reduce to

a single interval, viz. the whole interval (a, 6).

EXAMPLES

(1) The series 1 + x + ~ +
||

+ ... + ~ + ...

is convergent in any finite interval (a, b) whatever. It is shewn in elementary treatises

that the series converges to ex, for all rational values of x. In order to extend the proof
of the exponential theorem to the case of an irrational value of x, we observe that the above

* Mem. della R. Accad. d. Sci. di Bologna, ser. 5, vol. vm (1900). A proof very similar to

that in the text was published by Hobson in the Proc. Land. Math. Soc. (2), vol. i (1904), p. 380.
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series converges uniformly in the interval (a, 6), since
kn

< , where & is a fixed number
nl

greater than
|

a
\

, and
|

b
\

; and hence, in accordance with the theorem of 77, since

kn
2

y
is convergent, the given series converges uniformly in (a, b). It follows that the sum-

function s (x) of the series is continuous in (a, b). Further, the function ex has been defined

for an irrational value of x, by extension (see i, 38) of the function as defined for rational

values of x; and it was shewn that the function ex9 so defined for the whole domain,

is single-valued at the irrational points, and therefore it is continuous. The two functions

ext s (x) are both continuous in (a, 6), and have identical values at the rational points; there-

fore, in accordance with the theorem of i, 215, they are identical everywhere in (a, b).

Therefore ex is the sum-function of the series in any finite interval (a, b).

(2) It is proved in elementary treatises that, for a value of x which is numerically less

than unity, the binomial series

n (n -
1) n (n -

1) ... (n - r + 1)
1 4- 71X H- - x. 4- 4- --: - - - x -f-

converges to a suitable value of
(
1 4- x)

n
9 when n is a rational number. To extend the theorem

to the case in which n may have an irrational value, consider an interval (nl9 n2 ) of n,

where n and n2 are rational numbers.

n(n -
1) ... (n

- r + 1)We have

where N is the greater of the numbers
|

n
\

and
|

?i2 I-
The number x remaining fixed, we

thus see that, for all values of n in the interval (n^ , n 2 ), each term of the series is numeri-

cally Jess than the corresponding term of the convergent series

. . . N(N+1),
l + N\x\ +~L M 2 + ;

therefore the series converges uniformly for all values of n in the interval (n^ , n2 ). Hence

the sum-function of the series, for a fixed value of xt is a continuous function of n in the

interval (nl9 n2 ). The function (1 + x)
n of n9 was defined in i, 38, for irrational values

of w, by extension of the function considered as defined only for rational values of n;

and it was shewn that the function so obtained by extension is single-valued, and it is

therefore continuous. As in example (1), it now follows that, for the fixed value of x 9

numerically < 1, the sum of the series is for all values of n in (nl9 n2 ) represented by the

suitable value of (1 + x)
n

. The interval (nl9 n 2 ) is arbitrary.

THE MEASURE OF NON-UNIFORM CONVERGENCE

90. If a series S un (x) converge at all points of a set E, of one or

more dimensions, to the function s (x), finite at every point, it is convenient

to employ the functions s (x, y), R (x, y) obtained from sn (x), Rn (#)by

changing the variable integer n into l/y. These functions s (x, y), R (x, y)

defined for x in E, and y the reciprocal of a positive integer, or zero, may
be termed* the transformed sum-function and the transformed remainder-

function respectively; we may define s (x, 0) to be s (x), and R (x, 0) to be 0.

The function R (x, y) is continuous with respect to x in E, for y = 0, since

* See Hobson, Proc. Lond. Math. Soc. (1), vol. xxxiv (1902), p. 247.
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it is everywhere zero, and it is continuous with respect to y, for x = ,

but it is not necessarily continuous at (f, 0) with respect to (x, y).

In accordance with the definition in 70, the sequence [sn (x)} is

uniformly convergent at the point , if, corresponding to each arbitrarily

chosen positive number , a neighbourhood of the point ( , 0) exists defined

by the two-dimensional, or (p + l)-dimensional, cell

exists such that
|

R (x, y) \

< ,
for every point (x, y) in this neighbourhood.

If we denote by U (, d, y) the upper boundary of
|

R (x, y) \

in the

neighbourhood ( d, ; f + d, y) of (f , 0) this function U is monotone

non-increasing as the number d is diminished, and also as the number y
is diminished. Consequently it has a lower limit as d, y converge to zero

in any manner, independent of the particular mode in which the con-

vergence takes place. In case the point f is one of uniform convergence,
this limit is zero. When the limit is not zero, the point is one of non-uniform

convergence.

The limit lim U (g , d, y) which may have a finite value, or may be <x>
,

d~0
?/~o

when it is not zero, is said to be the measure of non-uniform convergence of

the sequence {sn (x)} at the point . Denoting this measure by /? (), the

function j8 (x) is a function of x which may be termed the convergence-

function.

The definition of j8 () may be stated as follows :

// the series ^un (x) converge to s (x) in the linear, or p-dimensional,
domain E, and the upper boundary of \

Rn (x) \, for all values of n^m, in a

neighbourhood ( d, f + d) of the point % be determined, the limit of this

upper boundary, as the numbers d converge to zero, and m~ <x>
, defines the

measure /? (f), of non-uniform convergence of the sequence at the point .

In fact j8 (f)
= llm

|

Rn (x) \

.

n~<x>,x~

In case j8 () is finite, a neighbourhood ( d, + d) of
, can be

determined, and an integer n
, such that, in that neighbourhood,

|
s (x)

- sn (x) |,< j8 () + c, for all points x in ( S, g + 8), and for all

values of n > n
, where e is an arbitrary positive number.

Moreover there must exist in every neighbourhood of
, points at which

|
s (x) sn (x) |

> j8 () e, for some value of n (> n ), whatever positive
number c may be. In case jS () is infinite, corresponding to an arbitrarily

chosen positive number N, a neighbourhood (f d, f + d), and an integer
nN ,

can be so determined that there exist in that neighbourhood points
at which

|

Rn (x) \
> N, for values of n that are > nN .
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91. In the case of a linear domain the measure of non-uniform con-

vergence may be defined separately for the right and the left of the point .

The neighbourhoods employed in the definition will be taken to be neigh-

bourhoods (, + d), ( d, ) 'on the right and left respectively. Thus

two functions j8+ (x), j8~ (x) will be defined, which have the values, at any

point , of the measures of non-uniform convergence at
, on the right

and on the left respectively. If )8
+ () = 0, j8~ (|) > 0, the point is one of

uniform convergence on the right; a corresponding definition holds for

the left. The measure /? () is the greater of the two numbers /?+ (f), j8~ () ;

and at a point of uniform convergence, /?+ (f)

~
ft- () = 0.

The earliest definition of the measure of non-uniform convergence
was given by Osgood* for the case of a linear interval. The term "Grad
der ungleichma^sigen Convergenz" was employed by Schoenfliesf who
uses Osgood's definition. The term "Convergence function" was also

employed by Schoenflies.

THE DISTRIBUTION OF POINTS OF NON-UNIFORM CONVERGENCE

92. Assuming that {sn (x)} is convergent in a domain E, it will first

be shewn that :

The convergence function is upper semi-continuous in the domain of

convergence of the series.

It must be shewn that a neighbourhood of a point exists such that,

at every point in it that belongs to the domain E, ft (x) < ft (f ) + ??,

where
77

is an arbitrarily chosen positive number, and ft () is supposed to be

finite. For, let it be supposed that in every such neighbourhood there

exists a point at which ft (x) ^ ft () + 77.
In an arbitrarily small neigh-

bourhood of such a point there are points at which
\

Rn (x)
\

^ ft (f ) + 77,

for sufficiently large values of n, and such neighbourhood can be chosen

so as to be interior to any assigned neighbourhood of the point . Therefore

in an arbitrarily small neighbourhood of there are points at which

|

Bn (x) |

^ ft () + 77,
for sufficiently large values of n, and this is incon-

sistent with the fact that the measure of non-uniform convergence at is

ft ( ). In case ft () is infinite, is certainly a point of upper semi-continuity.

Employing a theorem given in i, 230, which is applicable to any closed

domain of any number of dimensions, we have the following theorem :

// the domain E, of the functions be a closed set of points, and a be any

positive number, the set of points of E at which ft (x) S a is closed, relatively

to E, and therefore absolutely.

* Amer. Journal of Math. vol. xix (1897), p. 166.

f See Berichi, vol. r, p. 226.
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If we denote this closed set by GV9 and assign to a the values in a

diminishing sequence {crn} which converges to zero, each point of non-

uniform convergence belongs to all the sets G
ffn ,

from and after some value

of n. Thus the set of all points of non-uniform convergence of the series

is the outer limiting set G, of the sequence {Gffn}
of closed sets relatively

to E. The set Gff may be non-dense in E, or it may be dense in the whole,

or, in a part, of E. Therefore the points of non-uniform convergence may
be either non-dense in E, or may be dense in the whole, or in a part, of E.

It will, however, be shewn that in case all the terms of the series or sequence
are continuous in E, the set <3> is necessarily non-dense in E. This is

formulated in the following theorem :

//, in the closed domain E, of any number of dimensions, the functions
sn (x) which converge in E to s (x) are all continuous in E, the closed set of

points G9 , far which the measure of non-uniform convergence is ^ a, a positive

number, is non-dense in E.

Let it be supposed that, if possible, Ga is not non-dense in E\ there

must then exist a closed part E^ ,
of E, such that every point of El belongs

to Ga . The set E can contain no isolated points, because an isolated point
is one of uniform convergence ; thus El must be a perfect set. Let be a

point of El ;
we take a neighbourhood D, of

,
such that every point of E,

in D, belongs to El ,
and also an arbitrarily chosen integer N. If a

9

be a

positive number < <r, there exists in D a point f ', of El , such that

I (n -
W1 (n i

> *',

for some value of n that is > N. Since the sequence {sn (')} is convergent
at ', an integer n2 > n

li
exists such that

|

s
/l2 (') s

ni (') |

> a .

On account of the continuity of sn2 (x), s
ni (x) at ', a neighbourhood Dl

contained in D, can be determined so that, at every point of E in D we
have

|

sn2 (x)
- s

ni (x) \

> a'.

Taking a point ", of E19 interior to Dl9 in a similar manner a neigh-
bourhood Z)2 ,

contained in Dl ,
can be so determined that at every point

of El ,
in Z>2 we have

| s^ (x) $W3 (x) |

> a, where n > n3 > n 2 > n > N.

Proceeding indefinitely in this manner, we obtain a sequence {Dm}

of neighbourhoods, all containing points of El9 and such that, in Z)m ,

we have
|

snwt (x) sn2m^ (x) \

> or', at every point of El
in Dm \ where

n2m > n2m~i > n2m-2 ... > N. These neighbourhoods {Dm} can be so

determined that only one point f of E is in all of them; at this point

f, we have
|

snzm (%) Sn2m_, (?)
|

> <*'> for all values of ra; this is contrary
to the condition that the sequence {sn (f )} is convergent. It has thus been

shewn that O9 must be non-dense in E.

93. Since G is non-dense in E, it follows that the set G 9 of all the points
of non-uniform convergence of the sequence {sn (x)} of continuous functions,
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is of the first category in E, and consequently (i, 96) that the set of

points of uniform continuity is everywhere dense in E. We have thus

established the theorem that :

// the functions of a sequence {sn (x)} which converges everywhere in a

closed set E to the function s (x), are all continuous in E, the set of points of

non-uniform convergence is of the first category in E, and the convergence is

accordingly uniform at points of a set which is everywhere-dense in E.

This theorem was first established by Osgood*, for the case in which

s (x) is continuous.

Since s (x) is certainly continuous at every point of uniform convergence,
it follows thatf :

If (sn (x)} converges, in a closed set E, to s (x), and the functions sn (x)

are all continuous in E, the function s (x) is at most point-wise discontinuous

(i, 238) with respect to E, and the points of continuity are accordingly every-

where-dense in E.

94. Those points of the closed domain E at which the measure of non-

uniform convergence is infinite, when such points exist, are of special

importance in some parts of the theory of series. It can be shewn that:

When the convergence function j3 (x) is unbounded in the closed domain E,
there exists at least one point at which ft (x) is infinite.

For, in accordance with i, 213, there must be at least one point ,

of E, in whose arbitrarily small neighbourhood /? (x) is unbounded. The
value of j8 () cannot be finite, because this would be inconsistent with the

fact that j8 (x) is upper semi-continuous.

It can now be shewn that :

The set of points of infinite measure of non-uniform convergence is closed.

For, let arl9 cr2 ,
... an , ... denote a divergent sequence of increasing

positive numbers, and let en denote the closed set of points at which

j8 (x) ^ an . The set of points at which the measure of non-uniform con-

vergence is infinite is the inner limiting set of the sequence {en} of closed

sets each of which contains the next; and in accordance with I, 67, this

inner limiting set is closed.

It is necessary and sufficient in order that there may be no points, in the

closed set E, at which the measure of non-uniform convergence is infinite,

tJiat, from and after some fixed value of n,
\

Rn (x) \

should be bounded as a

function of (n, x) for all such values of n, and for all points x, in E.

* Amcr. Journal of Math. vol. xix (1897). A proof, free from this restriction, was given by
Hobson, Proc. Land. Math. Soc. (1), vol. xxxiv (1902). Other proofs were given by W. H. Young,
Proc. Land. Math. 8oc. (2), vol. I (1904) and by Dell' Agnola, Rend. Lincei, vol. xix (1910).

f This theorem was first established in a different manner, by Baire, Ann. di mat. (3),

vol. in (1899). For another proof see W. H. Young, Mess, of Math. (2), vol. xxxvn (1907);

see also DelF Agnola, Rend. Lomb. vol. XLI (1908).
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That the condition is sufficient is clear, since if
|

Rn (x) \

is bounded,
so also is j8 (x). To shew that the condition is necessary, we observe that,

in the (p + l)-dimensional domain, a neighbourhood of each point x, of

E, can be determined such that
|

R (x, y) \

< j$ (x) + e, in that neighbour-
hood. These neighbourhoods form an infinite set of cells, each of which

contains one or more of the points of the closed set E 9 in its interior.

Employing the Heine-Borel theorem in its generalized form (i, 74)

a finite set of these neighbourhoods exists, such that every point of E is

interior to one or more of them. It follows that there exists a value y of

y, the least linear dimension in y of the cells of the finite set, such that

|

R (x, y) |

is bounded, provided y < yl . Hence there exists a value nl ,

of n such that
|

Rn (x) \

is bounded as a function of (n, x) for n^nly and

for all values of x in E.

EXAMPLE

Let* % (x) ~ 0, at all points of the interval (0, 1), except at the point , where u^ (jc)
~ 1.

Let u2 (x) = -
1, at x = i, and u 2 (x)

= 1 at x = J, J, and ?/ 2 (x) = 0, everywhere else;

let u3 (x) = -
1, at x = J, |, and u3 (x) = 1 at j, |, f, -, and u^ (x) = at all other points of

the interval; and so on. Thus s
1 (x) is zero, except at x --

-|,
where s1 (-J)

1
;

$2 (x) is zero,

except that s2 (J)
= s2 (J) 1; $3 (a:) is zero, except that s3 () --~ ^.

{ (|)
- $3 (j.)

= 1 ; and

so on. The function s (x) is everywhere zero, and therefore is continuous in (0, 1
) ; but the

series converges non-uniformly at every point of the interval, since, in the neighbourhood
of every assigned point, there are discontinuities of Rn (x), of measure 1.

It has hitherto been assumed that s (x) is everywhere finite
;

this

restriction may be removed by employing the transformation

of 62. A point of continuity of a (x) corresponds to a point of continuity

of s (x), or to a point of continuity in the extended sense, according as

|
or (x) |

< 1, or
I

a (x) \

= 1. We have accordingly the theorem:

// the sequence {sn (x)} is convergent or divergent (to + oo
,
or to GO

)
at

every point of the closed set E, and the functions sn (x) are all continuous, at

least in the extended sense, at every point of E, the points of discontinuity of

s (x) form a set of the first category relative to E, and the points of continuity

of s (x), at least in the extended sense, are everywhere-dense in E.

95. If the functions sn (x) are not all continuous in the closed set E,
the closed set Gff , of points at which the measure of non-uniform is a

may be everywhere-dense in the whole, or in a part of E ;
and then this is

also true of the set of all the points of discontinuity of s (x). In any case

the set of points of continuity of s (x), when it exists, forms an inner

limiting set.

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. I (1903), p. 94.
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It has been shewn by W. H. Young* that, for the case in which E is

a linear interval, when the functions un (x) are point-wise discontinuous

functions, the visible points of non-uniform convergence may be dense in the

whole or in a part of E, and the irivisible points of non-uniform convergence
form a set of the first category relative to E. He has shewn how to construct

a series of point-wise discontinuous functions, for a given linear interval,

which have an assigned inner limiting set F for the set of its points of uni-

form convergence of the sum-function, and such that the sum-function

is non-uniformly convergent at all points of C (F).

96. The following general theorem has been established by Hahnf :

If E be a set in any number of dimensions it is necessary and sufficient

in order that a sequence {sn (x)}, convergent in E, may exist which converges

non-uniformly at all points of El ,
a part of E, and uniformly at all points

ofE El , that E! should be the outer limiting set of a sequence of sets which

are closed relatively to E.

The proof of this theorem requires the theorem or assumption;}: that

every set of points which is dense in itself can be normally ordered. With-

out assuming this, the following less general theorem, also given by Hahn,
can be established:

If E be a set of points in any number of dimensions, and F be a part

of E which is of the first category relatively to E, a sequence {fn (x)} of

functions such that ^ fn (x) ^ 1 can be defined, which converges everywhere
in E to the limit zero, the convergence being non-uniform at every point of F,

and uniform at every point ofE F.

A part El of a set E, of points in any number of dimensions is said to

be closed, relatively to E, if every limiting point of E that is in E, is a point
of E1 itself. This is a generalization of the definition in I, 55. The set El

is closed in the absolute sense in case E is closed.

The complement E El , relatively to E, of a set E^ , closed relatively

to E, is said to be open relatively to E. If F is a part of E which is the outer

limiting set of a sequence of sets, each of which is closed relatively to E,
and non-dense in E, the set F is said to be of the first category relatively to E.

This is a generalization of the definition given in I, 93.

First, let F be closed relatively to E, and non-dense in E. Let the

continuous function Xn (') ^e defined for all non-negative values of the

continuous variable t, by the prescriptions, Xn (t) 0, when t = 0, and

when t ^ -; Xn (0 = 1> when t = -; Xn (t)
= n* in the interval

(0, -);n n \ n/

/I 2\
Xn(t)= -nt + 2, in the interval (-, -).

\7l' ft//

* Loc. cit.; see also Proc. Lond. Math. Soc. (2), vol. I (1904), p. 356.

t See Theorie dcr redlen Funktionen, vol. I, p. 274. J Ibid. p. 200.



140 Functions Defined by Sequences or Series [OH. n

If x be any point of E, and d (x, F) be its distance from F (see I, 104),

then sn (x) is defined to be Xn {d (x> -f
1

)}- The function sn (x) is continuous

with respect to E, and vanishes at all points of F; also 0^ sn (x)

'

1,

and lim sn (x)
= 0.

n~ao

Let f be a point of J87 that does not belong to jF, then d (f , .F) > ;
a

neighbourhood A, of
,
can be so determined that, for all points of E in that

neighbourhood, d (x, F) > a, where a is some fixed positive number.

2
In A, we have sn (x) = Xn {d fa F)} = > provided d (x, F) > -, yhich

2
condition is satisfied if n S -

; therefore the convergence of sn (x) to zero

is uniform at the point .

If be a point of F, in any neighbourhood A, of
,
there are points x,

of J57, which do not belong to F, for which d (x, F) has some value /? (> 0),

and for each such point there is a value of n for which sn (x) > | ;
for there

1 31 3
is at least one value of n, such that

ofl^
n ~

#'
or

9
z" ^~ 2~ ' Proyided

ft be sufficiently small. Such a value of n increases indefinitely as the

distance of x from is diminished. It follows that the convergence of

(sn (x)} at the point is non-uniform. Thus the theorem has been estab-

lished for the case in which F is closed relatively to E, and non-dense in E.

Next let F be the outer limiting set of a sequence {Fm} of sets Fm , each

of which is closed relatively to E, and non-dense. Let smn (#), where

n= 1, 2, 3, ..., is the sequence, defined as above, corresponding to Fm \

and let us consider the double sequence of functions smn (x), where
/
ffb

m and n have all integral values. This double sequence can be arranged
as a single sequence {fp (x)} ; and it will be shewn that this single sequence
has the required properties. If e be any prescribed positive number, it is

impossible that, at any point , f9 () S for an infinite set of values of p.

For we have < smn () < e, if m > , and for all values of n
;

if a
uv

be the greatest integer which does not exceed -
, the only values of m for

which -- smn () ^ ,
are 1, 2, 3, ... a; for each of these values there are onlyWb

a finite number of values of n for which smn (f) ^ , and therefore only
wi/

a finite number of values of n for which this condition is satisfied for any
of the values 1, 2, ... a, of m. It follows that, except for a finite set of

values of p, we have fp ($) < e. Since is arbitrary, {/^ ()} converges to

zero.
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Since the sequence
- sml (x),

- sm2 (x), ... is a part of the sequence
in m>

{fv (x)}> ^e upper boundary of fp (x), in the neighbourhood A of a point ,

of E, cannot be less than the upper boundary of the first sequence. When
is a point of Fm this upper boundary converges, as A ~ 0, to a value greater
than zero, hence the same must hold for the sequence {/ (x)} ;

and this

must be the case for each value of m. It is therefore the case for any

point , of F\ the convergence of {fp (x)} at is therefore non-uniform.

If be a point of E F, in a properly chosen neighbourhood A, of
,

we have fp (x) < e, for all values of p greater than some fixed number

dependent on e. Since smn (x) < e, for all values of n, provided m > -
,

we need only consider those values 1, 2, 3, ... a, of m, for which a ^ -
. For

each of these values r, of m, smn (x) < , for n > n^\ provided A ism
properly chosen.

Hence if n be the greatest of the numbers n^\ we have smn (x) < e,m
for m =

1, 2, ... a, and for n > n . Thus/^, (x) < e, in A, for all values of p,

except a finite number; therefore is a point of uniform convergence of

the sequence. The theorem has now been completely established.

FUNCTIONS INVOLVING A PARAMETER

97. The theory of uniform and non-uniform convergence of sequences,
or series, may be extended, by a slight modification, to apply to the case

of a function / (x, a), defined in a domain of x, of any number of dimen-

sions, for each value of the parameter a which is in an assigned linear

interval, closed or open. Let it be assumed that / (x, a) is defined for

values of a such that aQ < a ^ + c. If at a point , of the domain of x,

there is a definite value of lim / (, a), a varying continuously, the function
a/*" <io

/ (x, a) is said to be convergent at the point f, as a converges to a .

In case a diverges to oo
,
we shall suppose / (x, a) to be defined for all

values of a greater than, or equal to, some fixed number (7.

The following definitions of uniform convergence in the domain E,
of x, are precisely similar to those in which a is confined to have values in

a sequence, given in 66.

//, as a ~ , /(#, a) converges to a definite number
<f> (x), the convergence

is said to be uniform in E, provided tliat, if be any arbitrarily chosen positive

number, a number he can be so determined that \f(x,a) (j> (x) \

< c, for all

values ofx, in E, provided a lies in the interval (a , + h ).



142 Functions Defined by Sequences or Series [OH. n

// is infinite, andf(x, a) converges to a definite number <f> (#), for each

value of x, in E, and if be an arbitrarily chosen positive number, then

f (x, a) is said to converge uniformly to
<f> (x), as a ~ QO

, provided a number

C can be so determined that
\ <f> (x) f(x,a)\ < , for a > C , and for all

values of x.

The definition of a point of uniform convergence of / (x} a) to
<f> (x)

is then precisely similar to that in 70, a neighbourhood of f being

employed.

The theorems of 82, 83, relating to the continuity of
<f> (x) can readily

be stated so as to apply to the functions / (x, a).

THE UNIFORM CONVERGENCE OF INFINITE PRODUCTS

98. If % (x) 9 u2 (x), ... un (x), ... be a sequence of functions defined in

a domain of one or more dimensions, the infinite product II {1 + un (x)}
n^l

is, in accordance with 39, convergent at a particular point x if, corre-

sponding to each prescribed positive number , the condition

| (1 + Un+l (*)} {1 + Un+2 (X)} ... (1 + Un+m (X)}
- 1

|

< 6

is satisfied for m =
1, 2, 3, ..., provided n is greater than some integer ne ,

dependent on e.

In case the infinite product converges at each point # of a domain E,

if the integer ne corresponding to each value of e, can be so chosen as to

be independent of x, then the infinite product is said to converge uniformly
in the domain E.

The theory of uniform and non-uniform convergence of infinite products
is similar to that of infinite series, and indeed may be deduced from it by
the method of taking logarithms. It is the particular case of the theory
of uniform and non-uniform convergence of a sequence {sn (x)} which

arises when sn (x) has the special form

On account of the importance which this method of representation of

functions has in Analysis, a short statement will here be given of the

properties of infinite products in regard to their uniform convergence.

In analogy with Weierstrass' test for the uniform convergence of series,

the following test may be applied to the case of infinite products :

//, in the domain E, of x,
\

un (x) \

vn , where the infinite product

H (1 + vn ) is convergent) then the infinite product II {1 + un (x)} converges
n~l ra-l

uniformly in E.
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For

| {1 + un+l (x)} {1 + un+2 (x)} ... (1 + un+m (x)}
- 1

I

= (1 + *nn) (! + Vn+z) (1 + Vn+m )
- 1.

Since n can be so chosen that, for n > n , the expression on the right

hand side is < e, it is seen that the condition for the uniform convergence
of the infinite product n (1 + un (x)} is satisfied.

n-l

It is easily seen, as in 78, that:

// the infinite product H {1 + |

un (x) \ } converges uniformly in a
n~l

domain of x, so also does the infinite product IT {1 + un (x)}.
w*=l

The definition of a point of uniform convergence of a product

n {i + un (X)}
n~l

at a point f of a closed domain E is similar to that of 70 for the case

of a series :

//, for a point f of the closed domain E, linear or p-dimensional, a neigh-

hourhood (f d , f + df ) (linear or p-dimensional) exists such that, for
n ^ nt , a number dependent on e,

| (1 + Un (X)} {1 + UM (X)} ... {1 + Un+m (X)}
- 1

I

< 6

for all values of m, for all points x in
(

rfe , f + d ), the point $ is said

to be a point of uniform convergence of the infinite product II {1 + un (x)}.
n = l

The following theorem corresponds to the theorem of 81 :

// the infinite product IT {1 + un (m)} is uniformly convergent for all
n 1

positive integral values of m (or for all positive continuously varying values

of m), and if lim un (m) has a definite value vn , for each value of n, then if
m~oo

/ (m) denotes the limiting value of II {1 + un (m)}, lim/ (m) has a definite
n=l w~oo

value, and the infinite product II (1 + vn )
is convergent and lias lim/(m)

n^l ra~oo

for its value.

We have, for all the values of m, - n (l+un (m)}

provided N is not less than some fixed integer N , dependent on e. It

follows that lim/(m) II (1 + vn ) e, from whence we deduce that

lim/(w) lim/(w) S 2e. Since is arbitrary, it follows that lim/(w)

exists. Again we see that

n (1 + vn ) converges to lim/ (m).

vn ) e, for N S N ; hence
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EXAMPLE

It can be shewn that, if m is an even integer,

sin a?
__

/
sm*

X
\/ sm*

x
\ I sm2 *\

]
/

l 21
] ... f i I

. 9 7T I I . , 2lT /

"

f . TIT ]
sin2 / \ sm2

/ V sin2 - /m' \ m v
VYL

. # xmam cosm m > m' > m
where r = (w.

-
2). Let < # < (s + 1) TT, and 5 is a fixed integer < r. We can write

the above result in the form

X >

sinz
\ / sin*

Ji
8in m C08 /\ Sin2 m/ V ^"rn? \ ^^^ \ *Z>

sin S ,. . . , A . . ^ A TT

/ sin2 \ / sin2 \
2 III 21.../1 2t

|

in* cos*/ I Bini/ V am"*'/m ml \ m / x m '

Since ^ diminishes as increases from to rt ,
- < ---, where 5 + 1 < /;

< r.
6 2 . /}7T

2
7T
2 ~ '

sm2/ -
*

m

Keeping x and s fixed, the product on the right hand side is less than the convergent product

3.2

Thus, for the fixed value of x, the above theorem is applicable; hence the infinite product

d _ .*\ d *2

\

V ( + I)
2"2

/ V ( + 2)
2
7rV

-

converges to the limit, as m ~ oo , of the expression on the left hand aide, which is

/ X*\ f X2
\

Therefore the infinite product x {
1 -

2 ) (
1 - --

, )
... converges to sin x.

\ n*/ \ Z*n~/

/ 4#2\ / 4o;2 \
In a similar manner it can be shewn that (1

---
-r-

) (
1 -

^2 ^ )
... converges to

\ IT / \ O 7T /
cos x.

THE CONVERGENCE OF A SEQUENCE IN A MEASURABLE DOMAIN

99. If the domain E, of any number of dimensions, be measurable,

and have its measure finite, and the functions of the sequence {sn (x)} be

all measurable, the following theorem expresses the condition that {sn (x)}

should converge to a function s (x) almost everywhere in E, tjptat is, at every

point with the possible exception of the points of a set of which the measure

is zero.

IfE be a measurable set (in any number of dimensions) offinite measure I,

the necessary and sufficient condition that a sequence {sn (x)}, of measurable

finite functions) should converge to a finite function s (x), almost everywhere

in E, is that a set H^, contained in E, and of measure greater than I
,

where is an arbitrarily chosen positive number, exists, such that {sn (x)}

converges uniformly in H{ to s (x).
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This theorem was given by Egoroff*. That the condition is sufficient

is clear, for if, however small may be chosen, there is a set of measure

> I in which the sequence converges, the set of all points of convergence
has its measure > I ,

for all positive values of , and therefore its

measure is I.

To prove that the condition is necessary, let {er} be a monotone sequence
of positive numbers which converges to zero. Let en denote the set of

points of E, at each of which
|

s (x) sn+s (x) \

< er , for s = 0, 1, 2, 3, ....

Considering the sets en ,
en+l , ..., it is clear that each of these sets is

contained in the next. Each point of E, with the exception of a set

of measure zero, belongs to all the sets of the sequence {e tl}> from and

after some value of n dependent on the particular point. The set of

all such points of E, of measure Z, is the outer limiting set of the

sequence {en}. Let
r)l9 7j 2 , %, ... be a diminishing sequence of positive

numbers whose sum converges to the arbitrarily chosen number .

There exists a least value of n such that m (en )
> I

r)r (see I, 131) ;
and

let this set en be denoted by Fr . The sets Fl9 F2 ,
... denote the sets

Fr which correspond to
rj ly r) z ,

... respectively. We have m (F^ > I
rj I

'

9

m (F2 ) > I
7j 2 ,

m (F.3 ) > Z 773, .... There exists a set of measure

> !> rii
~

??2 % -
>

or > I , of points each of which belongs to all the sets Fl9 F2 , .... In

this set H{, of measure > I , we have
[

s (x) sm (x) \

< e r ,
for each

value of r, provided m is not less than some integer dependent on the value

of r . Therefore the sequence converges uniformly in the set H\ and thus

the necessity of the condition in the theorem has been established.

100. In the above theorem it has been established that, if { n} be a

diminishing sequence of positive numbers which converges to zero, there

exists a sequence {H^n}
of sets, such that m (H^n ) > I n ,

so that

lim m (Hsn )
-

Z,

in each of which sets the convergence of the sequence is uniform. This

mode of convergence has been termed by Weyl|, essentially uniform

convergence (wesentlich gleichmdssige Convergenz). Thus the theorem of

Egoroff establishes the equivalence of the convergence of the sequence
almost everywhere in the measurable set with essentially uniform con-

vergence in that set. It can be shewn that the sets H^n can be so deter-

mined that each one is contained in the next. For let fn = n w+1 ,

for all values of n, and consider a sequence {K$n} of sets, such that

m (Ktn )
> / n ,

and such that the convergence is uniform in K$n
. Let H$n

*
Comptes Rendus, vol. CLII (1911), p. 244.

t Math. Annalen, vol. LXVJI (1909), p. 225.

H n 10
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be the set of points common to all the sets K^n , J?$nfl , .... It is then clear

that the convergence of the sequence is uniform in H$n \
also

and JST^ is contained in -fffn+1 . Thus the sequence {Hfn}
has the required

property.

Egoroff's theorem cannot be applied when the domain is measurable but

of infinite measure. To see this, let such a domain E be the outer limiting
set of a sequence {En}, where m (En ) is finite, and En is contained in En^.
Let sn (x) 1 in the set jEn+1 En ,

and sn (x)
= for all points not in

that set. The function s (x) exists at every point of E, and has the value

zero, but it does not converge uniformly in any set of infinite measure

contained in E.

Egoroff's theorem has been extended by W. H. Young* to the case in

which the sequence {sn (x)} is non-convergent in the measurable set E of

finite measure. The main results of his investigations may be stated as

follows :

// (sn (x)} be a sequence offunctions defined for all points of a measurable

set E, of finite measure, and the upper (lower) function of the sequence is

finite at almost all points of E, then (1), there exists in E, a set El of measure

>m(E) ,
so that in El the sequence {sn (x)} lias uniform oscillations of the

first kind ( 114) ; and (2), there exists in E a set E2 , of measure > m (E) ,

in which the sequence has uniform oscillations of the second kind; also (3), there

exists a set E39 of measure > m (E) ,
in which the sequence has uniform

oscillations both of the first and of the second kinds.

101. Egoroff's theorem may be applied to obtain the following pro-

pertyf of double sequences :

If E be a measurable set of points, of finite, or of infinite, measure, and

{smn (x)} a double sequence such that lim smn (x) exists and has a value sm (x)
71"- 00

almost everywhere in E, for each value of m, and such that lim sm (x) exists,
W"-OQ

and has a value s (x), almost everywhere in E, then two increasing sequences

{mi}, {n t} of integers can be so determined that {smini (x)} has the unique limit

s (x), almost everywhere in E, as i is indefinitely increased.

By employing, when necessary, the transformation

wn \ I
,

I

(
\

|

9

1 -r
|
Smn (

x) I

the theorem can be reduced to the case in which all the functions sm (x),

s (x) are bounded; thus it will be sufficient to assume this to be the case.

*
Quart. Jatirn. Math. vol. XLIV (1913), p. 129; and Proc. Lond. Math. Soc. (2), vol. xn (1913),

p. 363.

t See Frechet, Rend, di Palermo, vol. xxn (1906), p. 15, where the theorem is established

for the case in which E is a finite linear interval.
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Let E be the outer limiting set of a sequence (E t}, of measurable sets,

each of which is contained in the next, and each of which is of finite

measure. If E has finite measure, we may take all the sets E t to be

identical with E.

In Ei there exists a set Kt of measure > m (E^ ^ , wlfere
f
is arbi-

trarily fixed, in which {sm (x)} converges uniformly; thus there exists a

least integer
im

i ,
such that

|

$ (x) smi (x) \
< e

i ,
in the set Ki ; where

{czj is a diminishing sequence converging to zero.

The integer ra t being fixed, there exists a set Li9 in Ki9 of measure

> m (Et )
2 and a least integer nt (> n^ 9

such that

|
Sm . (X)

- Sm .n . (X) I

<

in Li. Therefore, in the set Li9 we have
j

s (x) smini (x) \

< 2e
2

. Now let

QO

the sequence { r} be so chosen that S r < ,
where is an arbitrarily

r-l

chosen positive number. The part D (Lt ,
EP ) of the set Lt that is in

Ey , where i ^ i^ > p, and i l is chosen arbitrarily, has its measure

> m (Eg) 2^-; and all these sets have, for a fixed value of il9 a common
00

part, of measure >m(E J>)
2

,-.
In this set, contained in E9 , we

I^ITL

have
|

s (x) smini (x) \

< 2c
e , for i % ; the measure of this set is less than

m (Ej>) by an amount which can be made arbitrarily small by taking i

sufficiently large. It follows that, in EP ,
the sequence {smm (x)} converges

to s (x) almost everywhere. Since this is the case for each value of p, it

follows that {smini (x)} converges to s (x) almost everywhere in E.

The following theorem for double sequences is a simplification of the

above theorem, of less generality :

If (smn (x)} be a double sequence, defined in a set E, of any number of

dimensions, then if, for each value of m, the sequence {smn (x)} converges

uniformly in E to a function sm (x), and the sequence {sm (x)} converges

uniformly in E to a function s (x), sequences {m,}, {n,}, can be so determined

that the single sequence {sm .

ni (x)} converges uniformly in E to s (x).

If {ej denote a diminishing sequence of positive numbers which con-

verges to zero, a least integer mt
can be determined, such that

I <*(#) -*nn(a)| <6*>

at all points of E.

Again, when m t
has been fixed, a least integer n t can be determined,

such that
|

smi (x) sm%ni (x) \

< et , at all points of E. We have then

\s (x) smini (x) |

< p at all points of E; and since
|

s (x) s
mjnj (x) \

<<*,
forj S i, at all points of E, it follows that the sequence {sm .

ni (x)} converges

uniformly in E, to the value s (x).

10-2



148 Functions Defined by Sequences or Series [CH. n

MONOTONE SEQUENCES OF FUNCTIONS

102. A monotone sequence of functions {sn (x)} defined for a domain E 9

of any number of dimensions, is such that, for every point x, of E,

sn+1 (x) ^ sn (x)

for every value of n\ or else such that sn+l (x) ^ sn (x) for every value of n.

In the former case the sequence is said to be monotone non-diminishing,
and in the second case it is said to be monotone non-increasing. It is clear

that, at every point , there is a single-valued sum-function, since, the

sequence {sn (g)}, being monotone, either converges to a definite limit,

as n ~ oo
, or diverges. Thus the sequence cannot oscillate at any point

of E. We need only consider the case in which the set E is dense in itself,

so that every point is a limiting point. We shall here consider monotone

sequences of functions which are either continuous, or semi-continuous,

functions in the set E, and also certain less simple types of functions which

occur in this connection. The following preliminary proposition* is of

fundamental importance in this theory :

A monotone non-increasing sequence {sn (x)} of functions which are all

upper semi-continuous at the point f , of the domain E, dense in itself, is such

tJiat s (x) is upper semi-continuous at .

In case s () is finite, n can be so determined that sn (f) < s () + ie;

and since sn (x) is upper semi-continuous at , a neighbourhood Z>, of
,

can be so determined that, for every point x, of E
9
that is in D, the condition

sn (x) < sn () + | e < s () + e is satisfied. Since s (x) sn (a?), we have

s (x) < s (f) + ,
for all points x

9
of E, in D. Therefore ,9 (x) is upper semi-

continuous at .

In case s
( )

= oo
, for a sufficiently large value of n we have

sn () < N, and a neighbourhood of f can be so determined that, in that

neighbourhood, sn (x) < sn (f ) + 17
< N + 77 ; where

77
is arbitrarily

chosen. It follows that, in that neighbourhood, s (x) < N + 77 ;
and since

N and
TJ
are both arbitrary, s (x) is upper semi-continuous at .

If s (f)
= QO

, which involves sn () = oo
, for all values of n, the point

is regarded as one of upper semi-continuity of s (x).

If we consider the sequence { sn (x)}, we observe that it is a non-

diminishing sequence of functions all of which are lower semi-continuous

at the point ,
and its sum-function s (f) is lower semi-continuous at

;

we thus deduce the theorem that:

A monotone non-diminishing sequence [sn (x)} of functions which are all

lower semi-continuous at the point is such that s (x) is lower semi-continuous

<**
* See Baire, Bull. Soc. Math, de France, vol. xxxn (1904), p. 125; also W. Hi Young, Mess, of

Math. vol. xxxvn (1908), p. 148.
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103. If the functions sn (x) be all continuous at the point f ,
we deduce

from the above theorems, since a continuous function is both upper semi-

continuous and lower semi-continuous, that :

If the functions of the monotone non-increasing sequence {sn (x)} be all

continuous at the point , the function s (x) is upper semi-continuous at |.

// the sequence be monotone non-diminishing, and all the functions sn (x)

are continuous at
,
s (x) is lower semi-continuous at .

From the theorems that have been established, the following at once

follow :

// the sequence {sn (x)} be monotone non-increasing, and the functions

sn (x) are all upper semi-continuous in their domain E, which is dense in

itself, the limiting function is upper semi-continuous.

If the sequence be monotone non-diminishing ,
and the functions sn (x)

are all lower semi-continuous in their domain, the limiting function is lower

semi-continuous.

The limiting function of a non-increasing monotone sequence of con-

tinuous functions is upper semi-continuous, and tJtat of a non-diminishing

monotone sequence ofcontinuousfunctions is a lower semi-continuousfunction.

104. If the domain E be perfect, the following theorem may be

established :

If a monotone non-increasing sequence of upper semi-continuous functions

converges in the perfect domain E (of any number of dimensions) to a con-

tinuous function, the convergence is uniform in E.

The corresponding result holds for a non-diminishing sequence of lower

semi-continuous functions, if the limiting function be continuous.

Let s (x) be continuous, and suppose the sequence to consist of upper
semi-continuous functions, and to be non-increasing. If f be any point of

E, an integer n can be so chosen that sn () s () < Je ; and a neighbour-
hood Z>j of can be so determined, that sn (x) < sn () + ^, for all points of

E that are in Dl , where is an arbitrarily chosen positive number. Again,

a neighbourhood Z)2 ,
of , can be so determined that s (x) > s () $6,

for all points of E in Z>2 , since s (x) is continuous at . If a neighbour-

hood D, of , be chosen that is interior both to D^ and D2 ;
we have

sn (x) < sn () + $, and s (x) > s () e, for all points x, of E, that are

in D2 ; hence sn (x) s (x) < sn () s () + fe < , for all points of E that

are in D: and this must hold for all greater values of n. Thus the point

is a point of uniform convergence of the sequence {sn (x)}, and since it

is an arbitrary point of E, the sequence is uniformly convergent in E.
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105. The converse of the theorem that a monotone sequence of con-

tinuous functions has for its limiting function a semi-continuous function

may be stated as follows :

Every function defined for a set E, of one or more dimensions, which is

lower semi-continuous in E, is the limit of a non-diminishing sequence of

continuous functions. If the function is upper semi-continuous, it is the

limit of a monotone non-increasing sequence of continuous functions.

This theorem was first established by Baire*. Proofs have also been

given by W. H. Youngf, TietzeJ, and Hahn and by Caratheodory||. The

proof here given is essentially that which has been given by Hausdorff
^[.

It is sufficient to prove the first part of the theorem, as the second part
is then immediately deducible.

It will in the first instance be assumed that the lower semi-continuous

function s (x) is bounded in E. At a point x
9
of E, let sn (x) be defined as

the lower boundary of the function s (x') + nD (x, x'), with respect to

x', for all points in E, where D (x, x') denotes the distance between the

points x and x'. It will be shewn that the function sn (x) is continuous in

E. Let xl be a point so chosen that D (x, x^) < h.

We have then sn (x^ s (x
f

) + nD (xl9 x'), for every point x'
9
in E;

also D (xl9 x') D (x, x') + D (x, xJ<h + D (x, x'). Thus

sn fa) <nh + {s (x
f

) + nD (x, x')} ;

and since x' may be so chosen that s (x') + nD (x, x') < sn (x) + h
9
we have

sn (
xi) < sn (

x
) + (

n + !) '* Since it may be shewn in the same way that

sn (x) < sn fa) + (n + 1) h, we see that
|

sn (x^ - sn (x) \

< (n + 1) h,

provided D (x, x^ < h. Since h is arbitrary, the continuity of sn (x) at

the point x has been proved.

It is clear from the definition of sn (x) that sn (x) 5 sn^ (x), and that

sn (x) cannot be less than the lower boundary of s (x) in E. Thus {sn (x)}

forms a non-diminishing monotone sequence, and it has a limiting function

if/ (x). Also, since sn (x) s (x
f

) + nD (x, x'), we have sn (x) ^ s (x).

If a point xn satisfies the condition s (xn ) + nD (x, xn ) < sn (x) + ,n

we have D (x, xn ) < (

- + s (x) I] where I is the lower boundary of
n \n /

s (x) in E. It follows that D (x, xn ) converges to zero as n ~ oo
, or the

sequence {xn} converges to x. Since 8 (x) is lower semi-continuous, we

* Butt. Soc. Math, de France, vol. xxxn (1904), p. 125.

f Proc. Canib. Phil Soc. vol. xiv (1908), p. 523.

J Creltes Journal, vol. CXLV (1914), p. 9.

Wien. Sitzungsber. vol. cxxvi (1917), p. 100.

|| Vorlesungen tiber reelle Funktionen, p. 401.

If Math. Zeitschr. voL v (1919), p. 293.
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have s (a;)
S lim s (xn )

^ lim \sn (x) + -I S
tf> (x); but since sn (x) ^ s (x),

*
I iii \

tt~co n~ao v )

we have
iff (x) ^ s (x) ; and from the two inequalities we have s (x)

= $ (x),

and thus {sn (x)} converges to s (x). If x is an isolated point of E, xn will

coincide with x, from and after some value of n
,
and s (x) < sn (x) + -

,n
and then, as before, s (x)

^ sn (x).

The above proof is applicable even if s (x) have no upper boundary,

provided it have a finite lower boundary. In order to remove this restriction

s (x)
we employ the transformation a (x) = r-r-ri >

then a (x) is in ther
1 +

I

s (x) I

v '

interval ( 1, 1), and is lower semi-continuous provided s (x) be so.

Applying the result already obtained, a (x) is the limit of a sequence of

continuous functions an (x), where |

an (x) \

^ I in the set E. The functions

sn (x)
=

T"^T"Yr w^c^ are a^ continuous, at least in the extended
' ~-~

I \
x) I

sense, converge as n~ QO
,
to s (x).

If the function s (x) be finite, although unbounded, it is possible to

determine sn (x) so that it is finite for each value of n, and consequently
continuous in the ordinary sense

; whereas when vn (x) has one of the

values 1, 1, sn (x) has the value QO or QO
,
and is therefore continuous

only in the extended sense.

If any of the functions orn (x) have the value 1 or 1, so that sn (x)

has the value QO
, or oo

,
we can modify the transformation so as to ensure

that sn (x) shall be finite for each value of n. Let {en} be a sequence of

increasing positive numbers which converge to 1. Instead of the sequence

{an (x)} we may employ the sequence {en an (x)} which converges to a (x),

and is monotone increasing; then sn (x), being defined by -~r^~7~\"i >

-1 en
I

ViW I

~b e
lies between finite boundaries - ~

, and has the required property.
L en

106. In case the set E consists of a closed linear interval (a, 6), a simple

proof of the above theorem can be given which includes the fact that the

continuous functions can be so chosen as to be polygonal, and thus possess

derivatives on the right and on the left which are continuous except for

a finite set of values of the variable. Thus:

If a function f (x) be upper semi-continuous in the interval (a, 6), and

have a finite upper boundary, it is the limit of a monotone non-increasing

sequence of continuous polygonal functions.

Also if the function be lower semi-continuous, and Jiave a finite lower

boundary, it is the limit of a monotone non-diminishing sequence of continuous

polygonal functions.
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It will be sufficient to establish the first of these theorems. Let a system

of symmetrical nets with closed meshes be fitted on to (a, b) ;
we may

suppose the breadth of each mesh of the net of order n to be (6 a)/2
n

.

Let the values of
<f>n (x) at the ends of the meshes of the nth net be defined

thus : Let
<f>n (a) be the upper boundary of / (x) in the mesh with a at its

v (h fy I

end : let the value of
<f>n (x) at the point a + v

gn

' be the upper boundary

~; and let the

value of
<f>n (x) at the point b be the upper boundary of the function / (x)

in the mesh
(6
--

^- ,
b } . Let the continuous polygonal function

<f>n (x)

be defined by its values at the end-points of the meshes, as thus specified.

It is clear that
<f>n (x) ^ (f>n+l (x) ;

so that
{<f>n (x)} is a non-increasing

sequence of continuous functions.

If be any point in (a, b), a neighbourhood of can be so determined

that f(x)<f (f) + ,
for every point x, of that neighbourhood. For a

sufficiently large value of n, the interval

.('- 2) (b
-

a) (r + 2) (6
-

a)+-
2^
-

'

2s

is contained in this neighbourhood of
;
where is contained in

The values of
<f>n (x) at the points

(r
-

1) (6
-

g) f (&_a)
,

(r + 1) (6
-

fl)
a-, _--

1 a _4--
2n

-, a+- - ,

are between / () and /() + *; hence also < n () lies between / () and

/() 4- . Thus the function
<f>n (f) differs from / (f) by less than e. It now

follows, by considering a sequence of values of e, converging to zero, that

and thus the theorem is established.

107. The following theorem was established by Hahn*:

// sW(x) 9 sM(x) be functions, defined for a domain E, of any number

of dimensions, s (l)
(x) being lower semi-continuous, and s(tt)

(x) upper semi-

continuous, and such that s(l
^(x) ^ ^(x) 9 there exists a continuous function

s (x), such that sW (x)
> s (x) ^ sM (x).

Let x (*)
= f

> when t > 0, and x W 0, when t^ 0; this function

X (t) is a continuous, monotone non-diminishing function of the real

variable t, as t increases in the indefinite interval
(

oo
, oo ).

* Wien. Stizungsber. vol. cxxvi (na) (1917), p. 103. The proof in the text was given by
Hausdorff, Math. Zeiischr. vol. v (1919), p. 295.
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The functions sW(x), s^(x) are, in accordance with the theorem of

105, the limits of sequences {sn (x)}, {**(#)} of continuous functions ;
the

first sequence being monotone non-diminishing, and the second monotone

non-increasing.

Since s
(

n
}

(x)
- $ (x) ^ s (x)

- 4!U*) Si (*)
- &i (*),

for 7i = 1, 2, 3, ...
,
we have

X (4! (x)
-

(x)} Z X {* (s)
- 4+i (*)> X {Ji (*)

~ &i (*

The series

4V) + x {4*V) - 4V)} - x (4*V) - 4V)}

+ X (4*V) - 4V)} - X (4
W>

(s)
- 4V)}

+ ...

of which the terms are continuous in E, and of alternate signs, after the

first term, is such that each term, after the first, is numerically not less

than the next, for each fixed value of x\ and it is seen that the general
term converges to zero. The series is accordingly convergent at every

point x, of E\ the partial sums of even order form a monotone non-

diminishing sequence which accordingly converges to a lower semi-

continuous function, and the partial sums of odd order form a monotone

non-increasing sequence which must converge to an upper semi-continuous

function. The sum-function of the series, being both upper and lower semi-

continuous, is a continuous function, s (x). It will be shewn that s (x)

satisfies the conditions of the theorem.

At a point at which s(Z)
(#)

= &M(x) 9 we have

a(a) ~ *2
}

(*) 0,
}

(x)
- ^(x) S 0;

and thus s (x)
- a

(

? (x) + (afV) -
Jf(x)}

-
{s

(

i\x) - 4V)} + >

whence s (x)
= lim 4f (#)

= Hm 4i (x)
== s

(l

\x) == s
(u
\x).

At a point x, at which s^(x) > s^(x), let the first term with negative

ument, of the series whic

is given by the finite series

argument, of the series which defines s (x), be x {*? (x) *TO (^)}5 then s (x)

4V) + {i
u)

(ao
- ^(^ - (4

M)

(^)
- 4V)} + ... - {-!(*) - ^m

or ^ (a)
- 4? (a?) ;

then *
(l)

(a?) S ^ (a?) S 4f (*) ^ (M)
(*), and thus

Similarly, if the first term with a negative argument in the series which

defines s (x) be x (4T* (#) 4n-i (#)}> it can be seen that s (x)
= s^ (x), and

thence, as before, that s (x) S s (x) ^ *
(u*

(%)

Thus the theorem has been established.
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THE EXTENSION OF FUNCTIONS

108. From the last theorem, the following theorem, due to Tietze, may
be deduced:

IfH be a closed set contained in the set E, and s (x) a function defined in

//, and continuous relative to H, then a function exists in E which is con-

tinuous in E, and has the value s (x) at every point of H. In particular, a

function exists which is continuous in the whole linear, or p-dimensional

space, and has at all points of the closed set H, the values of an assigned

function s (x), continuous relative to H.

Let U and L denote the upper and lower boundaries of s(x) in H\
U and L will at first be assumed to be finite. The function $W (x) defined

in E by the' conditions s^(x) = s (x), in //, and s^(x) = U, in E - H
,

is lower semi-continuous in E', also the function s^(x) defined by the

conditions s(u)
(x)

= s (x), in H, and *M (x)
= L, in E H, is upper semi-

continuous in E. Since sW(x) ^ sM(x), in E 9 a function / (x), continuous

in E, exists, such that s^(x) ^f (x) ^ s^(x). This function / (x) has

the value of s (x) at every point of H ; and is the function which has the

required properties.

In case U and L are not both finite, so that s (x) is continuous, in H
,

s (x)
only in the extended sense, we employ the transformation a(x) = -

^ ..

1 -|-
1

s (x) I

Then a (x) is bounded and continuous in H; if F(x) be the function which

is continuous in E and = a (x) in H
;
the required function / (x) may be

defined to be
j_| j^j.

109. A direct method of constructing a function / (x) which satisfies

the conditions of the last theorem has been given by Hausdorff (loc. cit.).

The method may be applied to the construction of a function which satisfies

a less restricted condition as regards its values in the closed set //. The

following general theorem* is relevant to the theory of Jordan curves :

//E be any set of points in one or more dimensions, and H be a closed set,

contained in E ; then, if s (x) be any function defined in H, a function f (x)

can be defined in E which has the value s (x) at each point of H, and is con-

tinuous at all points of E H, and also at each point of H at which s (x)

is continuous relatively to H.

It will in the first instance be assumed that s (x) is bounded in H,
so that U ^ s (x) ^ L, in H. Let / (x)

= s (x), in //, and let / (x) at each

point x, of E H, have the value of the lower boundary of

* See Pal, Crelle's Journal, vol. cxuii (1913), p. 294; also Brouwer, Math. Annalen, vol. LXXIX

(1918), p. 209.
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for all points x', of H\ where D (x, x') denotes the distance between the

points x, x', and d (x) is the lower boundary of D (x. x') for all points x',

of H. Consider a point x, of the set E H, which is open relative to E ;

it will be shewn that/ (x) is continuous at x. We need only consider points

x', of H, for which

a lx'\+ D(x > X
'

} - 1< f(x) + 1 or ^' x"> < U - L +S(x) + ~d (x)

* <J (x) h >

d(x)
<U L + ~>

wliich may be written D (x, x')<kd (x). Let f be a point of E H in a

neighbourhood of x for which D (x, g) is less than an arbitrarily chosen

positive number h, and which contains no points of H. The point x' 9 of

H, can be so chosen that

'(^j^- 1 </<*> + *

and that D (x, x') < kd (x).

We have

-' (^' X '

D (f , aj')
- D (x. x')'

where a is a positive number dependent on the neighbourhood of x in

which is taken. This holds for all points in that neighbourhood. It

/ jk _i_ j\

may similarly be shewn that f(x)<f(g) + h[l + -/T-V )
Since h is

\ u/ (x) J

arbitrary, it follows from the two inequalities that / (x) is continuous at

the point x, of E H.

Next, let # be a point of // which is on the boundary of H relative to

E - H\ consider a point , of E H, such that D (x, $) < h < 1. Let x'

be a point of H such that >%r~ <! + /&, then

Since d (f)
^ D (x, ) < /&, we have

D (x, x') D(x,g)+D ( x') < h + (1 + h) h < 37*.
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If now a; is a point of continuity of s (x) relatively to H, we have

s (x
f

) <s(x) + 77,

where
77
and h converge to zero together; therefore / (f) < s (x) + 77 + h.

As before, in the definition of / () we need only consider points x", of H,
for which D (, x") < kd () < kh, or for which

D (x, x") <D(x^)+D ( x") <(l+ k)h,

and for all such points s (x") > s (x) 77',
where

77' converges to zero with h.

Then/ () is the lower limit of s (x") + ^ ffi

* ) - 1 which is the lower
'Mb)

limit of s (x"), and this is > s (x) 77'. Since / (f ) lies between 5 (#) 77'

and s (x) + 77 + h, where
77, 77',

A converge together to zero, it follows that

f(x) is continuous at the point x, of H, at which s (x) is continuous relatively

toH.

If x be a point of H that is not a limiting point of E //, / (x) is

continuous at # if 5 (x) is continuous at x relatively to H. The theorem has

now been established.

The theorem can be extended to the case in which s (x) is unbounded
s (x)

by employing the transformation a (x)
= A..../

9 an(j applying the

theorem to the bounded function a (x) ; continuity will then be understood

in the extended sense.

110. The method employed in 109 can be used to establish the following
theorem due to Tietze (loc. tit.):

If s (x) be defined in a set E, and is continuous with respect to E at every

point of the closed set H contained in E, a function f (x), continuous in E, can

be defined such that, in E, f(x) s (x), and in H, f(x) = s (x).

When s (x) is bounded, the required function can be defined at a point
D (x x')

x, of E H, as the lower boundary of s (x') H -T/T >
f r all points x',

a (x)

of E, and f (x)
= s (x), at every point #, of H . That this function is con-

tinuous can be shewn as in 109. The extension to the case in which

s (x) is unbounded can be made as before.

The following theorem is also due to Tietze :

Every function s (x) defined in the set E, and lower semi-continuous in E,

but continuous with respect to E at every point of the closed set H, contained

in E, is the limit of a sequence of continuous functions {sn (x)} such that

sn (x) s (x), in H.

In the first instance s (x) may be taken to be bounded in E, and the

result may afterwards be extended. In accordance with the last theorem,

there exists a continuous function f (x) s (x), such that / (x)
= s (x)
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in H. By the theorem of 105, s (x) is the limit of a non-diminishing
monotone sequence [fn (x)} of continuous functions. Let sn (x) at each

point, denote the greater of the two numbers fn (x), / (x); the sequence

{sn (x)} is then monotone non-diminishing, and its limit at each point
must be the greater of the two numbers s (x), f (x); that is s (x). At a

point x, of H, we have sn (x)
= s (x).

CLASSES OF MONOTONE SEQUENCES

111. With a view to application to the theory of integration the

properties of functions formed by taking a succession of monotone se-

quences, the first of which sequences is a monotone sequence of continuous

functions, have been investigated by W. H. Young*.

In a domain E, of one or more dimensions, which may be taken to be

dense in itself, a function which is upper semi-continuous in E is termed

a ^-function; as has been shewn in 105, a ^-function is always represent-

able as the limit of a monotone non-increasing sequence of continuous

functions. Similarly a lower semi-continuous function is termed an

/-function, and is the limit of a non-diminishing sequence of continuous

functions.

It is easily seen that the sum of two w-functions is a u-iunction, and

that the sum of two /-functions is an /-function. A similar statement may
be made for the product of two ^-functions, or of two /-functions, provided
both functions are ^ 0.

It is also easily seen that, if we have two semi-continuous functions of

the same type, the function which has at each point the value of the

greater of the two functions is also semi-continuous, and of the same type.
Also the function which has at each point the value of the lesser of

the two functions is semi-continuous, and of the same type. It is clear

that this statement may be extended to apply to any finite set of semi-

coiitinuous functions, all of the same type.

A monotone non-diminishing sequence of upper semi-continuous, or

^-functions, converges to a function which may be termed a lower-upper
semi-continuous function, or shortly an /^-function. Similarly, a mono-

tone non-increasing sequence of lower semi-continuous functions con-

verges to a function which may be termed an upper-lower semi-con-

tinuous function, or ^/-function. Thus an ascending sequence is spoken
of as lower, and a descending sequence as upper, in consonance with the

fact that an ascending sequence of continuous functions converges to a

lower semi-continuous function, and that a descending sequence of con-

tinuous functions converges to an upper semi-continuous function.

* Proc. Lond. Math. Soc. (2), vol. ix (1910), p. 15.



158 Functions Defined by Sequences or Series [CH. n

In accordance with 103, an upper-upper semi-continuous function,

or uu-iunction, is a w-function ;
and similarly an //-function is an /-function.

The ^/-functions and the /^-functions are both functions of new types,

but each of them includes both ^-functions and /-functions as sub-classes.

By considering monotone sequences of ^/-functions and of /^-functions,

we appear to obtain functions of the four types uul, lid, ulu, llu.

It can however be shewn that only the /^/-functions, and the ulu-

functions are of new types ;
in fact it may be shewn that a uul-function

is a ul-function, and that an llu-function is an lu-function.

Let s (x)
= lim sn (x), where sn (x)

* sn+l (x), for all values of n, and

where sn (x)
= lim snm (x), where sn , m (x) ^ sn , m+1 (x), for all values of
W~OQ

n and m, and the functions snm (x) are all -^-functions, so that sn (x) is

an /^-function, and s (x) is an //^-function.

Let an (x) denote the function which has at each point the value of

the greatest of the functions sln (x), s2n (x), ... snn (x), then an (x) is a

^-function.

Since srn (x) sr, n+1 (x), for r = 1, 2, 3, . . .
,
it is clear that an (x) z an+l (x).

Thus the limit of the monotone sequence {an (x)} is an /^-function, and it

will be shewn that this limit a (x)
= s (x). Since snm (x) 4 sn (x) ^ s (x),

for all values of n and ra, it follows that an (x) ^ s (x), and therefore

a (x) ^ s (x). A value % , of n, can be so determined that s
ni (x) > s (x) e,

and a value ml ,
of m, can be so determined that

*nlWl () > *m (*)-> 8 (X)
- 26.

If m^nl9 snimi (x)*ani (x), hence or
ni (x) S snimi (x) > s (x)

- 2e. If

ml >nl ,
ami (x) ^ snimi (x) >s(x)- 2e. In either case an index n can

be so determined that an (x) > s (x)
- 2e; since is arbitrary, it follows

that a (x) ^ s (x). It now follows that a (x)
= s (x), and thus that s (x)

is an /^-function. Similarly it may be shewn that a tm/-function is a

^/-function.

It is easily seen that the sum of two functions of the same type lu,

ul, luly or ulu is a function of the same type, and that the product of two

functions, both of which are S 0, and of the same type, is also of that type.

It can also be shewn that the function which has at each point the

value of the greater (or of the lesser) of two functions of the same type, is

also of that type.

It is clear that, proceeding from the /^/-functions and from the ulu-

functions, new classes of functions may be obtained, but these are not

of importance in the theory of integration, although they are of interest

in connection with the classification of functions.
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112. Let {sn (x)} be any sequence of lower semi-continuous functions,

not necessarily convergent, defined in a set E. Let Vn (x) denote the

function which has as its value at each point x the greatest of the numbers

sl (x),s2 (x), ...sn (x).

The sequence { Vn (x)} is a monotone non-diminishing sequence of

lower semi-continuous functions, and it must converge to an Z-function

Wl (x). At each point x, Wl (x) has the value of the upper boundary
of all the numbers sl (x), s 2 (x), .... The function Wm (x) is formed in a

similar manner from the functions sm (x), sm+l (x), .... The sequence

{Wm (x)} is a monotone non-increasing sequence of Z-functions, and it

converges to the upper function s (x), which is therefore a ul-function.

If the functions sn (x) were all w-functions, the functions Vn (x) would all

be M-functions, and the function Wn (x) would be an /^-function; it then

follows that s (x) would be a ulu-iunction.

In a similar manner, a non-diminishing monotone sequence {wn (x)} can

be formed, which converges to s (x) ;
and it can be seen that, when the

functions sn (x) are all ^-functions, the function (x) which is the limit of

the non-diminishing monotone sequence {wn (x)} 9
is an lu-iunction; and

when the functions {sn (x)} are Z-functions, s (x) is an lul-iunction.

The monotone descending sequence {Wn (x}}, which converges to

S (x), and the monotone ascending sequence {wn (x)} which converges to

s (x) may be termed the monotone sequences associated with any sequence

{sn (x)}, whether the functions sn (x) are semi-continuous or not.

Since a continuous function is both an Z-function and a te-function, it

follows that :

The upper function s (x), of a sequence {sn (x)} of continuous functions,

is a ul-function, and the lower function s (x) is an lu-function. If the sequence

{sn (x)} of continuous functions is convergent (even in the extended sense which

includes divergence), the limiting function s (x) is both a ul-function and an

lu-function.

113. If a sequence {sn (x)} of ul-functions converges uniformly to a finite

limiting function s (x), the function s (x) is also a ul-function. If a sequence

of Ill-functions converges uniformly to s (x), then s (x) is also an lu-function.

It will be sufficient to prove the first part of the theorem. It will be

shewn that s (x) is the limit of a monotone non-increasing sequence of

ul-functions, and is therefore a wrf-function, that is a ^Z-function.

If {ep} be a diminishing sequence of positive numbers which converges
to zero, integers {np} can be so determined that

|

5 (x) s
np (x) \

< p for

all values of p, and for all points x, in E. We have now

S> (*0 + 2 P > * (x) + P ;
s
np^(x) + %,+! <s(x) + Se^;
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if now , > 3c,+1 ,
we have s

np (x) + 2
j>
> s (x) + Se^. Choosing the

sequence {e^,} so that this condition is satisfied, the monotone decreasing

sequence {snp (x) + 2cv} has the limit s (x), and s
np (x) + 2cp is a ^-function.

Therefore s (x) is also a i^-function.

This theorem is a particular case* of the general theorem that:

The limiting function of a uniformly convergent sequence offunctions all

of the same type, is also of that type.

UNIFORM OSCILLATION OF A SEQUENCE OF FUNCTIONS

114. The theory of uniform convergence may be generalized so as

to apply to a sequence {sn (x)} of functions defined in a set E, of any

number of dimensions, the sequence being in general, at least, non-

convergent. If p be the number of dimensions of the domain E, we may

regard sn (x) as a single valued function in the (p + 1)-dimensional domain

< which is constituted by x in E, and n in the integer sequence 1, 2, 3, ....

If the transformation n = 1/y be employed, sn (x) becomes s (x, y),

which is defined for the domain J?, defined by

{x in E, y in the sequence (1, J, , ...)}.

Denoting by s () the multiple-valued function defined, as in 61,

as having the values of the limiting points of the linear sequence (sn ()},

the values of s (f)
consist of the values of lim sn (), or of lim s (ft y),

W~OQ s/-0

and they form a closed linear set, of which (f), 3 () are the upper and

lower boundaries, either of which may be either finite or infinite. We

may suppose that 8 (ft 0) has for its values all the values of s (f ).

Let us consider the associated functions, defined, as in 64, with

reference to the function s (x, y) at the point (ft 0), or of sn (x) at the point

(ft * )

These functions A [{sn}, x], a [{sn}, x\, associated with the sequence

{sn (x)}, will be defined, at each point ft as the upper and lower double

limits of s (x, y), or of sn (x) at the point (ft 0) of &, or the point (ft
oo

)

of .

Stated more explicitly, the numbers A [{sn}, ].
a [{sn}, f ] are defined

as follows :

// A be a neighbourhood of the point ft and % a value of n }
and the upper

boundary of sn (x), far all points x, of E, in A, except the point ft for all

values of n that are n be considered, the lower limit of this upper boundary,

as A converges to ,
and n diverges to oc

, defines the value of A [{sn}, f ].

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. XH (1913), p. 357, where a different

proof is given. In Hahn's Theorie der reetten Funktionen, vol. i, p. 334, a proof similar to that

above is given.
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// the lower boundary of sn (x) in the neighbourhood A, with the same re-

striction, for all values of n^n^be considered, the upper limit of this lower

boundary, as A converges to ,
and % ~ oo

, defines the value of a [{sn} 9 f ].

In case, in the above definition, the point itself were not excluded,

functions M [{sn}> x], m [{sn}, x] would be defined, which, at any point f ,

would have the values of the maximal and minimal functions associated

with the sequence {sn (x)}.

The two functions A [{sn}, x], a [{sn}, x] were defined by W. H. Young,

who gave to them the names peak function and chasm function respec-

tively. It is accordingly frequently convenient to denote them by p (x)

and c (x).

It is clear that, at , the value of the maximal function for the sequence

is the greater of the numbers p (), s (f ),
and that of the minimal function

is the lesser of c () and s (f ).

The function p (x) is upper semi-continuous, and c (x) is lower semi-

continuous. A similar statement applies to the maximal or minimal functions.

That this is the case can be established as in 65. If we denote

by < (x) the function A {s (x), x} ^associated with the function s (x), and

by i/r (x) the function a {s (x), x} associated with the function s (x), it is

easily seen that p (f)
> J (f) ^ () c (). For, at each point x of the

neighbourhood A, of f ,
the upper boundary of sn (x) for all values of n

that are % is ^ S (x), and the lower boundary of sn (x) is ^ $ (x).

115. More than one mode of generalizing the conception of uniform

convergence at a point, or in a set E, so as to apply to a sequence which

oscillates, is possible.

In accordance with the definition of uniform convergence of a sequence

{sn (x)} at the point f ,
at which S () = * (), given in 70, having given a

positive number e, a neighbourhood A and an integer n exist, such that,

at every point x, of E, in A, the two inequalities

sn (x) < s (x) + ,
sn (x) >s(x)-

are satisfied provided n^nc. In case the first condition is satisfied for

every value of e, but not necessarily the second, the convergence of the

sequence at may be said to be uniform above, it being assumed that the

sequence is convergent at . If the second condition is satisfied, but not

necessarily the first, the convergence may be said to be uniform below

Uniform convergence at f ,
where s (f ) exists, occurs when the convergence

is uniform both above and below.

If the sequence be oscillatory at ,
it is said to be uniformly oscillatory

above, in case, for each 6, a neighbourhood A exists, and an integer n ,

such that sn (x) < s (x) + e, when n ^ n , for all points of E, in A. Similarly

if the condition sn (x) > s (x)
- is satisfied, for n^n , the sequence is
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said to be uniformly oscillatory below. If both conditions are satisfied

the sequence is said to be uniformly oscillatory at .

The sequence {sn (x)} is said to oscillate uniformly above in the set E,

if, e being an arbitrarily chosen positive number, an integer ne exists such that

sn (
x) < s (x) + e, at all points of E, provided n^n . If sn (x) > s (x) e,

at all points of E, the sequence is said to oscillate uniformly below in E.

When both conditions are satisfied the sequence is said to oscillate uniformly
in E.

This definition was given by W. H. Young, who developed the theory
of uniform oscillation. In view of a different definition to be considered

below*, this mode of oscillation was termed by him uniform oscillation of

the second kind. It will here be spoken of simply as uniform oscillation, as

it appears to be the simplest and most direct generalization of uniform

convergence as defined in 66. In case the sequence is convergent, the

uniform oscillation becomes uniform convergence.

It can be shewn, as in 70, that, if the set E be closed, and the sequence
be not uniformly oscillatory in E above (below), there must be at least

one point , of E, at which the sequence is not uniformly oscillatory

above (below).

For, at each point of E
9
we have sn (x) < s (x) + e, provided n is S- some

integer dependent on x ; let fa (e. x) denote this integer for the point x.

If fa (e, x) is bounded in E, for each value of e, it is clear that the function

is uniformly oscillatory above at every point of E. If, however, there

exists a value of c, such that fa (c, x) is unbounded in E, there exists at

least one point , of E, in the arbitrarily small neighbourhood of which

fa (c, x) is unbounded. At this point ,
there exists no neighbourhood A,

such that sn (x) < s (x) + e
}
in it, for all values of n greater than some

fixed integer; thus the oscillation above, at
, is not uniform.

It has been assumed that s (x), s (x) are both finite at each point of E.

If, in a part E^ ,
of E, we have s (x)

= + oo
, whilst s (x) is finite, the sequence

is regarded as uniformly oscillatory in El9 in an extended sense, if it is

uniformly oscillatory below in El9 When this condition is satisfied,

employing the transformation in 62, we see that {an (x)} is uniformly

oscillatory in El .

A similar definition applies to the case in which E contains a part E%,
in which s (x) is finite and s (x)

= oo . If in a part J 3 ,
of E, we have

s (x)
= + oo

, s (x)
= oo

,
the sequence is uniformly oscillatory in J^3 ,

in

* Proc. Land. Math, Soc. (2), vol. xn (1913), p. 346, where, however, the statement of the

definition requires amendment. The correct definition is given in Quart. Journ. vol. XLIV (1913),

p. 132. Earlier investigations of uniform oscillation were given by W. H. Young in Proc. Lond.

Math. Soc. (2), vol. vi (1908), p. 398, and in Camb. Phil. Trans, vol. xxi (1909), p. 241.
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the extended sense. In this case an (x) < a (x) + e, crn (x) > & (x) e for

all values of n, since a (x)
=

1, <r (x)
= 1.

The sequence is said to be uniformly oscillatory in E, in the extended

sense, if it be uniformly oscillatory in each of the sets El9 E2) E3 ,
and also

in E EI E2 ES .

116. The following property of a sequence that is uniformly oscillatory

either above or below, or both, will be established.

// the sequence {sn (x)} consist of functions which are lower (upper) semi-

continuous at ,
and the sequence oscillates uniformly above (below), the upper

(lower) function is lower (upper) semi-continuous at g.

We have

S (& - S (x)
=

{s (f)
- sn ({)} + K (f)

- sn (x)} + {sn (x)
-

(x)}.

A neighbourhood A, of
,
can be so chosen that sn (x) s (x) < ^e, if x

is in A, for n S %; a value of n (^ nj can be so fixed that

S (f)
~

*n (I) < *.

Also, a neighbourhood A15 contained in A, can be so chosen that, for the

fixed value of n, sn (g) sn (x) < ^. It follows that, in A1? we have

J (x) > S () e. Since e is arbitrary, g (x) is lower semi-continuous at f .

It follows that :

// the functions sn (x) are continuous at , and the sequence oscillates

uniformly at ,
s (x) is lower semi-continuous, and s (x) is upper semi-

continuous at g.

A point at which p (g)
= S (g) will be said to be a point at which the

sequence {sn (x)} is continuously oscillatory above. A point at which

c () (S) will be said * be a point at which the sequence is continuously

oscillatory below. The point will be said to be a point of continuous

oscillation of the sequence {sn (x)}, if both the conditions p (g)
= s (),

c () = $ (g) axe satisfied. This definition may be stated in the form that:

A point , of continuous oscillation of the sequence {sn (x)}, is one at

which s (g) is the upper multiple limit at (g ,
oo

) of sn (x), and at which s (g)

is the loiver multiple limit of sn (x). The two conditions, taken separately

denote continuous oscillation above and below respectively.

The condition of continuous oscillation at may be also stated in the

form that M [{sn} 9 f ]
= s (), m [{sn}, f ]

-^ s (). This is a generalization of

the definition given in 75, of continuous convergence, that

P (f)
= C (f )

= 8 (().

117. //, in a set E, p (x)
= g (x), at all points, the sequence is said to

oscillate continuously above in JE, and if c (x)
= s (x) the sequence is said to

oscillate continuously below in E. If both conditions are satisfied the sequence

is said to oscillate continuously in E.

11-2
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It can be shewn, as in 115, that if a sequence does not oscillate con-

tinuously above (below) in a closed set E, there must be at least one point

of E at which the sequence does not oscillate continuously above (below).

It will be shewn that:

If the sequence {sn (x)} consist offunctions which are lower (upper) semi-

continuous at , and the sequence oscillates continuously above (below),

the upper (lower) function is upper (lower) semi-continuous at .

For we have

]im s (x)
as lim Jim sn (x) lim sn (x) ^ p (g) }

x~ x~$ n~oo a:~,n~oo

and since p (g)
= s (), we have lim s (x) * s (), and therefore s (x) is upper

x~$
semi-continuous at f .

From this theorem it follows that :

If the functions sn (x) are all continuous at g, and the sequence {sn (x)}

oscillates continuously at , s (x) is upper semi-continuous
,
and s (x) is

lower semi-continuous at f .

These results are in contrast with those of 116, relating to uniform

oscillation, as the resulting properties of s (x), s (x) are reversed in the two

cases.

It follows that, if the functions sn (x) are all continuous at
, the

sequence {sn (x)} cannot be both uniformly oscillatory and continuously

oscillatory at f unless both s (x) and s (x) are continuous at . In order

to obtain a more precise knowledge of the relation between continuous

and uniform oscillation of sequences, we require the following theorems :

If {sn (x)} oscillates uniformly above, at the point f, and s (x) is upper
semi-continuous at ,

then the sequence oscillates continuously above, at the

point g.

If (sn (x)} oscillates continuously above, at the point , and s (x) is lower

semi-continuous at , then the sequence oscillates uniformly above, at the

point g.

To prove the first theorem, we have, for points of E in a neighbourhood

A, of ,
sn (x) < s (x) + < s () + 2e, for n^nf , provided A be taken

sufficiently small. Hence the result, since e is arbitrary.

To prove the second theorem, we have sn (x) < s (g) + < s (x) + 2e,

for n^n , in a sufficiently small neighbourhood of . Thus the condition

for uniform oscillation above, at ,
is satisfied.

From these theorems it follows that, if s (x) is continuous at , and

{sn (x)} is either uniformly convergent above, or continuously oscillatory

above, at , it is both. A similar result holds as regards s (x) for uniform

and continuous oscillation below. Thus we have the theorem :
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// s (x) is continuous at g, uniform oscillation above, and continuous

oscillation above, at $, are equivalent to one another in the sense that the exist-

ence of either entails that of the other. Similarly, if s (x) is continuous at g,

uniform oscillation below, and continuous oscillation below, are equivalent

to one another.

Even in case the functions sn (x) are all continuous, we cannot infer

that a point at which the sequence is uniformly oscillatory is also one at

which it is continuously oscillatory unless it is known that the functions

S (#) 5 (x ) are both continuous. In fact the condition satisfied at a point
where the oscillation is continuous is more stringent than the condition

satisfied when the oscillation is uniform.

118. We proceed now to connect with the theory the monotone

sequences {Wn (x)}, {wn (x)}, of 112, associated with the sequence {sn (x)},

which converge respectively to s (x)\ s (x). It will be shewn that:

The peak functions for the two sequences {sn (x)}, {Wn (x)} are identical,

and the chasm functions for the two sequences {sn (x)}, {wn (x)}, are identical.

Denoting by p' (x) the peak function for {Wn (x)}, since sn (x) ^ Wn (x),

it follows that p (x) ^ p' (x). Let {nr}, {xr} be sequences of n and of x,

where {xr} converges to x, and nr increases indefinitely with r, such that

limWnr (xr)~p'(x).
r~oo

Since Wnr (xr ) is the upper boundary of all the numbers

sn r (
xr)> snr+l(xr)> >

an integer n'r (~ nr ) exists such that sn ,
r (xr ) > Wnr (xr )

er ,
where {er}

is a descending sequence of positive numbers which converges to zero.

The sequence (sn,
r (xr)}, as r ~ o>

,
has all its limits -^ p' (x) ;

it thus follows

that p (x) ^ p' (x). Since also p (x) -^ p' (x), it is seen that p (x)
=

p' (x).

The second part of the theorem can be proved in a similar manner.

The following theorem exhibits clearly the fact that uniform oscillation

is an extension of uniform convergence :

It is necessary and sufficient in order that a sequence may oscillate uni-

formly above (below) at a point g, or in the whole domain E, that the descending

(ascending) associated monotone sequence {Wn (x)} should converge uniformly
at the point, or in the domain, to the upper function s (x) (the lower function
s (x)).

To shew the necessity of the condition, we see that, if sn (x) < s (x) + e,

for n S n
, either in a neighbourhood Ac of the point , or in the whole

domain E, then also Wn (x) ^ s (x) + e, for n S n
, since Wn (x) is the upper

boundary of fn (x), sn+l (x), .... This is the condition of uniform con-

vergence of {Wn (x)} to s (x). Conversely the first inequality follows from

the second, since sn (x) ^ Wn (x) ;
thus the condition is sufficient.
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If we denote by Vn> m (x) the function which has as its value at each

point the largest of the numbers sn (x), sn^ (x), ... sn+m^ (x), the sequence
Vn , i (#)> Vn , 2 (x), ..., is monotone non-diminishing, and converges to Wn (x).

It will be shewn that :

It is necessary and sufficient in order that a sequence of continuous

functions {sn (x)} in the domain E should oscillate continuously above, that

the sequence Vn)l (x), FWf i(x), ..., should, for each value of n, converge

uniformly to Wn (x). This condition may be applied either at a point ,

of E, or in the whole domain.

To shew that the condition is sufficient, we observe that, as all the

functions sn (x) are continuous at , or in the domain E, the functions

Vntl (x), Vnt2 (x), ..., are also continuous in the same sense. If the con-

vergence of this sequence to Wn (x) is uniform, it follows that Wn (x)

is continuous, either at , or in the domain E, as the case may be. The
function s (x) is accordingly upper semi-continuous, at

, or in E.

We have Wn () S () < e, for n ^ n
; and choosing a first value of n

which is S ne ,
we have Wn (x) Wn () < e, provided x is in a certain

neighbourhood of f ; therefore Wn (x) s () < 2e, for this value of n,

and for all greater values. It now follows that p' ( ), the upper multiple

limit of Wn (x) as n ~ <x>
, x ~ f , is < S () + 2e. Since e is arbitrary, we

have p' () ^ S (f). Again, since Wn () - S () ^ 0, and

Wn (x)
- Wn (() > - e

in a certain neighbourhood of , dependent on the value of n, we have

Wn (x) s ( ) S ;
it now follows that p

r

() 5 () S e, or

P' (f) S tf),

since is arbitrary. From the two inequalities we see that p' () ^ s (^).

Since now p' () = p (), we have p ($)
= S (f) and therefore, at ^, the

oscillation of {sn (x)} is continuous above.

To prove the necessity of the condition in the theorem, let it be assumed

that p (f)
= S (f). Then we have

sn (^ <p(t) + e<Wm tf) + 6,

provided a: is in a neighbourhood Ae, of
,
and n S n

,
m having any value.

A neighbourhood A
r

,
contained in Ae can be so chosen that

* (*) < *n tf ) + < TFr (f ) + 6,

provided r ^ n, and n has one of the values 1, 2, 3, ... ne 1. From the

two inequalities, it follows that, in A' ,
$n (x) < Wr () + e, for all values

of n, provided r n. Since Wr (x) is the upper boundary of sr (x), sr+l (x) . . . ,

it follows that Wr (x) Wr () + e. Hence the function Wr () is upper
semi-continuous at f, or in the whole of E, as the case may be. But
Wr (x) is lower semi-continuous, since it is the limit of an ascending
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sequence of continuous functions. Therefore Wr (x) is continuous, either

at
, or in E. Since the monotone sequence of continuous functions

^r,i(#)> V
Tf

.2 (x), ... converges to the continuous function Wr (x), either

at one point, or in E, the convergence is uniform either at the point, or in

the set E, as the case may be.

119. A mode of defining uniform oscillation of a sequence in a domain,
or at a point of the domain, has been given* by W. H. Young, and has

been termed by him uniform oscillation of the first kind, and by Hahn|
secondarily uniform oscillation (sekundar-gleichmassig oscillirend).

Denoting by Fn r (x) the function which has, at each point x, the

value of the greatest of the numbers sn (x), sn^ (x), ... 8n+r-i (x), we have

Wn (#) lim Vn, r (
x

) J where Wn (x) has, as in 111, the value of the

upper boundary of the numbers sn (x), $n41 (x), ....

When the convergence of the sequence { VUt r (x)} to Wn (x) is, for each

value of n, uniform at a point , or in the domain E, the sequence {sn (x)} is

said to be uniformly oscillatory above at the point f ,
or in the domain E.

In the case of continuous functions, when this definition is satisfied,

it has been shewn in 1 1 8 that the sequence oscillates continuously above.

Uniform oscillation below is defined in a similar manner, by employing the

sequence {wn (x)} and the sequences {vnt T (x)}, when v
nt r (x) denotes at

each point the least of the numbers sn (x), snvl (x), ... snJrr^ (x).

When the sequence has both upper and lower uniform oscillation at a

point, or in the domain, it is said to be uniformly oscillatory at the point, or

in the domain.

In case the sequence converges uniformly, F
nt r (x) converges for each

value of n, uniformly to Wn (x) ;
and also Wm (x) converges uniformly to

S (x), or 6' (x). It can however be seen that, when the sequence is convergent,
but the functions {sn (x)} are not continuous, the sequence can satisfy the

definition of uniform oscillation without necessarily converging uniformly.

FAMILIES OF EQU1-CONTINUOUS FUNCTIONS

120. Let a family of continuous functions / (x) be defined in a given

interval, or cell (a, b), the number of functions in the family being infinite,

and not necessarily enumerable. If be an arbitrarily prescribed positive

number, then in virtue of the theorem of I, 217, the interval or cell can

be divided into a finite number m
,
of sub-intervals or sub-cells such that

in each one of them, all of which may be taken to be closed, the fluctuation

of a continuous function is less than . In case the family of continuous

* Proc. Lond. Math. Soc,. (2), vol. xti (1913), p. 359.

f Theorie der reellen Funktionen, vol. I (1921), p. 257.
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functions is such that, for each value of e, a single set of sub-intervals or

sub-cells can be so determined that, for every function/ (x), of the family,

the fluctuation in a sub-interval, or a sub-cell, of the set, is less than ,

the family is said to consist of equi-continuous functions. When
| / (#) |

< K
for every point x, and every function/ (x), the family is said to be bounded.

The following fundamental property of a family of bounded equi-

continuous functions was given* by Arzel&, for the case of a linear interval :

// {/ (x)} be a bounded family of equi-continuous functions defined in a

linear interval (a, b), or in a cell (a, b) of any number of dimensions, there

exists a sequence {fn (x)} offunctions, all of which belong to the family, which

is uniformly convergent, and therefore converges to a continuousfunction (j> (x).

The positive number ej being arbitrarily chosen, let (a, b) be divided

into m intervals or cells, such that, in each of them (taken to be closed)

the fluctuation of every function / (x), of the given family, is < c^ Let

xl ,
x2 ,

... xm be the centres of the m cells or intervals, then, iff(x) be any
function belonging to the family, we may regard (/(#i), f(x2 ), .../(#m ))

as defining a point in ra-dimensional space. Assuming the family to be

bounded, the set of all such points, when all the functions / (x) are taken

into account, has at least one limiting point, and a sequence {/<
n>

(x)} of

functions, all of which belong to the given family exists, such that the

points (fW (#i),/
(n) (x2 ) .../ (n) (xn )) converge to a limiting point; it follows

that |/<
n

) (xr ) / (n/)
(xr ) |

< 19 for r = 1, 2, 3, ... w; provided n and n'

are both greater than some positive integer n l
.

If x be any point in the cell, or interval, of which xr is the centre, we
have

| /M (xr ) /(
n)

(x) \<cl9 for all values of n\ and it thus follows that

| / W (x) / (n/)
(x) |

< 36! , provided n > n
l ,

n' > n
l

.

Now let {ew} denote a sequence of decreasing numbers which converges
to zero. It is convenient to denote the sequence {/M (x)} which has been

determined, by {fln (x)}, where n =
1, 2, 3, ... . By the same reasoning as

before, a part {/P2/n (x)} of the sequence {fln (x)} can be so determined

that
| fP2tn (x) fPZtn

, (x) |

< 3e2 , for all points x, in the given interval, or

cell, provided n and n' are not less than some integer n
2

. Proceeding in

the same manner, the sequence {fP2 , n (x)} contains a sequence {fp3)H (x)},

such that
| /p3>n (x) f^ n, (x) |

< 363 , provided n and ri are not less than

some integer nfs ; and so on indefinitely.

Let us consider the sequence of functions

/n (*), /., (*), A8 , 3 (*) -A*.* (*)> J

it will be shewn that this sequence converges uniformly in the given
interval or cell. Taking a fixed integer m, if n is greater than m, fPHin (x)

* Memorie Acad. Bologna (5), vol. v (1895), p. 55, and (5) vol. vm (1899), p. 176.
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is equal tofPmr (x), for some value of r
( n). Hence we have, if n' > n,

!/*., (*)
-

An-,*- (*) I

=
l/*m.r (*) ~Aw, r

' (*0 I

< 3*m> provided r and r'

are both z n m ; that is provided n and n' are both not less than gome

integer dependent on <rm . Since this holds good for every value of m it

follows that the sequence {fPnfH (x)} is uniformly convergent; and it there-

fore converges to a continuous function
</> (x), which may, or may not,

belong to the given family of equi-continuous functions.

HOMOGENEOUS OSCILLATION

121. If, not only the sequence {fn (x)} has a certain property, but also

all the sub-sequences (see 61) have the same property, the sequence

{fn (
x)} is said to be homogeneous in respect of that property. Thus, if

{fn (
x)} and all its sub-sequences oscillate uniformly at a point, or in a set

of points E, the sequence {fn (x)} is said to oscillate uniformly and homo-

geneously at the point, or in the set E. In the same way, if {fn (x)} and all

its sub-sets oscillate continuously, the sequence is said to oscillate con-

tinuously and homogeneously. A similar statement applies if the continuous

oscillation, or the uniform oscillation, is above, or is below. The term

homogeneous was introduced by W. H. Young, who has investigated* the

properties of sequences which oscillate uniformly and homogeneously.

Any oscillating sequence {sn (x)} has the following property:

// all the functions of the set of lower functions of the sequence {sn (x)} are

lower semi-continuous, then all the upper functions are also lower semi-

continuous.

By changing the signs of all the functions, we see that if all the upper

functions are upper semi-continuous, then all the lower functions are also

upper semi-continuous.

To prove the theorem, let u (x) be the upper function of a sum-sequence

{sn (x)} ;
we can then choose a sub-sequence of {snp (x)} which converges

at the point to the unique limit u (). The upper function u (x) of this

last sub-sequence is 2? u (x), and u () = u ( ). Denoting its lower function

by I (x), we have, since I (x) is lower semi-continuous,

u (f )
= u () = I (f )

^ lim I (x) ^\jmu(x)^\nnu (x) ;

x^? oH? ~x^

and it follows that u (x) is lower semi-continuous at . Since is an

arbitrary point, u () is a lower semi-continuous function.

It is easily seen that the semi-continuity assumed may be on one side

only, and the semi-continuity proved will be on that same side.

* See Cambridge Phil. Trans, vol. xxt (1909), p. 241; also Proc. Lond. Math. Soc. (2), vol. vm
(1910), p. 353.
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122. We proceed to establish the following theorem:

// either all the upper functions, or all the lower functions, of a sequence of

functions, are continuous functions, then, in any sub-sequence, a sub-sequence

can be determined which converges to a continuous function.

The theorem holds good if the continuity presupposed is on one side

only, the same side for all the functions, and the limiting function whose

existence is asserted will then be continuous on the same side.

Let us assume that all the upper functions are continuous. Let an

enumerable set of points ^ , 2 ,
. . . fn ,

. . . be so defined as to be everywhere
dense in the domain of the functions of the sequence.

A sub-sequence {sln (x)} can be so chosen as to converge at the point

i
to a unique limit. Omitting the function 6*11 (x), a sub-sequence {s2n (x)}

belonging to the sequence ,912 (x), s13 (x), ... can be defined, which converges,
at ^2 ,

to si unique limit. Proceeding indefinitely in a similar manner, we
obtain a set of sub-sequences {sln (x)} , {s2n (x)} , {s^n (x)} .... The sub-sequence

% (#)> *22 (#)> % (#)> ... *nn () has unique limits at &,&,... n ... ;
for

it belongs to {sln (x)} and therefore has a unique limit at & ,
it also belongs

to {s2n (x)} ,
and therefore it has a unique limit at 2 ;

and so on. Since the

set of points is everywhere-dense, the values of the unique limits deter-

mine at most one continuous function having those values at the points .

Since the upper functions of the sequence {snn (x)} are continuous, and

therefore upper semi-continuous, it follows from the last theorem that its

lower function is upper semi-continuous. Denoting by u (x), I (x) the upper
and lower functions of the sequence {snn (x)} , we have, since I (x) is upper

semi-continuous, I (x) S lim I (f )
= Km u (f ) ^ u (x), since u (x) is con-

-: ~x

tinuous. But I (x) u (x), and therefore I (x)
= u (x), or the sequence

{snn (x)} if convergent at x. Thus {snn (x)} has everywhere a unique limiting

function, and this is continuous, since all the upper functions are continuous.

123. The following theorem is an extension of, and includes, Arzela's

theorem given in 120:

// a sequence of continuous functions {sn (x)} oscillates continuously and

homogeneously, then all the upper functions and all the lower functions of the

sequence are continuous, and in every sub-sequence there is contained a

sequence of functions which converges to a unique limiting function which is

continuous.

The oscillation may be taken to be continuous and homogeneous on

one side only, then the continuity is on that side only.

Since the sequence oscillates continuously, from a theorem proved in

117 it follows that s (x) is upper semi-continuous, and that (x) is lower

semi-continuous. From the theorem in 120, it follows that s (x) is lower
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semi-continuous, hence it must be continuous. Similarly it can be shewn

that s (x) is continuous. As this may be applied to any sub-sequence it

follows that all the upper functions and all the lower functions are con-

tinuous. The second part of the theorem then follows from 122.

In order to exhibit the connection of this theorem with that of Arzela,

let it be supposed that the sequence is such that, for a fixed point ,
and

for each arbitrarily chosen positive number e, a neighbourhood A, of ,

exists such that, for each function sn (x), of the sequence, the upper bound-

ary of sn (x) in A .exceeds sn () by less than e. It then follows that

p () s () ^ e; and since is arbitrary, p (f )
= s (), or the sequence is

continuously oscillatory above at f . If the neighbourhood of
, can be so

determined that the lower boundary of sn (x) in A is, for every value of n,

less than s (f ) by less than e, it follows that c () = s (). When both these

conditions are satisfied the sequence oscillates continuously. As the same

argument can be applied to any sub-sequence, the continuous oscillation

is homogeneous.

When the field of the functions is a continuous interval or cell, all the

points of that field are, by the Heine-Bore! theorem, interior to a finite

set of the neighbourhoods A corresponding to all the points of the field.

Accordingly, every interval, or cell, of length or span less than a number

d, dependent only on 6, may be taken to be the neighbourhood A of the

point which is its centre. When the conditions are satisfied, the fluctuation

of each of the functions sn (x) in every such cell or interval is < 2e. Hence,
the theorem reduces to Arzela's theorem.



CHAPTER III

POWER-SERIES

124. A series of which the (n + l)th term is anxn is said to be a power-
series for the variable x, when the coefficients an are assigned in accordance

with some norm. It will be shewn that :

If ao + a\x + #2#
2 + + an%n + be a prescribed power-series, then

either (1), there exists a positive number R such that the series converges

absolutely for every value of x for ivhich \x\ < R, and does not converge for

any value of- x such tJiat
\

x
\

> R, or (2), the series converges for each value

of x, positive or negative, or (3), the series does not converge for any value

of x, except zero.

The cases (2) and (3) may be regarded as arising from (1) when R = + <x>
,

or R = 0, respectively.

It has been shewn in 1 3 that, in accordance with Cauchy's test, the

i^

series
|

a
|
+

| a^x j
+ ... +

|

anxn
\
+ ... is convergent if lim

|

anx
n

\

n < 1,
n~oo

1 _1
and is divergent if lim

|

anxn
\

n > 1. Writing lim
|

an
\

n = R, and assuming
~"

tt^OO

first that < R < <x>
, the series <z + ax + ... + anxn + ... is seen to be

/I x I \
n

absolutely convergent if
|

x
\

< R. If
|

x
\

> R,
\

anxn
\

=
f-'-p-

1

) |

anRn
\

\ JK /

and therefore lim
|

anxn
\

= QO
, and thus the series

W~00

a + ai x + + an%n +
cannot be convergent when

|

x
\
> R, but must be divergent or oscil-

latory. In case lim
|

an
\

n = GO
, the series a + a x + ... + anxn + ... is

71^-QO

_L
convergent for every value of x. In case lim

|

an
\

n = 0, the series cannot
n^ao

converge when |

x
\

> 0.

x
By writing p instead of x, the series may always be changed, provided

< R < oo
, into a series which converges when

|

x
\

< 1, and is non-

convergent when |

x
\

> 1 .

The interval ( R, R) is said to be the interval of convergence of the

series a + a^x + ... + anxn + .... This interval must be in general re-

garded as an open interval, since the question of the convergence of the

series when x = R, and x = R remains undecided, until further in-

vestigation, in any particular case.
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It will be shewn that :

// an = (TI*), where k is a fixed number, and the series 2 an be

divergent or oscillating, the series 2 an xn has the interval
( 1, 1) for its

'n-O
interval of convergence.

If x have any fixed value numerically less than 1. the series 2 nk
\

x
\

n

71 "M v

is convergent, since lim
( ) |

x
\

< 1. Since each term of the series
n~oo \ n J

2 anx
n is less, in absolute magnitude, than a fixed multiple of the corre-

sponding term of the convergent series 2 nk
\

x
|

n
, from the last theorem

in 24 it follows that 2 anx
n is absolutely convergent. Since 2aw is not

n-O

convergent, the interval of convergence is not greater than
( 1, 1); hence

it must be ( 1, 1).

125. It will now be shewn that, in the case of a power series with a

finite, or infinite, interval of convergence :

The series converges uniformly in any interval interior to the interval of

convergence.

It is sufficient to consider the cases in which ( l,l)or( 00,00) are

the intervals of convergence, since any finite interval of convergence

may be reduced to ( 1, 1) by a change of the variable x.

If (a, /?) be any interval interior to the interval of convergence, a

point p, exterior to (a, /?) may be chosen, so that p is greater than
|

a
\

and
| j8 |,

and is itself interior to the interval of convergence.

If x be any number in the interval (a, /?), we have
| x/p \

< 1
;
and the

partial remainder

<*>n+lX
n+l

(/y\
p*--m-l

'-;),?,*
If n be chosen so large that

|

RntP (p) \
< e, for p = 1, 2, 3, ... ,

we have

x

Since
x

is less than some fixed positive number less than 1, for all

values of x in the interval (a, j8), it follows that
|

Rntm (x) \
< Ae, for all
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values of x in (a, /?), and for all values of m, the value of n having been

chosen when c has been assigned; the number A is fixed, being dependent

only on a, j8,
and p. Since Ae is arbitrarily small, the condition for uniform

convergence of the series in the interval (a, j8) is satisfied.

Let ( 1, 1) be the interval of convergence for the series

and let it be assumed that the series is convergent at the point x = 1.

In the transformation used in the proof of the last theorem we may then

take p = 1, and thus

X^1

I ^n,m () |
< (1

-
X) y

, r + t,
1 "~"

I

x
I

for
I

x
I

< 1, if n is so chosen that
|

Rn>m (1) |

< 6, for m =
1, 2, 3, ....

Let x be any point of the closed interval (,!), where a is positive and
1 x

< 1. We have ----
.

-- =
1, if # is such that ^ # < 1, and if # is in the

1
I

x
\

interval ( , 1) we have ---r 1 ^ T
----

>
therefore in the closed interval

I I X
I

1 d

( a, 1), we have
|

Rn, m (x) \

< -----
,
for m =

1, 2, 3, ... , provided ^ has

a sufficiently large value. It follows that the series converges uniformly
in the interval (,!).

In case the series converges when x = 1, the series

-f ...

converges when x = 1. Applying the result obtained to this series, we
see that, in case the series a + a^x + a2 x* + ... is convergent when
x = 1, it converges uniformly in the closed interval ( 1, j8), where

j8<l.

If the series is convergent both for x = 1, and for x = 1, it is uni-

formly convergent in both the intervals (-,!) and (- 1, /?), where
a and j8 are positive and less than 1

;
since these intervals overlap one

another, it follows that the convergence of the series is uniform in the

closed interval
( 1, 1). It has now been established that:

// ( 1, 1) be the interval of convergence of a power series, then, if the

series converge when x = 1, the convergence of the series is uniform in any
interval (a, 1), where a> 1; if the series converge when x ==

I, the series

converges uniformly in any interval ( 1, /3), where ft < 1; and if the series

converges both when x = 1 and when x = 1, the convergence is uniform in

the interval
( 1, 1).
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126. Since a series, all the terms of which are continuous, has a sum
which is continuous in any interval of uniform convergence of the series,

it is seen that :

A power series a + ax + a%x
2 + ... has a sum s (x) which is con-

tinuous at any point interior to its interval of convergence.

Moreover, if ( 1, 1) be the interval of convergence, and the series

be convergent for x = 1, the sum-function s (x) is continuous in any interval

(a, 1), where a > 1; the continuity being reckoned only on one side at

the point 1. A proof of Abel's theorem* has thus been obtained, that:

// ( 1, 1) be the interval of convergence of the power-series

a + a^x + a2x* + ...;

s (x) denoting the sum-function, and if a + a 1 + a2 + ... is convergent, having
s (I) for its sum, then lim s (x)

= s (1), when x converges to 1 through values
ir-l

< 1.

Abel's theorem may also be deduced from the theorem in 80. For

we have xn ^ a;n+1
,
for O^x^R] hence, since the series S an is, by

00 71 =

hypothesis, convergent, it follows that the series 2 anxn is uniformly
71-0

convergent in the interval (0, R) ; and thus the sum-function is continuous

in that closed interval.

It should be observed that Abel's theorem has been established only
for a series in which the powers of the variable are ascending, and that it

is not necessarily true in any other case. For example, the series

ryi ._ 1 /y2 !_ 1 /y3
*C- ijfi*/ ^ 3 " * *

is convergent within the interval
( 1, 1); and as the series is absolutely

convergent, for such values of x, the series

x

has the same sum-function loge (1 + x) 9
as the original series within the

interval. At x = 1, the series 1
-J + J ....is convergent, and in accord-

ance with the theorem, its sum is log<, 2
;
but the series

i + i-* + * + !-i + -,

although it is convergent, has the sum
| loge 2 (see Ex. I, 26); which is

not continuous with the sum of the series x + #3 &x2 + ... for x < 1.

127. With a view to the extension of Abel's theorem, the following
lemma will be established :

// S an x
n

,
S

/3nx
n both converge ivithin the interval

( 1, 1), an being
n~Q n -=

oo

positive and such that S an is divergent^ and if
~ oscillates between the

n #n
* Crdie's Journal, vol. I (1826), p. 314, also (Euvres, vol. I, p. 223. See also Pringsheim,

Munch. Sitzungsber. vol. xxvir (1897), p. 344.
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S &"
limite U and L, then the upper and lower limits of^ ,

as x converges

2anx
n**Q

B
to 0, are in the interval (L, U). In particular, if

-
n
converges to a definite

&n

2 Pn*
n

limit, as n ~ oo
, ^ converges to the same limit, as x converges to 1.

o Pn^

If diverges to oo
,
so also does *^ ,

as x ~ 1.

n0
Let um ,

lm denote the greatest and least (algebraically) of the numbers
R B
-,

Pm~l
\ and let umn , lmn denote the greatest and least (algebraically)

of the numbers m
,

m+1
,

... ;
where m < n.

<*-m

We have then

j3 + Pi* + ... +

therefore
n
S fi rrn

S anx
n

n-O

and similarly, we have
n

Bxn

;
x"" lm)

anx
n

n-O n-O

If be a prescribed positive number, m may be so fixed that umn < U + e,

lmn > L
,
for all values of ft. Moreover um ^mw ,

Zwn lm are numeri-

cally less than fixed positive numbers.

Keeping m fixed, let n ~ oo
, we have then, if A and B denote certain

fixed numbers,

, p 1" ""
~T" -

oo

2
n=0
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for all values of x such that < x < 1. Now let x converge to the value 1
;

n
since 2 anxn is monotone increasing both with respect to n and with

tt=0

respect to x, the repeated limits* (see 30)

n n
lim lim S aw#w ,

lim lim

00

have the same value oo
;
thus lim Zanx

n = oo . Accordingly, we have
;c~l

__
C7 + > lim - S lim ----- > L -

;

and, since e is arbitrary, we have

^
- Km

Sa^^ ^l
o o

It follows that if U - L

lim

o

In case ~ diverges to oo
,
as n ~ oo

,
n can be so chosen that lmn > N,

^n

where N is a prescribed positive number, for every value of n. We have

then, for x < 1,

o > N\ I -

o o

where I is the lower boundary of all the numbers -,,....

We have now lim ---- S N; and since JV is arbitrarily large, it

S
o

^1 S anx
n

follows that diverges to oo
,
as a? ~ 1.

o

HH 12
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128. In order to apply the above lemma, let aa + alx+ ... be a

power series of which the interval of convergence is ( 1, 1).

(1) Let an = 1, j8
= a , fa = a + al

= ^, ... and in general,

We have then the limit, as x ~ 1, of 7^- , or of %anx
n

.

(1-tfr
1

o

It follows that, if sn is bounded for all values of n, with U and L as

upper and lower boundaries,

U S Urn 8 (x) S lim s (x) L.
x~l x~l

Moreover, if sn diverges to oo, or to oo
, so also does lim s (x).

x~l

Thus, if the series aQ + a
l + . . . + an + . . . oscillates between finite limits

of indeterminancy, the upper and lower limits of s (x), as x ~ 1, are in the

interval formed by the limits of 2aw ; and if the series diverges to + <x>
, or to

o

oo
,
then lim s (x)

= + oo
, or oo .

tt~oo

This is a generalization of Abel's theorem, which includes that theorem

as a particular case.

For the case in which an > 0, for n S 0, the last part of this theorem

was proved by Abel*.

(2) Let S^ denote, as in 47, the sum

* + ^n-i + + *o> or aw + 2an_1 + 3aw_2 + ... -f (n + 1) a ,

and let /?
= Sn , an = n + 1

;
we have then to consider the limit, as x ~ 1,

/So + S(

l

}

% + S^X2 + ... , xsrcr^) , O^ , cr(
2> 2 , ^

2
--

'
r (

"" ^ { + l X+ 2 + "*'

which is equal to a + ax a; + a2
a;

2 + ... .

(1)

The Cesaro sum of the series is defined as the limit of
7

~, when
n + 1

that limit exists. In accordance with the lemma we obtain the following
theorem due to Frobeniusf :

// the series aQ + a + a2 + ... is summable (<7, 1), then the sum-function
cc

s (x) converges, as x ~ 1, to the Cesaro sum of S an .

n0
Moreover we obtain the following extension of this theorem :

00

// the series S an is bounded (C, 1), then the sum-function s(x),asx~l,
n ~

has its upper and lower limits in the interval bounded by the upper and lower

Cesdro sums of S an .

n =

* See Crdle's Journal, vol. LXXXIX (1880), p. 262. f (Euvres, vol. n, p. 203.
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(3) Let 8(

n denote, as in 47,

2

then Cn denotes Sn /( ).
It will here be assumed that r has some

value, not necessarily integral, that is 0.

f \ /A l_ f}\
Let pn = Sn , n = ( ) ; then the limit in the lemma is that of

\ n /

or of M r\ r+1 Yl iSf ?**
, vlJ- WJL I JL t/ I ! Ufl w

,

o \ ^ /

which is equal to a + %# + ... + anxn + ... .

We thus obtain the following theorems which include as particular

cases those given above in (1) and (2):

// the series a + al + a2 + ... is summable (0, r), for some value of
r (^ 0), the sum-function s (x) converges, as x ~ 1, to the sum (C, r) of the

series Saw .

o

// the series a + al + a2 + ... is bounded (C, r), for some value of
r (^ 0), then lim s (x) has finite limits of indeterminancy, in the interval

bounded by the upper and lower sums ((7, r) of S an .

n-O

It should be observed that lim s (x) may exist in a case in which

S an is neither convergent nor summable (C, r) for any value of r. An
71=0

example of this has been given by Landau*.

CO /M _t iyy\
\

Let fm (x)
=

(1 + a)-
1 = S (- 1) T ^

m
) x", so that

n = \ m /

lim/m (#)
=

2m+i>
and

| /m (a;) |

< 1, for < x < 1.

Consider the function / (x), or - e l +x
,
defined by 2 -

f
/m (x); it is

easily seen that, for
|
x

\
< I,f(x) = a 4- a x + ... + anxn + ... where

It is seen that lim / (x)
=

*
Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie, Berlin, 1916,

p. 38.

12-2
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but the series ac + at + a2 + ... is not summable (C, r) for any value of r\

for if it were so summable, an = o (n
r
), for some integral value of r

( 0).

1 /% -L
if

J- J\ 7lr+1
It appears, however, that (- l)

nan >
l { r+1 J

>
+ x ;

2 ,

which is inconsistent with aw = o (n
r
). It should be observed that the

series for/w (1) is summable (C, m + 1), but is not summable (<7, m); and

thus/ (1) appears as the sum of terms which are summable (C, 1), (C, 2), . . .
,

respectively; and thus the series for/ (m) is not summable with any order.

This principle of construction may be employed to construct other series

which have the required property ; for example,

f
<x \ __ eVi x _ eVz xz i eV3 xa _

<A\ T of a P (P + !) (P + n -
1)

(4) .Let pn = an , an = .
,

71 !

then lim [(1
-

x)' s (x)}
= lim ,

. 1N

a
"^ .- n ;

provided the limit on the right-hand side exists. It is easily seen by
means of Stirling's theorem that

^ r ^w '-1

Thus we have the following theorem* :

Ifp>0, and lim -%r -
c, then lim [(1

-
a?) s (x)]

= cF (p).
n~> ^p x

a;^l .

In a similar manner, by taking ftn
= sn , an = --^^-

^J^__J-'
it can be shewn that :

// y > 0, anrf lim =
c, ^Ae^ lim [(1

-
a;)2> s (x)]

= cF (p + 1).
tt~ao 71P X-l

These theorems express the mode of divergence of s(x), as x~l> in

the cases in which the coefficients satisfy the prescribed conditions.

The following very general theorem has been established by Pring-

sheimf :

Denoting (log u)
ai

(log log uY* (log log log u)** ... by L (u); if

nm * ~
t r == c

n^oo na L (n)

where a^Q, the indices al9 2 , 3 , ... being such that n*L (u) tends to infinity,

then lim S (X) 1).

* See Appell, Complex Rendus, vol. LXXXVII (1878), p. 689; see also Pringsheim, Acta Math.

vol. xxvra (1904), p. 11.

f Loc. tit., p. 29.
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Appell's theorem is the case which arises when al} a2 , ... are all zero.

A theorem closely related to the general theorem was given by Lasker*.

Various theorems of a similar character will be found in Hardy's tractf,

Orders of Infinity, p. 56. Reference may also be made to a memoir by

BromwichJ in which various extensions of Abel's lemma are utilized.

The converse of this general theorem has been proved by Hardy and

Littlewood, in the case in which all the coefficients are positive. Thus,

for example, if lim [(1 x)
a s (x)]

= k, an 0; a > then
x~l

lim ** - * -
;*!%* ~r (i + )-

The condition an S is essential, as may be seen, for example, by

taking s (x)
=

(1
-

x)
~* + (1 + a?)-

1
,
a = J.

129. It may be observed that the lemma of 127, which has been applied

in these cases, can be made wider in its scope. Instead of

we may take the equivalent form ----
,
which is obtained by multi-

71-0

plying the numerator and the denominator by (1 x)~
r' 1

. Here Sn\ S'**

denote, as in 47, the expressions

Since a
,
al9 a2 , ... are all positive, so also are 8'$ , S'i , 8'% ..., where

S(r}

r > 0. By applying the lemma, in the case in which lim
^-. exists, we

n~* S'n
>

have the theorem that :

// San o;
n

, Sj8w it?
n both converge within the interval ( 1, 1), an being

S(r)

positive and such that 2 w diverges, then, if ^~ (r ^ 0) has a limit, finite
'

or infinite, as n ~ QO
, lim -^

= lim

* Phil. Trans. (A), vol. cxcvi (1901), p. 444.

f Cambridge tracts in Mathematics and Mathematical Physics, No. 12 (1910).

% Proc. Lond. Math. Soc. (2), vol vr (1908), p. 58.

Ibid. (2), vol. xin (1914), p. 174.
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In particular, if r = 0, lim^ = lim & + & + + &
provided

o

Ztmt'f oft Ae nt/Atf AaraZ sirfe exists.

The particular case of the theorem was given by Ces&ro.

130. Abel's theorem suggests the general question as to conditions

under which the two repeated limits

lim lim (a + a^x + ... + anxn), lim lim (a + a^x + ... + anx
n
)

n^oo x~-\ #~1 W~QQ

have one and the same value, where ( 1, 1) is the interval of convergence
OD

of the infinite series anx
n

. The first of these repeated limits is the single
ra =

limit lim (a + aI + ... + an ), or lim sn (1); and the second is lim s (x),
7l~OQ H^<X) X~\

where s (x) denotes the sum-function of the infinite series. Abel's theorem

itself asserts that, when lim sn (1) exists, as a finite number, or is infinite,
7l~30

then lim s (x) exists, and has the same value as lim sn (1). The converse
a?"-l

^ ^ ^
n~oo

question arises, whether it is possible, with suitable restrictions to infer

the existence of lim sn (1) from hypotheses concerning s (x) ? In connection
tt~oo

with this question, a series of investigations have been made, leading to

theorems which are converse to that of Abel, or to its extensions ;
and in

view of the fact that the earliest and simplest of them was given by
Tauber, they are designated Tauberian theorems.

If all the numbers a
,
al9 a2 ,

... are positive, the function

a + a^x + ... + anxn

is monotone increasing, both with respect to x and with respect to n. In

accordance with a theorem of 30, the existence of either of the repeated
limits involves that of the other, and the equality of the two. We have

accordingly the following theorem :

IfaQ + alx+ ... + anxn + ... Jias ( I, I) for its interval of convergence,

and all the numbers a
,
al9 a2 , ... be ^ 0, then lim sn (1)

= lim s (x), pro-
n~oo ~1

vided either of these limits exists as a finite number, or is infinite.

It is easily seen that the theorem remains correct if, for a finite set of

values of n, the condition an S is not satisfied.

The theorem first established by Tauber* is the following:

Ifa + ax + ... + anxn + ... have ( 1, l)for its interval of Convergence,

and if nan = o (1), then if lim s (x) has a definite value s (1), the series
X~I

o + ai + + an + converges to s (1).

* See Monatsheftef. Math. u. PJiys. vol. vm (1897), p. 273.
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That the converse of Abel's theorem does not hold without restriction

is exemplified by the series 1 x + x2 x* + ... , for which s (x)
J x

and Km s (x)
=

J, whereas lim sn (x) does not exist, but oscillates between
x~l x~l

and 1. In this case the theorem of Frobenius is however applicable,

since the sum C (1) of the series 1 1 + 1 1 + ... is J, which is equal
to lim s (x). Historically this example is of interest, as it was supposed

2C~1

by Leibnitz and subsequent writers that the sum of the series

1-1 + 1-1 + .. .

might in some sense be regarded as J.

To prove Tauber's theorem, let m be so chosen that n
\

an
\

< , for

2^;
m,n m I x

< e, if x be chosen to be equal ton m, then

1 . Next we havem
ra-l oo

2 an 2&n#
n < + (1 x) {I

al I + 2 I a2 1 + ... + (m 1) I am~i \}'

o o

since
|

ar (1 xr
) \

< (1 x) r
\

ar |.

Using the theorem of 6, Ex. 2, we see that, as n
\

an
\

= o (1), we have
m-l
2 n

|

an
|

~ o (m) ;
and therefore, when x = 1

V (^
l

S an - (
1 - -

o \ m
lm-1

< + - 2 7 I a, I < 2e,
1

"
1

provided m be chosen sufficiently large. Letting m increase indefinitely,

we have n lim s (x) ;
and since is arbitrary, %an

= lim 5

which establishes the theorem.

This proof also suffices to shew that if lim s (x), lim s (x) are finite,

and different from one another, 2 an oscillates, and has these two numbers

for its upper and lower limits.

It has been proved that, when nan = o (1), then

lim
m-l

= 0.

This suffices to prove the more general theorem that :

oo oo

Ifnan = o (1), and if either of the limits 2 an ,
lim 2 anxn exists, then

n-O x~l n~Q
the other exists, and the two have the same value. Moreover if either

00

2 an ,
lim 2 an x

n oscillates between finite limits, then the other oscillates

n = x~~ln**Q

between the same limits.
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131. The following more general theorem is also due to Tauber:

// a1 + 2a2 + 3a3 + ... + nan
= o (n), and lim s (x) exists, then 2 an

converges to lim s (x). The two conditions are both sufficient and necessary

for the convergence of S an .

n=-0

Let un = al + 2a2 + 3a3 + ... + nan \ then an = -
(un un^) 9

where

n > 0, uQ = 0. We have then

r - n r - n 7 * r - n - 1 $/

S ar af = S -"^ - S /-; of+i
r ,i ...i r r_i r + 1

-^*" + X^F+T)
* + (1

~
X)XF+1 *'

The series S # is convergent, since un o (n) ( 124), and thus
ra-l

b'm unxn = 0. It is thus seen that

QO QO ni QO /jj

S v^ w-. / -i \ v^ ^'r .

/y ^yy > /yy I / I /y| > '...._ r*T

r=1
arX - A rTTT)

* + (1 X)
r-ir + 1

*

01

Employing the theorem of 128 (4), since lim = 0, we have

lim [(!-) S-J-^I =0;
;r~l L r=l^ + 1 J

and thus it appears that

Sfrfir-F+lj^'S'^"* 11"

The coefficient in the series on the left-hand side is o ( -V and therefore

/ti

S r

converges to lim s (x) a .

1 n ~ l uWe have also sn = a + - un + S
7 y

-

n r i r (r + 1)

and therefore lim sn = lim $ (#), which is the result to be proved. That
n~ao x~~I

the conditions are necessary has been shewn in 6, Ex. 1.

132. The theorem of Tauber, established in 130, that when lim s (x)
x~l

exists, and nan = o (1), then S an converges to lim s (x), was extended byn0 x~l

Littlewood*, who obtained the remarkable result that the condition

nan = o (1), can be replaced by nan = 0(1). This result has been shewn by
Littlewood to be final, in the sense that, in nan = (1), O (1) cannot be

* Proc. Lond. Math. Soc. (2), vol. ix (1910), p. 434.
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replaced by {<j> (ri)} ,
where

<f> (n) is any function which diverges to + oo

as n ~ oo . Ingham* has proved that, if
<f> (n) be any such function, a

function s (x)
= S anx

n can be so defined within the interval ( 1, 1)

that (1) an = {- (2) lim s (x) has an arbitrarily assigned value,
\ ft / x~i

and (3) S an is either not summable or has an assigned index of sum-
71 =

inability. Littlewood had surmised the correctness of (3).

The still more general theorem was obtained by Hardy and Littlewoodf

that, in Littlewood's theorem, the condition that nan should be bounded

on one side may replace the condition nan = 0(1), in Tauber's theorem.

This result includes that of Littlewood as the special case when nan is

bounded on both sides. It will accordingly be sufficient to prove the

general theorem of Hardy and Littlewood. This will be done in 133.

In the first instance the following theorem due to Hardy and Littlewood

will be established:!::

OO

// the series S anx
n is convergent for (M x < 1, and the coefficients an

71-0
Q

are all non-negative, then if lim {(1 x) s (x)}
=

1, the relation lim -n = 1
x~l n~(*) ft

is satisfied, where sn = aQ + al + ... + an .

This theorem is a particular case of the general converse theorem

referred to in 128.

It is convenient to prove three Lemmas which can be employed in the

proof of the theorem :

Lemma I. // / (x) be a function which has a differential coefficient at

each point of the open interval (0, 1), and if lim [(1 x)*f(x)] = 1, where
x~l

a > 0; and if furtherf (x) continually increases ivith x, then

Let x, x
l
be two points such that < x < xl < 1

; then, from I, 262,

If xl x = A (1 #), we may suppose x and xl to increase together
in such a manner that A has a constant value

; then

* Proc. Lond. Math. 8oc. (2), vol. xxm (1924), p. 326.

f Ibid. (2), vol. xm (1913), p. 188.

J Proc. Lond. Math. Soc. (2), vol. xm (1913), p. 174. The form of the proof in the text is

founded upon that given by Landau in his work, Darstellung und Begrundung einiger neuerer

Ergebnisse der Funktionentheorie, pp. 45-55.
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It follows that

[(1
- at+if (x)}

-
(1
~ A
P

~ *
s lim [(1

-
x)*+if (x,)] ;

for every value of A in the open interval (0, 1). Since lim --
{
- = a,

A~O A

we have

and Urn [(1
- x^f (x,)] lim

~
a.

Therefore
*

lim [(1
-

a)**
1
/' ()] =

x~l

Lemma II. // s (x) denote the sum-function of the series S anxn ,

n~0

convergent in the open interval (0, 1), and all the coefficients an are non-

negative; and if lim [(1 x)
8 s (x)]

=
1, where j8 > 0, fAea

a~i

lim [(1
- x?** S ann'a;] = j8 ()8 + 1) ... ()8 + r - 1),

x^l n-0

r wa# Tiave any positive integral value.

If, in Lemma I, we write j8 for a, and s (x) for / (#), we have

lim [(1
-

x)
8+l S wana] ==

)8;
ar-l ?il

and thus the theorem holds good for r = 1 . Assuming that it is true for

r 1, or that

lim [(1
- xf+*-* S n'-lanx

n
]
-

jS (j8 + 1) ... (j8 + r - 2),
ar-l Ti-1

GO

by writing in Lemma I, a = p + r l,f (x)
= S nr~ lanx

n
, we have

C-1

Km [(1
-

#)*+' S n'an ar]
=

j8 (j8 + 1) ... (j8 + r - 1).
X-l /ll

If we introduce, instead of x, the variable t, where a? = e~-*, then is

capable of having all positive values; and the lemma may be stated in

the form

lim IV-H- S n'^e-"'] = j8 ()8 + 1) ... (j8 + r),
^-o n-i

provided lim [f
s S an e~

nt
]
-

1, an S 0.
J~0 n-O

Lemma III. // (> 0) 6e a prescribed number, ^ (m), ^2 (
m

)
can be

determined as functions of m, which is restricted to be a positive integer,

so that fa (m) <m <
<f>2 (m), m fa (m) = o (m), fa (m) m = o (ra), and

that

2 nm e~nt < y ^,
^

2 nm e~nt <
'
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for all values of m, not less than an integer m dependent on e, and for

0<*< 1.

The first summation is from n = 1, to the largest integral value of n
not greater than fa (w)/tf, and the second is taken for all integral values

of n greater than fa (m).
/yvt

We have, since xm e~xt
has, for < t, its maximum for x = ,

V

^
m

' -<Mnm e~nt <

where it is assumed that fa (m) < m.

Let it be assumed that fa (m) = m m fc

, where < & < 1
;
we then

have

log m + m log fa (m) fa (m) = log m + m [log m ra*-1

-
|ra

2*-2 - (m
3*-3

)]
- m + mk

,

and this is equal to log m + m log m m ^w 2*"1
(m

3fc~2
), or to

(m + 1) log m - m - m2*-1 + (m
3*-2

).

From Stirling's theorem we have

log m !
= m log m m + (log m),

or m! = giiogi-ro+o(iog).

771 !

thus we have S nme~mt < -^. e-i
^

If we take J < A; < 1, the exponential factor converges to 0, as m ~ QO
,

since log m == o (m
2*-1

), and (m
3fc~ 2

)
= o (m

2*-1
). An integer me can be so

chosen that the factor is < e. provided m ^ m . The first part of the theorem

has thus been established, the value of < (m) being m mk
,
where k is

any number such that | < k < 1 .

To prove the second part of the theorem, we have

' < - e-.<m) {i + A + A2 + ...},
N t )

( t \
m

where A is not less than
[
1 + . .

-
1 e-*: we have then

V fa (m)J

__
Since + e-*<e*<w > <e

92

let us take fa (m) = m + mk
2, where J < & < 1

;
it is then sufficient

f
m*- 2

1 e* e
to take A = e w+^*~ 2

, and thus =-r ==
,
< -, where ft denotes

1 A 6^ 1
jit

^jfc __ 2---
n ^ '. which is positive when m > 3, and is < 1.m + mk 2 ^
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The sum of the series is less than

_

m*-2

and this is equal to - ci+(m+i)iog(m+m*)-w-wt+2-iog(m*-2)1 m !

Which is -

Employing again the expression ml = ewiogw-m+ouogw^ we see

v

provided m is sufficiently large, say ^ we , where m may be taken to be

the same number in both parts of the theorem
;
the function

<f>2 (m) being
taken to be m + mk

2, where k is between \ and 1.

It is clear that (m + 1) (m + l)
k > m mk

, for all values of m that

are sufficiently large; also we have (m + 1) + (ra + l)
fc 2 <m + mk

.

In the theorem, we may change m into m + 1, then, employing these

facts, we have the following corollary :

6 is a prescribed positive number, provided m is not less than some

integer, dependent on e, and k is a fixed number between i and I.

We are now in a position to prove the theorem of Hardy and Littlewood

stated above.
r-n r = n n~* r = n _ r oo _ r

We have sn = S ar ^ S af e
w

; therefore sw <e S ar ^
n <e 21 ar e

w
;

r = r r-0 r -0

_1
hence sn < es (e

n
), or sn = O (n,). We may suppose that sn < en, where c

is some positive number. Since

S^a^ =,---*(*),
n =o i a/

where < # < 1, we have

lim

Employing Lemma II, we have, for every integer m (> 0),

lim (1
-

x)
m+* 2 snnmxn = (m + 1) !

a:-l L n = J

or lim tm+2 S 5wnw e-n * = (m
/~0 L n-O
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The particular case when an = 1, for every value of n, gives

r oo -i

lim \t
m+l S nm e-nt

\

= ml.
*~0 L n-O J

If / denote the interval (m m fc

)/
^L n < (m + mk

)/t, we have, by means

of Lemma III, and the corollary,

nm e~nt

and also
71-0

snnm e
~nt

< 2ew! J-- 1
;

C 2ce (m + 1) ! t

since sn < en. These results hold for all values of m not less than an

integer m .

For each value of m (^ w6 ), there exists a number tm ,
such that, for

(1
- 3e)m!

and (1
-

Sec) (m + 1)1 1

Since *(m-wi*),

we have

and

-n * < (1 + 3e) m I t~m- 1
,

-"' < (1 + 3ce) (m + 1) ! t~m~2
.

1 + 3c
n-mk

)/t
<

T~^~^I'

3ce m + 1

^TTfc'~V~'
Since (m mk

)/t,
as converges continuously to zero, takes successively

all sufficiently large integral values, we have, for all values of n greater

than some integer depending on and m,

1 - 3c m + 1 1 + 3c m + 1

If
77
be an arbitrarily chosen positive number, e can be so chosen that

1 - See , ,

1 + 3ce

then m can be chosen so that

,
1 3ce m + 1 1 + See m + 1

* '/ ^ -i r* x i'/ -"^ i f\ z7
1 + 3e m + m fc 7

1 3e m mk

It is now seen that, for all sufficiently large values of n, the in-

Q

equalities 1
77 < -<l+77 are satisfied. Since 77

is arbitrary, it follows

that lim - = 1.
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133. The important theorem of Hardy and Littlewood, already re-

ferred to in 132, will now be established; the theorem may be stated as

follows :

00

// the series S anx
n

, of which the sum-function is s (x), converge for
n-O

jg-

x < 1, and if lim s (x) has a definite value, then if an < , where K
x~l M

is a fixed number, for all values of n, the series S an converges to the value of
ra-O

lim s (x).
x~l

K K
The condition an < may be replaced by an > , for we have only

to change the sign of all the terms of the series to reduce the latter con-

dition to the former one. There is no loss of generality if we suppose
lim / (x) to have the value zero, as this only involves an alteration in the
x~l

value of a .

Besides the theorem of 132, two further lemmas will be required.

n-m oo

Lemma I. // wm = S nan = o (m), and s(x) = S anx
n

,
where

7l=*l 71 =

oo

lim s (x)
=

I, then 2 an = I.

x~l n-O

This has already been proved in 130.

Lemma II. // f (x) be a function defined for 0<x< 1, such that

lim/(#) = 0; and if further f" (x) exists everywhere in the open interval,
x~l

and is such that (1 x)
2
f" (x) < K, where K is a fixed positive number,

Let x<xl <l, then / fo) -/(*) = fa - x)f (x) + i (*i
-

a:)
2
/" (),

where is in the interval (x, x^). Let xl x = A (1 x), where A is kept
fixed as x, x vary continuously; we have then

2 v
x

**> J vw

A
V ~

~2" (l - xj
>

A 2(1 -A) 2
*

If x converges to 1, we have, A being constant,

and therefore since A is arbitrary within the interval (0, 1), we have

lim [(!-) /*()] SO.
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Using the equation / fo)
- f (x)

=
(xl

- x)f fa)
-

} (^
where f

'

is in the interval (x 3 a^), we find that

x,) < i-~
A
{/ to) -/(*)) +^ ~

A)

(|

~
?- K;

__
and hence lim [(1 x^f (a^) ^ 5-^

-----^ . As before, we have

and it is how seen that lim [(1 x)f (x)]
= 0.

x~l

In order to prove the main theorem, if s (x)
= S an#

n
,
where an <

n-o
and lim 5 (x)

=
Z, we have

5 ^~ ~
V2

.

V
1 "~

^/

Since (1 x)
2 s" (x) < K, we have, by Lemma II, lim[(l x) s' (x)]

= 0;
x~l

[GO
nn "]

(I -x) S "xn
\

-0.
n 1 -- J

I
co / "M/^ \ I 1 Ct

This is equivalent to lim (1 #) S (
1

" xn = 1
; and since 1 r/> 0,

~iL *-i^ A ^ J &
( j n-m / ym \\

we have, by applying the theorem of 132. lim
]

S 1 -
*

)

(

r = 1, or
ra~oo (^ nl V A /]

( J m
^

n-m
lim

^
S ?iaw V = 0, which may be written in the form S nau = o (m).

m-D 1^71=1 j W-l
co co

Employing Lemma I, we have S an = L Therefore S an converges to
n '0 Ti-0

CO

lim S anx
n

,
which is the theorem to be established.

x~l n ^l

It will be observed that the differentiation of a large number of terms

of the series San e~
n * is the essential means by which this striking theorem

is established. This process is exhibited in Lemma III of 132; the reason

for adopting it may be explained in general terms. The behaviour of a
00

function S cnx
n

,
in the general theory of functions, when it converges for

71-0

all values of x, is more or less dominated by that of the maximum term.

In case the interval of convergence is finite, this phenomenon of the

maximum term does not naturally occur. By introducing a factor nm by
means of differentiation a large number of times, we may obtain a series

in which it does occur. For nmxn has a steep peak, when m is very large,

which naturally accentuates the importance of the far away terms.
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PROPERTIES OF POWER-SERIES

134. A power-series with an interval of convergence, finite or infinite,

cannot be such that every interval ( 8, 8), interior to the interval of con-

vergence, contains a point x, distinct from zero, for which s (x) lias the

value zero.

The function s (x) is continuous in any interval ( S, S), interior to

the interval of convergence ;
the number 8 may be so chosen that

|

s (x)
- aQ |

< e,

if x is in the interval ( 8, 8), where e is an arbitrarily fixed positive number.

If there be a value of # in (8, 8) for which s (x)
= 0, we have

|

a
1

< c;

and, since e is arbitrary, it follows that a = 0.

The series al + a2x + a^x* + ... converges in the same interval as

the original series, and its sum-function vanishes for some value of x

which is not zero, and is contained in an interval
( 8', 8'). Hence, by

the same argument as before, it is seen that al
= 0; proceeding in the

same manner, it can be shewn that a2 , a3 , ... , all vanish. Thus no power-
series with an interval of convergence exists which satisfies the prescribed
condition.

The following theorem is an immediate corollary from the foregoing :

There cannot be two distinct power-series, each of which converges within

some interval, such that, in every interval
( 8, 8) interior to the intervals of

convergence, there is a point, distinct from zero, at which the sum-functions
have an identical value.

135. Let us suppose that the series

aii + ai2# + ai3#
2 + - + flu-a

1""1 + ...

#21 + a22# + a^a2 + ... + a^af-
1 + ...

are all absolutely convergent at the point x = 1, where n may have all

the values in the sequence of positive integers. Each series is then abso-

lutely and uniformly convergent in the interval
( 1, 1).

Let un (x) denote the sum of the ^th series in the interval ( 1, 1),

and let Un denote the sum of the series

Ki| + |an2 1
+ ... + |awr |

+ ....

If the series U^ + U2 + ... + Un + ... be convergent, the series

% (x) + u2 (x) + ... + un (x) + ...

is, in accordance with 77, uniformly and absolutely convergent in

( 1, 1); it follows that s (x) the sum of the series is continuous in the

interval.
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The series u (x) + u2 (x) + ... + un (x) + ... can be arranged as a

series of type cu 2
, by substituting the various power-series for

Ui(x), u 2 (x), ...,

and the series so obtained is absolutely convergent; for the terms of the

series
|

an |
+

|

a12x |
+ ... +

|

alrx
r~l

\
+ ... +

|

a2l \

+
\

a22x |
+ ... are each

less than the corresponding terms of the series obtained by putting 1 for

x\ and the latter series is U^ + U2 + ... ,
which is convergent.

Since the series % (x) + u2 (x) + . . . is absolutely convergent when the

power-series are substituted for ul (x) 9
u2 (x),... 9

it remains (see 29)

absolutely convergent when it is arranged in the form

bl + b.2x + bzX
2 + ...,

where fex
= an + a2l + #31 + ... + anl + ...

6 2
== al2 + a22 + a32 + ... + an2 + ...

br = alr + a2r + ... + anr + ...
;

and its sum is unaltered. It has thus been shewn that the continuous

function s (x) can be represented in the interval ( 1, 1) by the power-
series 6 t + b 2x + b3x

2 +

The following theorem has now been established :

// Ui (x), u2 (x) f ... un (x), ... , be functions which can be represented by

power-series tJiat are all absolutely convergent at the point JB, and therefore in

the interval ( JB, jR), and if the series vl (R) + v2 (E) + ... + vn (H) + ... ,

where vn (E) denotes the sum of the series obtained from that for un (JR) by

replacing each coefficient by its absolute value, is convergent, then the series

% (x) + u2 (x) + ... converges in the interval
( R, R) to a sum-function

s (x) which is the sum of the power-series obtained by substituting the various

power-series for the terms % (x), u2 (x), ..., and rearranging the resulting

series as a single power-series.

It should be observed that the absolute convergence of the series

u (x) + u2 (x) + . . . ,
at x = jR, is not sufficient to ensure the convergence

of the power-series obtained by substitution and rearrangement of the

power-series for u (x), u2 (x), . . . , to the sum of the series u1 (x) + u2 (x) + . . . .

For example, the series

1 - x + x 2 - x3 + . .

2x

1 + x

1

(1 + x)

1

H1I 13
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are all absolutely convergent when x =
, and the series

1+x (1 + x)*
^

(I + x)*
"

is absolutely convergent when x = J, but the coefficients in the rearranged
series are not definite, and thus the series cannot be rearranged as a single

power-series. The condition required by the above theorem is that

^ n
--

\2 + 7i
-

\3 + should be convergent when x = J; and
-~i n \2 7i
-

\3A X ^A
-~

3/y (A X)

this condition is not satisfied.

THE MULTIPLICATION OF POWER-SERIES

136. If the two power-series a + ax + a%x
2 + ... , 6 + bx + &2#

2 + ...

both converge within the interval ( 1, 1), since their convergence is

absolute, in accordance with the theorem of 38, the Cauchy-product
series

C + C^X + C2X* + .. + CnX
n + ...

where cn = a bn + a1 6w ^. 1 + ... + aw 6 , is absolutely convergent when

|
x

\

< 1, and sl (x) s2 (x)
= s (x), where st (x), s2 (x), s (x) denote the

sum-functions of the three series.

If all three series converge when x = 1, their sums, in accordance with

Abel's theorem (127) are lim ^ (#), lim $2 (
x

)> lima (a?); consequently
x~l x~l x~l

we obtain the theorem, already established in 37, that if the series

S an ,
S bn ,

S cn are all convergent, then the product of the sums of the
n~0 n0 n-O
first two of these series is the sum of the third.

Employing the extension of Abel's theorem given in 128 (3), that, if

S an is summable ((7, r), for any positive value of r, then lim s (x) exists
n=0 x-l
and is equal to this Ces&ro sum, we obtain the following theorem :

// the two series 2 an) S 6W ,
are summable (C,r), (C, s) respectively,

n=0 n~0
then the product of the Cesdro sums of the first two series is the Cesdro sum

(C, r + s + I) of the third series.

That the sum ((7, r + s + 1) of the third series exists has been proved
in 51.

137. A special case of the multiplication of a power-series

a + a^x + a2x
2 + ...

which is convergent within a finite or infinite interval ( A, A) arises when

the series is multiplied by itself. If y denote the sum of the series when

it is convergent, the series a 2 + 2a a1 a: + (2a a2 + a^) x2 + ... formed as

before, has the same interval of convergence as the original series, and
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its sum within that interval is y
2

. Proceeding in a similar manner, series

may be formed which represent t/
3

, y*, ... within their intervals of con-

vergence which are the same as that of the original series.

It is sometimes of importance to possess sufficient conditions for the

convergence of the series obtained by substitution of the series for

y> y*> y
3

>
in the terms of a series 6 + by + b 2y

2 + ..., of which the

interval of convergence is ( k, k), when the resulting series is rearranged
as a series in powers of x.

In accordance with the theorem given in 135, it is sufficient for the

convergence of the resulting power-series obtained by substitution of the

series for y, y*, ... in 6 + bl y + 6 2y
a + ... ,

and rearrangement of the result,

that the series
|

6
1
+

|

6X | 77 + |

6 2 1 i?
2 + ... should be convergent; where

7?
denotes the sum of the series

|

a
1
+

| a^x \
+

\

a2x
2

\
+ ... which certainly

converges when
|

x
\

< A. It is in fact clear that the series for
97, 7j

2
, ...

are obtained from the series for y, y
2
, ... by replacing all the coefficients

a
,
al5 a2 ,

... by their absolute values. If
07 < k, the series

|6ol+|6ih + |6h i +...

is convergent ;
and thus

|

x
\

must be such that
|

x
\
< A, and

I

ao I

+
I

aix I
+

I

azx
*

|
+ ...< k.

Choosing a positive number p (< A), |

an
\ p

n
converges to zero as n ~ QO

;

let then M be the maximum value of
|

an
\ p

n for all values of n.

The sum of the series
|

a
1
+

|

ax
\

+
\

azx* \

+ ... is then less than
(\ v I I v |2 1 M I r I

I a
|
+ M ]L

XJ + LL + ..I ,
or than

|

a
|
+

', ',.
It is then suffi-

( P P > P I

*
I

cient that
|

x
\

< A, and that I a
|
+--M- <*, or

|

a?
|

<
al ,

"V
a
y p

r
p I

^
I

JXL + K
I C&Q I

If
I

aQ |

< k, it follows that
|

x
\

< p < A
;
thus it is sufficient that

In case a = 0, it is sufficient that
|

x
\

< ^ ^ , . In case k is infinite,

the condition
|

x
\

< A is sufficient.

The following theorem has been established :

// the series a + ax + a2 x* + ... of which the interval of convergence
is ( A, A), and of which the sum-function is y, be substituted in the series

fy) + ^\y + b*y
2 + f which ( &> k) is the interval of convergence, and

the resulting expression be rearranged as a power-series in x, the resulting

series converges to the sum of the series in powers of y, provided \

a
\

< k

and \ x
|

< Jl-
y{ ~r-^-\ 9 where p is some number < A and

\

an
\ p

n ^ M,

13-2
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for n = 1, 2, 3, .... In case a = 0, i is sufficient that
\ x\ < M

p
, . // </&e

6 + &!?/ + 62y
2 + ... converges for all values of y, it is sufficient that

x should be within the interval of convergence of the series

a + ax# + a2#
2 + ....

As an example of the last case of the theorem, it will be seen that, since

the power-series for ev
converges for all values of y, the value of ea +a* fl!+aa*i+-

may be expressed by rearranging as a power-series the terms of the series

I + (Zl an x") + ~(It anx)*+...;
ii-O ** n~0

for all values of x for which the series S anx
n is convergent.

n-O

138. In order to obtain a power-series for------ whenr a + a^x + a2x
2 + ...

x is within the interval of convergence of the power-series in the denomi-

nator, let y denote the sum-function of the series ax + a.2#
2 + .... Now

1 1 f ?/ t/
2

)- can be represented by
j
1 ~ + -

2
... >

, provided \ y \

<
\

a
\

.

It now follows from the foregoing theorem that a power-series for__1___
a + ax + a 2x* + ...

1 f v y2
}

may be obtained by substituting in J
. 1 -- - + ---^ ... k and rearrange-

ment, if
\

x
\

< ~L -^
y,

where p is a number less than A, (A, A) being
*a "v

I
^0

I

the interval of convergence of a + a^x + a2#
2 + ..., and

|

an
\ p

n ^ M,
for n = 1, 2, 3, .... The precise range of values of x for which the resulting

power-series is convergent can be obtained by employing the theory of

complex variables.

TERM BY TERM DIFFERENTIATION AND INTEGRATION OF POWER-SERIES

139. Let s (x) denote the sum of the power-series a + ax + azx* + ...

which converges at all points within the interval ( R, R) of convergence.

Provided
|

x + k
\

is less than J?, the series

a + a l (x + h) + a2 (x + h)* + ...

converges to s (x + h). Assuming that x also is within ( R, K) it will

be shewn that, if
|

x
\ +\h\<R,the series may be rearranged in a power-

series according to powers of h, without altering the sum ;
that series is

(a + ax + a2x* + ...) + (al + 2a2x + ... + nanx
n~* + ...) h

(a2
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That this may be the case it is sufficient that

K I
+

1 i I (H +
1 M) +

1 <** I (M +
1

>*
I)

2 +
should be convergent, which is the case, since

|

x
\
+

\

h
\

< R. The above

power-series in h is convergent within the interval
( Jf2 +

|

a;
|,

jR |#|)
of h, and its sum is s (x + h). The coefficients of h are all absolutely

convergent when |

x
\
< R.

We have then

- (x + h W = ai + 2a2x + ... + nanx~i + ...+vt (x) h + v.3 (x) h* + ... ,

where v2 (x), VB (x), ..., are all continuous functions of x, provided

\x\<R,\x\+\h\<R.
For a fixed value of x the series v2 (x) h + v3 (x) h

2 + ... has for its sum
a continuous function of h, which converges to zero as h ~ 0. It follows

that

and thus s (x) has a differential coefficient s' (x) which is the sum-function

of the series obtained by differentiating the terms of the series

CVQ ~\ a^x "T~ a<^x ~\~ ....

It has thus been shewn that:

// s (x) be the sum-function of a power-series which converges within

an interval, the function s (x) has a differential coefficient s' (x) at each point

within the interval of convergence; moreover the power-series obtained by
term by term differentiation of the given series converges at such a point to

s
9

(x).

By successive employment of this theorem it is clear that :

// s (x) be the sum-function of a power-series, then s (x) Jias differential

coefficients of all orders at any point interior to the interval of convergence of

the given power-series; moreover, if term by term differentiation of any order

be applied to the given series, a power-series is obtained which converges at

all points within the interval of convergence to the value of the differential

coefficient, of the corresponding order, of s (x).

140. If r < R, we have s (x)
= a + a^x + ... + anxn + p (x), where, for

all sufficiently large values of n,
\ p (x) \

< , for all points x in the interval

( r, r) interior to the interval of convergence ( R, R) of the power-series.

This is equivalent to the statement that the series converges uniformly in

(_ r) r
) ( 66). We have now

I f
x

t
x

{s (x)
-

(a + a^x + ... + anxn)} dx ^
| p (x) \

dx < eR,
\J o Jo
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provided |
x

\
r. Since e is arbitrary it follows that the integrated series

converges to I s (x) dx uniformly in the interval ( r, r). Thus we have
J Q

the result that:

Term by term integration of a power-series produces a new power-series
rx

which converges to I s (x) dx, for all points interior to the interval ( R, R)
.'o

of convergence of the given series.

jg2 Jg3
In case the series a R + ax -^- + a2

- + ... is convergent, its sum,
^ o

rx CR

in accordance with Abel's theorem, is lim s (x) dx, or s (x) dx. This
X~R 'o Jo

may be the case when the series a + a R + a2R2 + is not convergent.

R2

In case the series aQR + a 6 + ... is summable (C, r), (r > 0), its sum
A

rR

(C, r) is s (x) dx.
.'o

TAYLOR'S SERIES

141. It has been shewn in 139 that, if a function / (a;) be such that,

within the interval ( R, R), it is the sum of the convergent series

a + a\x + a2x
2 + ...,

the differential coefficients f^ (x) exist, for all values of the integer r,

and that /(r)
(x) is the sum-function of the series

1,2.3 ... rar + 2.3 ... (r + 1) ar+lx + 3.4... (r + 2) ar+2x* + ...

obtained by differentiating the terms of the given power-series r times,

within the interval ( R 9 R). It has further been shewn that, if
|

x
\
+

\

h
\

also lies within the interval ( R, R), the series obtained by arranging the

series a + % (x + h) + a2 (x + h)
2 + ... as a series in powers of h con-

verges to/ (x + h). The coefficient of hr in this series is

ar + (r + 1) ar+lx +
(r-+ 2^ l) ar+2x* + ...

fW (x)
which converges to . .

It has thus been shewn that, if
|

x
\

and
|

x
\
+

|

h
\

are both less than

R, the series

/(*) + W (X) + f;/" (X) + ... +
r̂ j>> (X) + ...

converges to the value/ (x + h).
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This theorem is a particular case of Taylor's theorem for the expansion
of a function / (x + h) in powers of h, and has here been established for

the particular case of a function / (x) which represents, in some interval,

the sum of a convergent power-series. It has, moreover, been shewn that

such a function possesses differential coefficients of all orders, within the

internal of convergence of the power-series.

We proceed to investigate the necessary and sufficient conditions that

a corresponding theorem may hold for a function defined in a more general
manner.

142. The following theorem will be established :

// a function f (x), defined in the closed interval (a, a + h), be such that,

(1), the functions f(x), f (x), f" (x) y ...f
n~v

(#) are all continuous in the

closed interval (a, a + h), and (2), /W (x) exists at every point of the open
interval (a, a + h), being either finite, or infinite with fixed sign, at each

point) then

f(a -t- h) =/() + hf (a) +l/" M + -

for some value of 9 such that < < 1
; provided the number v, not necessarily

integral or positive, is such that n v > 0. At the points a, a + h, the

differential coefficients are interpreted to mean the successive derivatives on

the right and left respectively.

It may be observed that the conditions (1) and (2) are not, as stated,

reduced to the minimum number. / [^

Let F(z) s (a!f)-(a:)-(a +*-~
- ("

-ifr>-" M -< + *)-*.
where the number K is defined by

I (a + h) -f(a) - hf (a)
-
^/" (a)

- ... -
(^4), /(W

"
1)(a)

" ^'VK '

In the closed interval (a, a + h), F (x) is continuous, since n > v\ also

F' (x) exists everywhere in the open interval (a, a + h). Moreover .f
7

(a)
= 0,

F (a + h)
=s 0, and therefore, in accordance with the mean value theorem

(i, 262), F' (x) has the value zero, for some value of x interior to the interval

(a, a + h). Let this value be a + 0h, where < < 1. We find on

differentiation,
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and thus K =
; ?-/""- 1X ,/(w)

( + ^)- Equating this value of to
(n v)(n l)\

J v ' ^ &

the value by which it was defined, we have

h2

f(a + h) -/(a) + hf'(a) + f" (a) + ...

In case the value of 1, as defined, is zero, the proof remains valid
;
in this

case we have /M (a + Oh) = 0.

It is clear that a corresponding result holds for an interval 011 the left

of a, provided corresponding conditions are satisfied as regards differential

coefficients, the derivatives at a being in this case on the left.

If the conditions of the theorem are satisfied for the interval (a, a + h),

they are clearly satisfied for any interval (a, a + h') y where < h' < h.

In case/ (x) be defined for the interval (a A2 ,
a + hj), the conditions

of existence and continuity of f(x),f (x), .../
(n- 1)

(x) in a closed interval

being satisfied in the closed interval (a h 2 ,
a + Ax ), and /M (x) being

assumed to exist at every point of the open interval, the theorem holds

for every value of h in the closed interval
(

Jt8 , /^), the value of depending

upon the value of h.

The theorem which has been established above is frequently spoken
of as Taylor's theorem, although that name was originally, and is still

usually, applied to the case in which it is possible to suppose n to be in-

definitely increased, so that the series becomes an infinite convergent one.

fan M _ Qy
The expression Rn

= ------~
f fn/

n
(a + Oh), where n > v, is spoken

\w/ v) \n -*/

of as
"
the remainder in Taylor's theorem." In this general form it was

obtained by Schlomilch* and by Rochef. The particular case in which v

hn
is taken to be zero, Rn

= --. / (n>

(a + Oh) is known as Lagrange'sJ form of

the remainder in Taylor's theorem ;
another particular case, due originally

to Cauchy, of the general form given by Schlomilch, is that in which

v is taken to be n - 1, or Rn
= Lf(^ (a + Oh).

(n J
)

!

143. It was first shewn by Stolz|| that the theorem of 140 can be

extended to the case in which the functions/' (x), /" (x), ...f^
n"^

(x) are

* Handbuch der Differential- und Integralrechnung, 1847.

f M6m. de VAcad. de Montpellier, 1858. See also Liouville's Journal (2), vol. m (1858),

pp. 271 and 384.

J Thforie des fonctions, vol. I, p. 40. Cakul Diff. p. 77.

||
See Grundzuge, vol. i, p. 97. It should be observed that Stolz omits to state the restriction,

necessary to his proof, that v is not to be a positive integer less than n.
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assumed to exist, and to be continuous, only in the half-closed interval

a ^ x < a + h, so that their existence at the point a + h is unnecessary.
The following theorem will be here established:

// a function f (x), continuous in the closed interval (a, a + h), be such

that, (1), the functions f (x), f" (x), ,../
(n- 1)

(x) are all continuous in the

domain a^ x < a + h, and (2), the functionfW (x) exists, as a finite number,

or as infinite with fixed sign, at each point of the open interval (a, a + h), then

f(a + h) =/(a) + hf (a) + f" (a) + ...

for some value of such that < < 1; where v may have any value < n,

positive, negative, or zero, and not necessarily integral, except that it may
not be a positive integer.

We cannot in the present theorem take v to have the value n 1, so

that Cauchy's form of the remainder is not here included in the result.

To prove the theorem, let

F (x) =f(x) -f(a)-(x- a)f (a)
- (x '*?? (a)

-
...

~~
(*)-# (a)

-
(a
-

a) f (a)

where < (x) denotes a function which possesses finite differential coefficients

of the first n orders in the closed interval (a, a + h), and such that <
(n)

(x)

is nowhere zero in the interior of the interval (a, a + h). Let K have the

value

7,2 jkn-l

/(a + A) -/(a) - V' () - 2l/" <
a >
" "

~](n- 1)^^ (a)

$ (a + h)
-

< (a)
- h? (a)

- f' (a)
- ... - ^- (a)'

it being assumed that the denominator is not zero. We have F (a)
= 0,

F (a + h) = 0; hence, since F' (x) exists at every interior point of the

interval (a, a + h), F' (x^ = 0, for some point xl such that a < x < a + h.

Since F' (a)
= 0, Ff

(x^)
== 0, and F" (x) exists at every point of the

interval (a, x^, it follows that at some point x2 , such that a < #2 < xl9
F" (#2 )

= 0. Proceeding in this manner we see that Fn
(xn )

= 0, at some

point xn = a + 6h, interior to the interval (a, a + h).
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Thus we have /M (a + Oh)

-
K<f>^ (a + 6h) = 0. It has now been

shewn that

/(a + A) -/(a) - hf (a)
- ?/ (a)

-
... - -

Jgl^/c-D (a)

* (a + h)
- $ (a)

-
ty' (a)

- f(a) - ... --- 0-1 (a)

~
$*> \a + 6h)

'

In case K = 0, we have /<"> (a + 0h) = 0, and since ^<"> (a + Oh) 0, the

result holds good.

Now let
<f> (x)

=
(a + h x)

n~v
, where v may have any value whatever

(< n), except the values 1, 2, 3, ... n 1
; then

(a + 6h) = (- 1) (w
-

v) (%
- v - 1) (n

- v - 2) ...

Since n>v, the value of

* (a + h)
- $ (a)

- hf (a)
- f (a)

- ... - ^- (a)

is _

_. _

and it can easily be shewn that this is equal to

I 1 v *- (n
- v - 1) (

- v - 2) (
- v - 3) ... (- v + 1)

(
_1M ^-^ .

We have thus shewn that, subject to the conditions stated in the

theorem,

f(a + h)=f(a) + hf (a) + ^f (a) + ...

jtn-l /.n n Q\ v

+
(^-Ul/

1-" W +
jr* S(i" - 1)!^'

" + "A) -

144. Let it now be supposed that / (x) is defined only in the open
interval (a, a + h), and that all the functional limits

/ (a + 0), /' (a + 0), f (a + 0), .../<- (a + 0)

exist as definite numbers, and that also f (n]
(x) exists everywhere in the

open interval, as a finite number or as infinite with fixed sign. The proof
of the last theorem may be employed to prove that

f(a + h _ o) =/(a + 0) + (x
-

a)/' (a + 0) + ^=^/" (a + 0) + ...
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where / (a + h 0) is any one of the limits of / (x) at the point a + h.

In case f (a + h 0) is not unique, it is known that /' (x) takes every
finite value within (a, a + h) (see I, 266).

Let us next suppose that f(
n~u

(x) has no definite limit at a, on the right,

so that it has a discontinuity of the second kind at that point, and that

/M (x) is everywhere finite. Let F (x) be defined by

F (x)
- / (x)

- c - c (x
-

a)
- c2 (a?

-
a)

2 - ...

- cw_! (*
-

a)"-
1 - JT (a

-
a)-,

where K.hn =f (a + h) c cxA c2 /&
2

... cn^1 /^
n-1

;

the numbers c
, c1? c2 , ... cw_ x being arbitrarily chosen, and / (a + h)

being a definite number.

We have FW (x) =/<
n)

(x) Knl, where a < x < a + h. Now since

p(n-i) (3.) ^3 a discontinuity of the second kind at a, and FW
(x ) exists

in the open interval (a, a + h) and is finite, it follows, by a theorem

established in I, 266, that F^n]
(x) has the value zero at interior points

of the interval. Hence Q can be so chosen that

Fn
(a + 6h)

=
/<) (a + Oh)

- Kn I
- 0;

and thence we have
hn

/ (a + ft)
= c + cji + c2 h* + ... + cn^hn- 1 + -Jn

(a + 0h).
/I !

The following theorem has now been proved :

// / (x) be defined in the interval a < x < a + h, and f(
n~V

(x) exists in

the open interval a < x < a + h, but has no definite limit on the right at a,

and iffW (x) exists in the open interval, being everywhere finite, then

f(a + h}
= c + ^h + c2 h* + ... + c^h"-1 + JW (a + Oh),n !

where c
,
cl9 c2 , ... cn_^ are arbitrarily chosen numbers, and 6 is a number

such that < 6 < 1.

Theorems of a similar character have been given by W. H. Young*,
based upon the lemma that, if / (x) is continuous in the open interval

a < x < b, and that / (x) either has a differential coefficient, or else that

there is no distinction between right and left with regard to its derivatives

in the open interval, then there is a point x of the open interval such that

where / (a + 0), / (6 0) denote any two of the limits of / (x) on the right

at a and on the left at b. It should, however, be observed that, unless both

the limits / (b 0), / (a + 0) are unique, /' (x) takes every finite value

* See Quart. Journ. vol. XL (1909), p. 146.
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at points in the open interval (see I, 266), and thus the lemma in that case

is unduly restricted, unless either/ (b 0) or/ (a + 0) is capable of having
all finite values.

145. If / (x) possess differential coefficients of all orders within a

prescribed interval (a A', a + A), of x, then, provided Rn have the limit

zero, when n is indefinitely increased, for each value of h, the series

/ (a) + hf (a) +Y\f (a) + ' + ^J
U

(a) + "'

where A' < h < A, is convergent, and has / (a + h) for its limiting sum.

This is Taylor's theorem in the original meaning of that theorem-

It will be observed that the existence of the differential coefficients at

the extreme points a A', a + A has, in 143, not been presupposed, but

only their existence everywhere in the open interval (a A', a + A). If

the condition lim Rn
= be satisfied for each value of h within the interval

( A', A), and if the series converge also for h = A, then since it is a power-

series, it follows from the theorem of 124, that, at h = A, it converges to

/ (a + A), provided/ (x) is continuous on the left at the point a + A.

The value of 0, in any of the forms of the expression for Rn ,
is in

general dependent upon n ; and consequently it is not a sufficient condition

of convergence of the Taylor's series throughout the half-open interval

^ h < A that Rn have the limit zero whilst remains fixed, even if this

be the case for each fixed value of in the open interval (0, 1). In con-

nection with the theory of non-uniform convergence of series, we have

already seen, in 84, that a function Rn (x) may have the limit zero,

as n ~ oo
, for each value of x in the interval, and yet that lim Rn (x)

may not be zero when x varies with n. For example, if Rn = j- ^ ,

(1 + U/l)

then Rn has the limit zero for each fixed value of 0; but if =
l/n, Rn has

the limit he~h .

A sufficient condition for the convergence of the series, within a given
interval of h, is that jRn ,

for each fixed value of 7&, within the given interval,

should converge to zero, as n ~ QO
, uniformly for all values of in the

interval (0, 1). Thus, for each value of h, and each value of an arbitrarily

chosen positive number e, a value n
, of n would exist, such that

hn (1
-

0)*

(n- v)(n- 1

provided n S n
, for every value of in the closed interval (0, 1).

This condition, though sufficient to ensure the convergence of the

series, has not been shewn to be necessary. An investigation, due in its
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original form to Pringsheim*, will now be given of necessary and sufficient

conditions for the convergence of Taylor's series.

146. The following lemma will be first established:

If f(n)
(x) be defined for every value of n, where x is in the semi-closed

interval a ^ x < a + R, and if, for some fixed value of p which is a positive

or negative integer, or which may be zero, the condition is satisfied that

converges to zero, as n ~ oo
, uniformly for all values of h and k such that

O^h^h + k^r, for each value of r that is < R, then the same condition is

satisfied when p lias any other value which is a positive or negative integer, or

zero, and such that p + n > 0.

Denoting
1

j/<">
(a + h) kn+p by F9tn (h, k), we have

and hence, since k r, we have

\FJI+1 , n (h,k)\<\Fv , n (h,k)\,

provided n + p + 1 > r. It follows that F9+l>n (h, k), and more generally
F l)+Q>n (h; k), for q > 0, converges uniformly if FPtn (h, k) does so.

Again, we have

(k
\ n+p-i n 4- W

t + s) Jrf^. (** + );

if r (< R) be fixed, S can be so chosen as to be positive and such that

r + 8 < R. Hence, if ^ k r,

I F-l,n (*, *) |

/ / \ n+p1 n -\- p
If n be so chosen that f

^ J
~-^ ^ 1, and if

|

F
lf)tn (h, k)\ < e,

for h ^ h + k ^ r + 8, and n ^ n
,
we have then

|

Fv _ltn (h, k)
\

< ,

for ^ h ^ Ji + k ^ r, provided n is not less than some integer n '. This

can at once be extended to shew that
|

Fv_QtH (h, k) \

< e, if q > 0, pro-

vided n is not less than some integer dependent on 6. The lemma has now
been established.

For the above lemma given by Pringsheim another lemma, which

does not involve the notion of uniform convergence, has been substituted

by W. H. Youngf:
* Math. Annalen, vol. xuv (1894), p. 57. See also Munch. Sitzungsber. (1912), p. 137.

t Quart. Journ. vol. XL (1908), p. 157, also his Tract, The Fundamental Theorems of the

Differential Calculus, Cambridge (1910), pp. 57-8.
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//, for some given value of p which may be a positive or negative integer ,

or zero, the condition is satisfied that

for each value of r (< R) is less than some fixed positive number dependent

only on r, for all values of h, k, n such that ^ h ^ h + k =1 r, n + p> 0,

the same condition is satisfied when p has any other value, which is a positive

or negative integer, or zero.

The foregoing proof can easily be adapted to prove the second lemma.
As before, if FVtn (h,k) satisfies the condition, so does F9 +i, n (h, k);

and if FPtn (h, k) satisfies the condition when r + 8 is taken instead of r,

Fj>-i,n (h> k) also satisfies the condition.

147. We proceed to investigate the necessary and sufficient conditions

of convergence, which may be stated as follows :

QO

Necessary conditions that the series %cnhn shall converge for every
o

positive value of h that is < R, are that, iff (x) denote the sum of the series
00

Scn (x a)
n

,
where a is a fixed number, and x a < R, (1), f(x)

o

possesses, for every value of x such that a ^ x < a + R, a definite finite value,

(2), that, for every value of x such that a < x < a + R, f (x) possesses finite

differential coefficients of every order, and at a, definite derivatives on the

right, of every order; and (3), that, for each fixed value of p (> n) which may
1

be a positive or negative integer, or zero, \lf
(n]

(a ~*~ ^) ^n+P conver
ff
es

uniformlyfor all values ofh, k such that ^ h -< h + k < r to zero, as n ~ QO
,

for each value of r (< R). Moreover if the condition (2) is satisfied, and if

(3) is satisfiedfor any one value ofp, this is sufficient to ensure the convergence

of the Taylor's series corresponding to f (x) for the interval a ^ x < R.

Instead of the condition (3), the following condition may be substituted :

(3)', that, for some value of p, a positive or negative integer, or zero, and

for each value of r (< R), is less than some fixed

number, dependent only on r, for all values of n (for which n + p > 0) and

for all values of h and k such that ^ h ^ h + k * r.

A similar statement holds as regards an interval on the left of a;

and it is clear that the theorem can be so stated as to apply to the more

general case of a neighbourhood which contains a in its interior.

00

Assuming that cn (x a)
n
converges for a x < R, it follows from

o

139 that its sum-function / (x) is differentiate in that interval, and that
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/' (x) is represented in the interval a x < a + R by the series obtained

by term by term differentiation of the series Scn (x a)
n

. The same remark

applies to the function/' (x), and to the series which represents it, and then

successively to the higher differential coefficients of / (x). We have
QO

therefore f
s
(x)= S n (n 1) ... (n s + 1) cn (x a)

n~s
,

for all values
n = s

of s ;
hence / (a)

= c ,
and /(s)

(a)
= n ! cn ,

and thus

/ (a + h)
= 2

-^/M (a) *, / (a + A) - Z
(^y, /(w) () *"-',

where Q ^ h < R.

Since a power-series converges absolutely at all points within the

interval of convergence, we see that the function
<f> (x) defined, for the

GO

interval a ^ x < a + R, by </> (x)
= H

\

cn \ (x a)
n

, has properties similar
o

to those of / (x) ;
and thus that

cf> (a + h) = | |

cn
|

A = S i <(> (a) h",

and ^(rt (a + h)
= S /^~Tf ^(W)

(
a

) An
~P

'
for ~ * < ^

7-l n '

p (n
-

p) !

' '

The functions
<f> (a + h), <f>W(a + h) are continuous functions of h in

the interval ~ h < R ; and for each value of p,

In order to prove that the condition (3) is satisfied it will be sufficient

to prove that the corresponding condition is satisfied by the function

4W (a + h).

If 7* 4 h + k < R, we have

6 (a + h + k) = 2
f
<f>W(a) (h + k)

n - S \ ^)(a + A) kn
;

and it will now be shewn that the series S
f

e
(w)

(a + h) kn converges

uniformly for all values of h and k which are such that O^h^h + k^r,
where r is any positive number < R.

Since the terms of the series are all positive, and the sum-function is

a continuous function of (h, k), it follows from the theorem of 78 that

the series converges uniformly in the closed domain 5 h^ h + k^ r,

where r < R ;
it is a necessary consequence of the uniform convergence

that -. </>W(a + h) kn should converge to zero uniformly in the domain
71 !

h ^ h + k ^ r, as n is indefinitely increased
;

r being any assigned
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positive number < B. It follows that /<
n)
(a + h) k

n has the same
fl \

property, and by using the lemma of 146, it follows that

(n + p)l*

also converges uniformly to zero, where p is any integer (> n), positive
or negative. Thus the condition (3) has been shewn to be a necessary con-

dition. Moreover, when (3) is satisfied, the condition (3)' is also satisfied;

thus (3)' is a necessary condition.

In order to shew that, if (2) is satisfied, and if, for some particular
value of p, (3) is satisfied, then the series converges to / (#), for all values

of x such that a ^ x < a + R, we observe that, in accordance with the

lemma, the condition (3) must be satisfied for every value ofp (> n). Thus,

ifp be a positive integer < n,
f
/() (a + h) k

n~p
converges uniformly

to zero in the domain ^ h^ h+ k < r. Writing dh for A, and
(
1 0) li

for k, we see that r~-\ ^f
n
(a + 0h) (1 0)

n-*Aw-p converges uniformly

to zero in the domain 0<0<1, O^A^r. Referring to the expression
hn (1 0)"

, Yv ,\i/ (fl)
(
a + <)> in. I42

, we may take v = n p, and the
(n
-

v) (n
-

1)\
J v " * J *!

expression becomes ;

- -

f

hn (1 6)
n
-*>f

n
(a + 6h) which can be

written in the form

{(n -p)r
" ' v '

}

For any fixed value of p this converges to zero as n ~ <x>
,
for every value

of 0, and for h r. Consequently the remainder in Taylor's theorem

converges to zero for every value of h such that h < R.

It is clearly sufficient for the convergence of the remainder that

1

(n p) \

should be less than some fixed positive number independent of n\ thus

the condition (3)' is sufficient, when (2) is satisfied.

148. The necessary and sufficient conditions that Taylor's theorem

should hold for the function / (a + A), where < h < R, can be most

simply expressed when Cauchy's form of the remainder is used, and they

may be obtained as follows :

The condition as to the existence of differential coefficients of all

orders being assumed to be satisfied in the interval ^ h < R, it has been

shewn in 147 to be necessary and sufficient for the validity of Taylor's
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series in the half-closed interval that 7 -T -,/
(n) to + h) kn~l should con-

(n 1) r
'

verge to zero, as n ~ <x>
, uniformly for all values of h and k such that

0^h^h + k<r, for each value of r (<JR). Writing 6h for h, and

(1 0) h for &, the condition takes the form that

(F=TT!
(1
~

0)
""

1/(fl)(a + ^)

should converge to zero uniformly in the domain < 6 < 1, 0^7* r;

and this is Cauchy's form of the remainder in Taylor's series obtained in

142. It is then necessary that
T-^-JV-,

(1
-

0)
n-l

f(n)
(a + 6h) should

converge to zero for each value of r such that < r < E, uniformly for

all values of such that < < 1
; moreover, this condition has been

shewn in. 145 to be sufficient. The following theorem has now been

established:

In order that the function f (a + h), defined for all values of h such

that ^ h < R, may be represented for all the values of h by the series

00 1
2 -7/

(n)
(&) hn

,
it is necessary and sufficient, (1) that f (x) have differential

o M

coefficients of all orders, for a < x < a + E, and definite derivatives on the

right at a, of all orders, and (2) that Cauchy's remainder

for each value of h such that ^ h < R, converge to zero, as n ~ oo
, uniformly

for all values of in the closed interval (0, 1).

149. In case Lagrange's form of the remainder in Taylor's theorem is

employed, instead of that due to Cauchy, the necessary and sufficient

conditions cannot be expressed in so simple a form. The following
theorem has reference to this form of the remainder :

In order that the function f (a + h), defined for all values of h such tJiat

oo
tyn

^ h < R, may be represented, for all the values of h, by the series r/<
w)

(a),
o n

it is necessary, besides the condition of unrestricted differentiability previously
hn

stated, tfiat ^/
(n) (a + 6h) sJiould converge, for each value of h such that

n !

^ h < \R, to the limit zero, as n ~ oo
, uniformly for all values of in the

closed interval (0, 1). It is sufficient, but not necessary, that the expression

should converge to zero, for each value of h such that Q^h<R, uniformly for
all values of in the closed interval (0, 1).

kn
In accordance with the theorem of 147, it is necessary that :fW (a + h}n !

should converge to zero, as n ~ oo
, uniformly for all values of (h, k) such

HII 14
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that h h + k^r, where r is an arbitrarily chosen positive number

< R. Writing h for k, and Oh for h, we see that this condition includes the
j?fi

condition that ; /M (a + Oh) should converge to zero, for each value of h

such that ^ h < %R, uniformly for all values of in the closed interval

(0, 1).

To shew that the convergence for each value of h such that ^ h< R
is not necessary, let us consider the function f(x) = (1 a;)"

1
, defined in the

xn
interval ^ x < 1. The Lagrangian form of the remainder is

j- STnTi'
( JL

*~~
UX)

this converges to zero only when x < 1 Ox, hence, if x > % it does not

everywhere converge in the interval (0, 1) of 0, but if x < | it converges

uniformly with respect to in the interval (0, 1). This shews that the

condition that the remainder shall converge for every value of h that is

< R is not always satisfied when the Taylor's series converges in the

interval ^ h < R.

*_"

!

convergent in an interval, and yet that its sum need not be/ (a + h). This

happens whenever the remainder Rn9 in Taylor's theorem, which is defined

as the difference between / (a + h) and the sum of the first n terms of the

series, converges, for each value of x, to a limit which is different from

zero, as n is indefinitely increased.

Let the function/ (x) be defined by/ (x)
= e x\ for x2 > 0, and/ (0)

=
;

it can easily be shewn that this function and all its differential coefficients

exist, and are zero at the point x = ; and that for x2 > 0, the remainder in
i _ i^

the Taylor's series has for its limit e x\ If now
(f> (x)

= ex + e x\ (x
2 > 0),

hn

<f> (0)
=

1, and the series 2 r <M(0) in the neighbourhood of the point

150. It was remarked by Cauchy* that the series ~f/
(n)

(
a

)
may

x = be formed, then the series converges, not to the value
<f> (h), but to

the value eh .

EXAMPLES

(1) Let/ (x)
=

(1 + x)
r
'; then, in a neighbourhood of the point x -

0, wo have

where Rn can be expressed in Lagrange's form by

n\ (1 + Oxy-*

- r< u t u p(p -
1) ...(p

- n + 1) (I
-

6)
n~-1

or in Cauchy s form by _ i \ i n "T v*
1^

* Calcul Diff. p. 103; see also P. Du Bois-Reymond, Math. Annalen, vol. xxi (1883), p. 114.
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Using Cauchy's form, we see that

P(P ~
l)-..(2>

- n+ 1)

211

(n- 1)!

provided n > p. If
|

x
\

< 1 , the expression

P(P - !)(# - ** + !).-- - _
iv. **

continually climinishes as M is increased: for, denoting it by un9 we find

P - n < 1 -

where e is a fixed positive number < 1 -
|

x
\

, provided n be sufficiently great, and it follows

that the limit of un is zero; and thus lim Rn = 0. The series therefore converges for all

values of x such that
|

x
\

< 1 .

p (p
- 1

)
. . . (p

- n +
To find the limit of

w!
when n is indefinitely increased, suppose

first that p + 1 is negative, say
- L We may write the expression in the form

(
1 +

J)(
1 +

J)-(
1 +

J)'

and this is > 1 + k (- +
+...-I--J;

thus the limit is indefinitely great. Next suppose

that p + I is positive. Then the expression may be written in the form

p (p
-

1) ... (p
- \ + 2) /, p + l\ / p + 1\ / p + 1^

"(x~- i)! V
"'

"x~y (

"
x~+ 17 V

"
x~~

where X is the integer next greater than p -t- 1; this is less than

p (p - l)^P - X + 2) 1"
"(X

-
1)1

P +l
n

or than
2) 1

+ 1

hence the limit, when ?& is indefinitely increased, is zero. If p = -
1, the limit is unity.

If x ~ 1, Lagrange's form of the remainder shews that the series converges if p > - 1.

The series diverges if p < -
1, because the general term of the series increases indefinitely

with n. The series oscillates if p - 1 .

Iix= -
1, Cauchy's form of the remainder shews that ifp - 1> -

1, orp > 0, the series

is convergent. It is divergent if p < 0, for the sum of n terms of the series is

:o /_ ]

(2) Let* /()== 2 ^
.

y oaQ T

/(O) = e-,

thus the sTies for / (x) is

(0) = 0,

--
~

1)!

1.

(0)
= (-

2 , where >1. For this function
~{~ X

(2k) ! e
- 2*+1

which is everywhere convergent.

The sum of the series, for x = 0, is/ (0), but in every neighbourhood of x = 0, the sum of

the series and the value of / (x) are different except at most at a finite number of points.

*
Pringsheim, Munchener Sitzungsber., 1892, p. 222.

14-2
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oo J a-r
(3) Let f(x) = s t -z5 o) where a> I. For this function, the Maclaurin's series

r Q r I a &r + x*

is 2 (- l)
k ea>zk+1x2k9 which diverges for every value of x except x 0.

oo /_ IV* 1

(4) Let* /(#)= 2 '-= , where a> 1. This function is continuous on the
nl 1 + anx

right of the point x = 0, and has derivatives on the right of all orders at that point; the

/l\ aw
Maclaurin's series 2 (- l)

n
I
-

j
. xn thus obtained, converges for all positive values of x,

\e /

but does not represent the function / (x).

oo I I

(5) Let/ (x) = 2 ------ ~
, where a > 1. For this function the Maclaurin's series does

not converge in any neighbourhood of the point x = 0.

MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE

151. It has been shewn, in I, 268, to be a necessary condition that a

function/ (x) may have an extreme at the point x = 0, that the differential

coefficient at that point should be zero, provided the function be such that

a differential coefficient at x = exists. Let us assume the function to be

such that the first n differential coefficients /' (x), /" (x), ...f
(n)

(x) all

exist and are continuous, at every point x such that S < x < 8. Let us

further assume that /' (0), /" (0), .../^-^(O) are all zero, and thus that

/(n)
(0) is that differential coefficient of lowest order which does not vanish

at x = 0.

We have then / (x) -/(O) =-~fW(dx); where 0< 0< 1, and x is

such that 8 < x < S. Since /(*) (x) is continuous at x = 0, a neighbour-
hood ( S', S

7

)
of that point, interior to

( 8, 8), can be so determined that

fW(6x) has the same sign as /(n)
(0), provided

- 8" x * S'. If n be odd,

the sign of /(#) /(O), in the interval
( S

7

,
S

7

), depends upon that of x]

and therefore / (x) has neither a maximum nor a minimum at the point
x = 0. If n be even, the sign of / (#) f (0) is the same as that of /(w)

(0), in

the whole interval ( 8
X

, 8
X

), and therefore / (x) has a maximum or mini-

mum at x = 0, according as /M (0) is negative or positive. The following
theorem for determining whether a maximum, or a minimum, exists at a

point at which the differential coefficient of a function / (x) vanishes has

therefore been established :

// the first n differential coefficients of a function f (x) all exist, and are

continuous at all interior points of the interval
( 8, 8); and if f(n)

(x) be

the differential coefficient of lowest order which does not vanish at the point
x = 0, then (I), if n be odd, there is neither a maximum nor a minimum of the

function f (x) at the point x = Q; and (2), if n be even, the point x = is a

maximum or a minimum off (x), according as f(
n}

(0) is negative or positive.

*
Pringsheim, Math. Annalen, vol. XLII (1893), p. 161, and vol. XLIV (1894), p. 54.
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It is unnecessary for the application of the criterion given in this

theorem that / (x) be capable of representation in a neighbourhood of the

point x = by a convergent power-series. There exist functions with

differential coefficients of all orders, which all vanish at the point x = 0.

EXAMPLES
I

(1)* Let f(x) = x2 - e *\ and /(O) = 0. In this case /' (0) = 0, /"(O) - 2; and f(x),

/" (x) are continuous in any neighbourhood of x 0. The theorem establishes that / (x) has

a minimum at x = 0, although / (x) cannot be represented by a power-series in any neigh-

bourhood of the point.

(2)* The function defined by f(x)-e~x\ /(O) =0, has a minimum at x = Q; and

yet the theorem is not applicable, because the differential coefficients of all orders vanish

at x = 0.

_ 1

(3)* The function defined by f(x) = xe *\ /(O) = 0, has neither a maximum nor a

minimum at x 0. As in (2), the above theorem is in this case inapplicable.

TAYLOR S THEOREM FOB FUNCTIONS OF TWO VARIABLES

152. Let us assume a function / (x, y) to be defined for all values

of x, y in the domain defined by a 8 ^ x ^ a + 8, b 8' ^ y ^ b + 8'.

Under proper conditions as to the existence and continuity of the partial

differential coefficients of / (x, y), of a finite number n of orders, it is

possible to obtain an expression for / (a + h, b + k) f (a, 6) consisting

of terms involving the first n powers of h and k, together with a remainder

analogous to the remainder in Taylor's theorem, such expression being
valid for values of h, k, such that

|

h
\

< 8,
\

k
\

< 8'. It is however, for

the present purpose, unnecessary to consider the least stringent set of

conditions relating to the partial differential coefficients of the various

orders, which are sufficient to allow the extension of Taylor's theorem to

the case of a function of two variables. It will here be assumed that, for

all values of x and y such that a 8<x<a + 8, 6 8' < y < b + 8', the

partial differential coefficients of / (x, y) of the first n orders all exist, and

are finite; and further, that they are all continuous, for this range of

values of x and y, with respect to (x, y). In accordance with the theorem of

i, 314, the order of differentiation, in each of the mixed partial differential

coefficients, is in this case immaterial.

Taking values of h and k which are numerically less than 8, 8'

respectively, let/ (a + fh, b + tk) be denoted by F (<), the variable t having
the domain ( 1, + 1). The conditions contained in the last theorem of

I, 309 being in this case satisfied, the differential coefficient V9

(t) of F (t)

* These examples are given by Scheeffer, Math. Annalen, vol. xxxv (1890), p. 542.
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(o
Ji

\

h
g- + fc x-

-) / (#> */)> where x = a + /?, y = 6 + tk.

Similarly, it is seen that all the differential coefficients

JF"(), F'" (i), ... J

exist, and are continuous ;
and that

j* 1

<>-(* +*)'/<*>
In accordance with the theorem of 142, we have

J 1

(0 ~ JF (0) +^ (0) + |Lj" (0) + . . . + -

^y,
^-1> (0)

where is a number such that < < 1.

Since this holds for t 1, we see that

This is an extension of Taylor's theorem to the case of a function of

two variables. It has been established for all values of h, k such that

|
h

|
< 8,

|

k
|
< S', on the hypothesis that / (x, y) and all its partial

differential coefficients exist for all values of x and y such that

a - S < x < a + 8, 6 - 8' < y < 6 + 8',

and that they are all continuous with respect to the two-dimensional

continuum (x, y).

MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES

153. Necessary and sufficient conditions have been stated, in the

theorem of i, 321, that the point (0, 0) may be a point at which a function

/ (x, y) has a maximum, or a minimum. The general theory of maxima
and minima of functions of two variables has been discussed by Scheeffer*,

Dantscherf ,
and StolzJ, the last of whom has extended Scheeffer's method

to the case of functions of any number of variables. The account which will

here be given of the general theory is based upon the investigations of

Scheeffer, as modified by Stolz.

Let the function / (x, y) be such that either / (x, y) f (0, 0) is repre-

sentable in a neighbourhood of the point (0, 0) by a convergent series

* Math. Annalen, vol. xxxv (1890), p. 541. t Ibid< vol. XLH (1893), p. 89.

J Sitzungsber. of the Vienna Academy , vols. xoix (Ila), o(IIa); also Grundzilge, vol. I, p. 211. An
account of the various theories is given in Hancock's treatise, Theory of Maxima and Minima,
Boston.
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consisting of powers of x and y> or else that it is such that the theorem

of 152 is applicable, so that

/ (x, y) -/ (0, 0)
= On (x, y) + Rn^ (x, y),

where Gn (x, y) consists of terms of dimensions not higher than n, in x
and y\ and Rn+i (x> y) is either a convergent series of which the terms of

lowest dimension are of the order n + 1, or has the form of the remainder

given in 152, consisting of terms of dimension n + 1 in Ox, By, where

< < 1
;
and in the latter case it will be assumed that the differential

coefficients in that remainder are bounded in the whole domain. It will be

shewn that, under a certain condition, the problem of determining whether

the point (0, 0) is a point at which / (x, y) has a maximum or a minimum
is reducible to the solution of the corresponding problem relating to the

rational integral function Gn (x, y). The following general theorem will

be established :

The function f (x, y) fiaving in the neighbourhood of (0, 0) the character

above described, if an index n, and two positive numbers c, 8 can be so

determined that (1), for all values of x such that <
|

x
\

< 8, the upper and

lower boundaries of On (x, y), for a constant value of x, and for all values of y
in the interval

( x, x), are in absolute value not less than c\x\
n
; and (2), that,

*/ <
| y |

< 8, the upper and lower boundaries of Gn (x, y), for a constant

value of y, and for all values ofx in the interval
'( y, y), are in absolute value

not less than c\ y\
n
; then the two functions f (x, y), Gn (x, y) have both either

a proper maximum, or both a proper minimum, or both neither a maximum
nor a minimum, at the point (0, 0).

To prove this theorem, we first observe that Rn+l (x, y) can be regarded
as a homogeneous function of x and y of degree n + 1, in which the

coefficients depend upon x and y. By giving each of the coefficients its

greatest possible value, for
|

x
\

< 8,
| y \

< 8, we see that

|

Rn^ (x, y)\<At\x \*+* tA l \x\\y\ + ...+ An+l \ y |"+';

where AQ ,
A 19 ... An+l are positive numbers.

If now
| y |

^
|

x
|

,
we have

I ,Mi (x, y) I

< (A t- A, + ... + A n+1 ) I

x
| |

x
|

w
;

hence we see that a number 8' < 8 can be so chosen that

I
&n + l (*> y) |

<
|

X
|

n
,

where is an arbitrarily chosen positive number, provided |

x
\

< 8',

| y |

^
|

x
|

. In a similar manner we can shew that 8
/ can be so chosen that

1

Rn+i (a, y) |

< e
| y |

n
, provided |

x
\ \ y |,

and
| y \

< 8'.

Let now the upper and the lower boundaries of On (x, y), for a constant

value of x, and for all values of y such that
| y \ \

x
\
, be denoted by

@n (x > 4> (
x))> @n (

x
> $ (%)) respectively. Also let the upper and the lower
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boundaries of On (x, y), for a constant value of y, and for all values of x

such that
|

x
\

&
\ y \

,
be denoted by On (^ (y), y), Gn ty (y), y) respectively.

We have then, provided \x\< 8', and
| y \ \

x
|,

On (z, + (x)) ~e\x |</(*, y) -/(O, 0) < On (x, j> (x)) + e\x |";

also* provided | y \

< 8',
|

x
\

^
\ y \

,
we have

Gn (f (y), y)
-

| y | <f(x, y) -/(O, 0) < Gn ($ (y), y) + \y |.

First, let us assume that Gn (0, 0) is a proper minimum of Gn (x, y), and

that the conditions of the theorem are satisfied. By the theorem of i, 321,

Gn (x, (f> (a?)), Gn (\Jr (y), y) are both positive, for sufficiently small values of

x and y ; we may suppose 8' to be so small that these conditions are satisfied,

provided |

x
\

< 8',
| y \

< S'.

We have then Gn (x, < (x)) ^ c
\

x
|

w
, if <

|

x
\

< S',
| y \

*
\

x
\

;
and

On (t (y)> y) s c
I y h if < y < 8 '>

I

x
I

"
I y I-

It now follows that

(c-)|a:|</(a;,y)-/(0,0), for <
|

x
\

< 8',
| y \

*
\ x

|,

and that

(c-e)|y|</tey)-/(0,0), for <
| y \

< S',
|

x
\

^
\ y |.

Since e can be chosen so as to be less than c, we see that/ (x, y} f (0, 0)

is positive for all values of x and y such that <
\

x
\

< S', <
| y \

< S',

and therefore / (0, 0) is a proper minimum off(x, y).

Next, let us assume that Gn (0, 0) is a proper maximum of Gn (x, y) ;

then Gn (x, <j> (x)), Gn (ty (y), y) are both negative, for sufficiently small

values of x and y. We therefore assume that

Gn (x, <j> (x))
- c

|

x
\

n
,
for <

|

x
\

< S', and
| y \

?
\

x
\

:

and that On (t (y), y)-c\y |, for <
| y \

< S',
|

x
\

*
\ y |.

We have then / (x, y)
- / (0, 0) < -

(c
-

e) |

x
|

w
, for <

|

x
\

< S
7

,

and |y||*|; and also f (x, y) -f (0,0) < _(C -)|y|, for 0<|y| <8'<

\x\\y\. Since may be taken to be < r, it follows that / (0, 0) is a

proper maximum oif(x, y).

Lastly, let us assume that Gn (0, 0) is neither a maximum nor a minimum
of On (x, y). In this case we may, for example, assume that

On (x, (x)) ^ cxn , Gn (x, <(> (x))
* - cxn

,
for < x < 8.

We have then, / (x, <j> (x))
- f (0, 0) > (c

-
c) ar",

and f(x, <f> (x)) -/(O, 0) < -
(c
- )0,

provided < x < 8'. Since may be taken to be less than c, these two
differences are of opposite signs; therefore / (0, 0) is neither a maximum
nor a minimum of / (x, y).
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It should be observed that this theorem does not always suffice to

decide whether the point (0, 0) is a point at which / (x, y) has an extreme

value, or not. For it may happen that, for a given function/ (x, y) of the

assumed type, no value of n can be determined, for which the conditions

stated in the theorem hold, and therefore the theorem is inapplicable

however great n may be taken.

If/ (x, y)
= [u (x, i/)]

2
,
where u (x, y) vanishes at points of a locus which

passes through the point (0, 0), then the function / (x, y) is one for which

the theorem is inapplicable ;
the point (0, 0) is in this case a point at which

/ (#, y) has an improper minimum.

In general the theorem is inapplicable in the case of any function which

attains the value zero, at points other than (0, 0), in every neighbourhood
of that point, but which has one and the same sign at all points at which

it does not vanish.

154. The simplest case in which the theorem of 153 can be applied is

that in which the function Gn (x, y) is a homogeneous function of degree w .

For such a function On (x, y), three cases arise.

(1) If On (x, y) be a definite form, i.e. if On (x, y) has one and the same

sign for all values of (x, y) except (0, 0), then Gn (0, 0) is a proper minimum,
or a proper maximum, according as that sign is positive or negative.

(2) If Gn (x, y) be an indefinite form, i.e. if there are points in every

neighbourhood of (0, 0) at which Gn (x, y) is positive, and others, at which

it is negative, there are other points besides (0, 0) at which the function

vanishes, and there is no extreme of the function Gn (x, y) at the point (0, 0).

(3) If Gn (x, y) be semi-definite, i.e. if Gn (x, y) vanishes at points other

than (0, 0), but has a fixed sign at all points at which it does not vanish,

then Gn (0, 0) is an improper extreme of Gn (x, y).

It should be observed that, if n be odd, Gn (x, y) is necessarily an

indefinite form.

It will be shewn that, when Gn (x, y) is definite or indefinite, it satisfies

the conditions stated in the theorem of 153; accordingly f (x, y) has a

proper maximum or else a proper minimum, when Gn (x, y) is a definite

form; and/ (x, y) has no extreme when Gn (x, y) is an indefinite form.

When Gn (x, y) is a semi-definite form, no conclusion can be drawn as

to the existence of an extreme of the function /(a, y), as the conditions

contained in the theorem of 153 are not satisfied.

If Gn (x, y) be definite, it is of the form

On (x, y) = A
T

n {(y
- yrx)*
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where n = 2k. Let us assume that A is positive ;
then

for all values of x and y ;
it follows that the first condition of the theorem is

satisfied.

The ease in which A is negative may be treated in a similar manner.

Again

hence
| 0, (t (), y) |

>
| O. (f (y), y)\Z\A]yn ,--/-,:

i yr -f or

and therefore the second condition of the theorem is satisfied.

Next let On (x, y) be an indefinite form
;
in which case Gn (x, ;/) has

neither a maximum nor a minimum at (0, 0). Let (x', y') be a point at

which On (x', y') > 0; and first suppose that
| y' \

-<
|

x'
|,
so that

|
x'

\

> 0.

Let x, y be such that yjx
=

y'/x' 9
arid let #, x' have the same sign ;

we
have On (x, y) > 0, and it follows that

On (x, + (*)) %jP |

*
|

> 0.

I

x
I

Next suppose that
|

x'
\ \ y' |,

so that
| y' \

> 0; we then shew in the same
manner that

where y has the same sign as y'.

Since there are also values of (x', y') such that On (x'< y'} < 0, we can

shew as before that

where x and x' have the same sign, and that

where y has the same sign as y' . It has thus been established that, when
Gn (x, y) is an indefinite form, the conditions of the theorem of 153 are

satisfied.

The following general result has now been obtained :

Iff (*, y)
- f (0, 0) be of the form Gn (x, y) + Rn^ (x, y), where Gn (x, y)

is a homogeneous function of degree n, then, if n be odd, f (0, 0) is not an
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extreme off (x, y). If n be even, and Gn (x, y) be an indefinite form, f (0, 0)

is not an extreme of f (x, y). If On (x, y) be a definite form, /(O, 0) is a

proper minimum, or a proper maximum, of f (x, y), according as Gn (x, y)

is positive or negative. If Gn (x, ^) be a semi-definite form, no conclusion can

be drawn from the consideration of On (x, y) by itself, as to the existence or

non-existence of an extreme off (x, y) at the point (0, 0).

155. When those terms in the expansion of/ (x, y) in powers of x and y,

which are of the lowest degree, give a semi-definite form, it is necessary to

take a value of n greater than this lowest degree; we have therefore to

consider the case in which Gn (x, y) is not homogeneous. We have then, in

order to apply the theorem of I, 321, to On (x, y), to determine the four

functions Gn (x, (x)), Gn (x, < (x)), Gn (^r (y), y), Gn (^ (y), y). The values

y = $>

(x), y = < (x), may be either in the interior, or at the ends of the

interval ( x, x). In the former case they must be such as to satisfy the

condition
n

,
' ^' ~

;
in the latter case they will in general not satisfy

ay
this condition, although they may do so. The method of procedure, by
which Gn (x, <j> (x)), Gn (x, <j>

(x)) may be obtained, is to determine the various

solutions of the equation
n

,

* = 0, in which y is expressed as a series

of fractional or integral powers of x\ only such values of y need be con-

sidered as vanish for x 0.

Let y = P l (x), y = P<i(x), ... y = Pr (x) denote these series; we then

form the expressions Gn (x, x), Gn (x, x), Gn (x, Pl (x)), ... Gn (x, Pr (x)).

It is certain that the two expressions Gn (x, < (x)), Gn (x, <fr(x)) must

both occur amongst these r + 2 expressions, and a comparison of the

leading terms of these expressions will enable us to identify the two ex-

pressions required. If the indices of the leading terms in Gn (x, <j>(x)),

@n (
x

> 4* (#))> are not greater than n, the first condition of the general

theorem is satisfied. A similar method, in which the equation ^
'

-- =

is employed, will lead to the determination of Gn (ty (y), y), Gn (\/r (y), y).

The details of the investigation have been fully carried out by Scheeffer,

who employs the somewhat more symmetrical, but practically less simple,

method, in which x and y are expressed as series involving a single

parameter.

When, for any value of n, the result of this process is that Gn (x, y) is

such that the conditions contained in the theorem of 153 are not satisfied,

a larger value of n in which more terms of / (x, y) are included in Gn (x, y)

must be taken, and the process repeated until a definite result is obtained.
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EXAMPLES

(1) Let /(a?, y)
-
/(O, 0) = ax2 + 2hxy + 6y

2 + #3 (x, y). The form aa;2 4- 2hxy + 6y
2

is definite if a& - A2
is positive; in this case /(O, 0) is a proper minimum or a proper

maximum of / (x, y), according as a is positive or negative. If ab - h2 is negative, then

-ax2 + 2hxy + by
2
is an indefinite form, and in that case/ (0, 0) is not an extreme of / (#, y).

If ab - h2 = 0, the form aa;2 + 2foy + by
2 is semi-definite, and no conclusion can be drawn as

to the existence of an extreme of / (a:, y). It will be necessary in the last case to consider

terms of order higher than 2 as included in Qn (x, y). By taking n = 3, 4, ... a function

On (x, y) may be determinable which satisfies the conditions of the theorem of 153.

(2)* Let/ (x, y) = ay
2 + 2bx2

y + ex* + -#5 (#, t/), where a is positive; in this case we have

and this vanishes fory- x2
. We have

a

<74 (ar,
-

ar)
= a*2 - 2&*3 + c**, #4 (*, x) = aa;2

j ^ / 6 A ac - 62 .

and GA(X, --- a:
2

)
= - a:

4
.4

V o /

It follows that #4 (x9
-

a:) or <74 (a;, a;) is the value of O^(x9 $ (a:)), and that G4 (x9
-- a;

2

J

is that of $4 (x, <j) (x)). If ac - 62 be negative, the two expressions $4 (x9 (ft (x)), G^ (x, <f> (x))

have opposite signs; therefore / (0, 0) is not an extreme of f (x, y). If ac - b2 be positive,

the two expressions are both positive, and the first condition of the general theorem is

satisfied, since the indices of x in the leading terms are not greater than 4.

We find that ^-
4 = has for roots x = */ -

, and x 0; we thus form the
ux ^ c

expressions
G<(0,y) = af, Ot ( y, y) =- aV

z + 2by* + cy*.

It is unnecessary to consider the roots x= */ -
, because, for sufficiently small

> c

values of y, \

x
\

>
\ y |,

and thus these roots could not give the extremes for
\x^ \

<^
\ y |.

Remembering that a and c are both positive, let 6 >
0, then the value of (74 (\l? (y), y) is

<xy
2 + 2by* + cif, and that of O^(\^(y) t y) is ay

2
; these values being both positive, wo see

that #4 (0, 0) is a proper minimum of G4 (#, y). The same conclusion may be made when
b < 0. Therefore, when ac - b2 > 0, a > 0, since the conditions of the theorem of 153 are

satisfied, / (x, y) has a proper minimum at (0, 0). If ac .- b2 > 0, a < 0, there is a proper
maximum. If ac - b2 ~ 0, we have

hence G4 (x9 y) has an improper extreme at (0, 0), and no conclusion can be drawn as

regards / (x9 y).

(3)f Let f(x9 y) = y
2 + x2

y + jR4 (x, y). We find - = 2y + x2
9 and thence we have

Q (x ia?2 ) \x^*

also #3 (a;, x) = a;
2

-H a:
3
, #3 (a;,

-
a:)
= a:

2 - a:
3

.

It is clear that, in this case, 6?3 (x, (a;)), G3 (x, <f>(x)) have opposite signs, provided
x be sufficiently small, therefore G (x9 y) has no extreme at the point (0, 0). Since

0s (*,*(*))= -i*S
* See Stolz, Grundztige, vol. i, p. 234. t Scheeffer, /oc. cit. p. 573.
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it is not the case that
|

Os (x, <j> (x)) \

> c
|

x
|

3
, for any value of c, in a neighbourhood of a: = 0;

the theorem of 153 is therefore not applicable. No information is obtained as to whether

/ (x, y) has an extreme at (0, 0), or not. It will in fact be shewn, in the next example,
that y

2 + x2
y + x* has a minimum at (0, 0).

Q/7

(4) Let / (x, y) - t/
2 + x*y + x* + E& (x, y). We find -* = 2y+ x*, hence

cy
fid

^ = gives y=- %x
z

;

hence 4 (x,
- %x

2
)
= fa* + ...;

also G4 (x, x) = x2 + x3 + x*, GA (x,
-

x) = x2 - a;
3 + x*.

In this case G4 (x, <(#)), #4 (#, $(#)) are both positive, and are greater than c
|

x
|

4 for a

fixed c. It can be shewn that the other condition is also satisfied. It follows that / (x, y}

has a minimum at (0, 0).

(5) Let f(x, y) = *V - 3*V + xy* -
2tey

7 + y
8 - lOa;10 *, + 5*12 + /?13 (a;,

dO
In this case - -

12 = has the three roots

..., y 2x2 +
-Jar

4 + ....

On substituting these values in 6r12 (a;, y), and forming also 6r

12 (a;, x) t G12 (x,
-

x), we
find that G12 (x,

-
cj> (x)) is G (x,

-
x) or G (x, x), according as x is positive or negative; and

the expression commences with the term a;
6

. We find for 6r12 (x9 </> (x)) an expression
- 4#10 + .... Since G12 (x, </> (a;)), G12 (x, <f>(x)) have opposite signs, it follows that (0, 0)

is not a point at which (712 (a:, y) has an extreme. Since the indices of the leading terms of

#12 (
x> $ (%))' ^12 (

x> < (x)) are both less than 12, the condition of the theorem of 153 is

satisfied, and we can therefore infer that / (x, y) has no extreme at (0, 0).

THE LIMITS OF A SERIES INVOLVING A PARAMETER

156. A generalization of the theorems of Abel and Tauber relating to the

convergence or oscillation of a power-series at the boundaries of its domain

of convergence can be obtained by the consideration of series of the form

a^ (t) + a2 <f> (2t) + ... + an cf> (nt) + ...,

where
<f> (t) converges to 1, as t ~ 0. The following theorem will be estab-

lished :

// a
l + a2 -I- ... + an -)- ... is a numerical series which oscillates between

finite limits, and the series al <f> (t) + a2 <f> (2t) + ... + an <f> (nt) + ... con-

verges, for each positive value of t, to a sum S (t), then the upper and lower

limits of S (t) as t ~ 0, are finite if <f> (t) satisfies the conditions tJiat,

(1), </> (t) converges to 1, as t ~ 0, and to 0, as t ~ QO
, (2), <f>' (t) exists for all

positive values of t as a finite number, and is absolutely summable in the

indefinite interval (0, QO
). In case al + a2 + ... converges to a definite sum s,

QO

lim S an <f> (nt)
= s. If <f> (t) steadily diminishes as t increases from zero

<~o n-i

indefinitely, the condition (2) may be omitted.
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The condition of convergence of S an <f> (nt) y for t > 0, is satisfied
rc-l

in particular if tl+k
<f> (t) is bounded for all values of t greater than

some positive number c, where k is some number > 0. For, since 21 an
n = l

00

is bounded, an is bounded, and S an < (nt) has each term an <f> (nt)np
numerically less than a fixed multiple of

rfjjj.. ^j where, for a fixed

value of t, nt > c; and thus, for each value of t, 2 an <f> (nt) is absolutelynl
convergent.

00

The partial sum sn of the series 2 an may be expressed bynl

i(* + ) + l(S-*)On + cn9

where Qn is in the interval
( 1, 1), s and s are the upper and lower sums

00

of S an ,
and eM is a number such that

|
n

|

< 8, provided n is not less
n**i

than an integer m, dependent on the arbitrarily chosen positive number 8.
00

Since S (t)
= S (sn

- sn^) </> (nt), and sn <f> (nt) converges to 0, as
n-i

n ~ oo
,
since sw is bounded, S (t) can be expressed by

2 *{<}> (nt)
- $ (n + It)}

or by 1(3 -t- *) (f> (t) + S [|(s
-

s) dn + en] {<(> (nt)
-

<f> (n + It)}.
71 = 1

oo m oo

The sum S may be divided into two parts 2
, S , where

|

en
|

< 8,
n-l ral n-m-fl

for n S m. The first part of the sum converges to 0, as t ~ 0, since each
in

term converges to 0, and the number of terms is fixed. Thus
|

S
|

<
17,

provided t is < a number r
n dependent on the arbitrarily chosen number

77.

00

The sum S may be written as

/(/i-J-D*

<(>' (t) dt,

/

J'nt

and this lies between the two numbers

which, by condition (2), are definite. Since 8 is arbitrary, it now follows

that S (t) has its upper and lower limits, for t ~ 0, in the interval defined by
the two numbers

which establishes the theorem.
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It will be observed that, in case
</> (t) steadily diminishes as t increases

from indefinitely, the sum

S [J (5
-

*) n + ] W (nt)
-

<
( + M)]

n * m+ 1

lies between the two numbers [J (5 5) + 8] (m + It), which converge
to the numbers \ (S ), as t ~ 0, 8 ~ 0. In this case the limits of S (t)

lie in the interval (s, s).

An important example of the above theorem is the case in which

</> (t)
---- e~ l

. This function diminishes steadily as t increases indefinitely

from the value 0, and the series Saw e~* is convergent when 2an is bounded.

It follows that the limits of the sum of the series a^r 1
-f a 2 e~

2t + ...
,

as t ~ 0, are in the interval bounded by the upper and lower sums of

#1 + ^2 +
Now let er l

r, and we obtain the following extension of Abel's

theorem, already proved in 127 :

If the series a + a l -\- a 2 + ... is bounded, then a -H ax r + a2r
2 + ...,

which is convergent for r < 1, Aas a sww 5 (r), -u5/i <//at the upper and lower

limits of s (r), as r ~ 1, are in the interval bounded by the lower and upper
sums q/Sa ;z

.

A precisely similar theorem is obtained in the case < (t)
= e~'

2
, for

the scries S aw e~
wa *2

.w

157. Another important example of the theorem of 156 is the case

in which
f/ /-v sin 2^ 2 sin2

<

Ln this case t~<f> (t) ^ 1,
| {*((>' (t)

\

< 3, for all values of t\ also <'
(t)

converges to as t ~ 0.

The theorem is immediately applicable to shew that, when the series

a + a l h 2 f ... oscillates between finite limits, the limit, as t ~ 0, of the

sum S (t) of the convergent series

/sm\ 2 /siti 2t\- .
/sin i

is such that 8 (t), S (t) are both finite.

<-o j~u

In order to estimate the interval in which lim S (t) lies, in terms of the
*~

Tipper and lower sums of San ,
it is convenient to consider the series

sin nt * sn

n +

independently of the investigation in the general theorem ;
m being such

that
|

n |
< 8, for n m.
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Assuming that t is so small that mt < IT, let s be the greatest integer

such that st < ir\ and thus st < IT ^ (s + 1) t. If we divide the above
8-1 CO

summation into two parts, S and S
,
it is seen that in the first part

ra-f-l s

,, . /sinnt\
2 /sinn+lt\2

.^. . sin0 ,. .

all the expressions I
- - - --- -

)
are positive, since /r

~ dimin-^
\ nt J \ n +it /

r 6

ishes steadily as 6 increases from to TT. Therefore the sum

,. , , rl ,- x , en
lies between [J (*

-
5 ) + 8]

As ^ ^ 0, these numbers converge to i [| (s 5) + S], since st con-

verges to TT, because TT st ^ t.

T XT. j * X4.u /sinn*\ 2 /sinn + A 2
uIn the second part of the sum, _^^.

J may be writtenF
V n^ / V n + It J

J

in the form
sin t sin (2n + 1) t sin2 (n + I)+ -

t
2

[n* (n + l)
2
j

'

It now follows that

s

lies between

or between [|(
-

) + 8] -- +
s? 1 r

and these numbers converge to

since 5i converges to TT, as < ~ 0.

It has now been shewn that the sum of the series

,

* /sin w\ a

a + S an (

n-l V nt J

has for its limits, as t ~ 0, numbers which are in the interval bounded by

the two numbers % (5 + i) $ (3 s) (
1 H---1-

-
^ )

."
\ 7T 7T^/

By Du Bois Reymond* this interval was given by the numbers

* Abh. der bayerisch. Akad. vol. xn (187(5), p. 136.
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A more exact estimate than that given above has led G. C. Young*

to determine the numbers as J (s + s) \ (s s) ( 1 + -
^ J

.

158. A more general theorem than that of 157 may be obtained by

considering the case in which the series S an ,
when summed by Ctesaro's

n-O
method (C, r), oscillates boundedly. The general theorem, which is similar

to a theorem givenf by Fejer for the case r = 1, may be stated as follows :

// a + ax + a2 + ... be a series which, when summed (C, r}, where r is

a positive integer, oscillates boundedly, and <f> (t) be a function converging to 1,

as t ~ 0, and such that t
r

<f> (t) converges to 0, as t ~ oo
,
and is also such that

is convergent for every value of t, (> 0), having S (t) for its sum, then the upper
and lower limits of S(t), as t ~ 0, are both finite if the conditions are satisfied

that (1), </>(

r+V
(t) exists and is continuous for all values of t > 0, and (2),

that tr+k+L ^(
r + 1>

(t) is bounded for all values of t greater than 1, where k

is some number > 0. In case 2aw is summable (C, r), the limit of S(t), as

t 0, exists, and is equal to the sum (C, r) oflan .

Since S an oscillates finitely when summed (C, r), "is bounded (see 52) ;n
and the condition of convergence of the series Xan <f> (nt), for t > 0, is satisfied

in particular if
r+Afl

<f> (t) is bounded for all values of t>O>Q, where

A is some number > 0. Moreover, if an is bounded, it will be sufficient that

t
k ! l

<f> (t) is bounded for all values of t > C > 0. The partial sum G (n, r)

of the series 2! an is denoted by Cn ,
or by & I -.

-
. (see 47).

n=o / n\r\

Let Cf? - i (<"> + CM) + \ (CW - G) en + en ,
where - 1 * 9n * 1,

and
|

w
|

< 8, provided n^m\ where (7(r>, C (r) denote the upper and lower

limits of C,i ,
as n ~ co .

Employing the expression (4), of 48, the series S an <f> (nt) may be
n-O

written S
<f> (nt)^ ~ f 1

1

) ^n-i + T t M ^-2 --.-[, where the series
^=o I

\ l / \ z / j

in the bracket contains r + 2 terms, or n + 1 terms according as r is

< n I, or r ^n.

The sum of n + 1 terms of the series S an < (n) differs from the sum of
n-O

ft + 1 terms of the series

S
n=0

...(1)

* Jfw. of Math. vol. XLIX (1919-20), p. 73.

t JfotA. Annalen, vol. LVIH (1904), p. 62.

H n 15
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by an expression of the form 2 ^p 9qSn ,p <f> (n + qt), of which

the number of terms depends only on r. Each of these terms is less

than a fixed multiple of (n p)
r

<f> (n + qt), or of (n + q)
r

<f> (n + qt), which,

for each value of t, converges to zero, as n ~ o> . It follows that the series

S an <f> (nt) may be rearranged in the form (1), without affecting its con-

vergence, or its sum. Moreover the coefficient of S(^ in the series (1) can

be expressed by <
r+1

0<
r+1) (Xn ), where Xn is such that nt < Xn < (n -|- r + l)t.

The effect of substituting | (C(r) + (7(r)
) for all the expressions C7l in

the series S an (f> (nt) is to reduce it to the form

+^ 2)J _ 1

!(-2j!" "J'
. -

2!

the numerical coefficient of
<f> (nt) is the coefficient of xr

in

(1 + a?)""
-

(r + 1) (1 + ar)+'-
1 + ^li).r

(i
_h x)n

+r-. _
...,

j !

/ 1 V+1

or in (1 + x)
n+r

( 1
y

------
)

o:r in o;rH x
(1 + a;)

71" 1
,
and this is equal to 0,

except that, when n = 0, the coefficient is 1. Thus this part of the series

reduces to \ (?>>+ C[
(r)

)-

We next consider the part \ (C(r) - C (r)
)
^w + n ,

of (7^, and take the

summation from n = 0ton = m 1, where
|

ew
|

< 8, for n m. The
limit of this part, as t ~ 0, is zero, since each term converges to zero, and
the number of terms is fixed.

Next, we consider the series in which the n is taken from the value m
to p, where p is an integer such that (p + r + 1) t =< 1 < (p + r + 2) t

,

it being assumed that t is so small that (m + r + l)t< 1. If
ju,

is the

maximum of the continuous function
| <(>

(r+V
(t) \

within the interval (0, 1),

this part of the sum lies between the two numbers

(r + *
ft (w -

fiW) +
n-m ' i *

or between the two numbers

f! p \

or between the two numbers

_
C(T)) 8

,

j . .*>__k ; + <l i
-l-,

I

(p + r)'+ir+
l

. [J (#'>
-

fiw ) + 3J,

that is between the numbers ^
f
[^ ((7<

r> -
fiW) + 8].
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Lastly we have to consider the series

[J
(r> _ W

! r!

The sum of this series lies between the two numbers

8]

where
|

t
r+k+l

fi
r+*>

(t) \
< N, for t> 1.

Thus the sum lies between the numbers

QO

The sum S
-^-J| ~^ is less than S ^^, if r <#, which holds

31

2r
for all sufficiently small values of t] and this sum is less than -=-~

fc

.

It now follows that this part of the limit of the sum of the series to be

estimated lies between the two numbers

since pt converges to the value 1, as t ~ 0.

It has now been shewn that the limits of the sum of the convergent
series a + a^<f> (t) + a 2 </> (2t) + ...

,
as t ~ 0, are between two numbers

where A is a fixed number; since 8 is arbitrarily small. In case the series

San is summable (C\ r), the sum of the series a + a^ (t) + ... converges
to C&.

A special case obtained by taking <f> (t)
= e~*, and then writing h = c~*

is the following, already obtained in 128 (3).

If the series a + aji + a2h
2 + ... is convergent, and have s (h) for

sum, for h < 1, and the series a + at + a2 + ... is summable ((7, r),

then the limit lim s (h) exists and is equal to the C6saro sum of order r of

h~\
the series San . If the sum (C, r) oscillate between finite limits, so also does

lim s (h).
h~l

More general theorems of a similar kind have been obtained by
C. N. Moore*, by Bromwichf, and by HardyJ .

* Trans. Amer. Math. Soc. vol. vm (1907), p. 299.

t Math. Annalen, vol. LXV (1908), pp. 359, 362.

J Proc. Lond. Math. Soc. (2), vol. iv (1906), p. 247, and (2), vol. vi (1907), p. 255; also Math.

Annalen, vol. LXIV (1907), p. 77.
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CHAPTER IV

FUNCTIONS KEPRESENTABLE BY SERIES OR SEQUENCES OF
CONTINUOUS FUNCTIONS

WEIERSTRASS' THEOREM

159. The general question will be here considered what conditions

a function of one variable, or of several variables, defined in a given domain,
must satisfy, in order that it can be represented, in that domain, as the

limit of a sequence of continuous functions, and therefore as the sum of

an infinite series of which the terms are continuous functions.

Before proceeding to the general case we shall consider the special

case of a continuous function of a single variable, the function being

defined in a closed interval.

The following fundamental theorem is due to Weierstrass* :

If a function f (x) be continuous in a given closed interval (a, 6), and if

8 be an arbitrarily chosen positive number, a finite polynomial P (x) can be

so determined that
\ f (x) P (x)

\

< 8, throughout the interval (a, b).

In order to prove the theorem, it is convenient first to consider certain

special cases. Let a function y be defined, for the interval ( a, a), by the

specifications y = mx, for 5 x ^ a, and y = mx, for a ^ x
;

thus y is the continuous function which is represented geometrically by

portions of straight lines which meet at the origin and are equally inclined

to the #-axis.

The function is represented in the whole interval ( a, a), by

where the positive value of the radical is to be taken. This expression
for y can be expanded by the Binomial Theorem in a series of powers of

x2

~2 1
;
and this series converges uniformly in the whole interval ( a, a)

of x. In this manner, by taking two, three, four, etc., terms of the series,

we obtain a sequence of polynomials which converges uniformly, in the

interval, to the value of the function. Thus a particular case of the theorem

has been established.

Next, let the function y be defined, for the interval (a, 6), as follows:

Let y = 0, for a ^ x c; and y = m (x c), for c ^ x ^ b; where c

is a fixed number between a and b. This function is represented geo-

lAtrically by the portion of the #-axis between the points a and c, and by
the portion of the straight line y = m (x c), between c and 6. The function

* See the Sitzungsberichte of the Berlin Academy (1885), pp. 633 and 789; also Werke, vol. in*

p. I.



159] Weierstrass' Theorem 229

may be represented by y = \m (x c) + | \m (x c) \
; and since, as has

been shewn in the last case,
| \m (x c)\ is representable as the limit of

a sequence of polynomials converging uniformly, the same is true of the

function now considered.

Next, let (a, 6) be divided into a finite set of intervals

(a, arj, (xl9 #2 ), (a?a , a?8), ... (xn_l9 6);

and let ordinates to the #-axis be erected at the points a, xl9 a?a ,
... b.

the extremities of these ordinates being denoted by

*> *1> *2> -* n- lJ H?

Let the consecutive pairs of these points be joined by straight lines,

an open polygon P, P1 , P2 , ... Q being thus formed. It will be shewn that

the continuous polygonal function
<f> (x), defined by the ordinates of this

polygon, is such that a polynomial P (x) can be determined so that

\<f>(x)-P(x)\<i, 9

for every value of x, in (a, b) ;
where

77
is an arbitrarily chosen positive

number. It is clear that 6 (x) can be expressed as the sum of n functions

fa (x), (f> 2 (#), ...
(f>n (x), such that

<j> l (x) is linear in the whole of (a, 6),

that < 2 (x) vanishes in the interval (a, a^), and is linear in (xL9 6); that

< 3 (x) vanishes in the interval (a, #2), and is linear in (a?2 , 6) ;
and generally

such that
<J>r (x) is zero in the interval (a, xr^ 9

and is linear in the interval

(#r-i5 b). Since polynomials P^ (x) satisfying the condition

can be determined for each of the functions
(f> l (x), < 2 (x), ...

(f>n (x), the

theorem is established for the polygonal function
<f> (x).

In the general case in which / (x) is any function that is continuous in

(a, 6), it follows from the known theorem (r, 217) that/ (a:) is uniformly

continuous, that, if e be a prescribed positive number, the interval (a, 6)

can be so divided into parts (a, a^), (xl ,
x2), ... (xn_^ , 6), that the fluctuation

of/ (x) in each part is less than .

If
<f> (x) denotes the polygonal function considered above, which we

take to be equal to / (x) at each of the points a, xl9 #2 > #n-if ^> we see

that
| / (x) <f> (x) |

< , in the whole interval (a, 6). As it has been shewn

that a polynomial P (x) exists, such that
| <f> (x) P (x) \

<
77,

it follows

that
| / (x) P (x) |

< + T).
Since c, 77

are both arbitrary, Weierstrass'

theorem has been established.

If Si, 82 ,
... Sn , ... be a diminishing sequence of positive numbers

converging to zero, a sequence of polynomials Pl (x), P2 (#), ... Pn (x), ...

can be so determined that
| / (x) Pn (x) \

< 8W , for n = I, 2, 3, ... ; and

for all values of x in (a, 6).
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Since the sequence {Pn (x)} converges uniformly to / (x) as its limit,

/ (x) may be regarded as the sum-function of the uniformly convergent

series

Pi (X) + {P* (X)
- PX (X)} + ... + {Pn (X)

- Pn-l (X)} + ....

Thus the following theorem has been established :

If f (x) be. continuous in the linear interval (a, b), the function is the

limiting sum of a uniformly convergent series, of which the terms are finite

polynomials.

The proof of Weierstrass' theorem, given above, is substantially due

to Lebesgue*. Other proofs have been given by Runge|, by PicardJ,

by Volterra, by Mittag-Leffler||, and by Lerch^j. We proceed to consider

the extension of the theorem to continuous functions of any number of

variables. Another proof of the theorem for a single variable will be given

in 300.

The original proof given by Weierstrass depended upon the theorem

1 f*> (a;' -a;)
2

lim-f-j /(s')e~"~~* dx'^f(x),
fc~0 (irk)*

J -oo

where f(x) is continuous in the infinite interval (00,00). It was deduced

that a sequence of polynomials exists which converges to f(x) uniformly
in any finite interval.

WEIERSTRASS' THEOREM FOR FUNCTIONS OF TWO OR MORE VARIABLES

160. In order to extend Weierstrass' theorem to the case of a con-

tinuous function of two or more variables, defined in a closed cell, a proof

by induction will be given. Other proofs have been given by Weierstrass**

and by Tonellift.

We consider the case of a continuous function of any number of

variables, defined in a closed cell (a*
1
), a< 2

>, ...a<>; &W, W 8
), ... &()). Let

it be assumed that the theorem holds good for a continuous function

of p - 1 variables, defined in the cell (aW, a&\ ... a<-l
>; 6 (1

>, b&, ... 6<*-i)),

it will then be shewn to hold good for a continuous function

defined in the j9-dimensional cell.

If 8 be an arbitrarily prescribed positive number, a net with closed

meshes may be fitted on to the p-dimensional cell, such that the fluctuation

of / in each closed mesh is < 8. Let x(

*\ x
(

*\ x(

l\ ... x^ be the successive

* Bulletin d. Sc. Mat. (2), vol. xxn (1) (1898), p. 278.

t Ada Mat. vol. vii (1885), p. 387 and vol. vi (1885), p. 230.

J Traiti d'Analyse, vol. i, p. 258.

Rend. del. dr. mat. di Palermo, vol. xi (1897), p. 83.

||
Ibid. vol. xiv (1900), p. 217. f Acta Mat. vol. xxvn (1903), p. 339.

** Werke, vol. in (1903), p. 27, but not in the original memoir.

tt Rend. del. dr. mat. di Palermo (2), vol. xxix (1910), p. 9.
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values of x (& on the boundaries of the meshes which are perpendicular to

the x -axis ;
where x^ = a , x = b

p
. If

77
be an arbitrarily prescribed

positive number, for each value 0, 1, 2, 3, ... m, of r, a finite polynomial
PW) (#(i) ?

XW
9 mmm #(*>-!)) can, in Accordance with hypothesis, be so deter-

mined that

|

PM
(
XM, #(2), ... a?<J>-i>) -/ (a?W, #<2>, ... a?*"- 1

), a? ) |

< r,.

All these polynomials can be included in a single expression

where ql9 </2 ,
... g^ each has a finite set of integral values, including zero,

and ^q, t qz> ...qp^ (#r
P>

) is zero when a particular term x<n
q* xW9'

... x^" 1^" 1

does noib occur in P<r>
(a;^), a;<

a
), ... x&~v).

Let the functions ^^.^...^^ (# {3>)
)
be defined for each set of values of

P>
(7i> #2> (7^-1 so as * be linear in each of the m intervals (.

P
,
a

so as to have the prescribed values when x&) has the values x? , for

r -= 0, 1, 2, ... m. Since these functions are all continuous linear polygonal

functions, in accordance with the theorem of 159, if be an arbitrarily

prescribed positive number, finite polynomials Qqlt q^.,. qp^ (%
(^) can be so

determined that
| ^ </,,...,/_> (x&>)

-
i>qit q, t ...qp ^ (#

(p)
) |

<
,
for all the sets

of values of ql , q2 ,
... q p i . Let A denote the upper boundary of

S
|

ajd)*
1
a**)*' ... x&~vgv -1

|

in the cell (aW, a^, ... a^" 1
); 6W, 6W, ... 6(~i)). Let us consider the

polynomial

We have

If o;(p) be in the interval (x
(

r
p
\ x%!+i), we have, for each set of indices of

<f>,

(P) (P)

and therefore
(p)

xr+l ~

(1 ,(2) (#-1) (p) v -, # - #r

T ~h 1 1*

/,* V X ,V ^> J^>
r f / (1) (2) (23-1) (P)\ , /^ T^f+1 #
L/ v^ ?^ ,

... a;
,
a;r ;

-

where
|

ei \
< 1, | 0, |

< 1.
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Since /(*, x ... *-,*) =/(*, *, ... *) +

and f(x
w

, x
w

, ... x
(p - l

\#}

)
= /(*

(1)
,
*(2>

, ... *
(p>

) +

where
| 3 1

< 1,
| 4 1

< 1, we have

... xW) + 5
S + 0,8 + 0/7? + aV

where
| 5 |

< 1,
| 6 |

< 1,
|
0/ |

< 1,
| 2

'

|

< 1.

It now follows that

|

R (oW, x, ... a?W) -/(a*
1
*, a?, ... <*>) |

< A + 28 + 2ij.

If e be an arbitrarily prescribed positive number, let 8 be chosen to have

the value c. The number 8 having been fixed, the net can be determined,

and
77
can be taken to have the value e. The number can then be chosen

to have the value ^ . It has been shewn that the polynomial

is such that, everywhere in the ^-dimensional cell, the condition

\f(xM, #(2>, ... &W) - R (zW 9 xW, ... x<*>) |

< 6

is satisfied.

Since the theorem holds for p =
1, it is seen to hold for p = 2, 3, ... .

We have thus proved the following theorem :

A continuous function of any number of variables, defined in a given

closed cell, is such that a finite polynomial in the variables exists which differs

from the function by less than a prescribed positive number, at all points of

the cell.

161. It has been shewn in 79 that the terms of a uniformly con-

vergent series can be so bracketed that the new series converges absolutely

in the whole interval. We have therefore the following result :

Vf (x)
be continuous in an interval, or cell, (a, 6), a series, of which the

terms are finite polynomials, can be so determined that the series converges

tof (x) absolutely at every point of the interval, or cell, &nd uniformly in the

whole interval, or cell.

It can be shewn that the sequence of polynomials {Pn (x)} can be so

chosen that it is monotone. For let us consider the continuous function

f (x)
_

t A polynomial Pn (x) can be so determined that

for all points x in (a, b). It follows that Pn (x) lies between the two numbers

2n+2/
'
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if we assume that this condition is satisfied by Pn (x) for every value of n,

and observe that

_ __ - __
2n \2W+1 2n+2/ 2n+1 V2n+* 2n+8/'

we see that Pn+l (x) > Pn (x). We have accordingly the following theorem* :

Iff (x) be continuous in the interval, or cell, (a, b), a monotone sequence

of finite polynomials can be so determined that the sequence converges uni-

formly to f (x) in the interval (a, b).

It should be observed that, in Weierstrass' theorem, in the case of a

function of a single variable, the polynomials may bo so chosen that, at

the points a and 6, Pn (x) has the same value as/ (x), for every value of n.

For if / (a)
- Pn (a)

=
r,ni f (b)

- Pn (b)
= ,n ', where

| rjn \

and
| ,/ |

are

both less than the number ew ,
for which \f(x) Pn (x) \

< ew , in (a, 6),

let Pn
'

(x)
= Pn (x) + Ax + B, where A and B are so chosen that

We have ^4a h B rin , Ab + B =
r)n '-, and thus

j _ ^r/ J7 i} _ ^w 7-
a7?/"

6-a ' 6- a '

whence we have
|

Ax + B
\
< K n , where K is a fixed number independent

of n. Tt follows that \f(x)
~ Pn

'

(x) \

< en + #ew , and thus that the

sequence {Pn
x

(a:)} converges uniformly to / (x). Since Pn
'

(a)
= f (a),

Pn (b) =/(6), the sequence {P/ te)} satisfies the prescribed condition.

A sequence of polynomials which converges uniformly to the con-

tinuous function/ (x), in a given interval or cell (a, 6) ? may be so chosen

that each of the polynomials is less in absolute value, at any point of the

cell or interval, than the upper boundary U, of
| / (x) \

in (a, 6). For, if

the sequence {Pn (x)} converges uniformly to f (x), and thus

for n = tt 6 ,
in (a, 6), let the sequence {kn Pn (x)} be considered; where {kn}

is a sequence of increasing positive numbers which converges to the limit 1.

Since \f(x)
- knPn (x) \ <\f(x) - Pn (x) |

+ (1
- kn ) \

Pn (x) \

<en h (1
- kn ) (U + n )

< 3en , for n z ne if kn -
~

w
.

^
i n

It follows that, if this set of values of kn be chosen, the sequence {knPn (x)}

converges to /(a;), uniformly in (a, 6). Further, we have

|

kn PH (X) |

< kn \f(x) |
+ kn n < U -

.

Thus the sequence {kn} may be so chosen that, for every value of x,

|
knPn (x) |

< U n , and the sequence {knPn (x)} is a sequence of poly-

nomials such as is required.

* See Hobson, Proc. Lond. Math. Soc. (2), vol. xn (1913), p. 163.
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162. Weierstrass' theorem may be applied to the case in which / (x)

is defined in any closed set G, in any number of dimensions, / (x) being
continuous in O. In accordance with a theorem given in 108, if A be a

closed cell, or interval, which contains G, the function/ (x) can be extended

into a function /A (a;), continuous in A, and such thjat f&(x) =/(#) at all

points of G. IfPn (x) be a finite polynomial such that
| /A (x) Pn (x) j

< 8,

in A, then
j / (x) Pn (x) |

< 8, in G. It thus appears that / (x) can be

represented, in G, as the limit of a sequence of finite polynomials which

converge uniformly to/ (x).

Let H be the outer limiting set of a sequence of closed sets {Gn}, each

of which is contained in the next, and suppose / (x) to be defined as a

function that is continuous in H. Let {<} denote a monotone sequence of

positive numbers converging to zero
;
since / (x) is continuous in //, it is

continuous in Gn , and consequently a polynomial Pn (x) can be so deter-

mined that
| / (x) Pn (x) |

< n ,
at all points of Gn ;

and this for each

value of n. The sequence {Pn (x)} converges to / (x) at every point of H ;

for, any pointy, of H, belongs to all the sets Gn) Gn+l , ... for some value

of n, depending on p, and therefore the sequence [Pn (x)} converges at p
to the value f (p).

In particular, any open set, whether bounded or not, is the outer

limiting set of a sequence of closed sets
;
and all the points of the ^-dimen-

sional space form such an open set. Further, a set D (O, G), which consists

of the points which an open set and a closed set G have in common, is

the outer limiting set of the sequence {/) (gn , G)}, of closed sets, where O
is the outer limiting set of the sequence {gn}, of closed sets.

The following theorem has now been established:

If a set E is either a closed set, or an open set, bounded or unbounded, pr

the set which a closed set and an open set have in common, and a function

f (x) be continuous in the set E, a sequence offinite polynomials can be deter-

mined which converges in E to f (x). In particular, iff (x) is continuous in

the whole linear, or p-dimensional space, a sequence of finite polynomials
can be determined which converges at every point x, to the valuef (x) ; moreover

the convergence of the sequence is uniform in any finite cell, or interval.

For a discussion of the methods of Lagrange and Tchebicheflf for the

approximate representation of functions by series of polynomials, reference

may be made to Borel's Lemons sur lesfonctions de variables reettes, chapter iv.

A considerable amount of attention has been paid recently by mathe-

maticians to the question of the best approximations to a continuous

function by polynomials. The question was first raised by Lebesgue* as tp
* Rend. del. cir. mat. di Palermo, vol. xxvi (1908), p. 325. For a discussion of this and other

questions see Dunham Jackson's Preisschrift, Gottingen, 1911, where many references to the

literature of the subject will be found. Among these are Lebesgue, Annales de Toulouse (3), vol. I

(1910), p. 25, de la Valtee Poussin, Bull, de Vacad. ray. de Belgique (1908), p. 403 and p. 193, and

(1910), p. 808. See also de la Valle*e Poussin's Leqons sur Vapproximation de* fonctions d'une

variable reelle, Paris, 1919.
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the lowest degree of a polynomial P (x) which satisfies the condition

I / (#) P (%)
|

< 8 in the linear interval (a, 6), / (x) being an assigned
continuous function and 8 an assigned positive number.

UNBOUNDED CONTINUOUS FUNCTIONS

163. The theorem of Weierstrass may be extended so as to apply to

the case in which the function / (x), defined in a closed domain E, is con-

tinuous only in the extended sense of the term (see i, 219), the two

improper values oo
,

o>
, of the function being regarded as distinct from

one another. Employing the transformation

the function
<j> (x) is continuous in E, in the ordinary sense. Accordingly,

<f> (x) is the limit of a sequence {Qn (x)}, of finite polynomials, which con-

verges uniformly to < (x), and the sequence can be so chosen that

| Qn (x) |

< 1, for all values of n and x (see 150). Taking a sequence

{kn} of positive numbers converging to the limit 1, the sequence {knQn (x)}
k Q (x)

converges uniformly, in E, to
<f> (x). Since |"~ r/Tf"n *s a continuous

function, bounded in Z2, a finite polynomial Pn (x) can be so determined

that

^ttnfn V / p /^x .-
*

n w
r

"j; j ^~r
> ~T JL ^ \**'/

^- c
? -*-1A *^

Let us consider the set of points in E for which
| / (x) \

^ A
;
at these

points we have
| cf> (x) \

^ -v. We have also

\f(x)-Pn (x)\<
\\ l~kn \Qn (x)

and
| cf> (x) knQn (x) |

< e, for n^Ue, at every point of J. In case

| <f> (x) |

^ 2e, ^ (^) and ^wQn (x) have the same sign, and
|

knQn (x)
\

> c;

we have then, at all points of E at which f(x) A
,

-i tf<r _l_4. "L
r/ (1+4) 2 '

*
*

,*

if
7i
- 6 (1 + A)*\ hence

| /(a;)
- Pn (x) \

<
T? (1 + 2^) -|- 77

< 4r?, when TJ,< 1/2,

provided n ^ n . If ^ be first chosen, e and n are determined. In case

| <f> (x) |

< 2e, we have, assuming that e < 1/6,

\f(x)-P9 (x)\<+ r
?-

fa
- + r*-g-

< 32c < 32r,;

it now follows that
| / (x) Pn (x) \

< 32rj, for all points of E at which

f(x)^A, provided n^n . Since
| / (x) Pn (x) \

< 32^, in the set in which

f(x)A, the sequence (Pn (x)} converges uniformly to f(x) in that set

of points.
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Next, consider the points of E at which / (x) is infinite ; at these points

|
< (x) |

= 1,
|

knQn (x) |

> 1 6, for n S n
\
it follows that, in this set of

n (X) *- ^
"I j 1 f I T"k / \ I

-^

points
-

? \n t \
> anc* therefore

I

Pn (x) \

> -, for n n .

1 fan
I
Vn W

|

It has thus been shewn that the divergence of {Pn (x)} is uniform in the

closed set of points at which / (x) is infinite. It is not necessarily the case

that the approach of the sequence {Pn (x)} to the function / (x) is uniform

in accordance with definition of uniform approach given in 69. It can

be shewn that each point at which / (x) is infinite is a point of uniform

divergence of the sequence, in accordance with the definition in 73.

The following theorem has been proved :

/// (x) be defined in a closed' set of points E, of any number of dimensions,

and infinite values of f (x) are taken into account, the distinction between

+ oo and oo being recognised, and the function be continuous, in E, in

the extended sense, then a sequence of finite polynomials can be determined

which converges uniformly to f (x) in the set of points at which
| / (x) |

^ A,

for every value ofA; and diverges uniformly in the set at whichf (x) is infinite.

164. When no distinction between f- QO and oo is recognised, the

following theorem is applicable :

Iff(x) is a boundedfunction, and a sequence offunctions {fn (x)} converges

to f (x), uniformly, then f
-. converges to

;. ,
-
uniformly in the set ofpoints

Jn (
x

) J (%)

at which t-ff-\ ,
- N, and it diverges uniformly in the set in which

r-fj-r-i
I / (

x
) I I / (

x
)

I

is infinite; + oo and oo being regarded as not distinct from one another.

We have
| / (x) fn (x) \

< c, for all sufficiently large values of n. Let

N be an arbitrarily chosen positive number, and consider those points

at which ^ N.

At the points at which .-*.
T
^.N, we have, if

r)
= N*, and n is

I / \
x

) I

sufficiently large,

1
7-1 < i-

*!/(*) I !/(*) I "l/(*)|- * jt

N
< 7?

(l
+

|?)
< ST,, if tf > 1, and

It thus appears that
^

.-- converges to TT\, uniformly, in the set of
Jn (

x) J (
x

)

points for which
J-?T-'\"I

~ ^-
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At the points at which . -. oo
,
we have

| fn (x) \

< e, for n n
I / (

x )
I

hence
, f

, > -. It follows that the divergence of the sequence ] i-y-
I Jn (

x
) I

>
( jrw (a:

is uniform in the set of points at which
--y

. is infinite.
/ \

x
)

165. Let us consider a function/ (x) defined in the finite interval (a, 6),

infinite values of / (x) being admitted, but no distinction being made
between + o> and oo . The function is taken to be continuous in (a, 6)

in the extended sense (i, 219). The set of points at which/ (x) is infinite

is closed; as follows from the condition of continuity. It will be assumed

that this set is non-dense, so that the case in which the function is infinite

ina whole sub-interval is left out of account. If P be a point at which

/ (x) is infinite, there is an interval AP enclosing P, at every point of which

\f(x)\N. We can so choose A that at both its end-points | / (x) \

has

the value N. A finite set of these intervals A can be so determined that

every point at which / (x) is infinite is interior to one of them. We thus

obtain a finite set of intervals (ar , ft), where r = 1, 2, 3, ... w, such that

| / (x) |

N in every point of all the intervals of the set, and such that

/ (
ar)> f (ft) both have one of the values JV, N.

Let the function fr (x) be defined by fr (x)
~ f (x), in (ar ,ft);,

fr (x)
= / (OT), in (a, OT) i

and /, (x)
- / (ft), in (ft, 6). Thus

| /, (x) \
N,

at every point of (ar9 ft.). The function l/fr (x) is bounded and continuous

in the whole interval (a, 6). A sequence {Prs (x)} of polynomials can there-

fore be so determined as to converge uniformly to
!//,. (x). By the last

theorem it follows that \ ~
[ converges and diverges to fr (x) in the

(*rs (
x ))

r^n
mode specified in the theorem. The function S fr (x) differs from/(#) only

r =i

by a constant, in each of the intervals (ar , ft), and it is constant in each
r^n

interval complementary to the set (ar , ft). Let fr (x) ^f(x) + kr , in
r-l

the interval (ar , ft). In the interval (ft_!, ar )
we have

say = &/ Let the continuous bounded function /B+1 (x) be defined by the

specifications fn+l (x) =f(x)- fc/, in (a, o^); /n+1 (x)
- - kl9 in (a x , ft);

/n+i (30= /(*)-*' in (A,i); A+i() = -*8 , in ( 2 ,ft>), etc. The
function /w+1 (^) is the limit of a sequence Pw+ltf (x) of polynomials which

r-n

converges uniformly. The function / (x), or S /r (a?) + /w+1 (a;) is the limit
r = l

of a sequence
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which converges and diverges to the function / (x) as in the theorem of

163. The following theorem, due essentially to W. H. Young*, has thus

been established:

// the function f (x) is continuous in the interval (a, 6), in the extended

sense of the term, where oo and oo are regarded as identical, and f (x) is

infinite only at a non-dense set of points, then f (x) is the limit of a sequence

of rational functions which converges to f (x) uniformly in the set of points at

which f (x) A, and diverges uniformly in the set at which f (x) is infinite.

STANDARD SETS OF CONTINUOUS FUNCTIONS

166. Let a system of nets, with closed meshes, be fitted on to the finite

interval (a, 6). For any net, Dn , consider the set of continuous polygonal

functions, each of which has a rational value at each end-point of each

mesh, and is linear between the two end-points of each mesh. The totality

of all these functions, for the net Dn is an enumerable set (see i, 58).

Further, when we consider the totality of all such enumerable sets of

polygonal functions, for all the nets Dl9 Z)2 ,
... of the system of nets, we

have .an enumerable set of continuous polygonal functions which may
accordingly be denoted by {fm (x)}, when arranged in enumerable order.

This set of functions may be regarded as a standard set, and it has the

property that, if
<f> (x) be any continuous function whatever, defined in

(a, 6), a subsequence of the functions {fjtl (x)} exists which converges

uniformly to
(f> (x). To prove this, let {ew} be a diminishing sequence of

positive numbers converging to zero. Let/Wl (x) be the first of the functions

{fm (
x)} which belongs to the net Dl and also is such that, at each corner

of the polygon which it represents, the value of /nj (x) differs from < (x)

by less than ^ . Next let/nz (x) be the first function of the set, afterfn (x),

which belongs to the net D2 and is such that, at each corner of the polygon
which it represents, /ni (x) differs from

<f> (x) by less than 2 ;
and so on.

We have then a subsequence {fn (x)} of the sequence {fm (x)}, such that,

at each corner of the polygon which fn (x) represents, fn (x) differs from

<f> (x) by less than e^,; and this for all the values 1, 2, 3, ...
,
of p\ moreover,

fnp (x) belongs to the net Dp .

Let Dv , be the first net for which p' ^ p, and such that the fluctuation

of
<f> (x) in each mesh is < P . Since, at each end-point x of each mesh of

Dv , ,
we have

| </> (x) fn . (x) \

< e^, and the fluctuations of
<f> (x) and

of fn , (x) in such a mesh are < 6P ,
and < 2 P , respectively, we have

| <f> (x) f^ (#) |
< 3ep, at every point of (a, b). Since this holds good for

every value of p, with the corresponding value of p
1

',
it follows that the

sequence {fnp, (x)} converges uniformly to
<f> (x), and {fnp, (x)} is a sub-

* See Proc. Lond. Math. Soc. (2), vol. vi (1908), p. 222.



165-168] Standard Sets of Continuous Functions 239

sequence of the standard sequence { fm (x)} . Instead of the sequence

{fm (
x)} WG may employ a sequence of finite polynomials. Let Pm (x) be

a finite polynomial such that
| fm (x) Pm (x) \

< m ,
in (a, b). We then

have
| cf> (x) P

np
, (x) \

< 4c^ ; .and consequently the sequence {Pnp, (x)}

converges uniformly to
<f> (x).

The following theorem has now been established :

A standard sequence of continuous functions {fn (x) exists such that, if

<j6 (x) be any continuous function whatever, defined in the interval (a, 6), a

subsequence {fnp, (x)} is contained in {fn (x)} which converges uniformly to

(f> (x). Moreover, the standard functions {fn (x)} may be so chosen as to be

finite polynomials.

167. With but a slight modification, the foregoing proof may be em-

ployed to establish the corresponding theorem that a set of continuous

functions of any number of variables exists, such that in a given cell, a

subsequence of the functions (which may be taken to be polynomials)
exists which converges to an assigned function of the variables which is

continuous in the cell.

In the case of two-dimensional functions, instead of the polygonal
functions employed in the one-dimensional case, we take in a mesh

(a
(

r ,
a

(

s
}

; #r+i? as+i) the function

which is continuous, and such that, at each point of the mesh, its value is

in the interval bounded by the greatest and least of the four numbers

This function is the analogue, in two dimensions, of the polygonal function

in one dimension; its form can easily be obtained in the case of any number
of dimensions.

CONVERGENCE OF SEQUENCES ON THE AVERAGE

168. Let {sn (x)} be a sequence of measurable functions, defined in a

measurable set E, of which the measure is either finite or infinite, and which

is in any number of dimensions; each function is assumed to be finite

almost everywhere in E.

Let the set of points x, of E, at which
|

$ (x) SQ (x) |
S , be denoted

by e (e, p, q) ;
where c is any positive number. Let it be assumed that, for
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each value of e, lim m {e (e, p, q)}
= 0; this is equivalent to the assump-

PO-00,~00

tion that, when 8 is an arbitrarily chosen positive number, the condition

m {e (e, p, q)} < 8 is satisfied, provided j? g P, q S Q, where P, Q are integers

dependent only on 8 and e. For two different pairs of values of p and q,

the sets are in general different ones, although each of them has its

measure < 8.

A sequence {sn (x)} which satisfies this condition is said to converge

on the average in the set E. The convergence of this type was first investi-

gated* by Fischer and by F. Riesz, who employed the term convergence en

mesure.

If the measurable set E have infinite measure, it is the outer limiting
set of a sequence {En} of measurable sets, each of which has finite measure

(see I, 134). The case in which E has finite measure may be included,

by supposing that En is, for every value of n, identical with E.

It will be assumed that the sequence {sn (x)} is convergent on the

average in each of the sets El ,
E2 ,

. . . En , . . . , but not necessarily in E,

when m (E) is infinite.

There exists, in El ,
a set of measure > m (E^) ^77, at all points of

which
|

s
ni (x) s

W2 (x) |

< |TJ ;
where nL ,

n2 are fixed numbers, neither of

which is less than a certain integer A^ (|T?). Similarly, there exists, in E 2 ,

a set of points of which the measure is > m (E2) 02 77,
at which

I *,(*)- **, (*) I

<
22^

where 7i2 ,
n3 are so fixed that neither of them is less than an integer

N&
(yz y j

;
the part of this set that is in El has its measure > m (E^ ^

It is clear that nl9 n2 ,
n3 may be so chosen that both the conditions are

satisfied for the same set of values of these integers. We take for % its

least value JV(1)

(;~?7];
for n2 we take the least integer which is > % and

S JV(2)

( 92
7
?)- Similarly, if n$ be the least integer which is > n 2 and

* there exists, in E3 , a set of points of measure

>m(Es)~
23 7j,

at which
|

s
W3 (x) s^ (x) \

<
^77, provided n is taken to be > n3 ; the

part of this set in El has measure > m (EJ 77. Proceeding in this

* See Fischer, Comptes Rendus, vol. CXLIV (1907), pp. 1022, 1148, also Riesz, vol. cxmi

(1906), p. 738, and vol. CXLIV, pp. 615, 734, 1409.
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manner, a sequence {np} of increasing integers is defined, so that, at every

point of a certain set, of measure > m (Er) ^ 77,
the condition

{**,(*) -*(*){< pi*

is satisfied; moreover the measure of the part of this set that is in E^ is

> m (E^ ^77..
As this holds for each set Er ,

it follows that there

exists, in El9 a set Fl9 of measure > m (E^ (= + -
2 + ... + -- + ...

j 77,

or m (EJ 77,
in which the conditions

|

snr (x) snr+l (x) |

<
9r 77

is satisfied

for every value of r.

In this set Fl9 we have
|

s
nr (x) s

nt (x) \

< o,-^, for t ^ r\ it follows

that, in Fl9 the sequence s
ni (x), sn2 (x), ... is uniformly convergent.

If we omit % and consider the sequence s
U2 (x), $W3 (x), ... , and let ^77

2t

take the place of
77,

it is seen that the sequence converges uniformly in a

set jFa ,
contained in E2 ,

of measure > m (E2 ) -77. Generally, there is,

in Ery a set Fr , of measure >m(Er) 2r-i^>
*n which the sequence

snr (x), s
wrfl (x), ... , and therefore the sequence {snp (x)}, converges uni-

formly. The part of Fr that is in El has measure > m (E^ -
77,

and

in this part, the sequence {snp (x)} converges uniformly. Since ^^ 77
is

arbitrarily small, when r is increased, it follows that the sequence {sn (x)}

converges almost everywhere in E . Similarly, it can be shewn that the

sequence converges almost everywhere in each of the sets E2 ,
E3 , . . . ,

and therefore it converges almost everywhere in E. A function s (x) is

defined almost everywhere in E, as the limit of the sequence {sn (x)}.

It will be shewn that the function s (x), so defined, is unique, in the

sense that two values obtained as in the above process, but employing
different modes of determining the sequence {np}, can only differ from one

another at points of a set of which the measure is zero
; and thus that they

are equivalent functions.

Let sW (x), s (x) be two such values of s (x), defined by sequences

(snp (
x)}> (sn>p (

x)} respectively. If, in the set E: , they are not equivalent
to one another, there must exist two positive numbers A, k, such that

|

s(1)
(x) s^ (x) |

^ A, in a set of points of measure fc, contained in E^ .

If c be an arbitrarily chosen positive number, we have |s
(1>

(x) sn (x) \

< e,

in a certain set, contained in E^ , of measure >m (E^ ,
for a sufficiently

HII 16
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large value of p\ similarly |

$<2) (x)
- sn,

p (x) \
< c, in a certain set, of

measure > m (EJ ', where p is sufficiently large.

It follows that both these inequalities are satisfied, for a sufficiently

large value of p, in a set of measure > m (E^ ', contained in El .

Since
|
s
np (x)

- sn,
p (x) \

< e, in a certain set of measure > m (E^ 77,

for a sufficiently large value of p; and since

!(*)- s (s)|<| *W (x)
- s

np (x) \
+

\ (x)
- sn,

p (x)\+\ s
np (x)

- sn,

p (x) |
,

by choosing p sufficiently large, we see that, in a certain set, contained

in JB19 of measure > m (E^ - T?
- -

', we have
|

6W (a?)
- s (a;) |

< 3e.

Let e be so chosen that 3e is less than A, and 77 -f- + '
is less than k\ then

|
*(*) (x) 8 (x) |

< A, in a set of measure > m (E^ - k. This is inconsistent

with the assumption that, in El9 \

sW (x) s (x) \

^ A in a set of points

of measure k. It follows that, in Ely *W (x) and s& (x) differ from one

another only at points of a set of measure zero. The same argument

applies in the case of each of the sets Er ;
and therefore, in E, the two func-

tions sW (x), s^ (x) are equivalent.

The following theorem has now been established :

If a sequence {sn (x)}, of measurablefunctions, is convergent on the average,

in a measurable set E, offinite, or of infinite, measure, and of any number of

dimensions; so that the measure of that part of E in which

I *p fa)
- * (%) \

- *,

for eachfixed value of 6, converges to zero, as p and q are indefinitely increased,

independently of one another, then a subsequence {snp (x)}, of the sequence

{sn (x)}, can be defined, which converges to a single-valued function s (x), almost

everywhere in E. Moreover two functions s (x) which satisfy this condition

are equivalent to one another. In some set of points of measure zero, s (x)

may be undefined. Moreover, if E has infinite measure, the theorem is valid

when {sn (x)} is convergent on the average in each part of E ttiat has finite

measure.

That the convergence of the sequence (snp (x)} to s (x), almost every-

where in the set Er ,
of finite measure, necessarily entails the uniform

convergence of the sequence in some set of points of Er ,
whose measure

differs from m (Er ) by less than an arbitrarily fixed number, follows from

Egoroffs theorem ( 99).

169. If s (x) be a measurable function, defined almost everywhere in

the measurable set E, of finite, or of infinite measure, and if there exists

a sequence {sn (x)} of measurable functions, each of which is finite almost

everywhere in E, such that the measure of the set h (c, n), of points at

which
|
s (x) sn (x) |

, converges, for each fixed value of c, to zero,

.as n ~ oo
,
then the sequence {sn (x)} is said to converge on the average to s (x),

in the set E.
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The relation, which will be investigated below, between the two pro-

perties of "convergence of a sequence on the average" and "convergence
of a sequence on the average to s (#)" is analogous to the relation between

convergence of a sequence of numbers, and convergence of a sequence of

numbers to a limit, leading to the General Principle of Convergence given
in i, 30.

In case m (E) is infinite, the sequence may converge on the average to

s (x), in each part Er , of E 9
and yet not necessarily converge on the average

to s (x) in E itself.

For, in Er , we may have m \h
(r) (, n)] < 7),

for n ^ Nr ,
where Nr is

an integer dependent on e, 77,
and on the set Er . Unless Nr is bounded, for

all values of r, there exists no integer n, such that m [h (e, n)] < 07,
for

n ^ N, and if this is the case for all sufficiently small values of c, 77,
the

sequence does not converge on the average to s (x), in E.

The following theorem will be established :

If, in the measurable set E, of finite, or of infinite, measure, a sequence

{sn (x)} of measurable functions, finite almost everywhere, converges on the

average to a measurable function s (x), finite almost everywhere, then the

sequence {sn (x)} is convergent on the average, in E. Moreover a partial

sequence {snp (x)} can be defined which converges almost everywhere in E to a

function equivalent to s (x).

At every point of E not belonging to the set h (^e, p), of the points at

which
|

s (x) sp (x) |

~
|e, nor to the set h (^e, q), and at which s (x) is

defined, we have
|

s (x) sp (x) \

< Je, and
|

s (x) sq (x) |

< Je, and

therefore
|

sp (x) SQ (x)
\

< e. Accordingly, at every point of E not

belonging to a set of which the measure is

we have
| / (x) fq (x) \

< e. Therefore the set e (e, p, q), of points of E,
at which

| fv (x) fQ (x) \

^ e, has its measure

- m [h (|e, p)] H- m [h ( |e, q)].

Thus lini m [e, p, q]
* lim m [h ( Je, p)] + lim m [h (|e, q)],

7J--OQ, (/"~oo p~<x> q~tt

or the limit on the left hand side is zero. Therefore the sequence {sn (x)}

is convergent on the average, in E.

By the theorem of 168, a sequence {snp (x)} can be defined which

converges almost everywhere in E to a function
<f> (x) defined almost every-

where in E. It will be shewn that
<f> (x) and s (x) are equivalent to one

another.

In the part Er ,
of E, of finite measure, there exists a set of points of

measure > m (Er) 77,
in which {snp (x)} converges uniformly to

<f> (x).

Hence, in this set,
| <f> (x) s

np (x) \
< e, for all sufficiently large values of

16-2



244 Series or Sequences of Continuous Functions [OH. IV

p. Moreover
|

s (x) s
np (x) \

< e, in 'a set, contained in Er , of measure

> m (Er) , provided p is sufficiently large. Hence, taking a sufficiently

large value of p, we have
|

s (x) <f> (x) \

< 2e, in a set of points contained

in Er , of measure > m (Er) 77
. Since

T?
and converge to zero with <?,

it follows that s (x) <j> (x)
= 0, almost everywhere in JS^ . Considering the

sequence {Er}, of which E is the outer limiting set ; or in case m (E) is

finite, taking Er to coincide with E, it follows that
<f> (x)

= s (x) almost

everywhere in E. Thus the second part of the theorem has been proved.

The following is the converse theorem :

//, in the measurable set E, of finite, or of infinite, measure, the sequence

{sn (x)}, of measurable functions, finite almost everywhere in E, is convergent

on the average, the function s (x), defined in accordance with the theorem of

168, is such that the sequence {sn (x)} is convergent on the average to s (x),

in any part El , of E, of finite measure. If m (E) is finite, {sn (x)} converges

on the average to s (x), in E.

Since {sn (x)} is convergent on the average, in El ,
\ s^ (x) SQ (x) \

<
77

in some set of measure > m (EJ , provided p and q are sufficiently

large. Now let q = nr ,
then

|

s (x) snr (x)
\

<
77,

in some set of measure

> m (EJ , provided r is sufficiently large. It follows that

|

s (x)
- 89 (x) I

< 27?,

in a set, contained in El ,
of measure > m (E^ 2, the fixed number p

being sufficiently large. For this value of p, the set of points of El at which

|
s (x) Sj> (x) |

S 2?7 has its measure less than 2. Since
77
and converge

together to zero, the condition is satisfied that {sn (x)} converges on the

average to s (x), in El . The set E1 may be any measurable part of E>
and in case m (E) is finite, it may be identical with E.

A particular case of the last theorem arises when {sn (x)} converges,
in the ordinary way, to s (x), almost everywhere in E. If El is a part of E>
of finite measure, {sn (x)} converges uniformly in a part of E^ of measure

> m (E^ . If p and q have large enough values
|

sp (x) sa (x) \
< e,

in a set of points of measure > m (EJ . Thus the points of El ,
at which

I SP (
x

)
* (

x
) |

^ > form a set of measure <
,
for each pair of values of

p and q that are both large enough. H^ence the sequence {sn (x)} converges
on the average in each part E^ ,

of E, for which m (E^ is finite
; accordingly

{sn (x)} converges on the average to s (x), in each part of E that has finite

measure; if m (E) is finite, {sn (x)} converges on the average to s (x), in E.

It has thus been shewn that :

If (sn (#)} converges almost everywhere to s (x), it converges on the average
to s (x) in any part of E of which the measure is finite.

That the converse of this theorem does not hold good is seen by con-

sidering, as in 169, the sequence {sn (x)}, which is convergent on the average
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to s (x) ; the sequence itself does not necessarily converge to s (#), but only
the part sequence {snp (x)} converges to s (x) almost everywhere in the set E.

For example, let {sn (x)} be defined in the linear interval (0, 1) by the

rule that, if n = m2 + r, where * r < 2m + 1, then sn (x)
=

1, in the

(T
T ~\- 1 \ 1

r> ft i ) 9
and everywhere else sn (x) = . The sequence2m + I 2m + II

J wv/ m ^

isn (#)} is convergent on the average in (0, 1), but it is not a convergent

sequence. The subsequence {sm* (x)} converges to the function which has

the value zero everywhere except at the point 0, where its value is 1.

170. If the measurable function/ (x), and the sequence of measurable

functions
{<f>n (x)}, defined in the measurable set E, of finite, or of infinite

measure, of any number of dimensions, be such that

'(E)

for a value of k (> 0), exists as an L-integral, for every value of w, and

converges to zero as n ~ <x>
,
it is easily seen that {< n (x)} converges on the

average to/ (x), in E. For, if n be an integer, so great that

f

J (

-< (x) \*dx< c**1
,
for n S ne ,

the set h (e, n), of points of E at which
| / (x) <f>n (x) \

S must have its

measure < e. Since e is arbitrary, it follows that {$>n (x)} converges, on the

average, tof(x), in the set E. For, if e' < e, and n ^ n ', the set h (e, n) is

contained in h (e', n) ;
and thus m [h (, n)] ^ m [h (e', n)] < e', for n ^ n '\

hence m [h (e, n)] converges to zero, as n ~oo. It follows from the first

theorem of 169, that the sequence {<f)n (x)} is convergent on the average;
and therefore, that, in accordance with the theorem of 168, a partial

sequence {(f>np (x)} exists which is convergent almost everywhere in E, and

converges to/ (x), in accordance with the second theorem of 169.

Similarly, if the sequence {<f>n (x)} be such that

(x)
-

<f>q (x) |

fc dx - 0,Urn
f

j9~QO,g~00 J ((E)

it is seen that the sequence {<f>n (x)} converges on the average in E. There

then exists a sequence {<f>np (x)} which converges almost everywhere in E
to a function / (x), defined almost everywhere in E\ and it converges on

the average to / (x) in any part of E which has finite measure.

171. The most important case for consideration, in view of applications

in the theory of Fourier's and other series, is that in which k = 2. The more

general case will be considered in 177.
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It will be shewn that :

// {(f>n (x)} be a sequence offunctions, each of which has its square summable

in the measurable set E, of finite, or of infinite, measure, in any number of

dimensions, and if the functions are such that

lim
f

~oo, g~oo J (HE)

then a sequence {n.}, of integers, can be so determined ttiat the sequence

{<f>np (x)} converges, almost everywhere in E, to a function f (x) whose square
is summable in E. Moreover f (x) is unique, in the sense that two values of it

are equivalent to one another.

In accordance with what has been proved in 170, the sequence

{<f>n (x)} being convergent on the average, there exists a sequence {<f>np (x)}

which converges, almost everywhere, in E, to a function/ (x).

It will first be shewn that I
{<f>n (a;)}

2 dx converges, as n ~ oo
, to

a definite limit.

We have

f f f

j / TF\ J 1 1T\ J ( Jf\

<2J E
{<f>P (x)}*dx + 2

,

where p is a fixed integer sufficiently large, for all sufficiently large values

of n; therefore {6n (x)}
2 dx is bounded for all values of n. Again

J(E)

f {^ (*) + ^ ()}&?]*<* [2 f {<l>n (x}r +
J(E) J L J(E) (E)

where A is a fixed positive number, provided n and m are sufficiently large.

It follows that 1
{<f>n (x)}

2 dx converges to a definite limit, as n ~ oo .

J(E)

If the integration had been taken over any set G, contained in E, the

same proof would shew that {<hn (x)}* dx converges, as n * oc
, to a

J(0)
definite limit.

Let E be the outer limiting set of a sequence {En} 9 of measurable sets,

all of finite measure, such that each set contains the preceding one. In

case m (E) is finite, En may be taken to coincide with E, for all values of
<t

n. In each set En there is a set Gn , of measure > m (En ) ^,
in which

the sequence {<f>np (x)} converges uniformly to/ (x) ;
the part of this set that
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g
is in El has its measure > m (EJ ^. It is clear that the sets On may be

so chosen that On is contained in Gn+l ,
for all values of n.

Since
{<j>np (x)} converges uniformly to f (x) in the set Gn) we have, in

that set
| / (x) \

<
\ <j>np (x) \

+ 77,
where

77
is a chosen positive number,

provided p is sufficiently large. Since
| <f>np (x) |

2 is summable in Gn , it

follows that
| / (x) |

2 is also summable in Gn .

We have also

I f [(/MY ~
{<f>np (X)?] dx\<\l {/ (X)

~
<f>np (X)}

2 dx
U(On)

P
I U(Gn)

P

f {/(*)++,(*)}***]*,J (On) J

and, for all sufficiently large values of p, we have
| / (x) <f>np (x) \

< e,

at all points of Gn \ thus the integral on the left-hand side is less than

*[m(Enrf\[ (2\f(*)\+c?dx]*.LJ(On ) J

Since p becomes indefinitely great, as ~ 0,

[ {f(x]?dx= lim
f {^(xWdxJ (Gn ) P~o J (Gn)

= Urn
f {tm (x)]>dx

m~<*> .'(QH )

lim
f {<f>m (x)}*dx.

m^oo J (E)

Now m (Gn )
> m (En ) ; hence, since 8 is arbitrarily small, we have

f {/(*)}&=<- limf {4>m (x)}*dx.
J (Kn ) m-oo J (E)

Thus I {f(x)}*dx is bounded for all values of n, and its limit, as 7i~o> ,

J (En)

accordingly exists as a definite number, since the values of the integral,

as n increases indefinitely, form a monotone non-diminishing sequence.

It follows that I {f(x)}
2dx exists; arid therefore {/ (x)}

2 is summable in E.
J(E)

172. We proceed to obtain further properties of the function f (x).

We have

I f {/ (x)
- ^ (*)}* dx - f #m (x)

- ^nr (x)Y dx
\J(Gp) J(0P)

S
I f {/ (x)

~ $ r (x)}* dx f {f (x) + <f>nr (x)
-

2<f>m (x)}* dx\\U(0P ) J(E) J

It is easily seen that

(K)
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is less than a fixed number, independent of r and m\ for the integrals of

{<t>nr (#)}
2
> {<f>m (#)}

2 are less than fixed numbers; and since {/ (x)}
2 is sum-

mable, the integrals of / (x) <f>nr (x), f (x) <f>m (x), and
<f>nr (x) <f>m (x), are

seen, by employing Schwarz's inequality, to be numerically less than fixed

positive numbers. We have therefore

f {/ (a)
- tm (*)}

2 dx <
\ {tm (x)

-
<f>nr (x)}

2 dx
J(0p) J(E)

+ K\\ {f(x)-<f>nr (x)}
2

dx\\U (Op) J
where K is independent of r, m and p.

If m be chosen sufficiently large, I {6m (x) <f>n (x)}
2 dx is less than

J(E)

an arbitrarily chosen positive number e, for all sufficiently large values

of r. Also {/ (x) (f>nr (x)}
2 is arbitrarily small (< 7j

2
) everywhere in OP ,

provided r be large enough. Therefore

f {/ () - tm (*)}
2 dx< + K7,{m (GP)}* < e + Kr, {m (Jff,)}*.

J(CM
8

This holds for the set 9 , of measure > m (E^)
- -

; hence, by diminishing
2r

8 indefinitely, it is seen that {/(#) <f>m (x)}
2dx^ e, since

r/
is arbitrarily

J(Ep)

small; and this holds for all sufficiently large values of m.

Taking a fixed value of m sufficiently large, we see that, since, for

sufficiently large values of p

I
J(

we have {/ (x) <f>m (x)}
2 dx < 2e, provided m is sufficiently large.

J (E)

Therefore lim
f {/ (x)

-
<f>m (x)}

2 dx = 0.

m~>J(E)

Again, we have

If
\J (E) (E)

where K' is a fixed positive number.

It follows that

(E) m~oo J (E)
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The following theorem has now been established :

The function f (x), to which the sequence {<f>np (x)} converges in the measur-

able set E, of finite, or of infinite, measure is such that

J(E)

and that lim
f {/ (a)

-
<f>m (x)}

2 dx = 0,
ra~oo J(E)

where the functions {<f)n (x)} satisfy the conditions of the preceding theorem.

Conversely, it may be shewn that, if a function / (x) whose square is

summable in E, exists, and is such that

lim f {/(s)-^n(a)}
a te = 0,

71~00 J (E)

then lim
f {</>p (x)

-
<j>q (x)}* dx = 0.

p~oo J (E)
q~<x>

f
J

For
'(E)"

"

. J(E)
' ' "

J(E)

A CLASSIFICATION OF SUMMABLE FUNCTIONS

173. If a measurable function/ (x), defined in the linear interval (a, 6),

or in a cell (a, b) of any number of dimensions, be such that
| / (x) \

p
,
where

p 1, be integrable (L) over (a, 6), the function / (x) is said to belong to

the class [Lp \. If p =
1, the class consists of all summable functions; we

shall therefore assume that p > 1. Let q be defined by - + =
1, so that

q > 1. If /! (x) be of class [Lp], and /2 (x) be of class [Lq
], we have the

fundamental relations given in i, 435,

i i

|/2 (x) |l

and if / (x), g (x) are both of class [Lv], we have

i i

It follows from these relations that the product /x (x) /2 (x) of functions of

classes [Lp] and [Lq
] is summable, and that the sum of two functions, both

of class [L
p
] is also of class [Lp] .

It may be proved* conversely that if, for all functions f (x), of class

[
p
], the product/! (x)f2 (x) is summable, then/2 (x) must be of class [LQ

].

* See F. Riesz, Math. Anndl.en, vol. LXIX (1910), p. 457. The theory of strong and weak

convergence of functions of class [Lv] is there given.
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The following generalisation of the approximation theorem given in

I, 430 will be established:

V \ f (x ) \

p
> fw a vâ ue f P ihut is = 1> be summable in the interval, or

cell, (a, 6), a continuous function <f> (x) can be so determined that

\f(x)-<f>(x)\dx

is less than an arbitrarily assigned positive number. In case f (x) ^ 0, in

(a, 6), the function < (x) can be so determined that
<f> (x) 0, in (a, 6).

The proof of this theorem only requires a slight modification of the

proof, given in i, 433, for the case in which p = 2. Taking/! (x) 0, the

continuous function fa (x) (S 0) can be so determined that

For every value of x, we have

|/i (x)
-

fa (x) ^ * \A (x)*
-

fa (x)*\, p > 1;

ri>

it follows that
| /x (x)

-
fa (x) \

dx < TJ.
J a

Taking/ (x)
= f (x) /2 (x), where /j (x) ^ 0, /2 (x) ^ 0, and employing the

inequality

P\f(x)-4(z)[*
Ja

the result follows, as in i, 433.

From this theorem there can be deduced a theorem established other-

wise by F. Riesz (loc. cit.) for the case of a linear interval. The interval or

cell (a, 6) can be divided into a definite number of cells or intervals, such

that in each of them the fluctuation of
<f> (x) is less than the prescribed

positive number 77.
Let

iff (x) be that function which has, within each cell

or interval, a constant value equal to the value of < (x) at the centre of

the cell or interval ; and let
ifj (x) have the value zero on the boundaries

fb
of the cells or intervals. It is seen then that

|

< (x) *ft (x) \

p
d$ is less

Ja
than

r\ multiplied by the measure of (a, 6).

From the relation

x)
-

ifj (x) |" dx 2*- 1 I* \f(x)
-

<f> (x) \*>dx
J a

rb

it is seen that \f(x) *fi(x)\
p dx is less than an arbitrarily assigned

J a

number, if
<f> (x) and iff (x) be properly chosen. Thus it has been shewn that:
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Iff (x) be of class [Lp], where p S 1, a function iff (x), can be determined,

which is constant within each cell or interval ofa set into which (a, b) is divided,
rb

such that \f(x) ^(x)\
9 dx is less than an assigned positive number.

Ja

174. If a sequence {fn (x)} of functions belonging to the class [Lp]
satisfies the condition

lim
n~ao a

the function / (x) belonging also to the class [Lv], the sequence {fn (x)} is

said to converge strongly to the function / (x), with exponent p. In case

p = 2, strong convergence is identical with the convergence considered in

171, 172.

If g (x) be a function belonging to the class [L
Q
] ,
we have

i i

LJa
\ f(X)

~
fn(X) \

P

\ [)a\
g(X)

from which it follows that

rb
fb

f (
x

) 9 (x) dx = lim fn (x)g(x)dx
.' a U,~CQ J a

We have also
i

rrb

\f(x)-fn(x)\l

from which it follows that

rb rb

l/.MI'*'.
/:

It can be shewn similarly, by interchanging/ (x) and/w (x) in the inequality,

that
rb

[b
lim \fn (x)\

p dx^\ \f(x)\
p dx;

n^<x> J a J a

and it then follows that

rh

I Jn (
x

) I

p dx (2)

The relations (1) and (2) express cardinal properties of a sequence which

converges strongly.

175. The sequence {fn (x)}, of functions belonging to the class [Lv] 9
is

said to converge weakly, with exponent p (> 1), to the function f (x) of
rb

the same class, if (1), \fn (x) \

p dx < K, for all values of n, and (2),
Ja

lim fn (x) dx = / (#) dx, for every sub-interval, or sub-cell, of the
n~oo J A JA

given interval, or cell, (a, 6).
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If g (x) be a function of class [Ifl] 9
consider the function

if/ (x) which is

constant within each cell or interval of a set into which (a, 6) is divided,

f
6

and is such that
| g (x) $ (x) \

Q dx < *; where is an arbitrarily chosen
.' a

positive number. From the condition (2) in the definition, we have

lim
n^-oo

We have also,

f

Ja

the first integral on the right-hand side does not exceed in absolute value

i i

fl*
6 l^ff 6

I*
7

U J U J

rr 6 i p
or I / (a?) /w (#) |

rfa; ,
and it therefore does not exceed

Ua J

and, in virtue of condition (1), this is less than a fixed multiple of e. Hence

lim {f(x)-fn (x)}g(x)dx
ii=Si-
which we have

is less than a fixed multiple of e; from

l*f(x)g(x)dx
= timl

b

fn (x)g(x)dsc (1)'
Ja n^oo J a

the same relation as in the case of strong convergence.

Next let g (x)
= \f (x) I'-

1
,
the upper or lower sign being taken

according as/ (x) > 0, or < 0; we have then
|
g (x) \

q =
\ f (x) \v\ and thus,

from (1)', we have

f

6

|/(aO|*<fa=lim \

b

fn(x)g(x)dx.
Ja w^oo Ja

We have then
p

1

&^\\
b

\fn^
7^ U J Ua J

s lim
Q*

|/w (^)
|cfa] [f

*!/(*) 1^^]^

and therefore
[ |/(a?) \*dx lim

[ |/n (ic)|^^ (2)
7

J tT^> J o

This inequality (2)', for weak convergences, corresponds to the inequality

(2), in the case of strong convergence.
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176. The following theorem is fundamental in respect to weak con-

vergence; it has however reference only to the case in which (a, 6) is a

linear interval :

If a family offunctionsf (x) of a single variable, all of class [Lp], contains

an infinite (not necessarily enumerable) set offunctions, and if

l

b

\f(x)\
p dx<Kp

,

J a

where K is independent of the particular function of the family, then the

family contains at least one sequence {fn (x)} which converges weakly, with

exponent p, to some function f (x) of class [L
p
] .

rx

For every function / (x), of the family, the function J^ (x)
= / (x) dx

J a
can be formed. For all these functions we have

i

I f^a f~ f^a ~\P -
W (n\ O I F (<r \ W (v \ I f (v\ /?<r <

I f (v\ \P f?r I T T \Q
(a)

- U,
|

H \X^) J? (X2 ) |
I / \

x
)
ax ^

I / ^ ' I I
*

~~~
2 I

I
'

Xi |_y Xi J
1

or
|

F (x^) F (x2 ) |

^ K
|

xl x2 |. It follows that the family of functions

F (x) is equi-continuous, and since
|

F (x) |

^ K (b a)v, the conditions

of Arzela's theorem, given in 120, are satisfied. It follows that a sequence

{Fn (x)} is contained in the family {F (x)} which converges uniformly to

a function F (x).

We may take { fn (x)} to be the sequence of functions of the given family
which corresponds to the sequence {Fn (x)}. If the interval (a, 6) be

divided in any manner into a number m, of parts

where xl
= a, xm ~ b, we have (see i, 452)

2-4 '/
T -i

""
- ~*~

I I /< (X I (.IX rrn: Jt\. .
/ -^ ,-, XJJ-^J^ I

| V 7i \ / |

By letting n increase indefinitely, we have

r^O (pr %rl)

it has been shewn in i, 451, 452 that this is the necessary and sufficient

condition that F (x) should be the indefinite integral / (x) dx, of a
o

function f (x) which belongs to class [L
p
] . It has thus been shewn that y

to the sequence {fn (x)} there corresponds a function f(x), of the same
rx rx

class, such that lim
j
fn (x) dx = f(x)dx\ and thus that {fn (x)} con-

TJ,~OQ .a J a

verges weakly tof(x).
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177. From the last theorem the following extension of the theorem of

170, in the case of a linear interval (a, 6), may be deduced:

// a sequence {fn (x)} offunctions of class [Lp] be such that

I a
W-oo

.there exists a function f (x), of the same class, to which {fn (x)} converges

strongly, with exponent p.

Since
i i

\fn (x) |"
dx \P*

[J*
|/n (x) -fm (x)

\*dxj
+

[
| fm (x) |

taking a fixed value of m, such that for n ^ ra, the first expression on the

right-hand side is <
77,
we see that the expression on the left-hand side is,

for all such values of n, less than a fixed number; and it follows that
6

\fn (
x

) \

p dx is less than a number Kp
,
for all values of n. From the

f

J

theorem of 176 there exists a part {fnr (x)} of the sequence {fn (x)} which

converges weakly with index p, to a function/ (x), of class [L
p
] . It follows

that the sequence {fnr (x) fn (x)} converges weakly, with exponent p, to

f (x) fn (x); we have therefore, from (2)' of 175,

J
I/B' (X)

~
fn(X) \

PdX =
\ a

\f(X)
~~
fn(X) \"

dX '

Letting n increase indefinitely, we have, from the condition in the enuncia-

f ^

tion, lim |/(#) fn (
x

) |

p dx = 0; and thus {fn (x)} converges strongly,
71-^00 J a

with exponent j3, tof(x).

PROPERTIES OF A MEASURABLE FUNCTION

178. In accordance with the fundamental approximation theorem

.given in I, 430, if / (x) be a summable function defined in a given cell A,

there exists a continuous function
<f> (x) such that

f \f(x)-<f>(x)\dx<.
J (A)

If/ (x) be defined only in a bounded measurable set E, and be summable
in E, we may suppose E to be contained in A. The function / (x) may be

extended to the whole cell A, by assuming that f (x)
= in A E; the

extended function being summable in A. We have then

fJ(-E)
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and thus I
| / (x) <f> (x) \

dx < c. It thus appears that the approxima-
J (E)

tion theorem of I, 430, may be applied to a summable function / (x)

defined in a bounded and measurable set E. It also appears that the con-

tinuous function
<f> (x) may be taken to be not only continuous relatively

to E, but also relatively to A, and consequently (see 108) it can be extended

so as to be continuous in all the space. In particular employing Weier-

strass
5 theorem ( 162), the function < (x) may be taken to be a finite

polynomial.

Taking e if, it is seen that the part of E in which
| / (x) <f> (x) \

^
77

is of measure less than
77.

Now let / (x), although measurable in E, be no

longer necessarily sumtnable in E, but let it be finite almost everywhere in E.

Employing the summable function/^ (x), such that/^() -= N
9
or N,

according as/ (x) is positive or negative, at every point at which \f(x)\S:N 9

and fW (x) --=f(x), when \f(x)\<N; and remembering that N can be

so chosen that the set of points at which f(x) and/(A7>

(x) are unequal has

its measure less than
77,

we can determine a continuous function < (x),

which may be a finite polynomial, such that
| /<

A
')

(x) <f> (x) \ 77, only
in points of a set, contained in E, of measure less than

77.
It follows that,

at all points of a set of measure > m (E) 277, contained in E, the inequality

| / (x) </> (x) |

< 277 is satisfied. It has thus been shewn that, / (x) being

any measurable function defined in the bounded and measurable set E,
a function < (x), continuous relatively to E, can be so determined that

| / (x) cf> (x) |

< , in a set contained in E, of measure > m (E) e.

Moreover the function
</> (x) can be so chosen that it can be extended into

a function that is continuous in all the space in which E is defined; and

in particular, it may be a finite polynomial.

The following theorem has now been established :

// / (x) be any measurable function (not necessarily summable), defined

in the bounded and measurable set E, of any number of dimensions, and

finite almost everywhere in E, then, if e be a prescribed positive number, a

function </> (x), continuous in the whole space in which E is defined, exists,

such that \f(x) <f>(x)\< *, at every point of E not belonging to a set of
measure < e, contained in E. Moreover, the function </> (x) may be taken to

be a finite polynomial.

179. Let E be a measurable set, not necessarily of finite measure.

Taking E to be the outer limiting set of a sequence {En} of sets each of

which is of finite measure, let a function
</>w (x) be defined, which is con-

tinuous in all of the space, and such that, in En , \f (x) (f>n (x) \

< n ,

at every point that does not belong to a certain set of measure . It is
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seen that, in El , the sequence {<f>n (x)} converges to f(x), almost everywhere ;

for, in El ,
| / (x) <j>n (x) |

< ^- , in a set of which the measure is

> m (E,)
-

.

The sets of which the measures are greater than

m (EJ -
*

e, m (EJ - ~
e, ... ro (E,)

- 1
*,...,'

respectively, have a common part, of which the measure is ^ m (EJ e,

and, in this set,
| / (x) <f>m (x) \

< ie, for all values of m (1, 2, 3, ...) In

the same set
| / (x) <f>m (x) \

<
*

n ,
for all the values n, n + 1, ... , of m.

It follows that
{(f>m (x)} converges to/ (x), almost everywhere in El9 since

is arbitrary. Since Et may be taken to be any set, of finite measure,
contained in E, it follows that the sequence {<f>m (x)} converges to / (x)

almost everywhere in E.

The following theorem has now been established :

If f (
x

)
be a measurable function (not necessarily summable), defined in

a measurable set E, of finite, or of infinite, measure (of any number of dimen-

sions), there exists a sequence offunctions {</>m (x)}, all of which are continuous

in the whole of the space in which E is defined, such tlwt
{</>m (x)} converges,

as m ~ QC
, almost everywhere in E, to the function f (x). Moreover, in par-

ticular, the sequence may be taken to be {Pm (x)}, where Pm (x) denotes a

finite polynomial.

It should be observed that, in the exceptional set, of measure zero,

of points ofE at which the sequence does not converge to/ (x), the sequence
is not necessarily convergent.

When the set E is of finite measure, there exists, in E, a set of points

of measure > m (E) 6, in which the sequence {</> (x)} converges uniformly

to/ (x). This set may be so chosen as to be closed, or perfect.

Relatively to this set, the function/ (x) must be continuous (see 86).

Thus we have the following theorem :

/// (x) be a measurable (not necessarily summable) function, defined in a

set of points E, of finite measure, in any number of dimensions, and finite

almost everywhere in E, there exists in E a perfect set of points, of measure

arbitrarily near to m (E), relatively to which the function f (x) is continuous.

180. Let f (x) be a function defined in the linear interval (a, b), and

summable in that interval. It has been shewn in i, 432, that .

I X

has a differential coefficient, equal to zero, at the point XQ , where # is
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any point of the interval (a, 6), with the exception of points belonging to

a set of measure zero. If XQ be a point not belonging to the exceptional set,

of measure zero, and
77
be an arbitrarily chosen positive number, h may be

1 rx +h
so chosen that ^1 | / (x)

-* / (XQ) \

dx <
77.

The set of points in the
A" J X -h

interval (XQ h, XQ + h), at which
| / (x) / (# )

|

^ 6, has its measure less

than -
;
hence

| / (x) / (XQ ) |

< e, in a set contained in (# h, x + h)>

of measure >2h( 1
^j. Keeping e fixed, the number 1 -

converges

to unity, as h and
77 converge together to zero. Therefore the metric density

of the set of points at which
| / (x) / (# ) |

< e is unity at the point XQ .

Therefore / (x) is approximately continuous at XQ (see I, 235).

Next, let / (x), although measurable, riot be summable in (a, 6), but let

it be finite almost everywhere. The summable function fW (x) may be

defined as in 179. Let N have successively the values in a monotone

sequence {Nr}, such that Nr increases indefinitely with r. Then each of the

functions f(Nr)
(x) is approximately continuous almost everywhere in

(a, 6) ; and therefore, at almost every point of (a, 6), all the functions

{/W (x)} are approximately continuous ;
let XQ be a point at which this is

the case. Let 5 be a number such that
| / (x ) \

< Ns ]
then the set of points

at which \f(x)f (XQ ) |

< e is such that, for some value t (> *), of r,

\f(x)\<N t ;

and it follows that, at all points of the set, / (x)
-- yW) (x). Since the set

of points at which
| f(
N$

(x) /^
v/) (# ) |

< has its metric density unity
at XQ, the same holds for the set of points at which \f(x) f (x ) \

< e.

Hence / (x) is approximately continuous at x .

The following theorem has now been established* :

// / (x) be any measurable function, finite almost everywhere, defined
in the linear interval (a, 6), the function is approximately continuous almost

everywhere in (a, 6).

It is obvious that the function cannot bo approximately continuous at

a point of ordinary discontinuity. It may however be so at a point where
the discontinuity is of the second kind. Thus, in a totally discontinuous

function, all the points of ordinary discontinuity, if any, belong to the

exceptional set; but at almost all the points at which the function has a

discontinuity of the second kind the function must be approximately
continuous.

A characterisation of the discontinuities of functions, based upon the

notion of approximate continuity, has been made by M. H. A. Newmanf.
* See Denjoy, Bulletin de la soc. math, de France, vol. XLIII (1915), p. 170.

t Camb. Phil. Trans, vol. xxm (1923). See also Kempisty, Fundamenta Mat. vol. vi (1924), p. 6.

HII 17



258 Series or Sequences of Continuous Functions [CH. iv

DESCRIPTIVE PROPERTIES OF SETS OF POINTS

181. It is convenient to give here an extension and amplification of

the definitions relating to descriptive properties of sets of points. The

aggregate of all points (xW, x&\ ... %( p}
)
of a space of ^-dimensions will

be denoted by S9 ;
it has been shewn in i, 49, that the points of SP

correspond uniquely to the points of the space interior to the finite cell

(1, 1, ... 1; 1, !,...!), the relation of order being invariant for

the transformation. The improper points at infinity, introduced in i, 53,

are points which correspond in order to the boundary points of the finite

cell; when these improper points are adjoined to the set S99 it becomes

the closed set S9 .

A set G is said to be closed in, or relatively fo,.a set E, when every limiting

point of G that is in E belongs to G; also when G has no limiting point in E.

A closed set, in the ordinary sense, is a bounded set which is closed

relatively to S9
m

,
and such a set is also closed relatively to B9 . A set is

closed in the extended sense when it is closed relatively to $, but not to

8g. It becomes closed in S9 when its improper limiting points are adjoined
to the set.

For example, the set of points 1, 2, 3, ... n, ... is closed with respect

to the open interval (00,00) because it has no limiting point in that

interval. It is not closed with respect to the closed interval (00,00), but

when the improper point oo is added to it, it becomes closed relatively to

the closed interval (00,00).

AsetG is said to be perfect in, or relatively to, a set E, when it is closed in E,
and when further, every point of it in E is a limiting point of the set.

Thus a perfect set in the ordinary sense, being bounded, is perfect rela-

tively to 8V and also to 89 ;
it may be regarded as perfect, in the extended

sense, when it is perfect relatively to 899 but not relatively to S9 . It

becomes perfect in B9 when its improper limiting points are adjoined to it.

A set is said to be open relatively to E if all the points of that are in

E are interior parts of 0, relatively to E.

This is a slight extension of the definition given in i, p. 75, where the

definition of an interior point of 0, relatively to E, is given. It is easily

seen that :

If a set G is closed in E, the part D (G, E) of G, which is in E, is closed

in E. If a set is open in E, the part D (0, E) is open in E.

For a limiting point of D (G, E) that is in E belongs to G, and therefore

to D (G, E)\ thus D (G, E) is closed in E. Again, if is open in E, all the

points of D (0, E) are interior points of relatively to E
9 and therefore

interior points of D (0, E), relatively to E.
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The converse of this theorem is not in general true. For D (G, E) may
be closed in E, but a point of E may be a limiting point of G without

belonging to G.

If a set G is closed in E, it is afoo closed in any set E which is a part of E.

Conversely, a set which is closed in E is part of a set which is closed in E.

For every limiting point of D (E, G) that is in E is also in D (E, G) ;

therefore every limiting point of D (E, G) that is in El , and consequently
in E, is contained in D (El9 G). Hence G is closed in El9

If G! be closed in El , every limiting point of G that is in El belongs to

Glm Consider the set G, obtained by adding to Gl those of its limiting

points that are in E but not in E^. Every limiting point of G that is in

E belongs to G ; therefore G is closed in E, and it contains G .

If a set E be closed in G, its complement in G, namely G D (E, G), is

open in G; and conversely.

For a point of G D (E, G) has no point of E that belongs to G in

a sufficiently small neighbourhood, and is therefore an interior point of

G - D (E } G) ;
therefore G-D(E, G) is open relatively to G.

It should be observed that a closed, or an open, finite cell is a set of

points which is both open and closed relatively to itself. The set 89 is

both open and closed relatively to itself ; it is open but not closed in Sp .

If E bo taken to be the set SP ,
we have as a particular case :

Every set tJiat is closed in SP is closed in every set E contained in 8P ; and

conversely every set that is closed in a set E is part of a set tfiat is closed in 8^ .

The above theorems also hold good for open sets, where in each case

a set open in E takes the place of a set, closed in E, and an absolutely

open set takes the place of an absolutely closed set.

For, if O be open in E, the set G = D (O, E) is closed in E, and

therefore in El9 any part of E\ thus O D (0, EJ is closed in El9 and
therefore D (O, EJ is open in E. If Ol is open in El9 the set

Oi-DfO^^sff!
is closed in E-L .

The set Gl is part of a set G which is closed in E, any set which contains

El . Add to Ol those points of E which do not belong to G or to Ol ;
we

thus obtain a set 0. This set contains Ol9 and since its complement in

E is D (G, E), which is closed in E, the set is open in E. We have

accordingly the following theorem.

Every set that is open in a set E is open in any part El , of E ; and a set

which is open in E is a part of a set which is open in E. A set tlwt is open
in Sp is open in any set E contained in Sp ; and a set which is open in E is

part of a set open in 8P .

17-2
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SETS OF POINTS OF ORDERS 1 AND 2

182. In the theory of the functions defined as the limits of sequences
of continuous functions, sets of points of certain types are of importance.

If E be any set of points, in any number of dimensions, a set contained

in E, and which is either closed relatively to E, or open relatively to E,

is said to be a set of the first order in E. A set which is contained in E, and

closed relatively to E, will be said to be of type C#
}

; and a set contained

in E, and open relatively to E, will be said to be of type O
(

E. The sets of

the first order in E thus consist of sets of types GK and (

E .

If {En} be a sequence of sets contained in E, and such that each set is

contained in the next, and if each of the sets En is of the first order in E,
/n\

then the outer limiting set of {En} is said to be of type E , whenever it

is not of the first order in E.

In case each of the sets En contains the next, each set being of the first

order in E, the inner limiting set of {En} is said to be of type CE , whenever

it is not of the first order in E.

A set of either of the types E , CE is said to be a set of the second order

inE.

The following properties of these sets are of importance :

A sequence {En} of sets of the first order in E, each of which is contained

in the next, has for its outer limiting set a set of the first order in E, provided

an infinite number of the sets En are of type OE .

For all the sets En which are not of type E may be removed from

the sequence, without affecting the outer limiting set. Thus the theorem

is equivalent to the statement that the outer limiting set of a sequence of

sets, open relatively to E, and each one of which is contained in the next,

is open in E. This is a generalisation of the theorem relating to open sets

in the continuum, given in i, 56, and is proved in the same manner; it

being observed that a set that is closed in E is complementary to a set

that is open in E.

A sequence {En} of sets of the first order in E, each of which contains the

next) has for its inner limiting set a set of the first order in E, provided an

infinite number of the sets En are of type CE

This follows also from a theorem given in I, 56
; it being observed that

those of the sets En which are not of type CE may be removed from the

sequence.
/O) /O\

The complement with respect of E of a set of type E is of type CE .

/o\ (9\

The complement with respect to E of a set of type CE is of type E .



182] Sets of Points of Orders 1 and 2 261

For the complement of M (El9 E2 , ... En ,...)> where each set is con-

tained in the next, and is of type (?E\ is the set D (E Ely E E2 , ...

E En . . . ). The sets E En are all of type
(

% , and each contains the next,
/o\

hence the complement ofM (El9 Ez ,
... En ...) is of type CE ,

or of order 1.

It cannot be of order 1, for then M (El9 J572 , ...) would be of order 1.

// a finite number of sets HW, #<2
>, ... H& are all of type E \ in the

set E, the set D (H(l\ H, ... HW), of points common to all the r sets, is of
(2)

type E , unless it is of order 1 in E.

Let ff
(1) = lim G(

n\ H - Urn G(

*\ ... H(r} = Urn G(

*\ where
/o\

{Gn } ... are sequences of sets, closed in E, each of which is contained in

the next. Any point of D (#<*>, H, ... H&) belongs to all the sets G\
Gn ,

... G^ ,
from and after some value of n depending upon the particular

point, and therefore it belongs, for all such values of n, to

The sets D (Gn\ G(

tl \ ... G(

n), for n = 1, 2, 3, ... form a sequence of

sets, all closed in E
;
and each is contained in the next. Their outer limiting

/9\

set is D (H(l\ H (

*\ ... H(r}
), which is consequently of the type 0# ,

unless

it is of order 1 in E.

The common part of two sets, A and B, each of ivhich is either of type/O\ / ft\

E ,
or else of the first order in E, is also of type E ,

or else of the first order

in E.
/o\

If both sets are of type OE , the theorem is a particular case of the
/o\

preceding theorem. If one of the sets A is of type 0# ,
and the other of

type CE , since A = lim Gn ,
where Gn is closed in E, we have

and since B is closed in E, so also is D (Gn , B)\ hence D (A, B) is of type
(

E ,
or else of the first order. If A is of type

(

E ,
and B of type

(

E \ we
haveB lim gm ,

where gm is closed in E
;
thenD (A, B) = lim lim D (Gn , gm ),

?/l~OQ n-^-GO ?/l~QO

and this can be expressed as the limit of a simple sequence of sets closed
SQ\

in E] it follows that D (A, B) is of type E ,
or else of the first order in E.

If A is of type
(

E
} and B of type G

(

E \ D (A, B) is the set common to a set

that is closed in E and one that is open in E] then D (A, B) is expressible

as the limit of a sequence of closed sets, and is therefore of type
(

E , unless

it is of the first order in E.

If #W, #<2
>, ... H(m\ ... be a sequence of sets in E, all of type

(

E\ the

set M (f(1)
, H, ... H(m\...) of points ivhich belong to one or more of the
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xo\

given sets, is also of type E , unless it is of the first order in E. Also the

latter set is of the first category in E, in case all the sets of the sequence are so.

If H(m} = lim Q^\ where all the sets G( }
are closed in E, let us consider

n~co

the sequence of sets, closed in E, cf{\ M (Cf}\ G), M (G?\ G?
}

, cff\

M (G?>, Of, CK\ (ff\ M (G?\ G
{

?\ Of
}

, <8\ Gift .... Each o these is

closed in E, and each is contained in the next, and every set Gf* ocrurs,

from and after some fixed set of the sequence. It is clear that the outer
/0\

limiting set is M (H^\ #<2)
, ... #<m>, ...) which is therefore of type E ,

if it is not of the first order. A set H^ is of the first category in E, if all

the sets G
, for n = 1, 2, 3, ... are non-

are of the first category in E, all the sets

the sets G
, for n = 1, 2, 3, ... are non-dense in E. If all the sets

are non-dense in E, and therefore their outer limiting set is of the first

category in E.

(2)

// Er be a part of E, the part of a set of type E which is in El is of type
/o\

OE , or else is of the first order in El . The corresponding result holds for a
/o\

set of type CE .

The set of type OE is the outer limiting set of a sequence {Gn} of sets

all closed relatively to E. The sets D (E1 ,
Gn )

are all closed in El ,
and thus

the part of the given set which is in El is the outer limiting set of a sequence

of sets closed in E\ thus the part is of type E ,
unless it be of the first

/o\

order in El . The corresponding theorem for a set of type GE follows from
/o\

the fact that the complement of such a set, relative to E, is of type E .

183. It has been shewn in i, 96, that in case E be a perfect set, the

outer limiting set of a sequence of non-dense closed sets, which is a set of

the first category in E, has, for its complement in E, a set which is every-

where dense in E. It was in fact shewn that every cell or interval (a, )8)

containing points of E contains a point, defined by a sequence of cells or

intervals (a, /?), (a1? fit) ... (aw , fin ) ..., each of which contains the next,

which is a point of E, but not a point of the set of the first category. The

argument is not in general applicable to a set E which is not closed, because

the point defined by the sequence of cells or intervals may not be a point
of E. The procedure is, however, applicable, in case E is an open set,

because each of the cells or intervals (an , j8w ) may then be taken to consist

entirely of points of E. The set of the first category is then, in this case,

diffuse (see I, 55) in E , although it may be everywhere dense in E. The

same remark applies to the case in which E consists of the points which

an open set and a perfect set have in common.
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We have thus the theorertf :

//E be either a perfect set, or an open set, or consists of the points common
to an open and a perfect set, the outer limiting set of a sequence of non-dense

sets, all of which are closed relatively to E, and each one of which is contained

in E, is diffuse in E. (See i, p. 76.)

As in i, 94, it follows that, if E be an open set, the complement of

the outer limiting set cannot be of the first category in E.

More generally, we have the theorem :

// E be either perfect, or open, or be the set of points which an open set

and a perfect set have in common, and if El} E2 , ... En , ... be a sequence of

sets, all of the first category in E, then M (El9 E2 , ...) is of the first category

in E ; and thus it is impossible that E = M (E, E2 , ...).

For if En = M (G
(

n\ Gff\ -)> where 0^ is closed in E, we have

M tw w \ M in(l) r r>
(1)

r<
(3) rm rw \M (jBfj, Jbj z , ...)

= M ((T! , Cri , 6r2 , (TI , Cr 2 ,
6r3 , ...)>

and the set on the right hand side is of the first category in E.

In particular E cannot be resolved into the sum of an enumerably

infinite, or finite, series of sets, each of which is of the first category in E.

If E be identical with S99 the aggregate of all points in p dimensions,

the sets of type 0$p
consist of all open sets, and the sets of type CSp

consist of all bounded closed sets and also of sets which contain all their

finite limiting points. But if E be identical with B9 , the absolute set

in p dimensions, the sets of type 0$p
include all bounded open sets, and

also all unbounded open sets with, or without, their limiting points at

infinity; and the sets of type C^ consist of all closed sets, whether bounded

or not. This is seen to be the case by employing the correspondence of S9

and of p with an open, or closed, finite cell. It is convenient to speak of

sets closed relatively to 8P as of type W, and of sets that are open

relatively to S9 ,
as of type (1\

/o\ /o\

Similarly, a set of type or C& means a set of type 0&p ,
or C&9 .

It has been shewn in 181 that the part of a set of type (1) that is in E,

is of type OK ,
and that the part of a set of type <7(1)

, in E, is of type CE ,

whatever the set E may be; but the converse does not in general hold.
*

f9\

It follows that the part of a set of type
(2) that is in E, is of type OE ,

unless it is of the first order in E
;
and that a set of type CM has, for its

/n\

part in E, a set of type CE ,
unless it is of the first order in E.

184. It will be shewn that :

// E be either an open set, or a closed set, or a set which consists of the

points which an open set and a closed set have in common, then a set, in E, of

one of the types 0, 0$, C }

i* also of one of the types 0, 0W,
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The theorem is obviously true in case E is a closed set. If E be an open

set, it is the limit of a sequence {Gn} of closed sets contained in it, and each

of which is contained in the next. If E = D (H, K), where H is open and

K is closed, let H = lim gn , where gn is a closed set
;
then E = lim D (gn , K),

n~oo n~oo

and D (gn , K) is a closed set Gn ; or J57 = lim #n . If JP be a set of type CE ,

we have, in either case, F = lim D (6rw , F)\ and it will be shewn that
n~oo

D (Gn , F) is a closed set.

Any limiting point of D (Gn , F) is in Gn ,
and therefore in E ;

also such

a limiting point, being a limiting point of F which is in E, must belong to

F, since F is closed in E\ and it therefore belongs to D (Gn , F), which is

therefore closed. Therefore a set of type CjJ
}

is of one of the types
(2)

,

(7(1)
,
for if it were of type (1) it would be of type 0$.

A set of type E is the outer limiting set of a sequence of sets all of

type OR , that is one of the types 0( 2
), C^ 1

)
;
hence it is of one of the

types 0(2
), 0. It follows that a set of type 0jJ

}

is of type 0(2
>, unless it

be of the first order.

A set of type O
(

E is the outer limiting set of a sequence of sets all of

which are of the first order in E, and consequently of one of the types

0, 0W, CW 9 hence the given set is of the type 0<2
) (see 182). For it

cannot be of one of the types (1)
, C^, since it would then be of type< or (4

l)
.

FUNCTIONS REPRESENTABLE BY SERIES OR SEQUENCES
OF CONTINUOUS FUNCTIONS

185. The question as to the nature of the most general function that

can be represented in a given interval, or cell, as the sum of a series of

continuous functions, and therefore as the limit of a convergent sequence
of such functions, received a complete answer from Baire, whose result is

contained in the following remarkable theorem :

The necessary and sufficient condition that a function, defined in a closed

interval, or cell, may be representable as the sum of a series of continuous

functions which converges at every point of the interval, or cell, to the value of
thefunction, is that the given function sJiall be at most pointwise discontinuous

with respect to every perfect set of points in the given interval, or cell.

The theorem was first established by Baire* for the case of functions

of a single variable, and was afterwards extended by Lebesguef and by
BaireJ himself to the case of functions of any number of variables. Other

* In his memoir "Sur les fonctions de variables reelles," Annali di Mat. (3) A, vol. in (1899).

t Comptes Rendus, vol. cxxvm (1899), p. 811.

% Butt, de la soc. math, de France, vol. xxvur (1900), p. 173. See also Baire's treatise Lemons

sur les fonctions discontinues, pp. 149-155.
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proofs of the theorem have been given by Lebesgue*, Dell'-Agnolaf and
de la Vallee-PoussinJ.

The theorem will here be investigated by a method which is essentially

that of de la Vallee Poussin, but in a somewhat generalised form.

If E denotes a set of points in any number of dimensions, a function

defined overE which is continuous relative to E will be said to be of class 0,

in E. By some writers, a more restricted definition of functions of class

is adopted; only those functions are said to be of class 0, in E, which

are not only continuous relatively to E, but which are capable of being
extended so as to be continuous in the closed set M (E, E'), obtained by
adding to E those of its limiting points which do not belong to the set

itself; such a function can then (see 108) be further extended so as to

be continuous in all the space. If a function, defined in E, is such that its

value at each point is the limit of a sequence of functions, all of which are

of class 0, in E, is said to be of class 1, in E, provided it is not of class 0,

in E.

If {fn (x)}, a sequence of functions, all continuous relatively to E, has

for its limiting function/ (x), then/ (x) is of class ^ 1, in E. The functions

fn (x) need only be continuous in E in the extended sense of the term, and

/ (x) may have an infinite value at a point at which the sequence |/w (x)}

diverges to oo
,
or to <x> .

There is, however, no loss of generality in the theory if we assume that

the functions {fn (x)} are all bounded, say in the interval
( 1, 1) ; in which

case continuity is taken in the ordinary sense. For, if we employ the trans-

f (x) f (x)
formation

<f>n (x)
-
Y+^f (x)}

' ^ ^ =
l + (f(x)l'

and if n̂ ^ i

tiiiuous relatively to E, and has/ (#), of class 1, or 0, for its limiting function,

it has been shewn in I, 219, that the functions
</> (x), {<f>n (x)}, all of which

are bounded and have their, values confined to the interval ( 1, 1), are

such that
<f>n (x) is continuous relatively to E\ moreover

(f) (x) has the same

class 0, or 1, as f (x), in the set E. The converse of this statement also

holds good. It will accordingly be throughout assumed that all the

functions fn (x), f (x) are bounded.

186. It is clear that, if/ (x) is of class 1, in E, it is of class ^ 1 in any

part of E.

The following theorem is easily established :

If the functions ^ (x), /2 (x), ...fr (x) are all of class 1, in E, and the

* See Borel's Lemons sur les fonclions de variables rdelles, pp. 149-155; also Lebesgue's memoir

"Sur les fonotions reprcsontables analytiquement," LiouvilUs Journal (6), vol. i (1905).

t Atti Yen. vol. LXVIH (1909), p. 775; Bend. Lombardo, vol. XLI (1908), pp. 287, 676.

J See his treatise Integrates de Lebesgue (1916), pp. 121-125.

See, for example, Carath^odory's Vorlesungen uber reelle Funktionen, p. 393.
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function F (fi, /2 , /!) & continuous with respect to (/i,/2 , /,)

^ (/i> /2> /r) of class & 1, w E.

Let /8 (#)
= lim/SM (a?), for a = 1, 2, 3, ... r; where /sn (a;) is of class 0,

n~oo

in E. The function JF (/in ,/2n3 ---/m) is continuous, and thus of class 0, in

E. Also F (fl9 /2 , ...fr)
= limF (/lw , /2w , .../), and therefore

n~oo

^(/l>/2,.../r)
is of class ^ 1, in E.

The following special case of this theorem should be observed :

(1) The sum, or the difference, or the product, of two functions each of
which is of class ^ I, in E, is also of class 4 I, in E.

(2) /// (x) is of class * 1, in E, so also ia\f(x)\.

For
| / 1

is a continuous function of /.

(3) If fi (x), /2 (x), ...fr (x) are all of class ^ 1, in E, and
<f> (x) be the

function which has, at each point, the value of the greatest of the given functions,

then
<f> (x) is of class ^ I, in E.

For
<f> (x) is a function of /a (x), /2 (x), ...fr (x) which is continuous

in E, relatively to (fl9 /2 , .../,).

(4) /// (x) is of class 1, in E, the function $ (x) which has the valuef (x),
'

when A < / (x) < B, and has the value A when f (x) 4 A, and the value B
whenf(x) S B, is of class 4 l,in E.

For
<f> (x) is a continuous function of / (x).

(5) // the function f (x), of class 1, in E, is such tliat L^f(x)^, U,

in E, then f (x) is the limiting function of a sequence {cf)n (x)}, offunctions of

class 0, in E, such tJiat L ^
<f>n (x) ^ U, for every value of n.

For if / (x)
= lim

*ftn (x), and we take
(f>n (x) to be the function which

n~oo
=

iftn (x) when L
ifjn (x) ^ U, and which .= L when n (x) < L, and

which = U when
tfsn (x) > U, the function

cf>n (x) is continuous in E, and

/ (x)
- lim $n (x).

7l~QQ

187. The following general theorem will be established with a view to

its application in the theory of functions of class 1 :

Let E be a set of points in B^ which consists of the points which belong to

one or more of the sets {En} of a sequence of sets, any two of which may have

points in common; and let Gbea set of points contained in E, which is either

(
1
) , perfect, or (2), open, or ( 3) , a set which consists of the points which a perfect

and an open set have in common. Then the necessary and sufficient condition

that should be the sum of sets
<f>l9 <f> 2 ,

...
<f>n ,

... ,
no two of which have a

point in common, and such that
<f>n is contained in En , for each value of n

for which
<f>n exists, and such that every <f>n is of type 0& , or of type E , or
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CE , is that, for every perfect set Q, contained in G, one at least of the sets En

is compact in Q. (See i, p. 76.)

This theorem was given by de la Valise Poussin* for case (1), in which

O is perfect and bounded. It is not necessary that the set O should be

bounded
; it is sufficient that it be perfect or open in $# or the set common

to a perfect and an open set. But, by employing the mode of correlation

referred to in 181, it is seen that there is no loss of generality if the set E
be contained in a finite closed cell.

It has been shewn in 182 that a set of one of the types 0<2
>, 0W, CW,

is also of one of the types OE\ OE\ C#
}

;
and the converse holds good in

case E is either closed, or open, or a set which consists of the points common
to a closed and an open set (see 184). IfH be any set of points whatever,

contained in E, the set H will be said to be decomposable if it can be

expressed as the sum fa + < 2 + ... +
<f>n + ..., of sets which satisfy the

conditions laid down in the statement of the theorem. The set H will be

said to be decomposable at a point p if a closed neighbourhood A, of p>

exists such that the set D (H, A) is decomposable.

In order to prove the theorem, a number of subsidiary theorems will

be established:

(a) // H is decomposable, and Hl9 a set in E, is of one of the types

OE\ CE\ OE\ then D (H, HJ is decomposable.

For if H = S fa, we have Z>(#, 7/x )
- 2 Z)( n , //i), and each set

D (fa, HJ is of type 0^
}

, 0#
}

, or Cfjf (see 182); therefore D (H, HJ is

decomposable.

(6) // H is the sum of a finite, or infinite, number of sets Hn ,
each of

which is decomposable, and no two of which have a point in common, then

H is decomposable. If a finite, or infinite, number of sets Hn are all closed

and all decomposable, but may have points common to two or more of them,

the set M (Hl ,
H2 , ... Hn , ...) is decomposable.

If H = 2//w ,
and Hm = <f>i + $ + ... ,

we have

TT \? I V1 J ("^)\
Jtl = 2j

(
Zi <pn ) ;

71-1 W-l
x\ /0\ /1\ /~t\

thus H is decomposable, since S
<f>n is of one of the types E , E , CE

m-l
(see 182).

To prove the second part of the theorem, let H = M (H19 H2 , ...),

where HI9 H2 ,
... are all closed and decomposable; then the sets

*
Integrates de Lebesgue, p. 108.
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are all open in E. The setsHl,D(E-Hl ,
H2),D{E - M (Hl9 H2), H3}, ... ,

are, in virtue of theorem (a), all decomposable, and their sum isH ;
therefore

H is decomposable.

(c) // a closed set G, contained in E
9
is decomposable at each of its points,

then G is decomposable.

Each point p, of G, has a neighbourhood in which G is decomposable ;

the set G is contained in a finite set {AJ, of such neighbourhoods (see

i, 74). Hence

G = M {D (G, Ax), D (G, A2), ...
,
D (G, AJ}.

Since the sets D (G, Aw ) are all closed, it follows from theorem (b) that G
is decomposable.

(d) If a set G, contained in E, is decomposable, it must be decomposable
at each of its points.

Let A be any cell which contains points of G, then D (A, E) is closed

inE; hence, from theorem (a), D {G, D (A, E)}, or D (G, A) is decom-

posable. We may choose A so as to be a neighbourhood of any point p, of

G, and therefore G is decomposable at p.

(e) If an unenumerable closed set H is contained in E, and is not de-

composable, it contains a perfect set Q which is not decomposable at any point.

Let Q be the set of points of II at which H is not decomposable. The
set Q is closed ; for, if q be a limiting point of Q, and A be a neighbourhood
of q, then D (A, //) contains points at which H is not decomposable, and
therefore D (A, H) is not decomposable. Since the set // Q is open in H,
it is therefore the outer limiting set of a sequence {Ln} of sets closed in H,
and therefore absolutely; or H Q = M (Ll9 L2 ,

... Ln9 ...). Since H is

decomposable at each point of Ln , by theorem (a), D (H, Ln )
is decom-

posable at each point of Ln ,
for the theorem can be applied to the case

when D (H, Aw )
takes the place of H, and Ln that of H1 ,

where A is the

neighbourhood of a point of Ln .

By theorem (c), it follows that D (H, Ln )
is decomposable; and then,

by theorem (b), it is seen that D (H, H Q) is decomposable. Since

H = Q + D (H, H Q), we observe that, if Q were decomposable at any
of its points, H would be decomposable at those points, which is, by
hypothesis, not the case. Therefore Q is not decomposable at any of its

points. The set Q can contain no isolated points, because the set would

be decomposable at an isolated point. It has thus been shewn that the

closed set Q is perfect.

(/ ) If bean absolutely open set, contained in E, and not decomposable,

it must contain an unenumerable closed set which is not decomposable, and

consequently contains a perfect set which is not decomposable at any of its

points.
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For = M (Hl9 H2 , ... Hn , ...), where the sets Hn are all closed and

unenumerable, each one being contained in the next. If all the sets Hn

were decomposable, by theorem (b), would be decomposable, which is

not the case. If the unenumerable setHn be not decomposable, it contains

a perfect set Q which is not decomposable at any of its points; therefore

contains such a set Q.

(g) The statement in theorem (/ ) holds goodfor a set contained in E which

consists of the points which a perfect set and an open set have in common.

Let L D (0, 0), where G is a perfect set and is an open set, both

contained in E. As before, if = M (Hl9 H2 ,
... Hn , ...), where Hn is

closed, we have L = M {D (G, HJ, D (G, H2), ...}. If all the closed sets

D (G, Hn )
were decomposable, so also would be L ; therefore D (G, Hn )

is

not decomposable, for some value of n. Moreover D (G, Hn), if it be not

decomposable, contains a perfect set Q that is not decomposable at any
of its points.

(h) If a set G, contained in E, be either (1), perfect, or (2), open, or (3), con-

sists of the points which a perfect and a closed set have in common, then, if

one of the sets El ,E2 , ...En , ... be compact in every perfect set contained in E,
G is decomposable.

If G is not decomposable, in virtue of theorems (c), (/), (g), it contains

a perfect set Q which is not decomposable at any of its points. But this

is impossible if a set En is compact in Q\ for D (En , Q) has a point p
which is an interior point of En ,

and a neighbourhood A, of p, consequently
exists which contains no point of Q that does not belong to En . The

closed set D (Q, A) is therefore contained in En ,
and we can take

^ = D (Q, A),

so that Q is decomposable at p, which is not the case. Therefore G must

be decomposable.

(i) If a set G, contained in E, be either perfect, or open, or the set of

points which a perfect set and an open set fiave in common, and if G be

decomposable, and Q be any perfect set contained in G, then one at least of

the sets En is compact in Q.

Since G is decomposable, D (G, Q), or Q, is decomposable. Thus

Q =
2</>n ,

where
<f>n is contained in En ,

and
<f>n

= M
(</>wl , <f>n2 , ...), where

all the sets
cf)nm are closed sets. It follows that Q = M

(< u , </>12 , </> 2i< )>

and one at least of the sets
<f>nm must be compact in Q (see i, 55) ;

for if

the closed set
<f>nm is not compact in Q it must be non-dense in Q. If

c/>nm

be compact in Q, <j>n must be compact in Q, and consequently En ,
which

contains
<f>n , is compact in Q.

The two theorems (h) and (i) taken together constitute the main

theorem which was to be established.
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// each of the sets El9 E2 , ... En , ... ,
is of type 0<2

), or 0, or C&, any

set 0, contained in E, which is either perfect, or open, or a set of points

common to a perfect and an open set, is decomposable.

Each set En is the outer limiting set of a sequence of closed sets

Fm> Fn*> -..; thus E is equivalent to M (Fn ,
F12 ,

F2l ,
F9l ,

F22 ,
F13 , ...).

This set is compact^in Q, and therefore one at least of the sets Fnm is

compact in Q. If Fnm is compact in Q, so also is En ;
thus the condition

of the general theorem is satisfied.

188. The following theorem, a generalisation of a theorem due to

Lebesgue, will now be established :

The necessary and sufficient condition that a function f (x), defined in a

set E, of points in any number of dimensions, and which is either perfect,

or open, or the set of points which an open and a perfect set have in common,

should be of class 1, in E, is that, for every number A, the sets of points of

E at which f(x)> A, and f(x)<A, sliould be of type OE\ or else of the first

order in E.

It will be observed that the theorem includes the case in which E
consists of the whole space Ey>. It has been shewn in 184, that a set

of type O(

E\ or of the first order in E, is of type QW or else closed, or

open. The necessity of the condition will first be proved. Let

f(x) -Km /(#),
n^oo

where the function fn (x) are all continuous in E
;
and let the sets of points

at which fn (x) A + k be denoted by E
(

*\ where {ej is a monotone

decreasing sequence of numbers converging to zero. Since fn (x) is con-

tinuous in E, the sets E (

are closed in E. Let the set

D (En ,

(k)

which is closed in E, be denoted by Fn . A point at which / (x) > A belongs,
(k\

for some value of k, to all those of the sets Fn for which n^nk ,
an

integer dependent on k. At a point x, of F%\ we have /w+w (x) ^ A + k ,

for m = 0, 1, 2, 3, ... ;
and therefore/ (x) > A.

The set M (F
(

i\ F
(

?\ F
(

2

l

\ F
(

?\ F(

2 \ I$\ ...) is such that every point

of it belongs to F%\ for some values of n and k; and therefore, at every

point of the set, we have/ (x) > A. Conversely, since every point at which

/ (x) > A belongs to all the sets F%
}

for suitable values of n and k, it is

seen that the set consists of all points at which / (x) > A ; and this set is

of type O
(

E\ unless it is of order 1 in E. The proof of the necessity of the

part of the theorem relating to the set for which / (x) < A is precisely

similar.
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In order to prove the sufficiency of the conditions in the theorem, the

special case will, in the first instance, be considered, in which / (x) has the

value 1, in a part El9 of E, and has the value in E El9 In accordance

with the condition in the theorem, El and E2 are taken to be each of one

of the types 0J?, 0g
}

, cff.

Let it be assumed that El
- lim G$\ E - El

= lim tf*\ where {Q}
n~oo n~oo

/o\

and {(TH, } are sequences of sets, closed in E, each of which is contained in

the next set of the sequence. Let fn (x)
=

1, in G^ ;
and let fn (x)

= 0,

in On ; at any point of E which does not belong to On or Gn , let

fn (x)
= ~j*~j~9 where dlt d2 are the distances of the point from the sets

#1 + $2

G(

n ,Gn \ The function fn (x) is continuous in E, and / (x) lim /n (x) ;

fl^CO

and therefore/ (x) is of class ^ 1, in E. The sufficiency of the conditions

has thus been established in the special case considered.

Next, let / (x)
= cl9 in E^\ f (x)

= c 2 ,
in E2 \ ... / (a;)

= cr ,
in JS7r ;

when
jE? =a EI + E2 + ... + Er \

no two of the sets having a point in common.

It will be shewn that, if each of the sets El9 E2 ,
... Er is of type

(

E \

OB\ C(

E\ f (x) is of class 1, in E. For, let /<> (x) be the function

defined by the specifications fto(x)
-

1, in Es \ /<> (x)
- 0, in E - JPf ;

for s = 1, 2, 3, ... r. By what has been proved above, f^ (x) is of class

^ 1 in E-}
and since / (x)

= c^f^ (x) + c2f (x) + ... + crfW (x), it follows

that/ (x) is of class ^ 1, in E.

In the general case, let U and L be the upper and lower boundaries

of/ (#). It has already been pointed out that there is no loss of generality

in taking U and L to have finite values. Let a mesh (al9 a2 , ... am )
be

fitted on to the linear interval (L, U), where ax
= L, am = C7, and let every

mesh of the net have breadth < 6. Let 8 be any positive number < ,

and let el denote the set of points of E at which a 8 </ (x) < a2 ;
let

62 denote the set at which a2 8 < / (x) < a3 ,
... and let em denote the set

at which am 8<f(x). The set e consists of the points common to the
/o\

two sets for which / (#) > a 8, / (#) < a2 ;
therefore e

l is of type E ,

unless it is of order 1, in E. Similarly it is seen that e2 , 63, ... em are all of

type 0% ,
or else of order 1, in E. Since E = M (el9 e2 , ... em), we have

$ = M {D (Q, ex), D (Q 9 e2), ... D (Q, em )}, where Q is any perfect set

contained in E. The sets D (Q, er)
are all of type OQ , or else of the first

order in the perfect set Q, and are all consequently of type 0<2
>, or else

open or closed.

Since the sets D (Q, ej, D (Q, e2), ... ,
D (Q, em) are all of type 0, or

of the first order, one at least of them must be compact in Q (see 187 (i)).

Thus the condition of the general theorem of 187 is satisfied, in relation
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to the sets el9 e2 ,
... em . It follows that E may be resolved into a sum

<i + <f>2 + ... 4- <f>m > where <f>f is contained in er , and is of type (2)
,
or else

of order 1.

Let
(f> (x) be defined by the specifications, <f> (x)

= al9 in ^ x ; </> (x)
= a2 ,

in
<f>2 -,

...
(f> (x)

= aw ,
in

</>m . Then < (#) is of class 1, in 1; moreover

|

<
(a;) / (#) |

< 2c. Let e have the values ex , 2 ,
. . .

,
in a decreasing

sequence which converges to zero ; and let
<j>r (x) be the value of

<f> (x)

which corresponds to the value r ,
of . If the sequence { r} be so chosen

that the series S er is convergent, / (x) is the sum of the absolutely
r-l

convergent series

<l (*) + {< 2 (X)
-

<i (*)} + {<&, (X)
-

< 2 (*)} + ~.

Since the function
<f>r+l (x) <f>r (x) is of class ^ 1, in E, and takes only

a finite number of values, it is the limit of a sequence xrs (
x)> of continuous

functions; so that lim Xrs (x)
=

< r+i (x) <f)r (x). Since
8^-00

I </>r+l (X)
-

<Ar () |

< 4er ,

the sequence {;(rs (^)) can be so chosen that
| Xrs (

x
) |

< 4 r ,
for all values

of s.

The continuous function xis (
x

) + Xa () + + x (
x

)
*& ^ess

'
^n

absolute value, than 4 (^ + 2 + ... + ); moreover

lim (xis (a?) + X2S (x) + + x* (
x)}

= ^+1 () - <i ()
fi^OO

Let Sy be the smallest value of s, such that

Xi.fr) + X*(X ) + + Xp.(^)

dilBfers from ^p+1 (a;) ^j (a:) by less than p+l , and therefore from

/ (x) <f>! (x) by less than 3 P+l . The number sp can be determined for

each value of p ;
we have then a sequence

of continuous functions, which converges to f (x) <f> l (x). Therefore

f (x) < x (x) is of class ^ 1, in E, and consequently / (#) is of class ^ 1,

inJB.

189. It will now be shewn that :

TAe necessary and sufficient condition that a function f (x) defined in a

set E, which is either perfect, or open, or the set of points common to a perfect

and an open set, should be of class I, in E, is ilwt one at least of the two sets

[E,f(x) > A], [E9 f(x) < J5] should be compact in every perfect set Q, con-

tained in E, whatever values A and B may have, such that A < B.

To shew that the condition is necessary, let El ,
E2 denote the two sets

[E,f(x)>A] 9 [E,f(x)<B]
m

, then El9 E2 are, in accordance with the

theorem of 188, each of type (2)
, or else of the first order. Since E, or
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M (E19 E2), contains Q, and is therefore compact in Q; so also must be the

set M{D(El ,Q),D(E2 ,Q)}. The two sets D(El ,Q), D(E2 ,Q) being
both of type 0, or else of order 1, cannot both be of the first category
with respect to Q (see 183), therefore one at least of them is compact in

Q, and consequently one at least of the sets E^ ,
E2 is compact in Q.

To prove that the condition is sufficient, let {Bn} be a sequence of

decreasing values of B which converges to A. Assuming that the condition

of the theorem is satisfied for A and Bn , every point of E belongs to one
/o\

at least of the sets, both of type OE , or else of the first order, for which

/ (x) > A, and f (x) < Bn . In accordance with the general theorem of

187 if the condition of the present theorem be satisfied, since every point
of E belongs to one at least of the two sets [E,f(x) > A], [E,f(x) < Bn],

E can be resolved into the sum of two sets Xn ,
Yn ,

both of type (2)
, or

else of the first order; where Xn is contained in the set [E,f(x) > A], and

Tn is contained in the set [E, f (x) < Bn ~\.
Each point for which f (x) > A

belongs to Xn ,
from and after some particular value of n, and consequently

every point for which/ (x) > A is contained in the setM
(
X

,
X 2 ,

. . . Xn ,...)

Therefore the set [E,f(x) > A] is either of type O or of the first order.

Similarly, it may be shewn that the set [E, f (x) < A] is either of type O^
or of the first order. Therefore, by the theorem of 188,/ (x) is of class 1.

190. We are now in a position to establish, in a generalized form, the

theorem of Baire, referred to in 185.

The necessary and sufficient condition that a function f (x), defined in a

set E, in any number of dimensions, which is either perfect, or open, or the

set of points common to a perfect and an open set, is the limit of a sequence

of functions, all of which are continuous in E, is that f (x) be, at most,

pointwise discontinuous with respect to every perfect set contained in E.

To prove the necessity of the condition, it will be shewn that, if a

perfect set Q, contained in E, is such that / (x) is neither pointwise dis-

continuous nor continuous, with respect to Q, then / (x) cannot be of

class ^ 1, in E.

The set of points of Q at which the saltus of f (x), with respect to Q, is

^ e, cannot, for every value of , be non-dense in Q ;
otherwise / (x) would

be pointwise discontinuous, or continuous, in Q. Therefore e can be so

chosen that the set is compact in Q ;
and consequently a cell A exists, such

that, at every point of the perfect set D (Q, A), the saltus of / (x), with

respect to Q, is ^ e. If A and B are any two numbers >such that

< B - A < ,

the set of points [E, A <f(x)< B] cannot be compact in D (Q, A), for

otherwise the saltus of/ (x) 9
with respect to Q, in D (Q, A) could not exceed

B A. A set of intervals (A l9 BJ, (A 2 ,
B2), ... (A r ,

Br) each of which is

H II 18
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of measure < e, and such that any two of them may overlap, can be so

determined that every value of/ (x) lies within one or more of the intervals.

It is here assumed that f (x) is bounded; it having been shewn in 185

that this involves no real restriction upon the generality of the theorem.

Let ea denote the set [E,A g <f(x)<Ba], for * =-
1, 2, 3, ...r; then

E M (el9 e.2 ,
... er ). If all the sets el9 e2 , ... er were either of type 0<2)

,

or of order 1, one at least of them would be compact in D (Q, A); as this

is not the case, there must be at least one set es which is neither of type O<2)
,

nor of order 1. Consequently, from the theorem of 189, / (x) cannot be

of class ^ 1, in JS7; since the sets [E,f(x) > A s], [E,f(x) < Bs] are not both

of type
(2) or of the first order.

To prove that the condition in the theorem is sufficient, it will be shewn

that if f (x) is not of class ^ 1, there is contained in E a perfect set Q,

with respect to which / (x) is neither pointwise discontinuous nor contin-

uous. If no such set Q exists, it will then follow that / (x) is of class ^ 1,

inE.

It follows from the theorem of 189 that, it f (x) is not of class ^ 1,

in Ej a perfect set Q, and two numbers A, B, where A < J3, exist, such

that neither of the sets [E,f(x)> A], [E,f(x)< B] is compact in Q.

If q be any point of Q, an interval or cell A, containing q within it, can be

so determined that there exist in A points of Q which do not belong to

the set [E,f(x) > A], and also points of Q which do not belong to the set

[E,f (x) < B]. There are therefore, in A, points at which f (x) ^ A, and

also points at which / (x) ^ B. Since A is an arbitrary neighbourhood of q,

it follows that the saltus of f (x), at q, with respect to Q, is ~ B A.

Therefore every point q, of Q, is a point of discontinuity of / (x) ;
and thus

/ (x) is totally discontinuous in Q. The sufficiency of the condition in the

theorem has accordingly been established.

It may be observed that, when the function / (x) satisfies the condition

of the theorem, it follows from the results of 161, that f (x) may be

exhibited as the sum of a series of finite polynomials, the series converging

to/ (x) at all points of E.

THE CONVERGENCE OF MONOTONE SEQUENCES OF FUNCTIONS

191. A special case of the convergence of a sequence of functions

continuous in a given set E, which we may take to be perfect, or open, or

the set common to a perfect and an open set, is that which arises when the

sequence is monotone. In such a case the limit of the sequence is an /-

function, or a ^-function, according as the sequence is non-diminishing or

non-increasing (see 103).

The following theorem has reference to this case :

The necessary and sufficient condition that a function f (x), defined in a
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set E, open, or perfect, or consisting of the points which an open and a perfect

set have in common, is an l-function in E is iliat, for every value of A, the set

[E, f (x) > A] which consists of those points of E at which f (x) > A 9 is open
in E. The necessary and sufficient condition that f (x) is a u-function is that

the set [E, f (x) < A] is, for every value of A, open in E.

If \E,f(x) > A] is open in E then [E,f (x) A] is closed in E. It is

sufficient to establish the first part of the theorem, as the second part can

be deduced by changing the signs of / (x) and of A .

Let f be a limiting point, in E, of the set [E,f (x)
-< A] ; then, if e be an

arbitrary positive number, there is a neighbourhood of f , such that at

every point of E, in that neighbourhood, / (x) > / (f )
e. Since x may

be a point of the set [E,f(x) ^ A], we have / () < e -( A ;
and since e is

arbitrary, it follows that/ () A
;
thus belongs to the set [E,f (x) ^ A],

which is therefore closed in E ;
and consequently the complementary set

[E, f (x) > A] is open in E. The necessity of the condition has thus been

established.

To prove its sufficiency, let it be assumed that the set [E,f (x)
~

A] is

closed in E, for every value of A. If, at a point , of E, the function is

not lower semi-continuous in E, there exists a positive number a such

that, in every neighbourhood of , there are points of E at which

/ (x) ^ / () ,
and must be a limiting point of the set of all such

points. Therefore the set [E,f(x) ^f(g) ] is not closed in E, which is

contrary to the hypothesis. Accordingly/ (x) is lower semi-continuous with

respect to E, at every point of E.

192. We proceed to give the corresponding theorems for /*/-functions

and for ul-iunctions.

The necessary and sufficient condition that, in a set E, of the same

cliaracter as before, thefunctionf(x) is an lu-function is that the set \E,f (x) > A ]
/o\

sJiould be a set of type OE , for every value of A . The necessary and sufficient

condition thatf (x) should be a ul-function in E is that the set [E,f(x) < A]
( 2)

should be, for every value of A, of type OE .

It is sufficient to prove the first part of this theorem, as the second

part is immediately deducible from the first. To prove the necessity of

the theorem, since an ^-function/ (x) is the limit of a monotone increasing

sequence of it-functions fn (x), the set of points [E,f (x)
< A] is the inner

limiting set of the sequence of sets [E,fn (x) < A], for n ==
1, 2, 3, ... ,

and all

these sets are of the type E\ Therefore the set [E,f (x) ^ A] is of type

E and consequently the set \E,f(x) > A} is of type OE .

To prove the sufficiency of the condition, let U and L denote the upper
and lower boundaries of / (#) in E. Let a system of nets be fitted on to

the linear interval (L 6, U + e); and let a03 al9 a2 , ... anm be the end-

18-2
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points of the meshes of the net Dn ,
of the system. Let the function fn (x)

be defined by the rule that fn (x)
= ar_1 at all points of the set

[E, ar_! <f(x)^.ar], for r = 1, 2, 3, ... , %m ; then the monotone sequence

{fn (
x)} converges uniformly in E to f (x). The function fn (x) may be

expressed in the form fnQ (x) + fnl.(x) + ... +fn , nm-i (x)> where /o (x )
= ao>

in #; /wl (a:)
- ^ ~~ a

,
in [#,/ (a?) > oj, /nl () = in [#,/ (x)

* a^; and

generallyfnr (x)
= ar

- ar_l} in [E,f(x) > ar], and/wr (a:)
- 0, in [J0,/(a?) M ar].

/o\

By hypothesis the set [1, / (#) > ar] is of type 0# ,
and is therefore the

outer limiting set of a sequence of sets all of which are of type CE ;
it follows

that fnr (x) is the limit of a monotone increasing sequence of functions

{<f>m (x)} each of which has the value ar
~ ar^ in a set of type C^ contained

in the set [E 9 f(x) > ar]; and each of the sets
<f>m (x) is a ^-function. It

follows that the function fnr (x) is, for each value of r, an Ztt-function.

Therefore fn (x) is also an ^-function. Hence, since {fn (x)} converges

uniformly tof(x),f(x) is also an Ztt-function (see 113).

By the theorem of 188, if/ (x) is of class 1, both the sets [E,f(x) > A},

[E,f (x) < A] are of type 0$, or else of the first order. It thus appears
from the above theorem that a function of class -< 1

,
in the set E, which is

open, or perfect, or the set common to an open or perfect set, is both a ul-

function and an lu-function, unless it be a u-function or an l-function.

BAIRE'S CLASSIFICATION OF FUNCTIONS

193. A classification of functions was introduced by Baire*, depending

upon the properties of the functions in relation to their representation as

limits of sequences of functions. In 185, functions continuous relative to

a given domain E were defined to be of class 0, in E
;
and any function

which is the limit of a sequence of functions of class 0, in E, was defined

to be of class 1, in case it is not of class 0, in E.

Functions of class 2 can similarly be defined as functions which are,

in E, the limits of sequences of functions of class < 2, provided they are

not themselves of class < 2, in E. It can be shewn, by means of an example,
that functions of class 2 exist. Consider the function/ (x), in a continuous

linear interval, which has the value 1, for all rational values of x, and the

value for every irrational value of x. This function is totally discontinuous,

and is therefore not of class 0, or of class 1, but it can be seen to be the

limit of a sequence of functions, all of which are of class 1. Let/w (x) be

defined as having the value 1 at every point at which the value of x is

rational and has for its denominator, when expressed in its lowest terms, an

integer not exceeding n, and let fn (x) have the value at all other points ;

this function has then only a finite number of discontinuities in any given

* Comptes Rendus, vol. cxxix (1899), p. 1010 and Annali di Mat. (3) A, vol. m (1899); also.

Baire's treatise, Lemons sur lea fonctions discontinues.
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interval, and therefore belongs to class 1. The function / (x) is the limit

of the sequence {fn (x)}, and is of class 2.

It is capable of the analytical representation

/ (x)
= lim lim (cos m ! 7rx)

2n
.

m~oo n~oo

A function which is of class 2, in a given cell or interval, can be represented
00 00

by a double series S Pm,n (x)> where Pm , n (#) denotes a finite poly-
m^ln^l

nomial. This double series cannot be reduced to a single one, the terms of

which are continuous, for the function would then not be of class 2.

The definition can be extended by induction so as to apply to a function

of class p, in the domain E 9 where p is a finite ordinal. A function is of

class p, in E, if it is the limit of a sequence of functions all of which are of

class < p, provided it is not itself of class < p. The definition can still

further be extended, by transfinite induction, to apply to a function of

class
j8, where j8 is an ordinal number of the second class. A function is

of class j8 when it is the limit of a sequence of functions, all of which are of

class < /J, provided it be not itself of class < j8.

A proof has been given by Lebesgue* that functions of class y exist,

where y is an ordinal number of the first, or of the second, class. A simpler

form of this proof has been given by de la Vallee Poussinf. Baire's classi-

fication of functions is of importance in relation to the question as to the

characteristics of a function which is represeiitable analytically. A function

that can be constructed by carrying out, according to a norm, a finite, or

enumerable, set of additions, multiplications, and of passages to the limit,

operating with variables and constants, may be said to be representable

analytically. The other operations employed in Analysis are reducible to

those here enumerated. This definition will include cases in which the

function is multiple valued. It has been shewn by Lebesgtie that every

single-valued function, that is representable analytically, in a cell, or

interval, is not only measurable, but measurable (J5), in the sense that the

set of points at which the function exceeds in value an arbitrarily pre-

scribed number is measurable (J5). Lebesgue has further shewn that every
such function belongs to one of Baire's classes^.

It can be shewn that the totality of functions of all classesj in a given

domain, has the cardinal number of the continuum. This can be proved

by induction and transfinite induction. Let it be assumed to be true for

all the functions of class < y, where y is a number of the first or second

class. If fn (x) be a function of class ^ y, we have

f(x) = \imfn (x),
n~oo

* Liouville's Journal (6), vol. i (1905), p. 139. | Integrates de Lebesgue (1916), pp. 145-151

J Loc. cit. p. 170.
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where the functions fn (x) are all of class < y. Each such function / (x)

corresponds to an association of the integers n with a particular number of

the aggregate of functions of class ^
, the totality of which has, by

hypothesis, the cardinal number c; it follows that the aggregate of all

such functions /(#) has the cardinal number c^, or c (see i, 183). The

aggregate of functions of class has cardinal number c (see I, 216) ;
hence

it follows, by finite and transfinite induction, that the aggregate of all the

functions of class ^ y has the cardinal number c.

It has been shewn, in i, 216, that the aggregate of all functions has its

cardinal number > c
; it was accordingly affirmed by Baire that functions

exist which do not belong to any class, either of finite, or of transfinite

order. Lebesgue has shewn* how to define effectively functions which

do not belong to any class, and which are consequently not representable

analytically. It should be observed that, in the whole theory of functions

of Baire's classes, all the functions may be taken to be bounded ;
as this

entails no real loss of generality.

194. The following is the generalization of the theorem given in 186,

relating to functions of class ^ 1 :

// the functions f (x), /2 (x), ... fr (x) are all of class y, in E, and the

function F (fl9 /2 , ...fr )
is continuous ivith respect to (fl9 /2 , .../r), in E,

then F (f , /2 ,
... fr ) is of class ~1 y, in E.

It will be shewn that, if the theorem holds for all ordinal numbers less

than y, it holds also for y. We have/s (x)
= lim fm (x), for s = 1, 2, 3, ... r ,

71,^00

where all the functionsfsn (x) are of class < y. On account of the continuity
of the function F we have F = lim F (fln ,f2n , ...frn), hence F must be of

n** 1**

class ^ y, in E. The theorem has already been proved for the case y -

1,

hence, by ordinary and transfinite induction, it holds for every number of

the first, ,or the second, class.

As in 186, the following results follow from the above theorem:

(1) The sum, or the difference, or the product, of two functions, each of
which is of class ^ y, in E, is also of class y, in E.

*

(2) /// (x) is of class y, in E, so also is \f(x) |

.

(3) ///! (x), /2 (x), ...fr (x) are all of class ^ y, in E, and
</> (x) be the

function which has, at each point, the value of the greatest of the givenfunctions,
then < (x) is of class ^ y, in E.

(4) /// (x) is of class y, in E, the function <f> (x) which has the value f (x)

when A <f (x) < B, and has the value A when f (x) A, and the value B
whenf (x) B, is of class y, in E.

* Loc. cit. pp. 213-216. An example of such a function, denned without the use of trans-

finite numbers, has been given by Sierpinski, Fundamenta Mat. vol. v (1924), p. 87.
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(5) // the function/ (x), of class y, in E, is such that L f (x) ^ U, in E,
then f (x) is the limiting function of a sequence {</>n (x)}, of functions of class

< y, in E, and such that L ^
<f>n (x) ^ U, for every value of n.

195. The following theorem will be established:

If a sequence {fn (x)} converges uniformly tof (x), in E, and all thefunctions
are of class ^ y, thenf (x) is of class y, in E.

A monotone increasing sequence {nr} of integers exists, such that

1/0*0 -"/Mf (
x

) |

< or >
f r r -^

1> 2, 3, ..., and for aJl points of E. Let

fni (x)
= Urn ^o, .(*)> and letfnf+1 (x)~fnf (x)

- lim
<f>r , m (x}, for r = 1, 2, 3, ... ;

//i~oO 7W~oO

where ^Ot m (x) and all the functions
<f> rt m (x) are of class < y. We have

I /tir+t 0*0 -/, (a)
|

<
2
~
r
+

2rn < 2^1 ; therefore >
in accordance with theorem

(5), we may take
| </>r> m (x) \

^
97Zi>

^or a^ values of r (> 1) and m.

We have
| / (x)

- ^ , m (x)
-

<^, w () - ... -
</>,, m (a;) |

M
| / (a;)

-
(</>0>w (a;) -i- </>1>m (a?) -f ... f < r_,, m (^)> |

where r > m. The expression on the right-hand side is

and this is <
gr
+ ^17 , or <

2s=j-
We thus have

/(a;)
- lira {^ , m (a;) + ^,. m ()-!-... -I- <f m , M (x)};

7/1^00

and it then follows that/ (#) is of class ^ y.

196. The theory of Baire's classes is closely connected with that of

certain species of sets of points obtained by a generalization of the sets

considered in 1 1 1. The definition given in 182, of sets of points, of orders,

1 and 2, contained in a given set E, may be extended in such a manner that

sets of points, of order y, are introduced, where y is any ordinal number,
of the first, or the second, class. Starting with the definitions of sets of

types C
(

E\ O(

E\ O(

E\ 0, we define a set of types 0$, C(

, as follows:

The outer limiting set of a sequence {En} of sets contained in E 9 such

that each set of the sequence is contained in the next, and such that all

of them are of type OE or of type CE 5 where y is any number < y,

is said to be of type OK , in case it is not of any type OE or C& It is here

assumed that the definition has already been given for types of order < y,

and the method of induction is then employed.
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A set of type CE is defined in a similar manner, except that it is taken

to be the inner limiting set of a sequence {En} 9 each set of which contains

the next.

A set of order y, in E, is a set which is of either of the types 0# , C# .

The whole class of sets of points of any order are known as Borel-sets in

E\ their properties have been investigated by Hausdorff*.

The following generalizations of theorems given in 182 are of

importance :

A sequence {En} of sets of order < y, each of which is contained in the next,

has for its outer limiting set a set of order < y, 'provided an infinite number of

the sets En are of any type OE , where y' < y.

A sequence \En} of sets of order < y, each of which contains the next, has

for its inner limiting set a set of order < y, provided an infinite number of the

sets En are ofany type CE , where y < y.

Thus a set of type 0% may always be generated as the outer limiting

set of a sequence, all of whose members are of some type CE ,
where

y < y ;
and a set of type CE may always be generated as the inner limiting

set of a sequence, all of whose members are of some type 0% ,
where y < y.

The theorems have already been established for the cases y = 2
;
and

it may readily be proved by induction that the outer limiting set of a

sequence of sets, each of which is of some type OK , where y < y, is of

type < y ;
the first theorem then follows immediately. The second theorem

can be proved in a similar manner.

By induction, starting with the theorems given in 182, we have the

following theorems :

// a finite number of sets HW, H^\ ... H^ are all of types OE, where

y -<
y, the set D (//

(1)
, H&\ ... //< r)

), of points common to all the r sets, is of

type OE \ where y ^ y.

////(1)
,
#(2)

, ... //(n)
, ...

,
be a sequence of sets in E, all of some type

(

^\
where y y, the set M (H^\ II&\ ... H(m\ ...), of points which belong to one

or more of the given sets, is also of type OE ,
where y'

-<
y.

It has been proved by Hausdorfff that if E be closed, a Borcl-set of any
order, in E, has the cardinal number (7, unless the Borel-set be enumerable.

When the set E consists of the absolute set SV9 the types
(

^\ C(^
may be denoted simply by

* Math. Annalen, vol. LXXVII (1916), p. 430; also Math. Zeitechr. vol. v (1919), p. 307, where
the theory is connected with that of monotone sequences. See also W. H. Young, Proc. Land.

Math. Soc (2) vol. xn (1912), p. 260.

t Math. Annalen, vol. LXXVII (1916), p. 433.
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The following are generalizations of theorems given in 182:

The complement, with respect to E, of a set of type C/J is of type 0# ;

and the converse.

This theorem has been proved in 182, for the case y 2; and it may
be deduced by finite and transfinite deduction. Assume that the theorem

holds for every number y < y. A set of type 0#
}

is the outer limiting set

of a sequence of sets, all of order < y, in E. The complement in E of the

given set is accordingly the inner limiting set of a sequence of sets,

all of which are of order < y; therefore this complement is of type C% ,

or else of order < y. It cannot be of order < y, for if it were so, its comple-

ment, the given set, would be, by hypothesis, of order < y. Hence the

complementary set is of type CE\

The part of a set of type 0#
}

which is in El , a part of E, is of type 0^,
or else of order < y, in E . In particular, the part of a set of type 0M which is

in any set E l ,
is of type 0^, or else of order < y, in Elt

The corresponding result liolds for a set of type CE

This may be proved by induction, commencing with the case y = 2,

for which the theorem has been proved in 182. Let it be assumed that

the theorem is true for all numbers y' < y.

The given set is the outer limiting set of a sequence of sets, all of order

< y; the part of each of these that is in El is of order < y. Therefore the

part of the given set that is in El is the outer limiting set of a sequence
of sets, all of which are of order < y; from which the result follows. Since

the theorem holds for y -- 2, it holds generally. The corresponding

theorem for a set of type G
(

K follows from the fact that the complement,
/o \

with respect to E, of such a set, is of type OK .

If E consist of a perfect set, or an open set, or of the points which an open

and a closed set have in common, a set of type OE is of type O
Y

; and a set

of type C
(

E is of type C
(y
\

The theorem has already been proved in 184, for the case y = 2.

Let it be assumed to be true for every number y' < y. A set of type 0#
is the outer limiting set of a sequence of sets, all of which are of type < y,

in E. By hypothesis these are all of type < y, in Sp . It follows that the

given set is of type (
>>, or else of order less than y. The latter cannot be

the case, for if the set were of order less than y, in S9 ,
it would be of order

< y, in E. Therefore the given set is of type 0M. Since the theorem holds

for y 2, it holds generally.

The necessary and sufficient conditions that a function defined in a

given set of points should be of class y, where y is any number of the first

.and second class, have been obtained as generalizations of the theorems
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of Lebesgue and of Baire, given in 188-191, which correspond to the

case y = 1. For the investigation of these generalizations, reference must

be made to the memoir of Lebesgue*, and the treatise of de la Vall6e

Poussinf . A full treatment of the matter has been given by HahnJ, who
has freed Lebesgue's theorem, but not that of Baire, from restrictions oa
the nature of the set in which the function is defined.

PROPERTY OF A MEASURABLE FUNCTION

197. It will be shewn that, if / (x) be a measurable function, defined

in a measurable set E, there exists a function, of class ^ 2, which has the

same value of / (x) almost everywhere in E. This theorem was given by
Vitali, for the case in which E is a closed linear interval. It follows from

the theorem that a function of any of Baire's classes differs from some

function of class ^ 2, only at the points of a set of measure zero. It thus

appears that, in the processes of Analysis, in which /^-integrals are em-

ployed, a function of any class may be replaced by a function of class

not greater than two; hence Baire's general classification of functions,

although of much theoretical interest, is of somewhat less importance in

general Analysis than might have been anticipated. The same conclusion-

might be drawn from the results in 178, 179.

Let a measurable function f(x) be defined in the closed cell or interval

A; we may, without loss of generality, assume f (x) to be bounded. In

accordance with the theorem in 179, there exists a sequence {(fn} 9 of

perfect sets, each one of which is contained in the next, and for which

lim m (Gn )
= m (A), such that f(x) is continuous relatively to each of the

n~<*>

sets Gn .

Let
(f>n (x) be, for each value of n, the function which has the value of

/ (x) at each point of Gn ,
and the value zero at each point of A Gn . It

will be shewn that
c/>n (x) is pointwise discontinuous with respect to every

perfect set //, contained in A, and is therefore of class ^ 1, in. A.

Let Aj be a cell, or interval, containing points of HI if the points of

H within Aj are all points of Gn , these points are all points in which
<f>n (x)

is continuous with respect to H . If, however, there is a point of A Gn

within Al5 which belongs to H, a neighbourhood A2 of that point can be

determined, which is interior to Ax ,
and which contains no points of Gn ,

since A Gn is open relatively to A; all the points of // that are in A 2 are

points of A Gn , and thus points of continuity of
<f>n (x)\ hence they are

also points of continuity of
<f)n (x) relatively to H. It has thus been shewm

that the set of points of continuity of
<f>n (x) relatively to // is everywhere

* Liouviltes Journal (6), vol. i (1905). f Integrates de Lebesfjue (1910), pp. 120-151..

I Theorie der reellen Funktionen, vol. i (1921), pp. 318-392.

Rendi. Lombardo (2), vol. xxxvm (1905), p. 599.
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dense in H
;
and thus that

</>n (x) is at most pointwise discontinuous with

respect to H. From the theorem of 190, it follows that
<f>n (x) is of class

51 1, in A.

If K be the outer limiting set of {Gn}, we have m (K) = m (A), and in

K we have lim
cf>n (x) =f(x), whereas in A K we have lim

cf>n (x)
= 0.

If we denote by iff (x) the function defined, in A, as lim
<f>n (x),f(x) iff (x)

differs from zero only at points belonging to the set A K, of measure

zero; moreover
iff (x) is of class 4 2.

Next, let the measurable function / (x) be defined everywhere in the

space S9 ; and let {Am} be a sequence of cells, or intervals, each of which
is contained in the next, and such that the span of Am increases indefinitely

with m. Let {ew} denote a sequence of positive numbers converging to

zero
;
and let Gm be a perfect set contained in Am ,

and such that

m(Am)- m(Gm)< m ]

and this for each value of m. It is easily seen that the sequence {Gm} may
be so chosen that each set is contained in the next. For if G2 does not

contain Gly we can replace G2 by G2 + D (6r1? A2 G2), which is also a

perfect set. To see this we observe that every point of it which belongs
to G2 is a limiting point of the set, and every point which belongs to

D (Gt ,
A 2 G2 )

is the limit of a sequence of points of Gl ,
all of which

belong either to G2 or to D (G , A 2 G2), and thus the set is dense in itself.

In any neighbourhood of a limiting point of the set there is an infinite

set of points of G2 ,
or an infinite set of points of Gl that do not belong to

G2 ; thus the point must belong either to G^ or to G2 ,
and thus belongs to

G2 -I- D (Gl ,
A 2 G2 ) ;

therefore the set is closed. Since it is dense in

itself, and closed, it is perfect. We can proceed in a similar manner to

ensure that G2 is contained in GB9 and so on.

Let
<f>m (x) -f(x), in (fm ,

and
<f>m (x) 0, in the rest of the space Sp ;

then
(f>m (x) is of class ^ 1, in Am ,

and therefore in Sp . The sequence

{(f>m (x)} converges in Am ,
almost everywhere to / (x) ;

for if we consider

the sequence <f>m (x), cf>m+l (x), ...
</>m+r (x), ..., the function

<f>m+r (x) is

continuous relatively to Gm+r ,
and therefore relatively to Gm . Moreover

we have m (A7W4.r) m (Gm+r) < em+r ;
hence if gm+r denote the perfect

part of Gm | r
that is contained in Am ,

we have

m(Am )
- m(gm , r)< m+r .

Thus Gm9 J7m+ i ? </+2> ...
,
is a sequence of perfect sets, all contained in Am ,.

each one contained in the next, and such that lim m (gm+r )
^ m (Am ) ;

it

follows that, in Aw ,
the sequence <f>m (x), ^w+1 (x), ...

<f>m ^ (x), ...
, converges

almost everywhere to/ (x). Since m may have all integral values, it follows

that the sequence {<f>n (x)} converges almost everywhere in Sp to the valuer

of / (x), and in the remaining points it converges to zero.
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In case the function / (x) is defined in a measurable set E, of finite, or

of infinite, measure, we may suppose / (x) to be extended to the whole

space SP , by assuming that its value is zero at all points of the complement
of E ; it remains a measurable function when so extended. The sequence

{<f>n (
x)} corresponding to this extended function may then be applied only

toE.

We have thus established the following theorem :

/// (x) be a measurable function, defined in a measurable set E, of finite,

or of infinite, measure, and in any number of dimensions, there exists in E
a function <f> (x), of class ^ 2, such that its value differs from that of f (x)

only at points ofE belonging to a set of measure zero.

In comparing this theorem with that given in 179, we observe that,

in the present case / (x) is representable almost everywhere by a sequence
of functions, of class ^ 1, which is convergent everywhere in E, without

exception, although it may not converge to / (x) everywhere in E
;
whereas

in the theorem of 179, f (x) is represented almost everywhere in E as

the limit of a sequence of functions of class 0, but this sequence is not

necessarily convergent everywhere, without exception, in E.

THE PRIMITIVES OF A FUNCTION IN A FINITE INTERVAL

198. If a measurable function/ (x) be defined in a given linear interval

(a, 6), infinite values being admitted, the question arises whether a con-

tinuous function F (x) exists which has, almost everywhere in (a, b), a

differential coefficient of which the value is / (x). Such a function F (x) is

said to be, in a more general sense than that employed in I, 343, a primitive
of / (#) It has been shewn in I, 298, that the function F (x) cannot have

an infinite differential coefficient at all points of a set which has its measure

> ; accordingly, the question can only admit of an affirmative answer in

case/ (x) is almost everywhere finite, and it will therefore be assumed that

this is the case. The answer to the question, with this restriction, is

contained in a theorem due to Lusin*, which may be stated as follows:

// a function f (x) be measurable in the finite linear interval (a, b), and
be finite almost everywhere, there exists a continuous function F (x), such that,

almost everywhere in (a, b), F' (x) exists, and has the valuef (x). The function
F (x) is, in general, not unique; two values of F (x) not, in general, differing

from one another by a constant.

In case the function / (x) has an L-integral, or a .^-integral, in (a, b),

I f (x) dx is a primitive which has, almost everywhere in (a, b), a differential
J a

coefficient equal to / (x) (see I, 470) ; thus
( / (x) dx + C belongs to the
J a

*
Comptea Rendus, vol. CLXII (1916), p. 975.
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alass of primitives of / (x). Further, if / (x) be everywhere finite in (a, ft),

Bind it is known that / (x) is a differential coefficient, then (i, 471) / (x)

bias a D-integral in (a, 6). Moreover, the only primitives which have a

differential coefficient equal to/ (x), everywhere in (a, 6), with the possible

exception of an enumerable set of points, are the primitives

this is the case in virtue of the theorem given in I, 267.

199. In order to prove Lusin's theorem, two lemmas will be required:

Lemma I. /// (x) be a continuous function, defined in the interval (a, ft),

a continuous function <f> (x) can be so determined that
\ <f> (x) f (x) \

< c,

in (a, b); <j> (a)
= / (a), <f> (ft)

= / (ft); and
<f>' (x)

= 0, almost everywhere in

(a, ft) ; where e is an arbitrarily chosen positive number.

Let (a, j3) be any sub-interval in (a, 6), and let O be a perfect non-dense

set of points in (a, /?), of measure zero. A correspondence exists between

the points of (a, j8),
and the points and contiguous intervals of G, such that

to all points P' of an interval contiguous to G there corresponds a single

point P of (a, j3),
and to a point P', of G, there corresponds a single point P

of (a, jS) ;
the relation of order of all points P being the same as for the

corresponding points of G or of contiguous intervals.

Let
</> (x) have at each point P' the value of / (x) at the corresponding

point P; thus
</> (x) is constant in each interval contiguous to G. Since G

has measure zero, </>' (x) exists almost everywhere in (a, /?), and has the

value zero; also
cf> (a)

= / (a), </> (/?)
- / (/J).

The interval (a, ft) can be divided into a finite number of parts (a, j8).

in each of which the fluctuation of/ (x) is < . In each part, <f> (x) is defined

as above, and
<f> (x) has in (a, j8) the same range of values as / (x) ;

thus it

is clear that
| </> (x) f (x) \

< e, in (a, ft) ;
moreover

(/>' (x)
= 0, almost

everywhere in (a, 6), and is such that
</> (a) =f (a), <f> (b) / (ft).

Lemma II. /// (x) be measurable in (a, ft), and finite almost everywhere,

an enumerable set of non-dense perfect sets {Gn} can be so determined that

no two of the sets tiave a point in common, that the sum of their measures is

equal to that of the whole interval, and ttiat f (x) is bounded in each set.

Moreover the sets can be so determined that the points a, b do not belong to

any of them.

If N be a positive number, and e^ be the set of points at which

I / (x) |

< N, we have lim m (eN)
= 6 a = 1. A value Nl ,

of N, can be so
N-^oo

chosen that m (e^) > \l, and a non-dense perfect set G can be chosen as

a part of e^ so that m (GJ > \l\ the complementary set C (G^ has measure
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< \l. As before, a non-dense perfect set G2 ,
contained in C (G^), can be

determined, such that \f(x) \
is, in G2 , < N29 where N2 > Nl9 and such that

Proceeding in this manner, every point of (a, 6) belongs to one of the sets

O19 #2 , ..., Gny C (Gn )i and m{C(Gn)}< ^l. Thus
*

m (Or ) converges^ r-l

to /, as n ~ oo
;
moreover in any set Gn , we have

| / (x) \

< Nn .

200. We can now proceed to the proof of Lusin's theorem. Let {Gn}
be the sequence of perfect sets, constructed so that the conditions of

Lemma II are satisfied.

Let Si
W)

,
82

n
,

... Sl^, ..., denote the intervals contiguous to On \
the

00 ()
integer \n can be so chosen that S m (8r ) < m (Gn ). There are Aw + 1

intervals A? ,
A2

W)
,

... AJ+i complementary to the Aw intervals

Sl
w)

, 8
(

2

'l)

, ... 82
}

; and^m (A<
w)

) < 2m (On ).
r=I

Let fn (x)
=

f(x), in the points of Gn ,
and fn (x) 0, in C (Gn }\ let

<j>n (
x

)
= /n (x) dx y

the integral existing as an //-integral, because / (x)
J a

is bounded in 6?n . The function
</>w (#) is continuous in (a, 6), and is constant

in each of the intervals contiguous to Gn . Let
ifjn (x) be any function,

continuous in (a, 6), and such that
ifjn (x)

=----

</>w (#), in the intervals

3
(

r\ 82? SA ,
and such that ^n (x)

- 0, almost everywhere in (a, 6),

and satisfies the condition
| \^n (x) <f>n (x) \

<
|^,

where grw is the length

of the least of the intervals A/
1

,
A2

W
,

... AA

?

^+1 . That
i/rn (x) can be deter-

mined so as to satisfy these conditions, follows from Lemma I.

Let Fn (x)
=

cf>n (x) $n (x) ;
then Fn (x) is continuous in (a, b) ;

it is

such that
|

Fn (x) \

< ~^, in (a, 6); it vanishes in each of the intervals

S
(

r
}

, 8? , ... 8^; and jp
7

/ (a)
= / (x), at almost aU points of Gn .

Let us consider the function F (x)
= S Fn (x). Since

the series converges uniformly and absolutely in (a, 6), and therefore

F (x) is continuous in (a, 6) ;
it will be shewn to be a primitive, such as is

required.
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Since Fn
'

(x)
= 0, almost everywhere in C (Gn ), and Fn

'

(x)
= / (x),

almost everywhere in Gn ,
there exists a set of points S, of measure zero,

such that each of the functions {Fv (x)} has a differential coefficient that

is not infinite, for all points not in $; also F^ (x), F2

'

(x), ... ,
are in O (S)

all zero, except that one of them has the value/ (x). If i =f. An + 1, add to

A t

n
two intervals, of length gn ,

one on the right and the other on the left;

and let the interval so extended be denotedby UL

n
,
where t = 1 , 2, 3, . . . An + 1 .

Consider the set En ,
of points which belong to one or more of the intervals

(n) TT (/t) rrW i

U\ , U.2 9 ... U\n+i ;
we have

An+l (fn \ A*+1 /*
m (En )

X m (U
(

^) 3 S w (A t

(n)

)

- 6m (6
r

n ) ;

1 = 1 4-1

consequently the series S m (JE^) is convergent. It follows that the set T
rc- 1

of points, each of which belongs to an infinite number of the sets El9

E2 , ... ,
has its measure /ero.

Let K be the set of points of (a, b) that do not belong to S or to 77

;

then m (B) I. Each point of R belongs only to a finite number of the

sets {En}. It will be shewn that, at every point x
9
of R, F' (x) / (x).

Let be a point of R, then

The number ^V may be so chosen that does not belong to

thus, if n > N, is interior to one

therefore Fn (|)
- 0, for n > N; thus

thus, if n > N, is interior to one of the intervals S/* , S
,

... SA^ ; and

If /^ be such that Fn (f + A) = 0, f + h is outside 8
(

1

fl)

,
8

(

a
n)

,
... 3^

}

,
that is

interior to an interval &" , A2

^
,

. . . AA^ {.i ;
but is exterior to J5/

rt ,
and there-

fore to all the intervals U (

\ U^\ ... C^lni-i- ^ follows that
|

h
\

> gn , and

thus that

S
re-AT+1

+
h

<
Un

Since
|

Fn (x) \

< '^,\in>N, we have, in the whole of (a, b),

y I

J*
( H- A) | 2 ^ L

and therefore

_ s -^
Tt

r~ <
-^if,
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where N is fixed, and h is arbitrary. It follows that each of the four

derivatives of F (x) 9 at , differs from JY (f) + FJ () + ... 4- FN'

(f) by

less than -

-^
. A number JVj. can be so fixed that, for N > A7

X ,

*V (0 + *Y (f) + ... + -Py (0 -/ (f);

therefore J7

(x) has a differential coefficient at , which has the value / () ;

this is the case everywhere in (a, 6), except at points of S or T.

The theorem has accordingly been established.

It will be observed that the set R is of the first category ;
the question

whether F (x) can be so determined that F' (x) =f(x) 9 at all points of

a set of the second category, remains open.



CHAPTER V

SEQUENCES OF INTEGRALS

THE INTEGRATION OF SERIES AND SEQUENCES

201. When a function is represented in some given field of the variable

or variables by a series which converges to the value of the function, it is

important to be in possession of conditions which shall ensure that the

sum of the integrals of the terms of the series shall converge to the integral
of the sum-function, the integrals being taken over the given field, or over

some part of it.

If sn (x) denote the nth partial sum of a series/! (x) + /2 (x) ~\- ...
,
which

converges to 5 (x), in a field E, the condition is identical with that for the

convergence of \sn (x) dx to Is (x) dx. Thus, when {sn (x)} represents a

sequence of functions of one or more variables, typified by x, which con-

verges to s (x), in a field E, and lini / sn (x) dx = I s (x) dx, the
n-oo J (E) J (E)

sequence {sn (x)} is said to be an integrahle sequence in the field E, which
is taken to be a measurable set of points in one or more dimensions; the

integrals being assumed to exist in accordance with the definition of

Lebesgue, which implies that the set E is measurable. The measure of E
may be finite or infinite.

fn case, lim lsn (x) dx = ls(x) dx, not only when the field of integration
n~aoJ J

is E, but also when the integrals are taken over any measurable part F 9

of E, the sequence is said to be completely integrable over the set E. This

terminology was introduced* by Vitali.

Proofs that the convergence of a series to its sum-function is sufficient

to ensure the validity of term by term integration were advanced by
Oauchy and by Moigno. These proofs, although they are invalid, may be

accepted as signs that Mathematicians had, early in the nineteenth century,
become conscious that the validity of the process was in need of investiga-

tion.

202. A very important criterion of a general character is contained

in the following theorem, which is a generalization of a theorem duef to

Lebesgue.

If a sequence {sn (x)} offunctions, all of which are summable in a measur-

able set E, of one or more dimensions, and of finite or infinite measure, con-

* Rendiconti del Circ. Mat. di Palermo, vol. xxm (1907), p. 140.

j* Lemons sur Vintegration, p. 114.

H II 19
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verges at all points of E to the values of a function s (x), it is sufficient, in

order that I s (x) dx may exist, and that the sequence {sn (x)} be completely
J (E)

integrable over the set E, that a non-negative function <f> (x) should exist which

is summable over E, and such, that
\

sn (x) \

^
<f> (x) y for all values of n and x

(in E).

Moreover the convergence of the integrals \
sn (x) dx to I s (x) dx is

J (F) J (F)

uniform for all measurable sets F contained in E.

It should be observed that if, in E, there is an exceptional set of points,

of measure zero, at which the sequence {sn (x)} does not converge, the

theorem still holds good. For it may be applied to the set obtained by
removing the exceptional set from E, and this makes no difference to the

values of the .L-integrals.

To prove the theorem, it is seen from the relation
|

sn (x) \ <f> (x), that

|

s (x) |

^
<f> (x), and thus that

|

s (x)
\

is summable in E\ hence s (x) is

summable over E. In particular, if m (E) is infinite, s (x) is absolutely
summable over E. It is only when m (E) is infinite that summability of a

function over E does not necessarily imply absolute summability. First

let it be assumed that m (E) is finite, and let e be an arbitrarily chosen

positive number. Let en be that set of points, in E, for all of which

|
s (x) sn+m (x) |

^ e, for m 0, 1, 2, 3, ...
;
en certainly exists if n be

sufficiently large. If F be a measurable part of E, let fn be the part of en

which is contained in F. We have then

I {s (x)
- sn (x)} dx S

| |
4 (a)

- sn (x) \dx + \s (x)
- sn (x) \

dx
\J(F) J(fn) J(F-fn)

em (en ) + 2
I </> (x) dx,
J (E-en)

since
|

s (x) sn (x) \

-

2<f> (x).

It is clear that the set en is contained in the set ew+1 , and that E en

contains the set E en+l . Moreover there exists no point common to all

the sets E en+m , for m = 0, 1, 2, 3, ..., for if x were such a point, we
should have

|

s (x) sn+m (x) \

> c, for all values of m; and this is incon-

sistent with the convergence of the sequence of numbers {sn+m (x)} to the

limit s (x). Employing a theorem given in i, 131, it now follows that

lim m (E
- en )

= 0.
tl^-oo

If n be greater than or equal to a fixed integer n ,
it now follows that

< em (E) + e, whatever measurable set F may be,If (S(x)-8n (x)}dx
Urn
contained in E. Since e is arbitrary, sm (x) dx converges to s (x) dx,

J (F) J (F)

uniformly for all such sets F.
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Next, let m (E) be infinite; a part El9 of E, of finite measure, may be

so determined that I
<f> (x) dx < . If F be any measurable part of E,

J (E-EJ
it consists of a part F of E^ ,

and a part F Fl of E El . We now have

I f {* (X)
- SU(X)} dx ; I

f {S (X)
- Sn (X)}dx +\f {s (x)

- *n (*)} dx .

\J(F) \J(Fl) \J(F-FJ

The second integral on the right-hand side is less than 2
<f> (x) dx,

J(E-EJ
or 2e ; and the first integral converges to zero, as n ~ oo

, uniformly for

all the sets F^ contained in EI ;
thus I {s (x) sn (x)} dx

. (F)

vided n is not less than some number dependent on c; therefore

pro-

[J
(

sn (x) dx

converges to s (x) dx, uniformly for all measurable parts F, of E.
J (E)

The above theorem is equivalent to the following :

// the sequence {sn (x)} of functions, all summable in the measurable set

E, and all absolutely summable in case E lias infinite measure, converge to

s (x), everywhere (or almost everywhere) in E ; and if a non-negative function

(x), summable in E, exists and is such that
\

s (x) sn (x) \ iff (x), for all

values of n, and of x (in E), then I s (x) dx exists, and the sequence {sn (x)}
J (E)

is completely integrable in E. Moreover, the convergence of sn (x) dx to

1 s (x) dx is uniform for all measurable sets F, contained in E.
J(F)

For we have

|

8 (X) | |

S (X)
- Sn (X)\ -f

|

Sn (X)\^lff (X) + I

Sn (X) I
,

and therefore s (x) is absolutely summable in E. Moreover

I

sn (#) |

-
<A (

X
) + I

S
(X ) I

>

which is a summable non-negative function; and thus the condition of the

theorem, in its first form, is satisfied.

It may be observed that :

In the first theorem, the condition
\

sn (x) \

^
<f> (x) may be replaced by the

condition fa (x) sn (x) ^ <f>2 (x), where fa (x), fa (x) are two functions, each

of which is absolutely summable in the set E, of finite, or infinite, measure.

For if fa (x) sn (x) ^ fa (x), \

sn (x) \

is at each point not greater than

the larger of the two numbers
| fa (x) \

,
\ fa (x) \

, and we may take
<j> (x)

to be the function which has this value at each point x. It is easily seen

that
</> (x) is summable in E.

19-2
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203. The theorem of 202 can be extended to the case in which the

functions {sn (x)} ,
s (x) involve a parameter a which may typify a point

in a given set of points K, in any number of dimensions. We consider a

sequence {sn (x, a)} which, at each point x, of the set E, converges uni-

formly for all points a, in K, to the value s (x, a).

Let en denote the set of points in E, for all of which

|

s (x, a)
- sn+m (x, a) \

-<
e, for m - 0, 1, 2, 3, ... ,

and for all points a, in K . It can be shewn that there exists no point of

E which belongs to all the sets E en ,
E en+l ,

E en+2 ,
... . For, if

x were such a point, we should have
|

s (x, am )
sn+m (x, am ) \

> e, for all

values of m, where {am} is some sequence of points belonging to K] and

therefore, at the point x, sn (s, a) does not converge to s (x, a) uniformly
for all points of K

9
which is contrary to hypothesis. It now follows that

lim m (E en )
= 0. Assuming that there exists a non-negative function

n~-c*>

<f> (x), summable in E, such that
|

sn (x, a)
\

^
</> (x), for all points x in E,

and for all points a in K
,
the proof of the theorem given in 202 is applic-

able when the sets {en} ,
as here defined, are employed. We have, accord-

ingly, the following theorem :

Let {sn (x, a)} be a sequence of functions, defined for each point x, in a

measurable domain E, of one or more dimensions, and of finite, or infinite,

measure, the sequence existing for each point a, in a set K, of one or more

dimensions; and let it be assumed that {sn (x, a)} converges to the value of
a function s (x, a), at each point x, in E, uniformly for all points a, of K.

It is sufficient, in order tJutt I s (x, a) dx may exist, and that the sequence
J (K)

{sn (x, a)} be completely integrable in E, for all values of a in K, the sequence

of integrals being uniformly convergent in K, that a non-negative function

<f> (x) should exist, which is summable over E, and is such that
\

sn (x, a) \

> < (x),

for all values of n, x (in E), and a (in K).

As in 202, the condition in this theorem may be replaced by the

condition that
|

s (x, a) sn (x, a) \

^ ^ (x), where ^ (x) is a non-negative

function, summable in E, for all values of n, and of a (in K). When E has

infinite measure the functions sn (x, a) must be taken to be absolutely
summable in E.

204. Important particular criteria are obtained, for the case of a set E,
of finite measure, by assuming that the functions < (x), iff (x), employed in

the two forms of the theorem of 202, are both constant in E.

We find, from the first form of the theorem, the following :

// a sequence {sn (x)} of functions, all measurable in a set E, of finite

measure, be convergent in that set, and if sn (x) is bounded, for all the values
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of n and x, so that
\

sn (x) \
K, where K is independent of n and x, then the

sequence {sn (x)} is completely integrable in E. Moreover the convergence of

I sn (x) dx to \ s (x) dx is uniform with respect to every measurable set F,
J (F) J (jp

1

)

contained in E.

As in the general case, it makes no difference if there be an exceptional
set of points in E, of measure zero, at each of which {sn (x)} does not

converge, or at which the condition
|

sn (x) \

^ K is not satisfied.

This theorem has been given, in a somewhat less general form, in I, 398.

From the second form of the theorem in 202, we obtain the following:

// a sequence offunctions, summable in a set E, offinite measure, be con-

vergent in that set, and if \

s (x)
- sn (x)

\

^ K, for all values of n, and of x

(in E), then the sequence {sn (x)} is completely integrable in E. Moreover the

convergence of I sn (x) dx to I s (x) dx is uniform with respect to every
J (F) J (F)

measurable set F, contained in E.

It should be observed that the condition
|

s (x) sn (x) \

^ K is (see

94), in the case in which E is closed, equivalent to the condition that
there are in E no points at which the measure of non-uniform convergence
is infinite. Thus :

It is sufficient for the complete integrability of the sequence {sn (x)} in a
closed and bounded set E that there be in E no points at which the measure of

non-uniform convergence is infinite.

This theorem is a development of a theorem first given* by Osgood,
for the case of a linear interval in which 6' (x) and sn (x) are all continuous.
The case for a linear interval in which s (x) is not necessarily continuous
was obtained! by Hobson, and was also investigated by W. H. YouiigJ,
and by Arzela.

If {sn (x)} converge uniformly in the set E, of finite measure, we have

|

s (x)
- sn (x)

I

< e, for all sufficiently large values of n, and for all the

values of x. Thus we have the theorem :

It is sufficient for the complete integrability of the sequence {sn (x)} ,
in

a set E, of finite measure, that the sequence converge uniformly on E. The

convergence of the integrals is then uniform with respect to all measurable sets

contained in E.

The results obtained here may clearly be extended to the case in which
the functions involve a parameter, as in 203.

* Amer. Journal of Math. vol. xix (1897), p. 182.

t Proc. Lond. Math. Hoc. (1), vol. xxxiv (1901), p. 254.

t Proc. Lond. Math. Soc. (2), vol. t (1904), p. 89.

Mem. d. R. Acad. Bologna (5), vol. vni (1900), p. 703.
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205. An important criterion is obtained by applying the second theorem

of 202 to the case in which the sequence {sn (x)} is monotone ; either non-

diminishing, so that sw+! (x) sn (x), or non-increasing, so that sn+1 (x) ^ sn (x),

for all the values of x and n. In these cases, we have

0^\s(x)-sn (x)\^\s(x)-sl (x)\\s(x)\+\ Sl (x) |.

It is sufficient, in order to apply the theorem, that s (x), and sl (x) should

be summable in E, when m (E) is finite, and that they should be absolutely

summable in E, when m (E) is infinite.

We thus obtain the following theorem :

//, in a measurable set E, of finite, or infinite, measure, the monotone

sequence {sn (x)} converges (almost everywhere) to a function s (x) which is

summable in E when m (E) is finite, and absolutely summable in E when

m (E) is infinite, and if sl (x) satisfies the same condition ; then the

sequence {sn (x)} is completely integrable in E. Moreover the convergence

f I $n (x) dxto I s (x) dx is uniform for all measurable sets F, contained
J(F) J (F)

in E.

This theorem may be extended, as in 203, to the case in which the

functions involve a parameter a. The functions sn (x, a) must then be taken

to be monotone for each value of the parameter a ; and
|

s (x, a)
\

,
\
sl (x, a) \

must be taken not to exceed positive functions which are both summable
mE.

206. Other criteria for the complete integrability of a sequence may
be obtained, which depend upon conditions involving integrals of the

functions in the sequence.

The following theorem will be first established :

Let the sequence {sn (x)} converge everywhere (or almost everywhere) in a

measurable set of points E (of one or more dimensions) of finite measure, to

the values of a function s (x) which is summable in E. If the condition

lim
|

sn (x) |
dx = is satisfied for every sequence {en} of measurable sets

~oo .' (en)

contained in E, such that each set of the sequence contains the next, and such

that lim m (en )
= 0, then the sequence {sn (x)} is completely integrable in E.

n^oo

Moreover the convergence of the integrals over measurable components of E is

uniform for all such components.

Let en denote that set of points of E , for each of which

for one or more values of m in the sequence 0, 1, 2, 3, ... ; so that

|

S (X)
- Sn+m (X) I

S
,

in the set E en , and the conditions are satisfied that en+l is contained
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in en ,
and lim m (en )

= 0. If F be any measurable set contained in E,
n~<x>

let fn ,
F fn denote the parts of en , E en , respectively, that are con-

tained in F.

We have now

f {8(x)-8n (x)}dx it \8(x)-8n (x)\dx+t \8 (x)
- 8n (x)\ JX

I
'

(F) / (/n) J IF-/*)

I
I a (a) sw (a?) I d# + em ($).

>(/*)

Also f \s (x)
- sn (x)\dx*\ \s (x) I dx + \ \sn (x) \ dx,

J(fn) J(en)
{

J(en)

and since both the integrals on the right-hand side converge to zero, as

n ~ QO
, it is seen that the integral on the left-hand side is < e, provided

n is not less than some integer n . We now have

f {s (x)
- sn (x)} dx

\J(F)

< 6 + em (E), for n ne ,

and for every measurable set F, contained in E. Therefore I sn (x) dx
J (F)

converges to s (x) dx, uniformly for all such sets F.
J(F)

It is easily seen that :

The sufficient condition in the theorem may be replaced by the less stringent

condition lim I sn (x) dx = 0. The sequence is then completely integrable
n~oo J (en)

in E, but the condition that the integrals of sn (x) over a measurable part of

E to the integral of s (x) over that part is uniform for all such parts is not

necessarily satisfied.

For the inequality employed in the above proof may be replaced by

I

f {s (x)
-- sn (x)} dx

\J(F)
{s (x)

- s n (x)} dx
(fn)

(E),

now I s (x) dx converges uniformly to zero, as n ~ QO (see I, 392), and
J (fn)

I s n (x) dx, by hypothesis, converges to zero, as m (fn ) converges to
M/n)

zero, but it cannot be asserted that sn (x) dx < c, for n ^ n
, where

I J (fn)

n is independent of the particular sequence {/} , and therefore independent
of F.

207. If E have infinite measure, we have the following theorem:

// {sn (x)} converge everywhere (or almost everywhere) in a measurable set,

of infinite measure, to the values of a function s (x), absolutely summable in

E, then, provided the condition of the last theorem is satisfied in every part
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EI9 of E, which has finite measure, and provided that, if be arbitrarily

assigned, El can be so determined that

I sn (x) dx < e, for n S n
,

and for every measurable set E2 ,
which contains El9 and is contained in E,

the sequence {sn ,(x)} is integrable in E.

The set E2, of finite measure, can be so determined that

I s (x) dx <
,
and also sn (x) dx

M(B-JS?,) \J(E-Et)

,
for n S ne .

We have now

I
{s (x)

- sn (x)} dx = f {s (x)
- sn (x)} dx + I" {s (x)

- sn (x)} dx,
J(E) JuS-Et)

J (Et)

and since the sequence sn (x) dx satisfies the condition of the last
J(Et )

< e, for n ^ n '

. It follows that

< 4e, for n ^ n "
,
where n^" is the greater of the

theorem, we have {s (x) sn (x)} dx
I
J (E*)

If {s(x)-sn (x)}dx
\J(E)

numbers n
,
n '. Since e is arbitrary, the sequence sn (x)dx converges

J (E)

s(x)dx.
J (E)

to

The theorem might be so stated as to involve the complete integrability

of the sequence, and also so that this is uniform with respect to all sets.

208. Let E be a set of points of finite measure.

If, corresponding to an arbitrarily chosen positive number e, another

< ,
where e is any measurable

set contained in E, provided m (e)<r), for every value of n, the integrals

number 77 exists, such that sn (x) dx
\J(e)

sn (x) dx\ of the sequence are said to be equi-convergent. The term equi-
) )

absolutely continuous is sometimes used instead of equi-convergent, and

sometimes the term uniformly convergent is employed.

// the integrals sn (x) dx are equi-convergent, so also are the integrals
J(E)

I I sn (x) I dx, and conversely.
J(E)

For, let e^ and e2 be the two parts of e in which sn (x) is S 0, and in

which sn (x) < ;
we have then I sn (x) dx < e, I sn (x) dx < e, and

J tei) JM
therefore

|

sn (x) \

dx < 2e, for every value of n
;
since 2c is arbitrary,

he)

the integrals |

sn (x) \

dx are equi-convergent.
J(E)
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Conversely, if I
|

sn (x) \

dx are equi-convergent, we have
J (/)

'(e)

for every value of n ; hence

'(#)
r

sn (x) \dx < ,iim (e) < 77,

sn (x) dx < e, I sn (x) dx < 6,
J (ei) J (e,)

therefore sn (x) dx
\J(e)

(e*)

< 6.

If E be of infinite measure, and if the condition is satisfied, that for

every set El9 of finite measure, contained in E, the sequence of integrals

s
tl (x)dx is equi-convergent, and provided also E^ can be so determined

that
|

s n (x) dx < e, for all values of n, and for all sets E2 of finite

measure, contained in E, and containing E^ , then the integrals I sn (x) dx
J (U)

are said to be equi-convergent in the set E, of infinite measure.

In case all the functions sn (x) are absolutely summable in E, it is

easily seen that the equi-convergence of the integrals I sn (x) dx involves

that of the integrals |

sn (x)
\
dx\ and conversely. For, since E% E

l is
J (E)

of finite measure, the sequence of integrals is equi-convergent in E2 E^ ,

and therefore we have, as before,
|

sn (x) \

dx < 2e.

209. It will be shewn that, when the integrals s n (x) dx are equi-

convergent, and when m (E) is finite, the condition lim sn (x) dx = 0, of
7t~oo .' en

the theorem of 206, is satisfied. Let er be the first set of the sequence {en}

for which m (er ) < TJ,
then

f
* (x) dx

J (e*\
< e, for all values of n, and for

m ^ 0, 1, 2, 3, Thus we have / sr+m (x) dx
I
J (er+m)

and hence lim

e, form = 0, 1, 2, 3, ...,

ii,*

lim
f

,s-
re (x)

n^-/3 .' (en)

I $n (x) dx ^ e
;
and since e is arbitrary, it follows that

_ -/(ft.)

dx - 0. We thus obtain Vitali's theorem* that:

It is sufficient for the complete integrability of a sequence {sn (x)} which

converges almost everywhere in a set E, of finite measure, to a function s (x),

summable in E, that the integrals of sn (x) in E should be equi-convergent.

* Rendiconti del Circ. Mat. di Palermo, vol. xxin (1907), p. 137. Vitali has further proved that

the condition of equi-absolute continuity is necessary as well as sufficient.
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Vitali's theorem may be extended to the case in which the set E has

infinite measure.

Let it be assumed that the sequence / sn (x) dx is equi-convergent
J(E)

in E. Let F be a measurable part of E ; then if m (F) is finite, the inte-

grability of the sequence in F follows from Vitali's theorem. We need

therefore only consider the case in which m (F) is infinite. A set E1 , con-

tained in E, of finite measure, can be so determined that sn (x) dx < e,

IJWi-EJ
for every set E2 , of finite measure, containing El9 and contained in E, and

for all values of n. It then follows, as in 208, that I
|

sn (x) \

dx < 2e.
J (Ei-Ed

Let JPj be the part of F that is in El , and F% the part that is in E2 ;
we have

< 2e. Let now m (E2 ) increase indefinitely, so thatthen sn (x) dx
l-Jur,-*

1

!)

E is the outer limiting set of the sequence of sets {E2} , then F is the outer
i

*

limiting set of the sequence of sets Fz ;
we have thus sn (x) dx *6 2e,

I
J (F-Fl)

and it then follows that I {s (x) sn (x)} dx < 3e, provided m (FJ is

\J(F-Fl)

sufficiently large. Hence

I I {s (x)
- sn (x)} dx \l {s (x)-sn (x)}dx +\l {s(x)~ sn (x)} dx ,

\J(F) U(Fl) |J(F-F!)

and the expression on the right-hand side is < 4e, if n , n ;
it follows that

sn (x) dx converges to 6* (x) dx.
J (F) J (F)

We have accordingly established the following theorem :

It is sufficient for the complete integrability of a sequence {s n (x)}, of

functions, summable in a set E, of infinite measure, which converges almost

everywhere in E, to a summable function s (x). that the integrals of sn (x) in E
should be equi-convergent.

210. In case sn (x) ^ 0, for all values of n and x, in E, the condition

lim sn (x) dx = 0, of the theorem of 206, can be shewn to be necessary
n~oo J (en)

for the complete integrability of the convergent sequence {sn (x)} over

the set E, of finite measure. An integer n can be so determined that

I s (x) dx is less than an arbitrarily prescribed positive number 8 ; more-
J(ni)

over n* ( n^ can be so determined that sn (x) dx differs from
|

s (x) dx
, , , ^ . .

,
J (*nJ J(eni )

by less than 8, provided n^n^^n^. We have now, for n ^ ns ,

I sn (x)dx^l sn (x)dx<l s(x)dx
JM J (eni) J (eni )
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Thus lim I sn (x) dx< 28] and since 8 is arbitrary, Km sn (x) dx = 0.

r^ J (en) n~oo J (en)

Hence we have the following theorem :

// the sequence {sn (x)} is almost everywhere convergent in the set E, of

finite measure, and sn (x) ^ 0, for all the values of n and x, it is necessary and

sufficient for the complete integrability of the sequence in E, that

lim sn (x) dx = 0,
tt~oo J (en)

where {en} is any sequence of measurable sets, contained in E, such that each

set contains the next, and m (en ) converges to zero, as n ~ <x> .

Let it be now assumed that a sequence {sn (x)}, which converges almost

everywhere in E, is such that 0^ sn (x) fn (x), for almost all values of x,

and for all values of n
;
where {fn (x)} is a completely integrable sequence in

E. We have then 0^ sn (x)dx. fn (x) dx, and since lim I fn (x) dx = 0,
J(en) J(en n~>J(en)

it follows that lim sn (x) dx = 0, and therefore the sequence {sn (x)} is
n~oo J (en)

completely integrable in E. It has thus been proved that :

If E be of finite measure, and {sn (x)} be almost everywhere convergent in

E, and sn (x) fn (x) 9 where {fn (x)} is completely integrable in E, then

{sn (x)} is completely integrable in E.

Next, let it be assumed that { fn (x)} , {gn (x)} are any two sequences,

completely integrable in E, and that, almost everywhere in E,

fn (x)
* sn (x)

* gn (x),

where {sn (x)} is convergent almost everywhere in E. The two sequences

{sn (x) fn (x)} , {gn (x) fn (x)} are both convergent, almost everywhere in

E, and sn (x) fn (x), gn (x) fn (x) are both ^ 0, almost everywhere.
Since sn (x) fn (x) gn (x) fn (x), it follows that the sequence

{s n (x) fn (x)} is completely integrable in E, and thence that the sequence

{sn (x)} is completely integrable in E. Thus the theorem* has been proved
that:

A sequence {sn (x)} , convergent almost everywhere in the set E, of finite

measure, is completely integrable in E if two other sequences {fn (x)}, {gn (x)}

exist, both completely integrable in E, and such that fn (x) ^ sn (x) ^ gn (x).

That the condition is necessary as well as sufficient, is seen by taking

fn 0*0
= - 1 + *n (*0, ffn (*)=!+ <9n ()

211. To extend the above theorems to the case in which m (E) is

infinite, let {Er} be a sequence of sets of finite measure, each one contained

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix (1910), p. 315.
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in the next, and with E as their outer limiting set. Let ^ sn (x) fn (x),

where {fn (x)} is completely integrable in E. We have then

lim I sn (x) dx = I s (x) dx ;

n~oo J (Er)
J (E,)

now / s (x) dx is not greater than / (x) dx, where / (x)
= lim /n (a;),

J (E) J (E) n~oo

and this is by hypothesis finite ; therefore s (x) is summable in E. Similarly

it can be shewn that sn (x) is summable in E. We now have

/
sn (x)dx I sn (x)dx,

J (Er) J (E)

for every value of r, and therefore lim I sn (x) dx ^ lim I sn (x) dx\
tt~oo J (Ef) ^> '

<#)

that the limit on the left-hand side exists, follows from the second theorem

in 210, and it is equal to I s (x) dx, and this has for its limit as r~ oo
,

J (AV)

s (x) dx. Therefore lim sn (x) dx I s (x) dx = kl9 where &x ^ 0.
* (E) ^^ J (E) J (E)

A similar relation will hold for the sequence {fn (x) sn (#)}; thus

lim
f (fn (*0

-
*n 0*0} dx -

I
{/ (X)

- S (X)} dx = &2 ,

^^ J (E) J (E)

where k2 ^ 0. From these relations we have

lim sn (x) dx lim sn (x) dx = k + k%\
^Z^o J (E) n-oo J (E)

since lim fn (x) dx -= / (x) dx, by hypothesis. Hence k and ^2 must
n^oo J (JK) J (E)

both be zero, so that lim sn (x) dx = I 5 (a;) rfa;; therefore {sw (a;)} is
n^oo J (E) J (E)

integrable in E. It we take f, any measurable part of E, instead of E,

the same proof is applicable. Thus we have the result for the case in which

m (E) is not finite*. The second theorem may be obtained as before.

212. With a view to obtaining other criteria of the integrability of a

sequence, it will be proved that :

//, in a measurable set E, the sequence {sn (x)} is almost everywhere con-

vergent to the values of a function s (x), and if, for some value of p, > 1,

I
\

sn (x) \* dx does not exceed a fixed positive number K, independent of n,
J (E)

then
|
s (x) \

v is summable in E, and in case E has finite measure, s (x) is

summable in E.

Let m (E) be, in the first instance, finite.

* See W. H. Young, Proc. Land. Math. Soc. (2), vol. rx (1910), p. 319.
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As before, let
|

s (x) sn+m (x) \
e, for m =* 0, 1, 2, 3, ... ,

in the set

E ew ; we have then

e*w

f \s(x) \dx 2""1
[ I s (x)

- sw () I" <fa

><#-en ) -/(tf-e,,)

+ 2 2"1
f I *n (*0 |* * - 2*-1

{
J(#-c)

It follows that, as m (ew ) converges to zero,
|

6* (x) \

v dx has a
J(E-efl )

finite limit ^2P~1
;
and from this it can be inferred that

|

s (x) |

p
, and con-

sequently s (x), is summable in E. For, if <f>y (x) denote that function which

has the value
|

s (x) |

p
,
when

|

s (x) \

p --- N, and has the value N, when

|

s (x) \

p > N, we have I
|

s (x) \

p d$ -^ lim I ^ (^) dx, from the definition
J (E) JV-oo J (K)

of the JD-integral of an unbounded function.

Now lim I
(/>iV (x) dx -- lim lim

<f>x (x) dx,
AT-oo J (E) N~*> n-oo J (E - en )

since
<f>N (x) dx ^ Nm (e n ), which converges to zero with m (en ). Since

hen )

4>N (^) dx is a monotone non-diminishing function of botli n and N 9

J(E-en )

the order of the repeated limits, as N ~ QO
,
n ~ QO

, may be reversed
;
thus

|

s (x) |

p dx = lim lim ^v (^) dx = lim
|

5 (a;) \* dx.
J(E) n-& N~nJ(K-en ) w-ao '(JE7-cM )

Therefore I
|

6
1

(^) \

p dx is finite, and ^ 2V~^K
;
hence 5 (#) is summable in 1?.

J (E)

Next, let m (7) be infinite; a sequence {Er} of measurable sets, such

that m (Er )
is finite, can be so determined that each one is contained in

the next, and that E is the outer limiting set. Since I s (x) \

p dx exists,

9

J (E.)

and is -5 K2v~ l
, for every value of r, it follows that I I s (x) \'

p dx exists, a&
J(E)

lim
I |

6' (x) \

p
dx, and it is ^ 2*-*K.

The following theorem may be deduced from the last theorem :

//, in the set E, of finite measure, sn (x) converges almost everywhere to

s (x) 9
and for some value of p, > 1,

|

sn (x) \

p dx ^ K, a number inde-
J (E)

pendent of n, then s (x) is summable in E, and the sequence {sn (x)} is

completely integrable in E ; the convergence of the integrals being uniform in

all measurable parts of E.

For, by the last theorem, s (x) is summable in E, and
i

f |

sn (x) |

dx
\

I \sn (x)\* dxY . {m (en )}
* K {m

J (e) ( J (ew ) )

~~
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by an inequality given in I, 435. It follows that lim
|

sn (x) \

dx = 0,
n~<x> J (en )

and thus the theorem of 206, is applicable.

213. The following theorem, which was given in a less general form in

I, 399, will now be established:

Let {sn (x)} be a sequence of functions, summable in a measurable set E,

#f finite, or infinite, measure, and of any number of dimensions, be such that

sn (x) 0, for all values of n, and of x, in E ; these functions need not be

bounded above. If, for each value of x, the sequence (sn (x)} is monotone non-

diminishing (a set of measure zero being possibly disregarded), and if

lim I sn (x) dx has a definite value, then (1), the points of E at which
n~oo J (E)

{sn (x)} does not converge form a set of measure zero, and (2), the function s (x)

Jutving the value of lim sn (x), where this limit exists, is summable in E, and
n~oo

the sequence {sn (x)} is completely integrable in E; the convergence of the

integral of sn (x) to that of s (x) being uniform in all measurable sets contained

in E.

First, letm (E) be finite
;
and let gn be the set of points at which sn (x) > A .

The set gn is contained in <7W+1 ,
and thus lim m (gn )

is the measure of the
n~oo

set of points for which sm (x) > A, for all values of m, from and after

some integer depending on x. Let it be assumed, if possible, that {sn (x)}

diverges at the points of a set h, of positive measure ;
then

lim m (gn ) ^ m (h) > 0.
n~oo

An integer n^ can be determined so that s
ni (x) > A, in a set of points of

measure \m (h) ; hence I sn (x) dx > \Am (h) ;
and therefore

J(E)

lim I sn (x) dx > \Am (h).
n~oo J (E)

Since A is arbitrarily great, this is inconsistent with the hypothesis that

the limit on the left-hand side has a finite value. It follows that {sn (x)}

-converges almost everywhere in E.

If m (E) be not finite, a sequence of measurable sets {Er} exists, each of

which is contained in the next, and is of finite measure, such that E is its

outer limiting set. In Er , the set of points er ,
at which {sn (x)} is divergent,

has measure zero. The outer limiting set of {er} is the set of points of diverg-
ence of {sn (x)} in E; and in virtue of a theorem established in I, 131, the

measure of this set is zero.

If An be the set of points of Er for which s (x) sn (x) < e, we have

I {s (x) sn (x)} dx < em (Aw ), or f s (x) dx < sn (x) dx + em (Er ) ;

J(*n) J(\n ) -M*n)
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hence lim s (x) dx lim sn (x) dx. Since m (AJ converges to m (Er),
n~oo J (An ) n~oo J (Er)

it is seen that s (x) dx = lim s (x) dx ;
and thus

/
s (x) dx exists,

J(Ef ) Tl~oo J(\n ) J (Mr)

and is lim sw (x) dx, or is ^ lim sn (x) dx.
tt"-oo J (Er) n~oo J (7)

It now follows that I $ (x) dx = lim I s (x) dx exists, and is
J (E) r~oo J (Er )

lim / sn (x) dx. Thus s (x) is summable in E, whether m (E) be finite,
n~oo J (E)

or not. The last part of the theorem now follows by applying the theorem

of 205.

In case E has finite measure, instead of the condition sn (x) S we

may assume that sn (x) ^ K, where K is independent of n and x. For

the theorem may be applied to the sequence {sn (x) f- K}, and since K is

Riimmable in any sot of finite measure, the result follows.

INTEGRATION OF SERIES DEFINED IN AN INTERVAL

214. If u (x) + u2 (x) + ... h un (x) + ... converge to a function s (x)

everywhere, or almost everywhere, in a linear interval (a, b), and s (x) be

summable in (a, 6), it is of importance to possess criteria sufficient to secure
r=- rx ex

fx
that S ur (x) dx, or sn (x) dx, converges to I s (x) dx, for all values of

r^l-'a Ja Ja
x in the interval (a, b). When this convergence takes place, the series is

said to be integrable in (a, b) in the ordinary sense; whereas it is said

(see 201) to be completely integrable in (a, b), when I s (x) dx is the
J (e)

limit, as n ~ x
,
of sn (x) dx, for every measurable set of points e, in

J(e)

the interval (a, b). A series may be integrable in the ordinary sense in

(a, b) when it is not completely integrable therein, but many of the criteria

sufficient to ensure ordinary integrability are also sufficient to secure com-

plete integrability.

The following criteria are obtained as special cases of the theorems in

202-213, which were established for integration over sets of points in

any number of dimensions :

(1) //, in the finite interval (a, 6), the functions un (x) are summable, and
the series ^un (x) converges uniformly in the interval to the values of s (x), then
rx QO rx

I s (x) dx S un (x) dx, and the convergence is uniform for all values of
Ja n-l.'a

x in (a, b).

This has been proved in 204.
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(2) //, in an interval (a, 6), thefunctions un (x) are all summable, and such
oo

that, almost everywhere in (a, 6), the series 2 un (x) converges to s (x), and a

non-negative function <f> (x) exists, which is summable in (a, b) and such that

|

sn (x) |

^
<f> (x), for all values of n and x, then s (x) dx exists, and the

J a
oo rx

series 2 I un (x) dx converges to it, uniformly for all values of x in (a, b).
n-l.'a

This theorem also holds for an indefinitely great interval (a, oo
), or (

QO
,
QO

),

provided <f> (x) is summable in the interval.

This has been proved in 202.

(3) In the ca,se of a finite interval (a, b), the condition may be replaced by
the condition

\

Rn (x) \

^
/r (x), where

iff (x) is non-negative, and summable in
rx co rx

(a, b). As in (2), s (x) dx then exists, and the series 2 I un (x) dx con-
J a n = 1 a

verges to it, uniformly in (a, b). This Jiolds also for (a, oo
),

or for (00, oo),

provided the terms un (x) are absolutely summable in (a, oo
),

or in
( oo, oo).

(4) Whether (a, b) be finite or infinite, the condition in (2) may be re-

placed by the condition ^ (x) ^ sn (x) <f>2 (x), for all the values of n and x,

where fa (x), fa (x) are two functions, each of which is absolutely summable

in the interval.

(5) A particular case of (3) is the condition, in the case of a finite interval,

that
|

Rn (x) |

should be bounded for all the values ofn and x. This is equivalent
QO

to the condition that the series 2 u n (x) has no points of infinite measure of
n = l

non-uniform convergence.

(6) // 2 un (x) converges, almost everywhere in a finite, or infinite,
n-i

interval to the values of a function s (x), summable in the interval, and if all

the terms un (x) are S 0, for all (or almost all) the values of n and x, then

2 un (x) dx converges to I s (x) dx, uniformly in the interval.
w^l.'a Ja

This has been proved in 205.

(7) // 2 un (x) is almost everywhere convergent in a finite, or infinite,
n~l

interval (a, b), and un (x) vn (x), where 2 vn (x) is a series such that
n~\

rx rx

S vn (x) dx converges everywhere to I S (#) dx, where S vn (x) converges
n = l

'

a J a n -1

to 2 (x), then S un (x) dx converges uniformly to I s (x) dx.
n-l .'a J a

(8) // vn (x) ^ un (x) ^ wn (x), where both the sequences {vn (x)}, {wn (x)}

are integrable in (a, 6), and 2 un (x) is convergent almost everywhere in the
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finite, or infinite, interval (a, 6), then 2 un (x) dx converges uniformly in
n=*lJ a

fx
(a, b) to I s (x) dx.

Ja

(7) and (8) have been proved in 210, 211. In particular if 2
|

un (x) \nl
is integrable term by term, so also is 2 un (x), for

=*i

-\un (x)\*un (x)*\un (x)\.

(9) //, in the finite interval (a, 6), 2 un (x) converges almost everywhere
n=l

rb

to s (x), and {sn (x)}
p dx is bounded for all values of n, where p is a number

J a

> 1, then s (x) is summable in (a, 6), and 2 I un (x) dx converges uniformly
w-l J a

in (a, b) to s (x) dx.
J a

(10) //, in a finite, or infinite, interval (a, b), un (x) ^ for all values of
co rb

n and x (except possibly at a set of points of measure zero), and if 2 un (x) dx
n~l 'a

has a definite value, then the series 2 un (x) is almost everywhere convergent,

t
x

and s (x) is summable in (a, b); moreover 2 I un (x) dx converges uniformly
n =1 'a

[
X

in (a, b) to I s (x) dx.
J a

In all these cases there is complete integrability of the series, provided
in (7) and (8) the integrability of the sequences {vn (x)}, {wn (x)} is assumed
to be complete.

In. case
(

1
), if it be assumed that the convergence of 2 u (x) to s (x) is

ti -i

simply uniformly convergent only, this is sufficient to ensure that s (x) is

[X
summable, but it is then not necessarily true that 2 un (x) dx is a con-

n-l a

vergent series. It can, however, be shewn that, whenever this series is
rx

convergent, it converges to the value of
|

s (x) dx. In fact we know that,
a

by bracketing the terms of the simply uniformly convergent series 2 un (x)
n-l

in a suitable manner, the series is converted into a uniformly convergent
series 2 vm (x), and the result (1 )

is then applicable to this series, and thus

rx
fx2 vm (x) dx converges uniformly to the value of I s (x) dx. It is clear

m = 1 .

'

a J a
rx

that, whenever 2 / un (x) dx converges, it must converge to the same
n~* 1 J a

value as does the series 2 I vm (x) dx. We thus obtain the following
m**\J a

theorem :

H TI 20
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(la) If the series S u (x) converges simply-uniformly in the finite
n-i

interval (a, 6) to s (#), and all the terms un (x) are summable in the interval,
rx

then*, (1) if the series S I u (x) dx be convergent it converges to the
n-lJ a

value s (x) dx, and (2) if the series be not convergent, it may by suitably
J a

bracketing the terms, and amalgamating the terms in each bracket, be
f
x

converted into a series which converges to I s (x) dx. The convergence is
* a

uniform with respect to x.

A practical test that S
(

un (x) dx = f S un (x) dx which may be
n = l. f O JOn-1

applied in many cases is the following :

// the series S
|

un (x) \ converges everywhere to a sum-function which
n = l

is summable in the infinite interval (0, oo), then

oo /"*> r< oo

2 ^n (x) dx = S ww (#) d#.
n - 1 J J o n - 1

This theorem is a particular case of (2), for if < (x) is the function to

which S
|

un (x) | converges, we have
n-l

of n and x.

2 %n (a;) ^
</> (a:) for all values

215. When, in the finite interval (a, 6), the condition in (5), that the

series S un (x) has no points at which the measure of non-uniform con-
n=l

vergence is infinite is not satisfied, there exists a set G of such points which

(see 94) is necessarily closed, and may be finite. In this case the theorem

may fail to hold good either (1), when S I un (x) dx is not everywhere
n-l.'a

convergent in (a, 6), or (2), when its sum is not continuous in the interval.

It may also happen that, in these circumstances, the continuous function

U (x) to which the sum of the integrals converges, is not equal to
f
x

I s (x) dx\ this last integral being assumed to exist.
Ja ,

The following theorem will however be established :

// the series S un (x), of which all the terms are summable in the finite
71=1

interval (a, 6), converges to the summablefunction s (x), and if, further, the series

S un (x) dx converges everywhere to the values of a function which is
n--\

'

a

continuous in (a, 6), it is a sufficient condition^ that this function be equal to

* The first part of this theorem was given by Bendixson, for the case in which the functions
un (x) are all continuous; see Stockholm Ofv. vol. LIV (1897), p. 609.

t This theorem was given by Osgood, Amer. Journal, vol. xix (1897), p. 182, in the case

in which the terms of the series, and its sum, are continuous. The general theorem was given, for

Eiemann integration, by Arzela, Mem. di Bologna (5), vol. vni (1900).
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s (x) dx, that the points at which the measure of non-uniform convergence
J a

of the series S un (x) is infinite should form an enumerable set.

The closed enumerable set* of points at which the measure of non-

uniform convergence of the series is infinite being denoted by G, let be a

point of (a, 6) which does not belong to G. Since is within an interval

contiguous to G, in any interval ( l , + e2 )
interior to that contiguoiis

interval,
|

Rn (x)
\

has a finite upper boundary. Denoting by Un (x) the
[X

nth partial sum of the scries S un (x) dx, and by U (x) the continuous
n=* 1 a

function to which Un (x) converges, as n ~ <x>
,
a value n, of n, can be so

determined that
|

U (f)
- Un (f ) |

< S,
|

U
( + A)

- Un (f + A) |
< 8, for

n'&n, where + A is a fixed point within the interval (f 19 + e2 ), and
S is an arbitrarily chosen positive number.

We now have

28

h
<
i*r

Since the interval (f , + A) contains no points of G, it follows that, for all

sufficiently large values of n,

h f+7t
sn (x) dx s (x) dx

Therefore we have, provided ?& is not less than some fixed integer wls

A
" " "

A
rx

where S (x) denotes s (x) dx.
J a

From the two inequalities, we have

__ _ __

|

<
_^_

and since S is arbitrarily small, it follows that

""A"
""

A
"

This holds for any point that does not belong to G, and for any point

f A in a neighbourhood of that contains no points of (7. It follows that

any one of the four derivatives D+ U (), D+U (), D~U (f), D-U (f), is

equal to the corresponding derivative of S (). Since one of the four

derivatives of the function S (x), U (x) is such that its value is the same for

the two continuous functions, except at points belonging to an enumerable

set, it follows (i, 267) that the two functions differ by a constant; and

since both vanish at the point a, they must be everywhere equal.

When the closed set G is not enumerable it contains a perfect com-

ponent ; and in that case the sum of the integrals of the terms of the series

20-2
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is not necessarily equal to the integral of the sum, even when both exist
GO I'X

and the condition of continuity of S I un (x) dx is satisfied.
n-l J a

It will be observed that, in accordance with the theorems which have

been established, the term by term integration of a series may fail to give

the integral of the sum, either (1), when the set 6?, of points of infinite

measure of non-uniform convergence of the series, is finite or enumerable,
00 rx

but the condition that the sum of the series S I un (x) dx should be a
1 Ja

continuous function of x is not satisfied; or (2), when G contains a perfect

component.

216. If there exist, in the interval (a, 6), points at which the series

S un (x) is not convergent, such points will be regarded as points of
nl
discontinuity of s (x). Let it be assumed that these points form a non-

dense set with an enumerable derivative, i.e. a reducible set; thus they
are contained in a set G which is an enumerable closed set. Let it be

further assumed that, in any interval (a, j8)
which contains, within it and

at its ends, no point of G, the condition is satisfied that
|

sn (x) \

is less than

some fixed number, independent of n and x. Let it be also assumed that

[
x

un (x) dx is convergent for all values of x in (a, 6), and that its sum-
ra-l Ja
function U (x) is continuous in the closed interval (a, b). Let it be further

assumed that I s (x) dx = 8 (x) is a continuous function of x\ this will be
J a

the case when s (x) is summable in (a, 6), or more generally when it has

a D-integral, or in particular, an //Zrintegral in (a, b). The enumerable set

G contains all points of non-convergence of the given series and also every

point at which the measure of non-uniform convergence of the series is

infinite. With these assumptions, the proof of 215 is applicable to

establish the legitimacy of the integrability of the series 1*un (x). We
obtain accordingly the following theorem :

// the series S un (x) converges to the function s (x) at every point of the
n=l

interval (a, 6) which does not belong to a reducible set of points G, and if, in

any interval (a, j8) which contains within it, and at its ends, no points of (7,

[
x

|

sn (x) |

is bounded as a function of n and x; and if un (x) dx exists as an
J a

L-integral, or as a D-integral, or an IIL-integral, for every value of n, and the
00 IX

series 2 I un (x) dx, for a ^ x *
6, converges to a continuous function of x;

n~lJ a
rx

then, if s (x) dx exists as a continuous function of x,
Ja

QO rx

s (x) dx = S un (x) dx.
n-l . a
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The following theorem which also has reference to the case in which

there are points at which the measure of non-uniform convergence is

infinite is due to Vitali* :

// the 'points of a finite internal at ivhich a convergent series Jias infinite

measure of non-uniform convergence form a set G of which the measure is zero,

then term by term integration is permissible, provided the sum-function is

summable, and provided also the integrated series converges to a sum which

is the integral of a summable function. The last condition is clearly also a

necessary one when the first is satisfied.

In this case it is assumed that U (x), the sum-function of S un (x) dx,
n \ a

is an indefinite integral of a summable function, that is, that it is

absolutely continuous in (a, b) (i, 218). The closed set G being of

measure zero, a finite set of intervals (A) of total measure < can be

determined which include within them all the points of the set G.

Since U (x) is absolute continuous, the sum of its variations, each

taken with its proper sign, over the intervals A is < Se ,
where 8e is a

number which converges to zero with e. An interval (a, jS), one of the

intervals complementary to the finite set (A), contains 110 points of G 9

and therefore U (ft)
- U (a)

= 8 (j8)
- S (a) ;

where 8 (x) denotes
[

s (x) dx.
J a

Now U (b) is the sum of the variations of U (x), taken over all the intervals

(A) and all the complementary intervals (, ]8), and the same remark applies

to S (b). It follows that U (b) and 8 (b) differ from one another by less

than Se i- I s (x) I dx. As e converges to zero, so also do S 6 and m (A) ;

J(A)

consequently U (b) and 8 (b) are equal. By considering the interval (a, x),

where a < x * 6, it follows also that S (x) U (x); arid thus the theorem

is established.

217. It is easily seen that, in case all the terms of the series S un (x) are
n-i

non-negative in an interval (a, b), finite or infinite, the term by term in-

tegrability of the series for (a, 6) implies its complete integrability.

For if e be any set of points in (a, 6),

I
{* (*)

-
*n (x)} dx I {s (x)

- sn (x)} dx,
J (e) J a

since s (x)
- sn (x) ^ 0. If the integral on the right-hand side converges

to zero, as n ~ QO
,
so also does the integral on the left-hand side.

The following theorem has reference to sequences which, in a given

interval, are in general non-convergent :

In case the sequence {sn (x)} is not necessarily everywhere, or almost every-

where, convergent in the interval (a, 6), and is such that \sn (x)\^x (
x)>

* Rendiconii del Circ. Mat. di Palermo, vol. xxm (1907), p. 155.
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where % (x) is summable in (a, b), then the upper and lower limits of I sn (x) dx9

J a
as n ~ oo, are both integrals._ CX CX

Let F (x)
= lim sn (x) dx; and jp

7

(x)
= lim sn (x) dx,

rc~ooJa <ti^>J<*>

then F (x2 )
= lim -I sw (x) dx + sw (#) dxl

n~<x> (J a ! Xi )

S Km sn (x) dx (#2 x) \ x (
x

)
dx.

n~oo .'a J a

Thus P (^)
- F to) S -

(#2
- ^) ^,

and similarly F (#2 ) .F
7

(a^) (o;2 a^j) ^4,

where ^4 denotes ^ ^- The sum of the values of the absolute variations
__

of F (x), or of F (x), over any set of non-overlapping intervals, whose total

measure is < c, is less than Ae. It follows that both the functions are

absolutely continuous in (a, 6), and are therefore integrals of summable

functions.

An extension of the theory of the integrability of convergent sequences
to the case of non-convergent sequences which have an upper and a lower

function, in relation to semi-integrals, has been developed* by W. H.

Young.

218. When a convergent sequence of functions is defined in the infinite

interval (a, oo
), and it is known that the sequence is integrable in every

finite interval (a, 6), it is desirable to possess a sufficient condition that the

sequence should be integrable in the infinite interval.

The following sufficient conditions may be established :

00

(1) Let the series S un (x) Jiave as its sum-function s (x), summable in
n-l

every finite interval, and let it be such that S un (x) dx converges to
n 1 J a

rs (x) dx, for every finite value of C (> a), then if, corresponding to an
_

arbitrarily chosen positive number , an integer n
, and a value of C (> a)

can be so chosen that sn (x) dx < <r, for every value of C' (> C), and for

all values of n^n , then s (x) is integrable in (a, oo), although not necessarily
roo r

absolutely summable in (a, oo), and S un (x) dx converges to s (x) dx.
n~l ! Ja

rO ao rC

(2) On the assumption that the equation s (x) dx = S un (x) dx holds
ia n-lJa

0) TOO

for every value of C (> a), then provided that 2 un (x) dx is convergent,
n~ll a

* See Proc. Lend..Math. 8oc. (2), vol. TX (1910), p. 286.
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un (x) dx converges to the value of 2 I un (x) dx, when C is
.. _ n^lJ a

independently increased, it follows that s (x) dx exists, and is equal to
.'a

oo Too

2 un (x) dx.
n - 1 J a

It should be observed that these theorems may be applied to cases in

which the integrals I sn (x) dx, I s (x) dx exist only as non-absolutely
J a J a

convergent integrals such as Z)-integrals.

To prove (1) it is seen that lim sn (x) dx = I s (x) dx\ and assuming
n~> J C

f

J C

that n and G can be so determined that I fs n (x) dx < e, for n^n , and

for all values of C r

(> C), it follows that s (x) dx <
e, for C' > (7; and

since e is arbitrary, / s (x) dx exists. Assuming that all the integrals
J a

roo

sn (x) dx exist, we have
J a

I Too Too I fC
[C

s (x) dx I sn (x) dx ^. s (x) dx sn (x) dx
I J a J a I Ja J a

+
I

s (x) dx +
I

s n (x) dx ;

I J O \ J C

and by taking a sufficiently great value of n (^ n ), and a sufficiently large
value of C, the expression on the right-hand side is < 3e. It thus appears
that

roo /-co

lim I sn (x) dx == I s (x) dx.
n~<x> J a -'a

To prove (2), we see that, if 6 be fixed, C may be so chosen that

\dx < , for C' > C,

and from this it follows that ^ e, for C' > C. Since e is

we see
roo rC tC

arbitrary, s (x) dx exists. Also since / 8 (x) dx = lim sn (x) dx,
Ja Ja n~ao J a

that s (x) dx is the limit to which S sn (x) dx converges as C
J a n --1 J a

oo Too

and this limit is by hypothesis S / un (x) dx.
n=*\J a
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SEQUENCES OF FUNCTIONS THAT ARE INTEGRABLE (R)

219. Let u^ (x), u2 (x), ... un (#), ... be functions each of which is

bounded in the interval (a, 6), and each of which is integrable (R) in that

interval. Let it further be assumed that, in the whole interval, the series

% (x) + u2 (x) + ... + un (x) + ... converges to a function s (x). Also let

it be assumed that s (x) is bounded in (a, 6). It is proposed here to determine

necessary and sufficient conditions that s (x) may have an JR-integral in

(a, b).

Let E be a set of points, in (a, 6), of measure zero; and let e be an

arbitrarily chosen positive number, and n an arbitrarily chosen integer.

Let us suppose that, for each point xl9 of (a, 6), which does not belong to

a certain component E ,
of E, an integer n^ (> n) can be determined, and

also a neighbourhood (x1 S, xl + 8'), such that the condition
|

Rni (x) \

<
is satisfied for every point x, in that neighbourhood. Then, provided this

condition is satisfied for every value of e, and E is such that each point of

it belongs to E , for some sufficiently small value of
, the convergence of

the sequence {sn (x)} to s (x) is said to be regular in (a, 6), except for the

set E, of measure zero.

It will be observed that, for a fixed e, the integer % (> n) depends in

general upon the particular point xl9 which does not belong to E . More-

over, since n is arbitrary, there exists, for a particular point xl , an infinite

number of values of %; the neighbourhood (x^ S, xl + S') depending
however in general upon the value of n, chosen.

In the particular case in which un (x) ^ 0, for all values of n and x, so

that the sequence {sn (x)} is monotone non-decreasing, when the condition

Rn (x) < is satisfied for a particular value of n, it is also satisfied for all

greater values. In the general case this does not hold; the condition is

satisfied for an infinite set of greater values of n, but not necessarily for

every such value.

It is easily seen that the set E must, for each value of e, be a non-dense

closed set, although the set E is not necessarily non-dense, and may be

everywhere dense in (a, 6). For, if be a limiting point of E
, then every

neighbourhood of f contains points of E , and it is impossible that the

condition
|

R
ni (x) \

< can be satisfied for every point of such neighbour-
hood. Therefore must belong to Ee , and E is consequently a closed set;

and since its measure is zero, it must be non-dense in (a, b).

The following theorem will now be established :

The necessary and sufficient condition that the bounded function s (x) may
be integrable (R), is that the sequence of functions {sn (x)}, all of which are

integrable (R), shall converge to s (x) regularly, except for a set of points E,

of measure zero.
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To prove that the condition stated is necessary, let it be assumed that

s (x) is integrable (R). Since s (x), ^ (#), s2 (x), ... are all integrable (7?), the

set of points at which any one of these functions is discontinuous has

measure zero, and it follows that the set of points at which one or more of

these functions is discontinuous has its measure zero. It will be shewn
that a point at which all these functions are continuous cannot belong to

Ee for any value of 6, and consequently cannot belong to E. Let be a point
at which all the functions are continuous, and let e be a prescribed positive
number. The integer n^ (> n) can be so chosen that

|

s () s
ni (f) |

< e;

also 8 can be so chosen that, for every point x, in the interval (f 8, f + S),

the inequalities |

5 () s (x) \

< e,
|

s
ni ( )

s
ni (x) \

< |e are satisfied.

From these three inequalities we deduce that the inequality

|

,9 (X)
- S

ni (X) |

<
is satisfied for all points in the interval

( S, + 8) ;
and therefore does

not belong to the set E . Since e is arbitrary, it follows that does not

belong to E. Hence every point of E must belong to the set of points at

which one or more of the functions s (x), s, (x), #
2 (x), ... sn (x), ... is dis-

continuous; and therefore m (E) = 0.

To shew that the condition stated in the theorem is sufficient, let 6 and

n be fixed, then Ee i a non-dense closed set of measure zero. A finite set

of intends, the sum of whose lengths is an arbitrarily chosen number
77,

can be so determined that every point of E is within one of the intervals.

The remainder of (#,/>) consists of a finite set of intervals {A}; and for

any point .r,
in an interval A, a neighbourhood (xl

-
8, xl + 8') can be

determined, and also an integer n (> 7?), not necessarily the same for all

such points xl9 such that
|

Rn (x) \
< for all the points of (xl S, x + S').

This can be done for every point xl in the intervals (A), and we can consider

the set of all such neighbourhoods (xl 8, x1 + 8'). To this set we may
apply the Heine-Borel theorem ; and consequently a finite set of the intervals

(#! 8, rr, f 8') exists such that every point of {A} is interior to one or

more of the intervals of this finite set. In each one of the intervals of this

finite set, the condition
|

Rn (x)\ < e is everywhere satisfied for some value

of n (> n). When the set of intervals of which the sum is
77

is excluded from

(a, ft), the remainder may be divided into a finite number of parts such that,

in each part, the condition
|

Rn (x) \

< e is satisfied for a value of n belonging
to a finite set T< + Pi, n + pz , ... n + pr ,

of integers all greater than n.

To shew that s (x) is integrable (R) we now apply Riemann's test of

integrability. Divide (a, b) into a number of parts hl9 ^2 > ^> so chosen

that all the end-points of the excluded intervals, and also all the end-

points of those finite parts for each of which
|

Rn (x)
\

< e, for a single

value of n, are end-points of the parts hl9 h2 ,
... hs . For an interval h, in

the excluded set, the product of /? into the fluctuation of s (x) is less than
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(
M m) h, where M, m are the upper and lower boundaries of s (x) in

(a, 6). For an interval h, for the whole of which
| Rn+P \

< e, the fluctuation

of s (x) cannot exceed that of Sn +J) (x) by more than 2e. It follows that the

sum of the products of each h into the corresponding fluctuation of s (x)

cannot exceed

(
M m) 77 + S S7i {2e + fluctuation of s^+p (x)} ,

p

where, in the double summation, the first summation refers to all those of

the h's which are in an interval for which p has one and the same value,

and the second summation refers to the values pl9 p2 , ... pr . Since sn+p (x)

is integrable (R) in the interval to which it belongs, and for which p has

a fixed value, it is seen that, when the number s is sufficiently increased,

and the greatest of the A's is sufficiently small, 2 SA x fluctuation of
p

sn+j> (
x

)
becomes arbitrarily small. Since

17
and e are arbitrarily small, it

follows that Riemann's test of integrability of s (x) is satisfied.

The general theorem having now been completely established, it

appears, from the foregoing proof, that it may be stated as follows:

// u (x) + u% (x) + ... converges to a definite value s (x), for all points of

(a, 6), and the functions u n (x) are all integrable (R) in (a, b) 9
the necessary

and sufficient conditions that s (x) may be integrable (R) in (a, 6) are (1), that

the upper boundary of \

s (x)\ in (a, b) be finite, and (2), that, corresponding

to two arbitrarily chosen positive numbers
TJ, e, and to any positive integer fi,

a finite set of intervals whose sum is less tfian
T?
can be excluded from (a, b),

so that, in the remainder of (a, b), \ E^+P (#) I

< *> for every x, where p has

one of a finite set of values which depend on x, but one such that the same p is

applicable to all 'points x in a certain continuous interval.

The condition (2), contained in this theorem, was obtained* first by
Arzel&, and is expressed by him in the form, that a certain mode of con-

vergence of the series, called uniform convergence by segments in general

(convergenza uniforme a tratti in generale) holds good. This mode of

convergence differs from that of uniform convergence by segments, con-

sidered in 89, in that a finite set of intervals, of arbitrarily small sum, must
be exchided from the domain, in order that the condition may be satisfied.

EXAMPLES

(1) Let sn (x) ~nxe~
n2r*

9 when n is odd, and ^0, when n is even. In this case the series

is simply-uniformly convergent; the sum s (x) is the continuous function 0. Then

or 0,

* "Sulle serie di funzioni," Part 11, Mem. delle R. Accad. d. ScA. di Bologna (5), vol. vm (1900).
A proof different from that in the text was given by Hobson, Proc. Land. Math. 8oc. (2), vol. i

(1904), p. 382. It is shewn there that Arzela's proof is invalid.
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according as n is odd or even; thus

lim
I

sn
w-ooy

(x)dx

/xs(x)dx=0.

The term by term integration fails in this case, because there is one point a?=0, at which

the measure of non-uniform convergence is indefinitely great, as may bo seen from

Rn f^\ = -A/we-1
(n odd),

[X
the limit lim I sn (x) dx not existing.

?i~oo7 o

(2) Let sn (x) =2n2xe~n2x*, then s (x) =0; at the point x =0, there is a point of indefinitely

great measure of non-uniform convergence, since

[x
Here / sn (x) <fa=e~

w2V -e~n*x\ ,r <0.
J x

/x
sn (jc)dx~Q, but at #=0 the limit is -1; thus, in any

X

/x
sn (x)dx is discontinuous, and

[
x

therefore cannot equal I s (x) dx, which is zero.

J X9

(3) Let vn (x) = ;

*"

jj |

+n*xe-nzx2 - (n
-

I)
2 xer**-*;

we find s (0) = 1, and s (x)
= ex, for

|

x
\

> 0.

/x
[x

s(x)dxex -I. Also lim I sn (x)dx is discontinuous at the point #=0,
n = ooJ

which is a point at which the measure of non-uniform convergence is infinite; it converges
to ex - % if x > 0, and to zero if x =0.

where A;w is a function of n, and
</>w (#), (/>w

x

(a;) are finite and continuous in the interval

(a, 6), and vanish for x =a. Further let it be assumed that < n (#), <l>n'(x )
increase indefinitely

with n9 for every value of x except a, but so that lim un (x) is zero.
W-=QO

/"*Wo have I 5W (x) dx = - A-n+1 tan l
(0nfx (a;)] + x tan

x
{^ (a;)},

J a

s (x) dx k\ tan"
1
{c/^ (x)} ;

a

the second integral and the limit of the first are not identical unless

kn+! tan"1
(4>n+1 (x)}

has the limit zero. If < n (x) hn (x~ a)
2
,

where /&n is positive and increases indefinitely with n, we have

lim n+i tan"1
{0W+1 (a)}

= fa lim &w H .

Hence, if lim Jcn+1 have a finite value, the two expressions have different finite values; if
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1 increases indefinitely with n, the series of integrals of the terms of the series 2un (x)

diverges. The series of integrals has in this case a point of discontinuity at x =a; we find that

/ 1
a + =

and this increases indefinitely as n increases, and thus the point a is a point at which the

measure of non-uniform convergence is indefinitely great.

2knhn (x-a) 2kn+l hn+1 (x-a)
(5) Let ^w^^^^--^^,

c
where hn increases indefinitely with n, and kn =

(log hnf

In this case sn [
a + -

-.)
increases indefinitely with ?i 9 and thus a is a point of infinite

V VAU-I'
measure of non-uniform convergence.

/x
sn (x) dx 7jt log {1 -f hi (x

-
)
2
}
- lim kn ^ log hn+J , x > a,

a n=oo

[xand lim / sn (x) dx=09 when x-a\
n^voJ a

r.c

also / s (x) dx &J log {I -f ht (x
-

f/
)
2
J

.

J a

If /S^l, lim &w+i log 7?n-n is not zero, hence the term by term integration fails; but
n-oo

if /3>1, this limit is zero, and the integral of s (x) is equal to the sum of the series of

integrals, although in either case the point a is a point of infinite measure of non-uniform

convergence.

(6) Let r be a perfect set of points constructed as follows: In the middle of the

interval (0, 1) lay off an interval (1), of length /X =A -
X, whore X is a positive number

not greater than unity. In the middle of each of the remaining intervals, lay off an interval

(2), both of these intervals to be of the same length 12 , and such that the total length of the

intervals (1), (2) is /t +2/2 -X -|X. Proceeding in this manner, in the middle of the equal

remaining intervals, after n - 1 such steps, lay off an interval (n), all these intervals to be

of the same length ln , and such that the total length of all the intervals (1), (2), ... , (n) is

When n is indefinitely increased, tho set of end-points of the intervals, and the limiting

points of these end-points, form the perfect set r. Lot

+n (x) ^vxe-\ x>0;
then form the function

7T . 7TX

= 0, for all other values of x.

Let the middle points of the above intervals (n) be denoted by a^
n
\ a2

(n
\ . . . , a(n>

and let sn (x) be defined by
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Then sn (x) is continuous in (0, 1), and converges to for every value of x; for, if x be a

point of any interval (*), at most one term in the expression for sn (x) is different from zero,

and this term converges to zero. If # does not lie in any interval (i), all the terms of sn (x)

are zero. Every point of the perfect set P is a point of infinite measure of non-uniform
rx

convergence of the series of which sn (x) is the partial sum. In this case the series 2 / un (x) dx

is uniformly convergent, and thus has a continuous sum, which does not however coincide

/x
s (x) dx.

a

We find that
-W

flU
1 <*(*- a&, L) dx = l- e~w

,

/ -W

-

where pn < 2n
~
l
, is the number of the intervals (n) which fall within (0, x).

/jr
sn (x) dx is a continuous function of x which increases

[JC
from to 1 as x increases from to I, whereas / lim sn (x) dx 0, for every value of x.

J o

If any perfect non-dense set of points (} be given, and an t m bo the middle point of the

complementary interval of length ln t m , the function

i nj ki
sn (a?)

- S 2
(f>n (x

-
(if, j , /,-, j)

will have, at every point of O9 an infinite measure of non-uniform convergence to its limit

s(x). The intervals Iij3
- are here arranged in enumerable order, so that if cl9 f2 , ..., <v, ...

be a descending sequence of positive numbers which converges to zero, l
it 19 l

it
.29 ..., f

it k .

are those of which the lengths are ^ c
t _ t

and >f,/.

SEQUENCES OF INTEGRALS OF CONTINUOUS FUNCTIONS

220. It has been shewn in I, 430, that, if/ (x), a function of any number
of variables, be defined and be summable in a finite cell A, and en be an

arbitrarily prescribed positive number, a continuous function
</> n (x) can be

so determined that

[ \f(x)~<f> n (x)\dx< n .

Since I {f(x) -^ n (x)}dx ---I \f(x)-4>n (x)\dx<en ,

' n<!\ .' <A\.'(A)

where E is any measurable part of A, it is seen that, if {en} be a decreasing

sequence of positive numbers converging to zero, a corresponding sequence

of continuous functions
{</> n (x)} can be so determined that I

<f> n (
x

)
&x

J (E)

converges, as n ~ QO
,
to / (x) dx, for every measurable set of points E,

contained in A, and uniformly with respect to all such sets E. If we apply
to the continuous function

<f> n (x), Weierstrass' theorem (see 159, 160),
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it appears that a finite polynomial Pn (x) can be so determined that

j <f> n (x) Pn (x) |

< w ,
at all points of A; it then follows that

I

I {

\J(E)
{</> (x)

- Pn (x)} dx
(E)

\<f>n (x)
- Pn (x) I

dx* enm (A).

It is now seen that we have the following theorem :

/// (x) be any function, summable in the p-dimensional cell A, a sequence

{Pn (x)} offinite polynomials can be so determined that I Pn (x) dx converges
)(E)

1 f (
x

)
dx

>
as n ~

> for every measurable set of points E, contained in
J(E)

A, and uniformly with respect to all such sets.

The theorem of I, 430, has been applied in various cases to extend

properties of the integrals of continuous functions to the case of Zrintegrals
in general. It now appears that such extensions can be made by starting

from the simplest possible case, that of the integral of a finite polynomial.

THE OSCILLATIONS OF A SEQUENCE OF INTEGRALS

221. Some important properties will be given of a sequence of integrals
rv

Sn(x)dx, where the sequence {/ (x)}, in general non-convergent, is

Ja
defined in an interval (a, b). The theory has been fully investigated* by
W. H. Young, We shall denote by f (x) and (x) the upper and lower

functions of the sequence {fn (x)}, and by F (x), A
7

(x) the upper and lower

functions of the sequence {Fn (x)} ,
where Fn (x) denotes the integral

i:
/(*)'

J c

It will be shewn that :

Iffn (x) has a finite lower boundary ivith respect to (n, x), and {Fn (x)} is

#uch that at no point is F (x)
= F (x)

= + oo . then

Similarly, iffn (x) has a finite upper boundary with respect to (n, x), and

{Fn (x)} satisfies the condition that at no point is F (x)
= F (x)

= oo, then

*J(x)dx.
< l*

J a

It will be sufficient to prove the first part of the theorem.

Let wn (x) be the function which, at each point x, has the value of the

lower boundary of the sequence fn (x), fn+l (x), ..., at that point. Then

{wn (x)} is a monotone non-diminishing sequence which converges to
jf (x).

Since wn (x) has a finite lower boundary, and is -:5 the summable function

* Proc. Loud. Math. Soc. (2), vol. ix (1910), p. 286; ibid. (2), vol. xi (1912), p. 43.
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[x [jr

fn (x), it is summable, and wn (x)dx^ fn (x)dx; and from this it
J a J a

rx

follows that lim wn (x) dx -i F (x). Since F (x) is finite, and {wn (x)}
n~oo .' a

monotone, it follows from the theorem of 213 that (wn (x)} is an integrable

sequence, and thus that/ (x) is summable, and that

[* (
x

lim wn (x) dx -=
(x) dx\

ri^oo J a J a

[x
therefore F (x) ^ / (x) dx.

J a
It will next be proved that:

fa*

// F (x) S / (#) rf#, ^en jP (x) and F (x) are upper semi-integrals; and
J a''

if F (x) ^ J (x) dx, then F (x) and F (x) are lower semi-integrals. In the

first case it is assumed that fn (x) is bounded below, and in the second case

that it is bounded above, with respect to (n, x).

An upper semi-integral has been defined in I, 407, as the sum of an

integral and a monotone iion-diniinishiiig function; a lower semi-integral
is the sum of an integral and a monotone non-increasing function.

It will be sufficient to prove the first statement in the theorem.

Since Fn (x + h)
- Fn (x) -|- I

'"' *

fn (x) dx,
J JC

we have lim Fn (x + h)
> lim Fn (x) + lim I

*

*/n (x) dx,

[jr+h _ _
or lim. fn (x) dx 1 F (x + h) F (x).

Similarly, it may be shewn that the lower limit on the left-hand side

Employing the last theorem, we have

r-e+ftr

I

We have thus

rx+hrx+h _ rx

f (x) dx - F (x -I- h)
<

(x) dx - F (x),
.'a J a

rv+h rx

and / (x) dx ~ F (x H- h) ^ f (x) dx - F (x).
J a J a

Hence [*/ (x) dx - F (x), I

*

$_ (x) dx - F (x)
J a J a'

are both monotone non-increasing functions, and therefore F (x), F (x)

are upper semi-integrals.
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222. The following theorem* is independent of the supposition that

/ (x) is a summable function :

// lim fn (x) dx ^ 0, where e denotes any measurable set of

points in the interval (a, b), then the sequence {Fn (x)} is bounded below, and

oscillates continuously and homogeneously below. Also if any subsequence

(Fn (x)} is convergent, its limiting function is an upper semi-integral, and

also a lower semi-continuous function, and is consequently everywhere con-

tinuous on the left.
r.r+A

We have Fn (x + h) = Fn (x) + fn (x) dx; and as n ~ oo and h ~ 0,
* x

.

the .second integral on the right has its lower double limit non-negative.

Hence, if x (x ) denote the chasm function of the sequence {Fn (x)} ,
we have

X (x) S F (x). The functions Fn (x) being all continuous, we have

F (x)
= lim lim Fn (x + h)

> lim Fn (x + h) ^ x (
x

)-

n~co h~Q n~<x>, 7i~0

It follows that F (x)
= x (#)> and thus the sequence oscillates con-

tinuously below
;
since the argument may be applied to any sub-sequence

of (Fn (x)}, the continuous oscillation below is homogeneous.

To prove that Fn (x) is bounded below in relation to (n, x), positive

numbers
, a, and an integer nx can be so determined that fn (x) dx > ,

J (e)

provided m (e) < a, n > n.

If E be any measurable set of points in (a, b), the interval may be

divided into r equal parts, each of length < a; and thus the part of E in

each of these sub-intervals has its measure < a
;
it follows that

I
fn (x) dx> -

rt,
(K)

and in particular that Fn (x) > re, for n > n^ . Hence Fn (x) is bounded

below, for n > nl9 and therefore for all values of n.

Taking e to consist of a finite set of non-overlapping intervals (.r^ ,
jcs ),

we have S {Fn (x,) Fn (x,^)} > e, for n > nly provided the measure

of the set of intervals is < a. It follows that, n being confined to have

those values which it has in the sub-sequence (Fn (x)} that converges to

the unique function F (x), we have

S {F (xs )
- F (x^)}

> - 6.

This must also hold when the set of intervals is infinite, provided its

measure is < a.

To prove that the function F (x) is of bounded variation, we observe

that, if it be not of bounded variation, there must be at least one of the

r parts of (a, b) each of which has measure < a, in which the total variation

* Se6 W. H. Young, Proc. Lond. Math. Sac. (2), vol. xi (1912), p. 51.
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of F (x) is infinite. This sub-interval (a', 6') may be divided into a number
of parts such that the sum of the absolute variations in those parts exceeds

a number N, as large as we please. The sum of the negative variations over

those parts is numerically less than ; hence the sum of the positive varia-

tions exceeds N e, which is impossible, if N is sufficiently large,

because the sum of the variations, each taken with its proper sign, is

F (V)
- F (a

r

). Therefore F (x) is of bounded variation, and as in I, 243,

may be expressed by P (x) N (x), where P (x) is the upper boundary of

the positive variations over the meshes of all nets fitted on to (a, x), and
N (x) is the upper boundary of the numerical values of the negative
variations. The functions P (x), N (x) are monotone non-diminishing; and
it can be seen that N (x), and consequently N (x), is an integral. For

the sum of the variations of N (x) over every finite or infinite set of non-

overlapping intervals of which the measure is < a is < c; since, to each

value of e, there corresponds a value of a, it follows that N (x) is absolutely

continuous, and is therefore (see I, 406) an integral. The function F (x)

being the sum of an integral and a bounded monotone increasing function,

is an upper semi-integral. That F (x) is lower semi-continuous follows from

a theorem given in 117, that the limit of a convergent sequence of con-

tinuous functions which oscillate continuously below is lower semi-con-

tinuous.

It follows from the theorem just established, and from the corresponding

theorem for the case lim fn (x) dx ^- 0, employing the theorem in
~ '

. - ,

'

()

123, that:

When lim fn (x) dx = 0, the sequence {Fn (x)} oscillates contin-

uously and Jiomogeneously, and there is in every sub-sequence of {Fn (x)} ,
a

sub-sequence which converges uniformly to an integral.

223. The following theorem, given* by W. H. Young, is of use in the

theory of series :

rx

If {fn (x)} is a sequence of non-negative functions, such that fn (x) dx
a

forms a sequence {Fn (x)} which oscillates boundedly, there is in every sub-

sequence of{Fn (x)} ,
a sub-sequence which converges to a lower semi-continuous

function which is an upper semi-integral.

If the sequence { fn (x)} is bounded below, the theorem clearly also holds

good. From the theorems given in 221, it follows, since {fn (x)} is

bounded below, with respect to (n, x), and Fn (x) is bounded above, that

F (x), F (x) are upper semi-integrals. Since this reasoning is applicable to

any sub-sequence, it follows that all the upper functions and all the lower

functions of the sequence {Fn (x)} are upper semi-integrals.

* Proc. Roy. Soc. vol. LXXXVIH (1913), p. 571.

H II 21
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Since fn (x) is non-negative, it follows that

Urn
f fn (x)dx>0,

71-oc, m(e)~<)J(e)

and we see, in accordance with the theorem given in 222, that {Fn (x)}

oscillates continuously and homogeneously below. Hence all the lower

functions of the sequence {Fn (x)} are lower semi-continuous (see 117).

Since they are also upper semi-integrals, that is each is the sum of an

integral and a monotone non-diminishing function, it follows that all these

lower semi-continuous functions are therefore continuous on the left.

If all the upper or all the lower functions of a sequence are continuous

on one side at least, the same side for all, then a sub-sequence of the

functions exists which is convergent (see 122). This sub-sequence satisfies

the conditions of the theorem.

THE LIMIT OF AN INTEGRAL CONTAINING A PARAMETER

224. If E be a measurable set of points x, of any number of dimensions,

and / (x, y) is a function which is suminable in E, for all values of the para-

meter ?/, contained in some finite, or infinite, linear interval, it is of import-

ance to possess criteria for the convergence to a limit, of I f(x, y) dx, as y
JW

converges to some value yQ) which may be finite or infinite. More generally

there may be an exceptional set of values of y in the linear interval for

which / (x, y) is not summable. This exceptional set may be throughout

disregarded, even if it be everywhere dense in the interval. Such con-

vergence differs from the convergence of a sequence fn (x) dx, as n,~ oo
,

J (E)

considered in 201-213, only in the respect that the parameter y,

approaches its limit y , or QO
, through a continuous (or at least uiienumer-

able) set of values, whereas the parameter n is confined to have the

values of the integer sequence. It will appear that the criteria obtained in

201-213, have their analogues in the more general case here considered,

in which the parameter has values in a continuous linear interval. It is

sufficient to assume that y is confined to an interval y < y y + a, on

one side of the point y , or, in case y is infinite, to the interval A <y.
When y may have values both greater and less than

/<,,
the limits on the

two sides of y may then be considered separately.

Let E, in the first instance, have finite measure, and let it be assumed

that, at each point x, of E, the limit f (x, yQ + 0), or f (x, oo), has a

definite value. If, at points of a component of E, of measure zero, this

condition is not satisfied, this exceptional set may be throughout disre-

garded. If 6 be an arbitrarily chosen positive number, let eh denote the

set of points of E at which
| / (x, y) f (x, i/ + 0) j

^ c, for all the values
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of y such that yQ < y ^ y + h. In case y is + oo
, e^ may be taken to

denote the set of points for which
| / (x, y) f (x, oo

)
|

^
, provided y ^ A.

If h > h', eh is contained in eh, ;
and if A' > A, eA is contained in eA > . Thus

m (eh ) is monotone non-diminishing as h ~ 0; and m (eA ) is monotone non-

diminishing as A ~ oo . It can be shewn that m (eh ) converges to m (E),

as h ~ 0; and that m (eA ) converges to m (E), as A ~ QO . For if

lim m (E - eh )
=- k (> 0),

&~o

a sequence {hn} of values of h converging to zero could be so determined

that lim m (E ehn )
= k\ there would then exist points common to an

?l~co

infinite number of the sets E ehn \
and at such a point f, we should have

I / (> 2/o + h n ) f (x, y + 0) |

> e for an infinite set of values of n\ and
this is inconsistent with the existence of the limit / (x, y + 0). It thus

follows that lim m (E eh )
= 0, or m (E) = lim m (eh ).

In a similar
ft~0 h~Q

manner, it is proved that m (E) = lim m (eA ).
.1-00

225. The following criterion can now be established:

If E be a measurable set of points, of any number of dimensions, of finite,

or of infinite, measure, and if f (x, y) be summable in E, for values of y in

some interval yQ < y ^ yQ + a; or in y ^ a, and if, for all (or almost all)

values of x< the limit f (x, yQ + 0), or f (x, QO
), exists, it is sufficient in order

tliat I f(x,y I

-

0) dx, or f(x,<x*)dx, may exist and be equal to
J (U) J(E)

lim I / (x, y) dx, or to lim
| / (x, y) dx, tliat a non-negative function <f> (x),

y~vJ (E) ?/~oo J (E)

summable in E should exist, such tfwit \f(x,y)\^^ (x), for all values of x,

in E, and the values of y in the interval y < y ^ y + a, or in y a.

It is clear that
| / (x, yQ + 0) |

^
<f> (x), or that \f(x 9 <x>)\^<f>(x) 9 and

thus that/ (x, y + 0), or f(x, co
), is summable in E. Let m (E) be, in the

first instance, finite, then we have

I f {/(^ 2/o + 0) ~f(x,y)}dx -<

f !/(a,y + 0) ~f(x,y)\dx
I
J (E) J (eh)

+ 1 \f(x, 2/o I- 0) --/(* y)\dx< em (eh ] -|- 2 f <f> (x) dx
J (E-e )

J (E-eh)

< m (E) + e,

provided h have a sufficiently small value.

Since is arbitrary, it follows that

/ (x> 2/o + )
dx = Hm / (x, y) dx.

J(E) y~V'(E)

The case in which yQ is infinite can be treated in a precisely similar manner,
430 that

f(x, QO
) dx - lim I f(x, y) dx.

J (E) 2/-oo J (E)
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Next, let m (E) be infinite; a part El of E, such that m (JS^) is finite,

can be so determined that
<f> (x) dx is less than e. We have then

J (E-EJ

If {/(*,yo + 0)-/(*,y)}fe *|[ {/tey + 0)-/(*,y)}<fe + 2cS3e,
I
J (#) I

J (#i)

if y is sufficiently near to y , It then follows that

f(x,yQ + 0)dx=*1\m f(x,y)dx\
J (E) l/-2/o J (E)

and similarly, it is seen that

I f(x,<x>)dx = lim / (x, y) dx.
J (E) y-oo J (E)

If in E there exists a set of points of measure zero, at which the limit

f fa 2/o + 0), or / (x, oo
), does not exist, it makes no difference in the

application of the theorem, because the omission of this set of points from
E does not affect the values of the integrals.

As in 202, the criterion may be expressed as follows :

// / (x, y) is absolutely summable in the measurable set E, of finite or

infinite measure, for values of y in an interval yQ < y .4 yQ + a, or y ^ a, and

if f (x, y) converges everywhere in E (or almost everywhere) to f (x, y ), or to

f (x 9
GO

), as the case may be; and if a non-negative function \fj (x), summable

in E, exists such that
\ f (x, y) / (x, yQ)\,or\f (x, y) f (x, GO

) |

is ^
ifj (x),

then f (x, yQ ) dx, or f (x, QO
) dx, exists, and is equal to

J(E) .'(E)

lim / (x, y) dx, or to lim
| / (x, y) dx.

V~Vo (E) y~<*> (E)

For \f(x,y) \

*
\f(x,y) -/(*,y )

I
+ \f(*,V) I ^0 (*)

and therefore / (x, y )
is absolutely summable in E. Moreover

which is a summable non-negative function, corresponding to
<f> (x).

In case E has finite measure, we obtain particular cases of the above

criteria by taking </> (x), if* (x) constant, and equal to K. Thus we obtain

the following :

IfE be a set of points offinite measure, in any number of dimensions, and

if | / (x, y) |

^ K
, for values of x in some interval y < y ^ yQ + a, or y S a;

and if for all (or almost all) values of x, the limit f (x, yQ + 0), or f (x, <x>
),

exists, then I f(x, y + 0)dx = lim I f (x, y) dx, or
J (E) v~y J (E)

f(x,<x>)dx=; lim f(x. y) dx.
J (E) tf~oo .' (E)
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/// (x, y) be summable in the measurable set E, of finite measure, for all

values of y in an interval y < y ^ y + a, or y a; and iff (x, y) converges

everyivhere (or almost everywhere) in E to f (x, yQ ), or to f (x, oo
),
and

or \f(x 9 y)~f(x,cc)\, is ^ K, then I f(x,y )dx, or I f(x,<x>)dx,
J(E) J(E)

exists, and is equal to lim I / (x, y) dx, or to lim / (x, y) dx. This in-
v~y<> J (E) 2/~> .' (E)

eludes as a special case Hie condition that f (x, y) should converge uniformly to

f(x,yQ )< ortof (x, oo
).

226. The following criterion can be deduced from that given in 225 :

// / (x, y) be defined in the measurable set E, of finite, or of infinite,

measure, for values of y in an interval y < y ^ yQ + a, or y S a, and iff (x, y)

be, for all x in E, monotone non-diminishing (or non-increasing) with respect

to y, in the interval, and
\ f (x, yQ + ) |

,
or

\ f (x, a) \
,
is summable in E, then

I f (
x

> #o + 0) dx and lim / (x, y) dx are either both finite and equal, or

else both are infinite. The same statement applies to I f (x, oo
)
dx and

J(E)

lim f / (x, y) dx.
y~oo J (E)

The values of y considered may either be all those in the interval

y < y ^ y + a, or y S a, or else they may be those corresponding to any
set of points in the interval, of which y , or oo

,
is a limiting point.

The proof will be given for the case yQ = oo
; only a very slight modifica-

tion is required to apply to the case in which y is finite.

Since/ (x, oo
)
= {/ (x, oo

)
- / (x, a)} + f (x, a) and/ (x, oo

)
- / (x, a) is

of fixed sign for all points x, in E, it follows that, when
r

J (E)

is finite, so is I / (x, oo
) dx, and when the first is infinite, so is the second.

Since |/(a?,
oo

) |

^ \f(x, a)\+\ /(a?, oo
) ~f(x, a) \,

it follows that \f(x, oo
) |

is summable in E if \f(x, oo) f(x, a)
\

is summable in E; for by hypothesis

| / (x, a) |

is summable in E. Since

it follows that when
| / (x, oo

) |

is summable in E, if y is in the interval

y > a, \f(x, y) f(x, oo
)

|

is less than a non-negative function, summable in

E. Thus the condition of the theorem of 225 is satisfied, and consequently

f (#> ) dx = lim f(x, y) dx. If lim
/ f'(x, y) dx = oo

,
then for

J (E)' l/~oo J (E) y~oo J (E)

all sufficiently large values of y, I / (x, y) dx is greater than an arbitrarily
J(E)
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chosen positive number N. In this case / (x, y) is non-diminishing as y is

increased, for all values of x in E
;
it therefore follows that I f(x,<x>)dx>N.

)(E)

Since N is arbitrary, I / (x, oo
) dx is infinite, of the same sign as

J (E)

lim / / (x, y) dx.
2/~oo J (E)

The case in which / (x, y) is non-increasing can be treated in the same

manner, the integral / (x, oo
) dx then having the value oo .

J(E)

227. From the criteria obtained that I / (x, y) dx may be continuous
J (E)

at a point, criteria are immediately deducible that the integral should be

continuous in a finite, or infinite, interval of y. Thus we obtain the following
criteria :

//, in an interval (a, /?), of y, we have
\ f (x, y) \

^
(f> (x), where

<f> (x) is a

non-negative function, summable in the measurable set E, offinite, or infinite,

measure, and if f (x, y) be continuous with respect to y in (a, ft), then

f (x, y) dx is continuous in any interval of y, interior to (a, /?). // /3
= oo

,

i(E)
the integral is continuous in the interval (a, oo

), where a > a.

In applying this theorem, <f> (x) may be taken to be the maximum of

| / (x, y) |

in the interval (a, /?), of y.

If E have finite measure, and
\ f (x, y) \

^ K, in an interval (a, /J), of y,

and f (x, y) be continuous in (a, jS), with respect to y, then f (x, y) dx is
J (E)

continuous in any interval interior to (a, /?). // j8
= <x>

, it is continuous in

(a', oo
), where a! > a.

If | / (x, y) |

be summable in the measurable set E, of finite, or infinite

measure, for all values of y in an interval (a, j8), and f (x, y) be for all values

of x either monotone non-increasing, or monotone non-diminishing, and con-

tinuous with respect to y in the closed interval (a, ft), then I f (x, y) dx is
J

</<;)

continuous in any interval interior to (a, j8). // jS
= oo

, the integral is con-

tinuous in (a' 9
oo

), where a! > a.

Theorems relating to cases in which / (x, y) has discontinuities with

respect to y have been given* by Hardy.

r
t

f (x, y) dx, over the linear interval

(a, oo
), the following criterion is of use :

//, in every finite interval (a, C), where C > a, the condition

I f(%> 2/o + 0) dx = lim
[ f(x, y) dx

J a y~Vo J a

*
Quarterly Journal, vol. xxxiv (1903), p. 28.
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is satisfied, and if, corresponding to an arbitrarily fixed positive number e>

a number C (> a) can be determined, and also a value yl , (> y ), of y, far ivhich

f (x, y) dx < , for every value of C' (> C), and for every value of y such

that yQ < y yl , then I f (x, yQ + 0) dx exists, and is equal to lim f(x, y) dx.
. J a X/~3/o J

I [
a/

This criterion holds good also when yQ = oo
, in which case f (x, y) dx < e,

l-'o

for every value of C' (> C) and for every value of y which is yl .

It will be observed that, in this theorem, no restriction is placed upon
the nature of the integrals.

We have {/ (x, y)
- / (x, y -f- 0)} dx

Ja

-
l{f (^ y) -f(x, % + 0)} dx + f/ (x, y) dx - p./ (x, 2/0 + 0) dx.
Ja J C JO

If C be sufficiently large, since, for y < y ^ yl9

f(x,y)dx- lim I f(x,y)dx,
JC C'~>aoJC

we have
TOO

f(x 9 y)dx
-

e. Also, if y be suf-

rC' /C" I rC'

Also / (x, 2/0 + 0) dx = lira / (#, y) rfa, hence / (x, y + 0)
J o y~y<> ' c \

J c

for all values of C', and thus / (x, yQ + 0)

I
f
6"

fieiently near to i/ ,
we have {/ (x, y) / (x, y + 0)} dx < e. Hence, if

I Ja
I f

y is sufficiently near to yQ ,
we have {/ (x, y) f(x, y + ())} dx < 3e

;
and

I

' a

thus the theorem is established. Only a slight modification is required for

the case in which yQ is infinite.

An alternative to the above criterion is the following :

//, in every finite interval (a, C), where C > a, the condition

rJ a f (
x

, 2/o + )
<te ^ lim / (a, y) dx,

y~yn Ja

f f
is satisfied, and if lim / (x, y) dx exists, and also lim I / (x, y) dx con-

y~y9 J a
'

y~y J a
Too

verges to the value lim / (x, y) dx, when C is indefinitely increased, these
y~y J a

f
conditions are sufficient to ensure that f (x, yQ + 0) dx exists, and is equal

J a

to lim / (x, y) dx. The case in which y = oo is included.
y~y* Ja
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In order that I / (x, y) dx may be continuous on the right, at y ,
the

J a

additional condition must be satisfied that / (x, yQ + 0)
= / (x, y ), or more

generally that / (x, yQ + 0) / (x, y )
should be an integrable null-function

in an arbitrary interval of x.

229. In case the integrals / (x, y) dx, for values of y such that
.' a

y < y yQ + a, are not necessarily ^-integrals, but may, for some or all

such values of y exist as D-integrals, or as ////-integrals, we may apply the

result of 216 to obtain a set of sufficient conditions for the equality of
rb rb

I f (
x> 2/o + Q) dx and lim / (x, y) dx. The case in which yQ is infinite may

J o, y~i/o Of

be obtained by a slight modification of the statement of the following
theorem :

/// (x, y) converges to a definite limit f (x, yQ + 0), for all points x, of the

interval (a, b) which do not belong to a closed enumerable set G, and the

functions f (x, y), for ?/ < y ^I yQ + a, satisfy the conditions (1), that, in any
interval (a1? /?j), contained in (a, 6) and interior to an interval contiguous to

rb

^>
I / (

X
9 y} |

bounded with respect to (x, y), and (2), that f (x, y) dx exists
a

either as an L-integral, an HL-integral, or a D-integral, for each value of y
[X

such that y < y y + a
;
and (3), that lim / (x, y) dx, for a ^ x ^ b is con-

vergent and represents a continuous function of x; and (4), / (x, y + 0) dx
Ja

exists as an L-integral, an HL-integral, or a D-integral; then the equality
rb /&

/ (
x

> 2/o + 0) dx = lim I / (x, y) dx holds good.
> y~v** a

In order to deduce this theorem from that of 216, it is sufficient to

choose a sequence of values of y converging to y .

EXAMPLES

(1) If .v>0, we have I

*
**- dx-fa, but when y = 9 I -! ^- da; vanishes; and thus

J x J x

dx is discontinuous at y ~0.

In any interval (0, C) of x, and
sin yx
x

is bounded, and thus the condition

lim (
C ^n^-dx = Qi& satisfied. But [^

^ *^ <fo = f^^-rftf; and however C be fixed,
i/~o./o x J c x J cv

a value y of y can be so chosen that Cyl ~ft<
7r

-

9 taking G' such that '2/1 => we have
2t

[C' sin y^x , ft" sin B , . . 2
I

- dx- \ -TT dO> cos 8.
JC x Jp S TT

Thus it is impossible to choose C so that I dx <, for C' >C and for every value
\J C x

of y in an interval (0, a); and thus the condition in the theorem of 228 is not satisfied.
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Since lim / - d#=0, the condition in the second theorem of 228, that this limit

must converge, as C~<x>
, to the value lim

/

- dx -^ is not satisfied.

//~2/o J X 2

rb
'

rb

(2) The equality lim
/ <}> (x) f (x, y) dx =

\ </> (x) f (x, yQ + 0) dx holds if
| / (x, y) \

is

y~y Ja Ja
bounded for all values of x and y such that a^x^b, y <y^yQ -fa; and provided also <(#)
is summable in (a, 6), and has infinite discontinuities only at points of a closed enumerable

set. For < (x) f (xt y) converges to (x) f (x, y + 0), in accordance with the condition of

229, boundedly in any interval interior to an interval contiguous to the exceptional set;

and the theorem is therefore applicable. The result may be extended to the case in which

6^00, provided $(#) be absolutely summablc in (a, oo ); then under the same conditions

the equality holds. For / f (x, y)<f>(x)dr. <K I \<l>(x)\dx, where K is the upper
/QO

boundary of \f(x,y)\; and therefore, assuming the existence of /
|

< (x) \
dx, we have

./ a

i f
c'

r
00

/ f(x,y)ff)(jc)dx <f, provided C is sufficiently great. It follows that I f(x, y +0)<f)(x)dx
I J C Ja

exists, and is equal to. lim / f(x, y) (/> (x) dx.

y~y J a

(3) Consider / e~'JX
<f) (x) dx 9 where b may be finite or infinite. It follows from Ex. 2, that

J a

provided <f> (x) is absolutely summable in (a, b), and has at most a set of points of infinite
rb rb

discontinuity which form a reducible set, lim / e"'yx
</> (x) dx / (x) dx.

?/~0 J a J a
rb _The theorem holds, however, whenever / e yx

$(x) dx has a definite value for all values
J a

of y such that Q^y^a, where a is some positive number. If
>// (x) denote the continuous

function
/

< (x) d.r, we have
.'

rb rb
I e" ux ff>(x)dx~e

by
ty (b) + y I e" yx ^ (x) dx,

J a J a

b boing taken to be finite. vSince
| \j/ (x) \

has a finite upper limit U, in (a, 6), we have

rb
e

'vx y (x) dx

In case b = oo , we have

hence, applying the first mean value theorem, we have

(x) dx = ty fa) (e~
ay - e

~
*Jv) ++ fa)

[b [b
therefore Urn / e~yx

<f> (x) dx =^ (b)
= /

<f> (x) dx.

y~Q J a J a

b = oo , we have
1

I e~** (x) dx = y I e'^ + (x) dx -y [*V* + (x) dx -f- y I e~* ^ (x) dx,
J a J a Ja J_L_

a

where .% is some number between a and 1/^y, and x2 some number greater than

When y converges to the limit zero, the first term on the right-hand side converges to zero,

and the second to the limit
\fr (oo ),

or / (x) dx. It is sufficient if (x) have a D-integral in

J a
the infinite interval (a, oo ).
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(4) The integral / f(x) cos xydx is a continuous function of y, in any finite interval of

J

y, interior to (0, oo
), provided either (1), | / (x) \

is summable in (0, oo
), or (2), / (x) is sum-

mable in every finite interval, / (x)
~ 0, as x ~ oo

, and is of bounded variation in some

interval (A, oo
).

For, in ease (1), | / (x) cos xy \

<
\ f(x) \

, which is summable in (0, oo ), and thus the result

follows from the theorem in 225.

In case (2), if f(x) be monotone decreasing in (A\ oo
),
we have

[A" [A'" f(A')
I f (x) cos xydx =f (A') I cos xydx ~J v

'-

(sin A'"x - sin A'x)
J A* J A' y

or / f(x) cosxydx <-*-> ', provided A <A' <A", where A'" is in the interval (A\ A")~

It follows that / f(x) cos xydx <, JLL-.J < f , provided y is in an interval interior to (0, QO
),

\JA f

\y\
and A' is taken sufficiently large.

It is clear that, if/ (x) is the difference of two such monotone functions, that is, of bounded

variation in (A, oo
), and lim f(x) =0, the same result holds good. Denoting the integral by

cc^-oo

/ (y) 9 we have

[A'
I (y + h)

- / (y)
-

/ / (x) {cos x (y 4- h)
- cos xydx}

J
< 2f ,

tA
'

and since / / (x) cos xydx is continuous because
./

and
'

\f(x)\dx

exists, we have
|

/ (y +h) -l(y) \

< 3*, provided |

h
\

is small enough. Thus the condition

of continuity oil (y) is satisfied.

[A
(5) If*

/ / (x, y) (f> (x) dx is continuous with respect to y in an interval (a, /5), for each
J a

finite value of A
( >a), then / f(x, y) (x) dx exists, and is continuous with respect to y in

J a

(a, /3), if either of the following sets of conditions are satisfied:

(i), / <f>(x)dx exists; f(x, y) is monotone decreasing with respect to x, and ^0, for
J a

each va ue of y, in (a, /3); and | / (a*y) \

is less than a number K, independent of y.

/CO
(ft (x) dx oscillates between finite limits; f(x, y) is, for each value of y in (, ft),

a

positive and monotone with respect to x; and f(x,y) converges to zero, as x ~ oo
, uniformly

with respect to y.

We have, by Bonnet's form of the second mean value theorem,

<t>(x)dx,A J A

where A<A"< A'. In case (1), \f(A 9 y)\< K, and A may be so chosen that

<}>(x)dxi/:
* See Bromwich's Theory of Infinite Series, pp. 434-43(5, where these theorems are given in a

slightly different form.
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I (A
'

i

Therefore I f(x,y)<f> (x) dx is less than an assigned positive number, if A be properly

/oo

chosen, for all values of A'
( >A), and for all values of y, in (, #). That I f(x, y) (p (x) dx

exists, and is continuous with respect to y, now follows (see 229).

In case (ii), A may be so chosen that \f(A 9 y) \
< e, for all the values of ^, and

<t> (x) dx is less than a fixed number, independent of A"; thus the same result follows.

230. The following theorem is of use in connection with the theory of

Fourier's series :

// g (t) is a summable function, defined in the cell or interval (a, 6), and

iff (t) is a summable function, defined in the cell or interval (a + a, 6 + j8),
rb

then f (x + t) g (t) dt exists and is a continuous function of x in the cell or
' a

interval (a, ), jwovided either (1), g (t) is bounded in (a, b), or (2), | / (I) \

p
t

| g (t) \

q are summable in the cells or intervals (a 4- a, b + j8), (a, b) re-

spectively, for some positive values of p and q such that + - = 1 .

In case the variables x and t are in r dimensions, the integral denotes

+ *<*>, . . .
,
aW -I- #'>),

(bA precisely similar result holds good for an integral / (x t) g (t) dt.
a

This theorem was established* by W. H. Young, for the linear case, but

the proof given below suffices in the case of functions of a variable of any
number of dimensions.

If P (t) denotes a finite polynomial in t, we have

f/ ( -h *) g (t) dt - l

b

{/ (x + t)
- P (x + t)} g (t) dt + Q (x),

J a J a

where Q (x) is the finite polynomial

Considering first the case (1), the polynomial P (t) may be so chosen

that I
| / (t) P (t) |

dt <
77,

where
77

is an assigned positive number

I r
6

(see i, 430). We have then {/ (x + t)
- P (x + t)} g (t) dt < yrj, where

I

'

y is the upper boundary of
| g (t) \

in (a, b). It follows that, if be any
fixed value of x in (a, j8), and x' any point in a certain neighbourhood of

rb

,
the difference of the values of / (x I- 1) g (t) dt for and x' is numerically

Ja

* Proc. Roy. Soc. (A), vol. LXXXV (1911), pp. 404-408.
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less than
77 (1 + Zg), or than e, if

T?
be chosen to be ^ /(! + 2g). Therefore

b

f (x + t) g (t) dt is continuous with respect to x at the point f.
a

Next, in case (2), we see that (see i, 435)

i,

i:

is numerically not greater than

+ t)-P(x + t) \vdt | g (t)

By the theorem given in 173, the polynomial P (t) can be so chosen

that
f&+/3

\f(t)-p(t)\dt< r,

.'a+cL

then
f {/ (x + t)

- P (x + t)} g (t) dt
J a

1

1
rr 6

~]
q

is numerically less than -rf \ g (t) \

q dt\ ,

L'a J

or than c, if
T?
be properly chosen. Since Q (x) is a continuous function

of x, in a certain neighbourhood of the point the fluctuation of Q (x) is
-&

< ^ ; hence the fluctuation of / (x + t) g (t) dt, in that neighbourhood
Ja

is < 6, which is the condition of continuity of the function of x.

THE DIFFERENTIATION OF SERIES

231. If s (x) denote the .sum-function of an infinite series

% (x) + n2 (x) + ...,

and it be assumed that, either at a particular point, or in a continuous

linear interval of x, all the terms % (x), u2 (x), ... are continuous and

differentiate, it is a subject for investigation under what conditions s (x)

possesses a differential coefficient which is the limiting sum of the infinite

series u^ (x) + u2

'

(x) + . . .
,
of which the terms are the differential co-

efficients of the original series. It may happen that (1), s (x) possesses no

differential coefficient, or (2), that the series %' (x) + u% (x) + ... is not

convergent, or both (1) and (2) may be the case, or (3) it may happen that

s' (x) exists and the series of differential coefficients is also convergent, but

that its limiting sum is not s' (x).

Writing s (x)
= sn (x) + Rn (x), we have, at any point of convergence

of the series, lim Rn (x)
=

;
further we have
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On the hypothesis that all the terms of the series have finite differential

o /,-w I ~h\ rt (X\
coefficients at the point x, we have lim n *- n

- = sn
r

(x). If

Rn (x) exists, at the point x, and converges, as n ~ QO
, to the value zero,

we have

6'' (x)
= lim 8n

'

(x)
- lim (x) + u% (x) + ... + un

'

(x)}.

In case Rn
'

(x) either does exist, or if it exists but does not converge
to zero, as n ~ oo

, the term by term differentiation of the series is inap-

plicable.

Let it be assumed that, in a given interval (a, 6), the terms of the

convergent series % (x) + u2 (x) + ... + un (x) + ... are differentiate, and

that their differential coefficients are integrable in (a, 6), in accordance

with Lebesgue's definition, or more generally in accordance with that of

Denjoy. Let it be further assumed that, for each value of n,

rx

un
'

(x) dx - un (x)
- un (a) ;

J a

this condition is certainly satisfied if un
'

(x) is finite at every point, and

summable in (a, 6), and un (x) is of bounded variation (see I, 553); or

more generally, if un (x) is of bounded variation, and un
'

(x) is infinite only
at points of a reducible set, and is summable in (a, 6). In case un

'

(x) is

everywhere finite in (a, b), un
'

(x) dx always exists as a Z)-integral, and
J a

the condition un
'

(x) dx ~ un (x) un (a) is certainly satisfied (see I,
J a

471). Let it also be assumed that the series u (x) + u2

'

(x) + ... is con-

vergent everywhere in (a, b) ; then, denoting the sum-function of this series

by <f> (x), we may apply the theorems given in 214-218 to obtain sufficient

fx'
conditions that

</> (x) possesses an integral I
</> (x) dx, where a x ^ 6, and

J a

that the series {% (x) u^ (a)} + {u3 (x) u2 (a)} f- . . . converges to the

value
<f) (x) dx. If the condition that S {un (x) un (a)} converges to

J a n=*l
rx rx

the integral / < (x) dx, is satisfied, we have s (x) s (a)
= < (x) dx; from

J a .a
which it follows that, almost everywhere in (a, 6), and certainly at every

point of continuity of
</> (x), the differential coefficient s' (x) exists, and has

00

the value
</> (x)\ or s

f

(x)
= S un

'

(x).

Accordingly, it is sufficient for the validity of term by term differentiation

of the series u^ (x) + uz (x) + ..., almost everywhere in (a, 6), tJiat:

(1) un
'

(x) dx exists as an L-integral, or a D-integral, and has the value
J a

un (x)
- un (a).



334 Sequences of Integrals [CH. v

oo

(2) The sum-function <f> (x), of the series 2 un
f

(x) has an integral

< (x) dx, in (a, b), to which the series {UL (x) u (a)} + {u2 (x) u2 (a)} + ...

converges.

Condition (1) is always satisfied if un
'

(x) is everywhere finite in (a, 6).

The simplest sufficient condition for the validity of term by term

differentiation of a series is the following :

// the series 2 un (x) converges everywhere in the finite interval (a, b), and

the terms of the series 2 un
'

(x) be all continuous in (a, b), and this latter series

is uniformly convergent in (a, b), then s' (x) exists, and is the sum of the series
CO

2 un
'

(x), at all fmnts of (a, b).
tt-l OQ

For, if the series of continuous functions 2 un
'

(x) converges uniformly,
n-l

i

x

its sum-function < (x) is continuous, and has an jR-integral </> (x) dx, to
oo .'a

which the series 2 {un (x) un (a)} converges (see 214 (1)).

232. The following theorem gives less stringent sufficient conditions

for the validity of term by term differentiation of a scries :

// 2 un (x) be everywhere convergent in the interval (a, b), and the dif-

ferential coefficients all have finite values everywhere in the interval, and un
'

(x)
00

be summable, and the series 2 un
'

(x) be everywhere convergent in (a, b),
n^l

then, almost everywhere in the interval, and certainly at every point of con-
CO /7 CO CO

tinuity of 2 un
'

(x), the relation j- 2 un (x)
-= 2 u n

'

(x) holds, provided

either (1), 2 un
f

(x) converges uniformly in the interval, or (2), un
'

(x)

is, for every value of n and x, less than the value of some summable function
CO

4/r (x), or (3), if 2 un
'

(x) is continuous in (a, b), and the set of points in

whose neighbourhood

m
2 < (x)
n-l

is not bounded for all values of m, is

enumerable.

Since un
'

(x) is summable, and everywhere finite, the /^-integral
[
x

I u^ (x) dx exists and has the value un (x) un (a). If either of the conditions
J a

(1), (2), (3), (4), of the theorem is satisfied, it follows from the theorems

established in 214-216, that 2 un
f

(x)dx converges to/ <j>(x)dx,
n=*lJ a Ja

00

where
<f> (x)

= 2 un
'

(x)', thus both of the conditions in 231 are satisfied.
n-l
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The condition of the above theorem, that un
'

(x) be everywhere finite,

may be so far relaxed, that it may have infinite values at points of a

reducible set. If then un
f

(x) be still summable over the part of (a, 6) which

remains when the reducible set is removed, in accordance with i, 413,

\*un'(x)=-n(x)-u(a).
J a

In this case, the theorem of 216 is applicable to prove that, under
oo rx rx oo

certain conditions % un
'

(x) dx converges to I 2 un
'

(x) dx.
n~l J a J a n~I

We have accordingly the following theorem :

// 2 un (x) be everywhere convergent in (a, 6), and has a continuous sum,
71-1

un
'

(x) be finite except at points belonging to a reducible set, and be summable

in (a, /;), and iffurther 2 un
'

(x) converges to a function <f> (x), at every point

which does not belong to a reducible set G, and so that 2 u n
'

(x) is bounded,

as afunction ofm and x, in every interval that contains no point ofG as interior

or end-point, then term by term differentiation holds good almost everywhere in

the interval.

233. The following theorem is due* to Fubini :

// all the functions of the convergent series 2 un (x) are monotone non-
n, 1

diminishing, or all are monotone non-increasing, and the series converges in

(a, b) to s (x), then s' (x) exists and is the sum-function of 2 u n
'

(x), almost

everywhere in (a, b).

Let un (x) be monotone non-diminishing; it has almost everywhere in

(a, b), a differential coefficient ?/ n
'

(#) ~ 0. Moreover un
'

(x) is summable
rx

over the set of points at which it exists, and un
'

(x) dx - - u n (x)
- an (a).

J a
oo rb

In accordance with theorem (10) of 214, since 2 ?/ n
f

(x) dx is con-
7i=-l 'a

vergcnt, the series 2 un
r

(x) converges almost everywhere to a function

<j& (x), summable in (a, 6), and 2 I u n
f

(x) dx converges uniformly to
n-^lJ a

<f> (x) dx\ therefore s (x) s (a)
= I

<f> (x) dx, from which it follows that
J a

s' (x) exists almost everywhere, arid has the value < (x), to which 2 u n
'

(x)

converges almost everywhere.

A theorem, similar to this, is the following! :

// 2 u n (x) is a convergent series such that un
'

(x) is, for each value of n,
71 = 1

* Rend. Ace. Lincei, (5) vol. XXTV (1915), p. 204, where a direct proof of the theorem is given.

Another proof has been given by A. Rajchman and S. Sales, Fundamenta Mat. vol. iv, pp. 211-13.

t See W. H. Young, Comb. Phil. Trans, vol. xxi (1910), p. 408.
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finite at every point that does not belong to a reducible set of points, and if
S un

'

(x) converges almost everywhere to afunction which is itselfa summable
n-l

differential coefficient, and finite, except at points belonging to a reducible set,

d
then j- X un (x)

= 21 un
'

(x) almost everywhere.
u*%n=l n~l

ex

For we have, as in the last case, un
'

(x) dx = un (x) un (a); and
J a

S Un (x) converges almost everywhere to a function
</> (x), equal to a

ra-l

function $' (x) almost everywhere. Also, in virtue of the condition that

iff' (x) is summable, and finite, except at points belonging to a reducible
rx

set, we have
<f> (x) dx = $ (x) ifj (a).

J a

234. The condition of the validity of term by term differentiation of

the convergent series SM (x), at a particular point a of the domain of x, is

identical with the condition that the two repeated limits of

s (a + h,y]
- 8

(a,j/).._.

for h = 0, y 0, should exist, and have one and the same value. By apply-

ing the theorems of I, 305, 306, which contain the necessary and sufficient

conditions for the existence and equality of repeated limits of a function at

a point, we obtain the following theorems :

// Hie series Sitn (x) everywhere converge in a sufficiently small neighbour-

hood of a point a, and the differential coefficients un
'

(a) exist, and are finite,

then the necessary and sufficient conditions that
'

s (x) at x = a, may exist
oo MX

and be equal to TiUn
'

(a) are (1), that ^un
f

(a) be convergent, and (2), that, being
i

an arbitrarily cfiosen positive number, and nQ an arbitrarily chosen positive

integer, a number
77, positive and > can be found, and also a positive integer

Rn (a + h)- Rn (a)n > n ,
such that the condition < is satisfied for this

h

value ofn, and for every value of h such that <
|

h
\

< 77,
andfor which a -|- h

is interior to the given neighbourhood of a.

If the series %un (x) everywhere converge in a sufficiently small neighbour-

hood of a point a, and the differential coefficients un
'

(a) exist, and are finite,

then the necessary and sufficient condition that -=- s (x) at x =
, may exist

ao CiX

and be equal to ^un
f

(a) is that, corresponding to any arbitrarily chosen

positive number ,
an integer nQ exists, such that corres'ponding to each integer

n> n
,
a positive number

77,
in general dependent on n, can be found, such

Rn (a + h)-~ Rn (a)
that the condition

h
< is satisfied for every value of
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h such that <
|
h

\

<
77,

and for which a + h is interior to the given neigh-

bourhood of a.

It is clear from i, 305, that the uniform convergence of
~

ft

tf Iff I
Ti \ o //yj

to the limit
^

LJ.
9 for all values of h, except 0, in a fixed interval

ft

(8, 8') for h, is a sufficient condition that s' (a) exists, and that the series

n
r

(a) converges to s' (a).

235. The following theorem* is sometimes more convenient than the

theorems of 234, for the purpose of ascertaining whether a function defined

by a convergent series of functions is differentiable or not.

If the series %un (x) converge in (a, b), and the differential coefficients un
'

(a)

exist, and are finite, then the necessary and sufficient conditions that -,- s (x)ax

may exist atx^a, and be the sum of the series %un
'

(a), are (1 ), that the series

^un
'

(a) be convergent, and (2), that, corresponding to an arbitrarily fixed

positive number e, and an arbitrarily fixed integer m'
,
a positive number 8

can be determined such tlmt, for each value of h numerically less than 8, and

for which a + h is in (a, b), an integer m (> m'), in general varying with h
9

can be found, for which the three numbers

I \un (a + h)
- un (a) __ ^ ,

j
Rm (a + h) Rm (a)

n-il h y h
'

h

are all numerically less ttian .

The convenience in application of this theorem arises from the fact that

it provides a test in \%hich only a single value of h is employed. To prove
that the conditions stated in the theorem are sufficient, we have

s(a + *)_-,<) _ | u ,

{a)
_

j.J
+ *)

- un (a) _^ (o)

1 i Xl/ 'w
h h m '

where Rm
r

denotes the remainder, after m terms, of the series lun
'

(a). The
number m' can be so chosen that

|

Rn
'

\

< , for n ^ m', since the series

Si^n
'

(a) is convergent. If m be chosen > m', and such that the second

condition in the theorem is satisfied, we see that

s (a f h)
- s (a) ,

<4e,

s CL -~ i s CL

provided I h I < 8; and therefore lim
v

^ is S un
'

(a). There-
to h, n i

fore the conditions are sufficient.

To shew that the conditions stated are necessary; it is clear that

(1) must be satisfied, and therefore that m' can be determined so that

*
Dini, Qrundlayen, p. 152.

HII 22
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|
Rm '

|

< Je, if m S m'. Moreover, a positive number 8 can be determined

such that --
=^

- un
'

(a) is numerically less than Je, if
|

h
\

< 8.
h n=\

Also since 2^n (#) is convergent, for each value of A, a corresponding value

of m (S m') exists, such that --
^-p

-
',

_** *
are each numerically < Je.

It then follows that, for these values of h and m, the condition

is satisfied. Therefore the conditions in the theorem are necessary.

EXAMPLES

(1) Let un (x)- sin m*; the series Sun (x) converges everywhere in any interval, but
?i

the series 2 cos nx does not converge. The term by term differentiation of the given series

is therefore inapplicable.

xn $n+i
(2) Let un (x) =- - *

-
; the series 2wn (x) converges to the sum-function 6* (x) ~x, in

Tt U ~T~ L

the interval (0, 1). Tho series 2 (a^"
1 -#n

) converges to *' (#) !, for all values of x in the

interval (0, 1), except for x = 1, when it converges to 0, which is not equal to s' (0). The
series 2 (x

n~* ~xn
)
has the point x~l for a point of non-uniform convergence, and thus

the convergence is not uniform in the interval (0, 1).

(3) The series 2 bn cos (a
n
x) 9 where <b <1, converges uniformly in any interval. The

n - 1

series - 2 (ab)
n sin (a

n
x), for ab > 1, is not convergent. It will be shewn later that the function

defined by the given series is not differentiable for any value of x, provided ab exceeds a

certain value.

INVERSION OF THE ORDER OF REPEATED INTEGRALS

236. It is an important case of the problem of the inversion of the

order of repeated limits to investigate sufficient criteria for the equality
of the repeated integrals

r rft
(ft

r

dxl f(x,y)dy, dy\ f(x,y)dx,
J a J b .'6 J a

where/ (x, y) is a function of two variables, defined in the cell (a, b\ a, /?).

It will be assumed that/ (x, y), whether it be bounded or not, is measurable

in the cell.

The plane set of points at which / (x, y) > A, is, for each value of A,
a measurable plane set E^ . It has been shewn in i, 427, that the section

of EA by an ordinate y, corresponding to an abscissa x, is linearly measur-

able, for almost all values of x\ hence the set of points on the ordinate y,

at which f (x, y) > A, is, for almost all values of x, linearly measurable.

Assigning to A the values of an enumerable set of numbers, everywhere
dense in the indefinite interval (00,00), we see, taking account of a
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theorem given in i, 383, that / (x, y) is, for almost every value of x,

linearly measurable with respect to y.

In order that the repeated integrals \
dx

\ f (x, y) dy may have a
J a J b

meaning, it is sufficient that I / (x, y) dy should have a definite value
<f> (x),

J b

either as an L-integral, or as a non-absolutely convergent integral, such as
Va

a D-integral, for almost all values of x, and that
</> (x) dx should also

J a

exist; where, in the integration, those points of (a, )
at which

<f> (x) is not

definite, forming a set of measure zero, are left out of account. A similar

f
a

statement will apply to / (x, y) dy. It is not absolutely necessary for the
J a

f
a

f
3

(^
existence of dx I f (x, y) dy that I / (x, y) dy, or < (x), should have a

Ja Jb .'b

definite value, almost everywhere in the interval (a, a). If, in accordance

with any definition, </> (x) has an upper value
<j> (x), and a lower value <

(x),

the repeated integral may exist where (0 (x) <f> (x)} dx -=. 0. This pos-
.'

sibility will however not be here further considered; it will be assumed
rft

throughout that I / (x, y) dy exists almost everywhere in the interval
J b

fa
(a, a), and that I / (x, y) dx exists almost everywhere in the interval (6, /?).

J a*

237. In case it is known that/ (x, ?/) is summable in the cell (a, 6; a, /8)

we have the theorem established in r, 429 :

If f (x, y) be a function, bounded or unbounded, that is summable in the

cell (a, 6; a, /3), the repeated integrals

ra r/3 rB ra

dx f (x, y) dy, dy \ f (x, y) dx
J a J b J b J a

are equal to one another, and have the same value as the integral of f (x, y)

over the cell.

It is of importance to possess a criterion which does not depend upon
a knowledge that the function is summable over the cell, in view of the

fact that, in general, an integral over the cell can only be evaluated by
means of one of the corresponding repeated integrals ; and it is in general
not known, apart from such valuation, whether a given unbounded measur-

able function is summable, or not. For this purpose, the second theorem

in I, 429, may be employed:
fa

fl3 rp ra

If one of the repeated integrals dx I
\ f (x, y) \ dy, dy \f (x, y) \

dx,
J a J

f
b J b J a

exists as a finite number, then f (x, y) is summable over the cell (a, 6; a, /3),

and therefore \ dx / (x, y) dy = dy / (x, y) dx.
Ja Jb Jb Ja

22-2
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In particular,*we have the result that :

Iff (
X

9 ?/) * >
*w Me ceM

(
a

> ^5 a
> 0), a^ */ one / ^e repeated integrals

off (x, y) exists as a finite number, then the other exists, and the two have the

same value.

The following test may often* be conveniently applied :

If <f> (%> y) be 0, and unbounded, and one of the repeated integrals of

<f> (x, y) is finite; and iff (x, y) be a bounded measurable function, the repeated

integrals

I dx
\

<f> (x, y) (x, y) dy, I dy I
<f> (x, y) $ (x, y) dx

J a . b 1 b J a

are both finite, and are equal to one another.

For the function
<f> (x, y) \ iff (x, y) \

is summable over the cell, since

<f> (x, y) is summable and
| iff (x, y) \

is bounded; therefore
<f> (x, y) iff (x, y)

is summable over the cell, and the result then follows from the first theorem.

238. If /(#, y), although measurable, is not summable in the cell, the

repeated integrals may exist, and they may have different values. An

example of this possibility has been given in i, p. 578, for the case

#2 __ y2
J (

x
> y)

(^aTjT^aya
>

the cell being (0, 0; 1, 1).

For the case in which / (x, y) is not summable, or is not known to be

summable, over the cell, the following general theorem is applicable :

If (1), I Ff (x, y)dx <{> (y), I

f"f (x, y) dy
I .'a \Jb

iff (x), for all value,* of

(x, y) in the cell (a, b
; a, j8) ;

where
<f> (y) is some non-negative function,

summable in the interval (b, /?), and
iff (x) is some non-negative function,

summable in the interval (a, a); and if, (2), the points of infinite discontinuity

of f (x, y) are distributed on a limited number of arcs of continuous curves

representing monotone functions, then

fa tf ft
[a

dx f(x,y)dy^= dy f(x,y)d-x.
.'a Jb J a J a

I / te y) dx
I

' a

In applying the theorem, (f> (y) will be taken to be the maximum of

, for a fixed y, for all values of x in (a, a). A similar remark

applies to
iff (y). The functions

</> (#), iff (y) may be infinite, or indeterminate,

for sets of values of x, y which have linear measure zero ;
and still they may

be summable in (a, a), (b, ) respectively, when these sets are left out of

account.

* See W. H. Young, Caml. Phil. Trans, vol. xxi (1910), p. 364, where the theorem is given
in slightly different form.
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The particular case of this theorem, which is a generalization of one

given* by Jordan, that arises when
cf> (y) and

\ft (x) are both constants, so

that / (x, y) dx, / (x } y) dy are both bounded functions of (x, y) in the
Jo Jb

cell, was givenf by W. H. Young.

Let each point of each curve, belonging to the finite set, be enclosed

in a rectangle with centre at the point, and sides parallel to the axes, and

of lengths ew , ew
'

;
where {en} , {ew'} are two sequences of diminishing positive

numbers which converge to zero. Employing the Heine-Borel theorem,

there exists a finite set of these rectangles which contains all the points
of the curves. In this manner a finite set An , of cells, is obtained, such

that every point of infinite discontinuity is interior to one of them. On

any straight line parallel to one of the axes, there are at most r segments,
in which the straight line intersects An ;

where r is the number of the curves.

Let fn (x, y)
-= at all points in any of the rectangles of Aw , and let

fn (
x

> y} ^f(x > 2/)> at all remaining points of the cell. The function fn (x, y)

is summable in the cell (a, b
; a, /J), and therefore

fa
T/3

[(3
ra

[(a,
ft)

dx fn (x, y}dy^\ dy fn (x, y) dx - fn (x, y) d (x, y).
Ja Jb Ja Ja - (a, b)

f/s
rf*

Denoting fn (x, y) dy by Xn (*), and / (x, y) dy by x (x), it will be
J b J b

shewn that x (x ) dx exists and is equal to lim I Xn (x ) dx.
J a n~oo J a

[a
That x (

x
)
dx exists, follows from the condition (1), of the theorem,

J a
since

\ x (
x

) \ $ *l* (
x

)>
which is summable in (a, a). The difference of the

two functions x (
x )> Xn (

x
) the sum of at most r integrals I / (x, y) dy each

taken over a segment in which the ordinate, corresponding to the abscissa

x, intersects the cells Aw ;
it follows that

| x (
x

) Xn (
x

) \

^ 2n/r (x). There-

fore, employing the theorem, of 202, we have

f
a

f
a

X(x)dx = lim Xn(x)dx]
J a n~ao J a

or dx f (x 9 y) dy - lim dx fn (x, y) dy.
J a J b n~*-ao J a J b

In a precisely similar manner, it can be shewn that

f dy \f(x, y) dx = lim
f dy I fn (x, y) dx;

Jb Ja n~<x>Jb Ja

and the two limits on the right-hand side being the same, the theorem has

been established.
* Cours d'Analyse, vol. n, p. 67.

t Camb. Phil Trans, vol. xxi (1910), p. 365.
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It can be shewn that:

In the theorem, if condition (1) be replaced by (1)', that, corresponding to

any fixed positive number e, positive numbers \ , k^ exist, such that

I rx+h I ry+k

f(x,y)dx <, f(x,y)dy <e
\Jx IJy

for |

h
|

^ hl9 \k\ kl9 and for every value of (x, y) in the cell (a, h; a, j8),

the theorem holds good; the condition (2) being unaltered.

The condition (1)' is more stringent than the condition (1); accordingly
if (1)' be adopted, the theorem becomes less general. For, if the condition

(1)' is satisfied, we have, since

(x (V/ki rthi /-(s-DJki+A')

f(x,y)dx = \
+ +... + /

\f(x,y)dx,Ja v a J 7ij J (s-l)hi )

where s is the least integer such that shL S x, and h' ^ hl ,

\r.
/ (x, y) dx

Now s cannot exceed the smallest integer s, such that sh a
;

hence
rx

, jy)
dx 4 ?, and thus

f / (x, y) dx is bounded, for all points (x, y)
\

**

J a

in the cell. Similarly it is seen that / (x, y) dy is bounded. It follows

that the condition (1) of the theorem is satisfied.

When the conditions (1) and (2) of the theorem are satisfied, it does not

follow that / (x, y) is summable in the cell, but it follows that it has a non-

absolutely convergent double integral of the kind defined in I, 368, p. 494,

subject to the extension that / (x, y) d (x, y) may exist only as an
J(Dn)

^-integral, and not necessarily as an J2-integral. Such a non-absolutely

convergent integral defined as lim / (x, y) d (x, y), for a finite set of
tt,~OQ J (Dn )

rectangles Dn ,
which contain none of the points of infinite discontinuity

off(x, y), may be termed a restricted Jordan double integral.

The converse does not hold good, that (1) and (2) follow from the

existence of the restricted Jordan integral.

Investigations of conditions of equality of the repeated integrals were

given by de la Vall6e Poussin*, and by Hobsonf. The results there obtained

have now been in the main superseded, owing to the later development of

the theory of Lebesgue integration.

* See Annalea de la soc. #c. de Bruxdles, vol. xvr (B) (1892); Liouvilk's Journal (4), vol. VHI

(1892); ibid. (5), vol. v, p. 191.

t Proc. Lond. Math. Soc. (2), vol. iv (1906), p. 148.
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If it be assumed only that the restricted Jordan integral

/(<*, ft

f(x,y)d(x,y)
J (a, b)

exists; takingfn (x, y) as before to be zero in the finite set An of cells which

include all the points of infinite discontinuity of / (x, y), we have

r(/3) rK)3) [a ffi

f(%< y) d (x, y)
= lim fn (x, y) d (x, y)

- lim dx \ fn (x, y) dy,
J (a, b) ra~oo J (a, b) 7i~oo J a J b

r(a, /3) ra rp

and therefore / (a?, y) d(x,y)=l dx f (x, y) dy,
J (a, b) J a J b

f
a

f

provided lim dx \ / (x, y) dy 0; where An (x) denotes that finite set
n~oo ' a J An (x)

of intervals which forms the section of Aw by the ordinate corresponding
to the abscissa x. This condition will be satisfied when the conditions

(1) and (2) of the theorem of 238 are satisfied; but it may be satisfied

when (1) and (2) are not satisfied.

In order to obtain criteria for the equality of the repeated integrals

of / (x, y) taken over any measurable bounded set of points E, we may
take a cell which contains E, and assume / (x, y) to be defined over the

whole cell by taking its values to be zero at all points of the cell which

belong to the complement of E relatively to the cell. The preceding theory
will then be applicable to this case.

EXAMPLES

(1 ) For the function defined in i, 365, Ex. 1, only one of the repeated integrals exists,

in accordance with the definition there employed; neither does the JR-double integral exist.

The Lebesgue double integral exists, and has the value 1. For the set of points at which

f (x, y)~l has measure zero; and therefore the function has the same .L-integral as that

function which, at every point (x, y) 9 has the value 2y. The other repeated integral necessarily

exists, in accordance with Lebesgue's definition, as may be easily verified; and both the

repeated integrals have the value I .

(2) For the function defined in i, 365, Ex. 4, both the repeated integrals exist, in ac-

cordance with the definition there employed, and they have the value c ; the double j?-integral,

however, does not exist. But the double L-integral exists and has the value c; for the points

at which /(ar, y) c', although they are everywhere dense, form a set of plane measure zero.

!*'" ft

(3) Let / (x, y)
-

2 ~j, and let the domain be the cell (0, 0; 1, I). The function is not
(
x

summable over the cell; neither does the restricted Jordan integral exist. For if the rectangle

(0, 0; h, k) be excluded from the domain, the double integral over the remainder of the

. /*
domain is

/It

or

which is equal to JTT -tan
x

^;
and this has no definite limit, as h and k converge inde-

pendently to zero.
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It follows that one at least of the conditions (1), (2) of the theorem of 238 cannot be

satisfied; and it is clearly the condition (1) which should be examined.

/# *.2 _ 4j2

We have

1

2 ~"""~2x + y
maximum value of this is, for a fixed value

of y,
- which is not summable in (0, 1); thus the condition (1) is not satisfied.
*y

(4) It has been shewn in the Example in i, 368, that the double integral of sin - over
x x

(0, 0; a, 6) does not exist. In this case the restricted Jordan integral exists; for

/b
fa I i fa i i

dy I
- sin -dxb \ sin - dx*

}

y
J e x x J, x x

and this has a definite limit, as *~0. The condition lim
/ dy I sin dx Dissatisfied,

n~oo.7 J Aw (2/) X X

for i\n (y) is independent of y, and consists of the interval (0, *). The repeated integrals

accordingly exist, and are equal to the restricted Jordan integral. However the condition (
I

)

I ( v 1 1 y 1
of the theorem in 238 is not satisfied, for

/ sin dy = sin - has the maximum
I J o x x y x x

b sin which is not summable in the interval (0, a).
I
x x

(5) Let f(x, y) = (x
-
y)~* 9 in the domain (a, 0; />, c), when c >a. In this case the function

is non-negative; in order to shew that the repeated integrals exist, it is only necessary to

verify that one of them is finite.

(6) Let the function* ^(x) be defined for the domain (0, I) by the rule that, for every

rational value of x of the form -

, (ft SO), ^ (x) ~^; and that, for every other value

of x, -^ (x)
= 0. Let \^ (x, y) =

1 . 1
sin

v#) in the cell (0, 0; 1, 1). Since \ff(x, y) is non-
y y

negative, it is sufficient to shew that one of the repeated integrals is finite, in order to prove
that ty (x, y) is summable in the coll, and consequently that the repeated integrals are equal.

Since ^ (x)

1 . 1
- sin
y y

is zero for almost all values of x, when y is fixed, we have

1 . 1
sm-

y y

/i

ri

dy I ^ (x, y) dx 0; therefore the other repeated integral is

) J

zero.

THE INVERSION OF REPEATED INTEGRALS OVER AN INFINITE DOMAIN

239. Let the measurable function / (x, y) be defined for the infinite

domain (a, b
;

oo
,

QC
) ;

criteria will be obtained which are sufficient to

ensure the equality of the two repeated integrals
Too Too Too Too

fa\ f(x>y)dy> dy f (
x

>

Ja Jb Jib Ja

which are equivalent respectively to

lim dx . lim I / (x, y) dy, lim dy . lim / / (x, y) dx.
a~oo J a, fl~oo Jb /8^oo Jb a~oo J a

* See Stolz, Grundziige, vol. in, p. 149. The function ^ (x) was first given by Du Bois-

Reymond, Crelle's Journal, vol. xcvi, p. 278.
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Let it be, for the present, assumed that / (x, y) is a non-negative

function, summable in every finite cell (a, 6; a, /?). Denoting the integral

f / (x > y) over the finite cell by F (a, j8) ;
we have

F (, ]8)
=

f

(a' W
/ (a, y) <2 (a, y)

-
f

*& f/ (a, y)% =
f

*

dy \"/ (s, y) cb.
J (a, &) .' a .' 6 J b J a

[n case the double limit of .F (a, /?), as a ~ oo
, j8 GO, exists, as a finite

number, / (#, y) is summable over the domain (a, 6; oo
,
oo

) (see i, 437).

Moreover, since F (a, j8) is monotone non-diminishing, as a increases, and

also as /? increases, it is sufficient for the existence of the double limit that

either of the repeated limits lim Jim F (a, /?),
lim lim F (a, j8) should exist.

a^oo /8~oQ 0~oo a~oo

fa f/3

Let us consider lim lim I dx I / (#, y) dy ;
it will be shewn that this

a~oo j8~ao J a J b

J*a

[ft
Too Too

rfa; . lim I / (x, y) dy which is dx / (x, y) dy.
a 0~c J b J a J b'

Let x (
x

> j8) denote / (a:, y) dy, and let x (x, <*>
) denote / (x, y) dy.

J b Jb

Since x (
x

> P) ^ a monotone non-diminishing function of ?/, the theorem of

226 is applicable, and shews that

fa fa

X(x>">) d>x
,

lim x (
x

> j

J a /3-~oo .'a

are either both finite arid equal, or both + oo .

Thus we have

r rco ra r/3

rfa; /(a?,y)rfy=lim rf^ f(x,y)dy
J a Jb /S^oo Ja Jb

if either of these expressions has a finite value
;
otherwise both are infinite.

We now have

rroo
ra rp

dx f (x, y) dy - lim lim dx f (x, y) dy
Jb a~oo 0~a> J a Jb

if the repeated limit on the right-hand side has a finite value; otherwise

both sides are infinite.

It thus appears that

rco AX> r(a, 0)

<fo| f(x,y)dy=l\ml f(x,y)d(x,y)
J a J b a-oo '

(GT, 6)
^-oo

when either of the expressions is known to be finite; otherwise both sides

are + co .

fco roo r(a, /3)

Similarly \ dy
\
f (x, y) dx = lim / (x, y) d (x, y),

Jb Ja a~oo J (a,b)
^^00

<both expressions being finite, or both infinite.
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The following theorem has now been established :

If f (x, y) be a non-negative measurable function, defined in the domain

(a, b; oo
,
QO

),
the three expressions

Too TOO Too Too T(<,oo)

dx\ f(x,y)dy, dy
\

f(x,y)dy, f(x,y)d(x,y)
Ja Jb Jb Ja J(a t b)

are all finite and equal, or else all infinite.

240. If / (x, y) be no longer non-negative, the above theorem may be

applied to \f(x,y)\. If then either of the repeated integrals

f"dx f \f(x,y)\dy, I dy I \f(x,y)\dx
J a J b J b Ja

is known to be finite, the other one is finite, and
| / (x, y) \

is summable

over the domain (a, b
;
QO

,
QO

). If/ (x, y) be expressed by/+ (x, y) /- (x, y),

where /+ (x, y) 9 f~ (x, y) are both non-negative functions, one at least of

which is zero at each point, we have

Since/+ (x, y)*\f (x, y) \ ,/- (x, y)\f(x,y)\, it follows that, if
| / (x, y)

\

is summable in the domain, so also are /+ (x, y), f- (x, y), and therefore

/ (#, y) is summable.

Hence the repeated integrals of each of these functions are finite and

equal.

Since

I
/ (x 9 y) dy - lim

[
{/+ (x, y)

- /- (x, y)} dy
Jo P *"*'OQ O

= lim
f /-' (x, y) dy - lim I /- (, y) dy

j3^*oo J & /3/^co J b

when the limits on the right-hand side exist, we have

Too Too /*oo

/ (a?, y) dy = / (x, y) dy - /- (x, y) dy,
Jb Jb Jb

and hence

ri'OO
|*CO

TOO TOO
|*QO

** f(x>y)dy-\ dx\ f+ (x,y)dy-\ dx\ f-(x,y)dy,
Jb Ja Jb Ja Jb

when the integrals on the right-hand side exist.

We obtain, in the same manner, the corresponding result when the

order of integration is inverted.

If then one of the repeated integrals of
| / (x, y) \

over the domain is

r(oo,oo)

finite, / (x, y) d (x, y) is finite, and since it is the difference of the
J (a, b)

integrals of /+ (x, y), /- (x, y), it is equal to

|*00
/*OO TOO TOO

dx /+ (x, y) dy -\ dx\ f- (x, y) dy
Ja Jb J a Jb
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rfdx I / (x, y) dy\ similarly the
a J b

Too /'GO

integral of / (#, y) is equal to I dy / (x, y) dx. The following theorem has
J b J a

now been established :

Too Too Too Too

// one of the repeated integrals dx \ \f(x,y)\ dy, dy \f(%,y)\ dx
J a J b J J a

is known to be finite, then the repeated integrals off (x, y) and the integral of

f (x > y) over the domain (a, b ; oo
,
oo

)
are all finite and equal.

In order to extend the results to the ease in which
(

oo
,

oo
;
QO

,
oo

)

is the domain of integration, it is only necessary to consider that an integral

of / (x, y), or a repeated integral, is the sum of the integrals, or repeated

integrals, of the four functions / (x 9 y), / (- x, y), f (x, -),/(-*:,- y}

over the domain (0, 0; oo
, QO

).

If / (x, y) be defined over a measurable set E, of infinite measure, we

may suppose f (x, y) to be defined over the whole domain
(

QO
,

GO
;

00
> ) by taking / (a?, y)

= 0, at every point that does not belong to E.

The above theorems are then applicable to any measurable domain, of

infinite measure.

We thus obtain an extension of Fubini's theorem given in I, 429, and

applicable to integrals over a domain of finite measure :

If I / (
x

> y) \

^e summable over a measurable domain E, of infinite

measure, then I f (x, y) d (x, y) is equal to either of the repeated integrals of
J (E)

f (x, y) taken over E.

241. When the sufficient conditions that have been obtained are in-

applicable, further criteria will be required. The integrals which are

employed are not necessarily L-integrals, but may be non-absolutely

convergent.

Let us consider, in the first instance, the case in which the domain of

integration is (a, 6; a, QO
). Let it be assumed that, for every finite value

of
]8,

the condition
AX rp rp fa

fix f (x, y) dy - dy
\
f (x, y) dx

J a J b J b J a

is satisfied.

If
I dy I f (x, y) dx exists, as a definite number, it is equal to
J b JO

ra rp

lim dx\ f(x,y)dy.
0~oo J a J b

ft

Denoting / (x, y) dy by x ( jB),
J b

if lim I x(x>P)dx = X (
x

>

p~<x>Ja Ja
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we have

rra
fa

tf
fa

Too

dy f (x, y) dx = lim I dx / (x, y) dy = I dx I / (x, y) dy.
Ja /3~ooJ a Jb Ja Jb'

We have thus the following theorem :

0w ^e supposition that the two repeated integrals off (x, y) over the domain

(a, b ; a, /?) exist, and have equal values, it is sufficient for the equality of the

repeated integrals over (a, b; a, GO
),

TOO - I a

(1), that I dy I f (x, y) dx shall have a definite value, and
J b J a

(2), that I dx I f (x, y) dy shall converge to zero, as
/3
~ oo .

J a J j8

Sufficient conditions may be obtained that condition (2) of this theorem
f
a

f
a

is satisfied. The condition is that lim I x (
x * P) dx -=

I x (
x

>
**

) d&> where
]8~oo J a Jo

x (x, j8)
-

f / (x, y) dy, and x (x, QO
)
-

| / (x, y) dy.
J b . b

Referring to the results in 225-229, it is seen to be sufficient, in order

that (2) may be satisfied, that one of the following conditions should be

satisfied :

(2)' // I / (x, y) dy is a monotone function of j8 for all values of x in
J b

(a, a). This condition is satisfied, in particular, iff (x, y) 0.

(2)" /,
has a maximum

(f> (x), for all values of jS in

(b,
QO

), and<f> (x) is summable in the interval (a, a). This condition is satisfied,

in particular ifllf (^ y) dy is a bounded function of (x, j8). The condition

may be satisfied when there is an exceptional set of points x, of measure zero,

at which I f (x, y) dy is oscillatory.
Jb

(2)'" If \ f (x, y) dy converges uniformly to \ f (x, y} dy in the interval
J b J b

(a, a), of x.

/3~ooJa

242. Next, let the measurable function / (x, y) be as before defined in

the domain (a, 6; oo
,
oo

). It will be assumed that the repeated integrals

dx f (x, y) dy, I dy If (x, y) dx exist, and are equal, for all finite
j

'

b J b J a

values of a and j8; let their value be denoted by <f> (a, j8). We have now

lim
<f> (a, ft)

= dy \ f (x, y) dx - lim I dx I f (x, y) dy,
p~<n Jb Ja /S^oo .' a Jb

it being assumed that this limit has a definite value, for each value of a.
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If now lim
[
dx

\ f(x, y) dy = [
dx I f(x, y) dy,

/3"woo J a J b J a J b

roo /*oo

we have lim lim
<f> (a, /?)

=
I dx I / (x, y) dy;

(jf^-ao p*'^'QQ J (J> J b

the condition that this may be the case can be expressed in the form

fa
/"CO

lim dx f(x,y)dy^ 0.

/3~ oo J a J ft

Similarly, if lim I dy I f (x, y) dx = 0,
a^oo J b ' a

Croody I f (x, y) dx,
P~<M a~w * u J U>

it being assumed that lim
<f> (a, ft) has a definite value for each value of /?.

If the further condition is satisfied that

lim lim
<f> (a, j8) lim lim

(f> (a, j8),

/*00 /*OO /*QO /*OO

then rfo: / (x, y) dy - dy f (x, y) dx.
J a J b J b J a

The following theorem has accordingly been established:

It being assumed that the repeated integrals of f (x, y) in the domain

(a, h; a, /?) exist, and are equal, for every 'pair of finite values of a, /?, it is-

sufficient for the existence and equality of the two repeated integrals off (x, y)

over the infinite domain (a, b; oo
,
oo

) that the following conditions be satisfied.
/'GO T/3

fao fa
(1) That I dx I f(x,y)dy, I dy I f(x,y)dx have definite values for

Ja Jb' Jb Ja

finite values of [1
and a, respectively.

(2) That lim ^dxTf (x, y) dy = 0,

and lim \ dy I f (x, y) dx = 0.
a<-OQ J a

fa T/3 fa fft

(3) Tluai lim lim I dx \ f (x, y) dy =^ lim lim I dx I f(x, y) dy.
a."'C# /B'^-co

^ tt
'

b P^vo a'^-oo . rt ^ 6

f
a

f^
T/^w condition is satisfied, in 'particular , if I dx \ f (x, y} dy have a

J a .' b

double limit as a QO
, ft

^> QO .

fl3 ,'a

Alternatively, the condition may be applied to I dy f(x, y) dx.
Jb .' a

Too TOO

Sufficient conditions to be satisfied by I / (x, y) dy, I / (a;, y) dx have
.'/5 ^ a

already been given in 242, that the condition (2) may be satisfied.

The condition (3) may be expressed in a somewhat different form bjr

making use of (2) ;
thus we may replace (3) by

(3)' That lim \dx \ f(x, y) dy - 0, or else lim
f
dy \ f(x, y) dx - 0.

S~oo.'a Jp a^-oo J b Ja
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(3)' is equivalent to the condition that, if be arbitrarily chosen, a

number
/?

exists such that

I roo TOO

I dx f(x,y)dy
\J a J ft

<, for

and hence that, corresponding to each such value of
/?,

a number A^ can be

chosen so large that
/A /*GO

e, for
j8 > B

,

rf#j
f(x,y)dy

and for A > A^ . The condition, in this form, might have been deduced from

the theorem in I, 305.

243. The following theorem, due* to de la Vallee Poussin, jnuch more

restricted in its scope, may be deduced from the theorem of 242.

It is sufficient for the existence and equality of the repeated integrals, with

infinite limits, (1), that the repeated integrals between finite limits always
/'CO

exist, and are equal; and (2), that I f (x, y) dx be uniformly convergent in an
J a

r&>

arbitrary interval ofy; and (3), that I f (x, y) dy satisfies the similar condition;
J b

roo r/3

and (4), that I dx I f (x, y) dy converges uniformly in the unlimited interval
J a J b

of P.
TOO

If I / (#, y) dy be uniformly convergent in the interval (a, a) of x
9 then,

J b

I f
for a fixed positive number 77, jS,

can be so determined that / (x, y) dy <
77

\J ft

for j3 ^ fa, and for every value of x in the interval (a, a); it then follows

77 (a a) ;
for a fixed a, 77

can be chosen equal
|

ra roo

that dx f(x 9 y) dy
\Ja h

to /( a), and thus
*a Too

dx f (x, y) dy
a J B

< e, for
j8 ^ j8,, hence the con-

r
a

r
dition lim I dx I f (x, y) dy = is satisfied. Similarly it can be shewn

/3~oe> J a J ft

that the other part of condition (2), of 242, is satisfied.

The condition (4) of the present theorem may be stated in the form that

| <f> (a, j3)
lim

</> (a, jS) |

< c for every value of
j8,

and for all values of a
a^oo

not less than a fixed value ae . Since, on account of (2),

r/s ,-co

lim
(f> (a, j8)

==
I dy I f (x, y) dx,

a~oo J b J a

it is seen that I dy I f (x, y) dx for every value of j8, and for a

* Liouville's Journal (4), vol. vm (1892), p. 464.
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Thus
Too rco

\
dy I / te y)^

J& Jo.

^ e, for a

foe roc

hence lim I dy / (x, y) dx - 0,
tt^oo J b * J a

which is one of the conditions (3)' of the theorem of 242. The theorem

has been established, since it has been shewn that, if its conditions are

satisfied, so also are those of the theorem of 242.

EXAMPLES

(1) It will be found thatfaj"^^*!!- -** and thatfaj"
In thin case the first condition of the theorem in 242 is satisfied. For

/" ft* x*-y* fft fa x*-y*
I dxl . 9 fr9 du~ \ du \ ,

-* cfo

Jl Jl (#
2
+2/

2
)
2 J

Ji
J
Ji(x

2 +y2
)

2

a TT
l

--.,
ft 4'

, -
*r I't*

heno

The second condition is however not satisfied
;
for

' -
(2) Let*^(2)=, where p>l; then <l>'(z)^-

J ^ '. The repeated integral

fc
r> /> rc

I dy I 0' (a;^) dx = 0, but I rf# I
</)' (a;y) r//y kir. In this case

re r00

1 f/y / 0' (#
J o y a

it- = - tan"1

which does not converge to 0, as a ~ ao . Thus the condition of the theorem in 241 is

violated.

(3)
/ ia IT fa /"

We have/ dy I cosxydx^ , for a >0, but I dx I cos xydy does not exist.yOyO ^ yOyO
roo rc /*c /-GO

(4) It may be shewn that I to I e~^du-l dy\ e~xvdx. For e ^>0, and one of the
^0 ^0 J Q J o

repeated integrals exists.

(5) Lett F ( 4-
-

)
sin nx sin TT?/; in this case we find

7
V* ///

/^ A c*V . p fhW (I 1\ . , .
7

/ dx I ~-~>-dy=l dy I ^
-
;=- = L + ,- )

sin irfc sin jr*.

J3 J 1 c^dy
^

Ji
yJi^^J \h W

/<*>

/"^c^F /'
r;
2F rf)^"!

00

da?/ . -75- does not exist, for
/

- _ - %, or ^~ has no definite
i Jicxty Ji tteSy

^
L r^Jl

/"A rfc 927
value, for any value of x. The double limit lim I dy I ~

n
dx exists, and is equal to zero.

h~<*>J 1 7l oa?'y

* See Stolz, Gmndziiye, vol. in, pp. 8, 182, where the example is ascribed to Du Bois -Ray-

mond.

t Brorawich, Proc. Lond. Math. Soc. (2), vol. i, p. 182.
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(6) LetV=(~+-}(l--}aw7rx9 a,ndf(x,y)=;^. We find, in this case,
\x y/ \ y/ oxcy

dx f(x,y)dy=0,

but the other repeated integral does not exist, since / / (x9 y) dx has no definite value.

fh [k
The double limit lim / dx I f(x9 y) dy =0.

h~*<x>J 1 J 1

(7) Let/(#, 2/)=~ ~ , V = -
2 2

. In this case, the two repeated integrals
vxcy J. ~Hx ~\~y

l
dx L f (x' y)dy> L

exist, and are both zero.

The conditions of the theorem of 242 are satisfied. We find that

since - -

~
is a bounded function of (x, 8), the limit, when 8~<x>, of the integral222

is accordingly zero. The function
</> (a, fi)= -.

-

2
~

2 ; and its repeated limits as a oo,

jg
~ oo are both zero, although the double limit does not exist.

/'*> /-30

(8) It can be proved that the order of integration in/ sinydy I e yx*dx can be reversed.

Since the function e~yx
*
sin y is bounded, its repeated integrals over a finite rectangle

//s 1

(0,0; a, 0) are equal. Also / e~yx
*

amydy^ - -{1 -e~f*x
*

(cosp+x2 sin /3)}; and the
Jo a; +1

2 +x2

expression on the right-hand side is numerically less than - for all values of ft (^0),

and this is a summable function of x in the interval (0, oo ); therefore

/oo

Too
'

/'oo /

efo I e" ya" sin / rf?/
= lim

/
dx

/
e~ya!a sin y dy,

70 /3~WO yo

and thus one of the conditions (1) of the theorem of 242 is satisfied. Again

f
A

e-y** sin ydx = sin y I
e' *xzdx <

S1"^
/ e~tz dt

;

jo jo Vyyo
hence /

a
e~yxi sin v^a; is bounded for all values of y (SO), and therefore

yO
/oo roc /-co r a

/ rfv / e~vxt smydx= lim / ^v/ e~vx*sinydxt

yo ;o a-yo 7o

thus the second of the conditions (1) of the theorem of 242 is satisfied.

/oo /*> /"^e-^x
8

We have also / dx I e~yx
*

sinydy = I =- _^(cos/^ 4- a;
2 sin (3); if we divide the integral

on the right-hand side into two parts from to 1, and from 1 to oo , the first of these integrals

/oo
e-P& dxy or is less than

1 T*
00

-
/ e-&*dx9 and thus converges to zero, as #~oo . Therefore the second condition of the

VP./0
theorem is satisfied.
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(9*) Let / (x, y) ==xn~* e~x (e~v
- e-^/y, the field of integration being (0, 0; oo , oo

). In

(1,0; oo , oo
) we have/ (x, y) ^0, and in (0, 0; 1, oo ),/(#, y) ^0; thus the repeated integrals

/GO

/-OO fl TOO

^dxj^f(x
9 y)dy9

j Q
dx

j ^f(x,

may conveniently be considered separately. Since in each case the integrand is of fixed

sign, we need only shew that one of the repeated integrals exists, both when the range of

x is (0, 1), and when it is (1, oo ). It can thus be shewn that the repeated integrals are equal.

DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO A PARAMETER

244. Let/ (x, y) be a function of x defined in the interval or cell (a, 6),

and for each value of y in the interval (yQ , yQ + a). This function / (x, y),

defined in the p + 1 dimensional cell [x in (a, 6), yQ ^y^. yQ f x], will be

assumed to be summable in (a, 6) for almost all the values of y. It is a

problem of importance to find sufficient conditions that

This rule, first employed by Leibniz, is spoken of as differentiation

under the sign of integration, and is an important example of the employ-
ment of the process of changing the order of repeated limits

;
a process, the

validity of which is always subject to conditions, the sufficiency of which

is a subject of investigation. In this rule the differentiation at yQ is on one

side
;
thus ~

,
at y ,

denotes the derivative on the right. If the function

be defined for an interval (y , ?/ + a), of y, the derivative on the left

may be treated in a similar manner, and when sufficient conditions on

df (x y)
both sides of y are satisfied,

'*
*- -

, aty , may be regarded as the differential

coefficient in the ordinary sense.

Conditions sufficient to ensure that Leibniz's rule is applicable have been

investigated by Jordanf, HarnackJ, de la Vallee Poussin, G. H. Hardy ||,

and W. H. Young
1

]!,
and others. The problem has also been considered, of

obtaining the differential coefficient when Leibniz's rule is not applicable.

245. Two methods may be employed to determine the requisite

sufficient conditions. The first method, which will be here developed,

depends upon the convergence of integrals of the incremcntary ratio

* W. H. Young, Can*. Phil Tram vol. xxi (1910), p. 375.

t Cours tfAnalyse, vol. n, p. 155 (2nd ed.).

J Elemente der Diff. u. Integralrechnung.

LiouviUe's Journal, (4) vol. VJIT (1892), p. 421, and Ann. de la soc. sc. de Brnxclles, vol. xvi (B)

(1891-2).

|| Quarterly Journal of Math. vol. xxxir (1901), p. 66.

1f Trans. Camb. Phil Soc. vol. xxi (1910), p. 397.

HIT 23
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/ (x, y + ft)- / (g, y )

?
as A converges to zero. Denoting the value of

<*' *>
dfe,i

b

f(x,y)dx by we have **
~

* - <*/-' * + *>

Ja /* Ja /*

where A ^ a. If then lim /V (* ft + &)-/(* ft) ^ hag ft definite value>
h~QJa n

as the continuous variable A converges to zero, (
-

) exists, and has the
\0y/!f-ifc

same value.

If further

a A-0

and J \ exists for almost all values of x, we then have
dy

du\ =
.a V

[

'

Assuming that -
\-'

~ exists at all points y interior to the interval

(t/ , j/ + h), and that/ (#, i/) is continuous with respect to y in the closed

interval (yQ , y + h), we have, employing the mean value theorem of i, 262,

. whflregiaBTOhthat 0<g< L We
h dy

thus have *Vt^ u
*<> --= F ^.^ t eA

)^ ; the number 8 depending upon^ / ^y
^ and x.

df (x 11}
If it be further assumed that J

\ exists for all the values of x
9
and

dy

that it converges to
\

~
f ' uniformly for all values of x in (a, ft);

( y )y=Vo

we have, provided h is sufficiently small,

Bf(x9yo + Oh)^W(x 9jf)) + ,

3y 1 3y L-y.

where
| j8 (a:) |

< , for all the values of x.

Under these conditions, we have, since /? (x) dx
ri>

is less than the

arbitrary small number em (A), where A denotes the cell or interval (a, 6),

h~0 o y~v

The condition of uniform convergence of
;,

'
- is satisfied, in par-

ticular, if
^

;f
? y '

is continuous with respect to (x, y) in the (p f 1 )-

dy
dimensional domain [x in (a, b)-, y ^ y y + K].
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Accordingly, the following theorem has been established:

/// (x, y) be defined in the finite (p + 1) dimensional domain

[x in (a, b);yQ ^y-^ y + a],
rb

and I f (x, y) dy exists as an L-integral, for every value of y, it is a sufficient
J a

condition for the existence of the differential coefficient at yQ , andfor the validity
rb

of the differentiation of f (x, y) dy, at yQ , on one side, under the integral
J a

sign, that -^A - should be a continuous function of (x, y) in the wtwle

domain; or more generally, it is sufficient that -V- should converge to

(Sf (x i/))

2 f uniformly for all values of x in (a, b).
( "V Jtf-z/o

246. Less stringent conditions for the validity of the rule for the

differentiation of the integral under the sign of integration may be obtained

by employing the sufficient conditions given in 225-227, for the con-

vergence of f/ <?' * +
? -/<> dx to

f
'lim \&>

* + *)=/(?- >i dx.
Ja h Ja*-0 I h

J

In accordance with the theorem of 225, it is sufficient that ! -^
-

\

( y Jy-y.
should exist for all values of x, and that a function

<f> (x), summable in the

finite, or infinite cell, or interval (a, b), should exist, and be such that

/ (*, ypj- *)_
- / (i_yo) _< ^ (x^ for all values of x in (a? 6)? and all values

of h such that < li ^ a. This condition is satisfied, in particular, when
fjf (rj* /%J\

(a, b) is finite, if
<f> (x) has the constant value K. In case J \- --' exists in

dy
the whole domain [x in (a, 6); yQ ^ y ^ yQ + a], the above condition is

satisfied if
cf> (x), in the whole domain

;
in accordance with the

dy
theorem of i, 280.

Thus the following theorem has been established :

St (x y)
Jf

- --
'

exist in the finite, or infinite, domain

[x in (a, b)',yQ ^y^y + a],

and be such that
cf> (x), where

<j> (x) is summable in the cell, or
dy

interval, (a, b); then I
-

;
' dx = / (x, y ) dx. When (a, b) is finite,

J a ^2/0 ^2/o a

may have in particular ^ K, a constant.
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9f (x ty)
In case -

'

is a bounded function in the (p + l)-dimensional do-
y

main, finite or infinite, and $ (x) is absolutely summable in (a, 6), we have

and therefore :

dy

be bounded in [x in (a, 6), i/ ^ y ^ 2/o + ]>
dy

absolutely summable in (a, 6), then

r) Cb

{x) dx = \J (x >

If the theorem of 225 be employed, it is seen to be sufficient for the

application of the rule for differentiation under the sign of integration that

/J?!.yo_.*)..7/.(^ Sfo) should be monotone with respect to A, for eacli
it

r\ ft /

value of x. But a simpler condition is obtained by assuming that ^-^

exists and is a monotone function of y in the interval y S y 5 y + a, for

each value of x in (a, b). For ^ (x ' y + ~^->-y) lies in the interval

i. j j i (x i %) j ^/ (
x > l/o f ^) j AU fbounded by -

-:
~^- and - /--v

---^"
)-

', and therefore*

r"

la

lies in the interval bounded by f
df(^ dx and I"

*f(x>y + hl dx.J
J a 3y Jo ?y

df (x i/ + 70
Since ^--'-^-

- is monotone with respect to A, employing the theorem
dy

of 225, we have

.. df(x,ya + h) df(x,yQ ) . ,, - , ,, , df (x, y) .

for Jim ^-V

-.'^ __Z_J = -L^L^IZ on account of the fact that -V' is

^o ^2/ 8^ 3

monotone with respect to i/, and therefore in accordance with the theorem

in i, 283, ~ 9 - is continuous at y ,
since it cannot have a discontinuity

y

of the second kind.

It now follows that
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The following theorem has now been established :

^ I \ T* ?J 1

If ~ is monotone with respect to y, in the in

for each value of x, in the finite, or infinite, cell (a, 6), then

fb
for y ^ y < y + a, it being assumed that f (x, y) dx exists for each such

J a
value of y.

247. The second method of obtaining sufficient conditions for the

validity of the differentiation of an integral under the integral sign depends

upon the condition for the equality of two repeated integrals.

Let it be assumed that, for almost all values of x, the relation

holds good. This is equivalent to the assumption that / (x, y) is an in-

definite integral in y, for almost all values of x.

We have then

h
'

h\ a .! dy

if now the order of integration in the repeated integral may be reversed,

we have

rb fif lx y\
and then, in case I X

'

d% b continuous with respect to y at the point
J a ty

?/ ,
we have

We thus obtain the following theorem :

// (1), / (x, y) is an indefinite L-integral in y, for almost all values of x,

df (x y)
and (2), the repeated integrals of -;.--' over the domain

[x in (a, 6) ; y y ^ y + a]

f
b df (x y}

have equal values, and (3), I .
' - dx exists and is continuous with respect

J a dy
to /, at ?/ ,

then

The condition (2) is satisfied in particular, when (a, b) is finite, if

9f (x y)
---

'

is summable over the domain [x in (a, 6) ; t/ ^ y y + a}.
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In case the function /(#, y) is monotone with respect to y, \ is

of fixed sign, and in this case the condition (2) is necessarily satisfied (see

237) whether (a, 6) be finite or infinite; we have accordingly the following
theorem :

// in the finite, or infinite, domain [x in (a, 6) ; y ^ y yQ + a], / (x, y) is

monotone with respect to /, and is an indefinite L-integral in y, for almost
rb

fif
ix y\

every value of x, then, if also I
-- ~ -- dx is continuous with respect to yatyQ ,

"

)y~v*

248. The case in which (a, 6) is a linear interval, and b = QO
, may be

df (x y)
specially considered; in this case the condition that *- should be

summable in the domain (a x < QO
; yQ

<
y ^ yQ + a) is not sufficient to

ensure that the order of the repeated integral may be reversed
;
it may in

r^ $i (x i/}

fact happen that ^L^-
yJ- dy does not exist.

J a oy
We have

rx

Uyv+k
~~

^VQ
== ^im

I

X~<x>J a

rx
= lim I i

X~<*J a

it being assumed as before that, in the finite domain

(a x X\ jfo
- y = 2/o + <*)>

3f (a; v)
<^-~ >

exists and is an ^-integral with respect to y, whatever value X

rx
dx

may have. If ^-~~^ is summable in the finite domain, we have
9y

ry +h [X gf (x y \

uvo+h -uv.
= lim dy

tij(~'^dx ...... (A).
X~<J 2/0 J a y

If now lim '& = ...... (B),
JJT~oo J y J X vy

f 00
fif

IX y\
and further, if I

-~ '
- - dy be continuous with respect to y at yQ ,

we have

/"CO g/ //
|,\

In case ~-dx does not exist, or the equation (B) be otherwise
Ja oy

not valid, the equation (A) still holds, and it may in certain cases be applied

to determine (
~

)

w2//y-y.
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rx df(x y)
Let us assume* that --V^' dx can be divided into two components,

Ja ty
r

rx df tx y\ rx
so that J

\r2-' dx =
<f> (X, y) + I

ifj (x, y) dx, where
<f> (X, y) is such

Ja vy Ja
*+n

<f) (X, y) dy = 0, and where
if/ (x, y) is such that

~ - ,,0

TOO ry<>+h ry +h /

dx
iff (x, y) dy - dy iff (x, y) dx.

J a J y J
2/0 J a

Too

We find then, provided I
iff (x, y) dx is a continuous function of y and

J a

/Su\ f

2/ , that U-) -/ iff(x,y )dx.
\y/y~yo J a

249. In ordinary cases, a special case of the criteria of 241 may -be

applied to establish the validity of the inversion involved in the use of

the equation
y p ,

7y. % ^
Jy J a ty

TOO 3^ /^ y\
and then, provided I ;.--

- da; is continuous at j/ ,
with respect to i/, we

^ dy
have

It is thus established that:
Too

A sufficient condition for the differentiability of I / (x, y) dx at y^ , under
J a

rdf
(% y)
k~ x sJwll converge uniformly for all
ty

values of y in the interval (yQ , yQ + ), and shall be a continuous function of

y atyQ .

It may be observed that :

f df (x y)
The condition that I ------ dx shall be a continuous function of y, at

J a dy
rx

fif
(x y\

y0) may be replaced by the condition that I \~^ dx be continuous, whatever
J a oy

value X (> a) may have, it being assumed that the condition of uniform con-

/GO df (x y)
vergence of I

- V~ dx is satisfied.
J a oy

For f" yjgi-V) dx =
f

X d-L(iy) dx + r,(y); where \rj(y)\< e , provided
> a vy j a oy

X is sufficiently large.

* De la Valtee Poussin, Ann. de la soc. ac. de Bruxelle*, vol. xvi (B) (1892), p. 150.
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Hence, we have

where
| |

< 2e. From this it follows that, for all sufficiently small values
f v

fCfl ^\f/ \

dx I
i
--3

'
- dx is numerically less than 3e ;

and
/"CO

of h, I

J a

since is arbitrary I
-A^L/ dx is continuous at y$ .

j a oy

EXAMPLES

(1*) Let

/y
t v

/ (x, y)dx=X sin
(
4 tan"1 &

)
.

) \ -A/

We find that
g-

/ f(x,y)dx=X2 gCOsUtan"
1

^

therefore, at the point y -0, x- I f(x,y) dx = 4. The value of I

3
- <fo is found to be

5cos(4tan~
1
^), when />0, and it is zero when y~ 0. Since this integral is not

continuous at y-yQ9 the conditions of 247 for differentiation under the sign of integration

are not satisfied at y =0; in fact wo have I -^
'

- dx = 0. The function / (x, y) is discon-

tinuous at the point (0, 0).

/QO sin Xy
(2) Consider the integral /

' dx9 where y>0. This integral is not differentiable

under the sign of integration for any value of y; for I cos xydx does not exist.

/*jC

(3f) The integral I (x
-
y)^ dx may be differentiated under the sign of integration, for

every value of y. For it has been shewn in 238, Ex. (5), that (x
-
y)

"
* has an ^-integral in

the domain (0, 0; X, h). Also I (x
-
y)

- 1 dx exists and is a continuous function of y; there-

fore the conditions of the theorem of 247 are both satisfied.

(4) Consider the integral u= I
-

^ dx, whore y>0. The integral / -
k

2
- dx con-

verges uniformly for all values of y greater than a positive number y . For, integrating by
parts, we find

[X'xsmxy , r xcosxy~]X' 1 /X' l-#2

hence, if X' >X > 1, the absolute value of the integral on the left-hand side is less than

r y *

which is <c, if X be chosen sufficiently large. It is clear that
/

X^X
^dx is, for each value

JO 1 + x*

of X9 a continuous function of y(>Q) 9 for the integrand is bounded in the rectangle

(0, y; X, y+h), and thus the theorem of 225 is applicable. It thus appears that the con-

ditions of the theorem of 249 are satisfied.

* Harnack's Diff. and Int. Cak., Cathcart's translation, p. 266.

t Hardy, Quarterly Journal of Math. vol. xxxn (1901), p. 67
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(5) Let f(x9 a) have the values (n -x)k -#,0, (a -#)* +x according as x^a, where

-l<u<l; then

1 1

1

n*,^!
1 9ij*-*.

da J -i
j

J -I da

(6*) The integral I f(yx) ty (x) dx is differentiate under the sign of integration, where
J a

y is in an interval ( -A, A) either if (1), ^ (x) is summable in (a, b), and/() has a differential

coefficient that is bounded in (a -A, b +A), or (2), if both/ (/) is an integral in (a
- A, b + A),

and ^ (x) is an integral in (a, b).

The case (1) is a particular case of the second theorem of 240.

ft
To prove (2), let

F(t)=] f (t) dt, then

a L J a J a

the integral on the right hand falls under case (1), and may therefore be differentiated. Thus
we have

=[^^L -*a J a J a

250. Let (a, 6) now denote a linear integral, and let/ (x, y) be defined

in the interval (a 6, ft + e), for all values of y in some linear interval
;
and

rb

let / (x, y) dx be denoted by u (y, a, b).
J a

i/ (ti n h \- l?\ -. 11 (11 n h\ I ffe+fc
\\r i

^ {!/> w f'
' *') "' \// c*> *') l

[ / \ iWe have ' -- T I / (# y) dx,
fc< A* ./ 1)

and thus
^-

lim , / (x, y) dx, provided the limit on the right-hand

side exists. If, for a particular value of y,f (x, y) is continuous with respect

to x, at x = ft, the limit on the right-hand side is equal to/ (ft, y).

Again, if, for a particular value of y,f(x, y) is, in a neighbourhood of the

point x = 6, the finite differential coefficient of a function F (x) of x, we
rx

have (see I, 471) / (x, y) dx --=- F (x) F (ft), the integral being in
J b

'

general a /^-integral; and thus ~, -- F f

(ft) =/ (ft, y).

The following theorem has now been established :

rb

The integral I f (x, y) dx has, for a particular value of y, a differential
J a

coefficient with respect to ft, of which the value is f (ft, y), if either (1), / (x, y)

be continuous with respect to x at x = 6, or more generally (2), if, in a neigh-

bourhood of x - -
ft, / (x, y) is everywhere the finite differential coefficient of a

function of x.

The sufficient condition that the differential coefficient of the integral

with respect to a is / (a, y) is precisely similar.

* See W. H. Young, Proc. Roy. Soc. (A), vol. xcm (1917), p. 280.
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251. Sufficient conditions have now been obtained that u (y, a, b)

should have, at a particular point (y, # ,
& ), partial differential coefficients,

9f ( f y)
-

a dx, / (a , y), f (6 , y) ; we
B 0y

proceed to determine sufficient conditions that u (y, a, 6), regarded as a

function of (y, a, 6), should have a total differential at the particular point

(2/o > #0 A)-

If
<f> (x, y, z) be a function of the three variables x, y, 2, it can be shewn,

as in i, 309, where the case of a function of two variables is dealt with,

that, it is sufficient, in order that
<f> (x + h, y + k, z + I) <f> (# , y ,

z >

should be expressible in the form h ^ + k ~- -I- I --? + ho -\- ka + IT,
dx dy dz

, , 7 7 7 j ^ x v<f> <ty d<t>where p, a, r converge to zero as h, k, I do so in any manner, that ~ , f ,
-J-

have definite values at (XQ , y ,
z ), and that one of these partial differential

f)rh

coefficients, say =^, exists everywhere in some three-dimensional neighbour-

hood of (x09 1/ , z ),
and is continuous at (# , y ,

2 ), and also that another

fit

of them, say
~

,
exists in a two-dimensional neighbourhood of (;r , // ), for

z = z0) and is continuous at (# , y ).

Applying this result to the function u (y, a, b), we obtain the following

theorems* which are found by replacing in different orders the three

variables x, y, z by y, a, b.

Iff (x, y) be continuous with respect to (x, y) at the points (0 , y ), (60? y ),

r&o

and if f (x, y) dx have a partial differential coefficient with respect to y, at
Jo

r
6

the point i/ , then \ f (x, y) dx has a total differential at the point (yQ9 a , 6 )^
J a

with respect to (y, a, 6).

// / (x, y) is, in neighbourhoods of the points a
,
b

, for y = j/ ,
a finite

differential coefficient of some summable function, with respect to x, and is

continuous with respect to x at the point (b , y ) ; and iffurther u (y, a, 6) has a

differential coefficient with respect to y which is continuous with respect to

(y, a, 6) at the point (t/ , a ,
6 ), then u (y, a, 6) has a total differential with

respect to (y, a, 6) at the point (y ,
a

,
6

).

If y, a, 6 are all differentiate functions of a single variable t, and the*

conditions of either of the above theorems are satisfied, we have

d . , - , .db .da du d

* See W. H. Young, Trans. Camb. Phil Soc. vol. xxi (1910), p. 402.
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GENERALIZED INTEGRALS

252. In i, 389, the generalized upper and lower integrals of a function

have been defined in a manner dependent upon the division of the measur-

able set E, the field of integration, into a finite, or enumerably infinite, set

of measurable parts. The relation of this definition, which is due to W. H.

Young, with the definition of Lebesgue will here be investigated.

The following preliminary theorem is required :

If H be a closed set of points, in p-dimensions, and
<f> (x) be a function,

defined in H, and of which U and L ( 0) are the upper and lower boundaries

in H, the necessary and sufficient condition that the (p + l)-dimensional set of

points (x, y), defined by [x in H, ^ y ^ cf> (x)] should be closed, is that
<f> (x)

should be upper semi-continuous in the closed set H. Also the necessary and

sufficient condition that the set [x in II, <f> (x) ^ y U] should be closed, is

that
<j> (x) should be lower semi-continuous in H.

In the first part of the theorem, it is clear that the necessary and

sufficient condition is that the set of points (x, <f> (x)) should have no

limiting point (, y), such that y > < (). This is equivalent to the condition

that, e being an arbitrarily chosen positive number, a p-dimensional neigh-
bourhood of f can be so determined that

cf> (x) < cf> () + e, for all points x

in that neighbourhood ;
and this for every point f , of H . This is equivalent

to the condition that < (x) be upper semi-continuous in H.

The second part of the theorem can be established, in a similar manner,
from the consideration that the necessary and sufficient condition is that

the set of points (x, <j> (x)) should have no limiting point (, //) such that

V f> ()

It is clear that the condition L ^ may be removed, for, if L < 0, we
can consider the function

<j> (x) L, for which the lower boundary is zero.

253. The following theorem will be established:

If f (x )
be a function defined for all points x, in a measurable set E, of

p-dimensions, and if E be divided into two measurable parts EI and E2 ,
the

functions fl (x), /2 (x) being such that f- (x)
= f (x), over El ,

and /x (x)
= 0,

over E2 ; /2 (x)
=-= / (x), over 72 , and /2 (x)

= 0, over E; then

f l (x)dx+l f2 (x)dx^l f(x)dx.
i) (EJ J_(E)

Also the corresponding result holds for the upper generalized integrals.

The set El can be divided into a finite, or enumerably infinite, number

of measurable parts e^, such that S IM m (e^) > /. (x) dx le; more-
L <#*>

over E2 can be similarly divided into parts e<, such that

f
J_(ES)
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whereW is the lower boundary of/! (x) in eW, and I is the lower boundary
of /2 (x) in eW. Since eW and e<2> taken together form a set of sub-divisions

of E into measurable parts, we see that SJW m(eM) + El^m (e<
2
)) forms a

corresponding sum for the function / (x) in the set E, and this is conse-

quently ^ I f(x)dx\ it follows that
l(E)

I f(x)dx>l fa(x)dx + fi(x)dx~-t\
J_(E) ^(#0 J_(Ej

and since is arbitrary, we have

f f(x)dxzf fa(x)dx+f f*(x)dx.
L(E) i (E,) J_ (Ez )

In order to prove that this relation cannot be an inequality, let it be

assumed that, if possible, E is divided into a set of measurable parts e,

such that

1,1m (e)>f fa(x)dx f f fa(x)dx.
'

(tfi) J <#)

These sets e will in general fall into three classes, those, <y
W which contain

only points of E; those, gW which contain only points of J572 ;
and those h,

which contain points both of El and of E2 . Thus SZra (e) consists of three

sets of terms; let us consider a term Im (h). The set h can be divided into

two measurable parts 7*(1)
,
and h&\ where h^ consists entirely of points of

EH and A(2) consists entirely of points of E2 . The term Im (h) will then, in

this further sub-division, be replaced by V^m (/?
(1)

) + Vm (hf) 9
where

/(1) S /, and Z^2) I
; and thus the term Im (h) may be increased, but cannot

be diminished. We thus obtain a set of sub-divisions of El into measurable

parts gfW, hll}
,
and also a set of sub-divisions of Ez into a set of measurable

sets gr<
2
>, h&. It follows that

fl (x)dx,

and I,lm(gW) + SZw(AW)^ f U(x)dx\
'(A'.)'

adding together the expressions on each side, and remembering that

we have Elm (e) ^ I fa (x) dx -f- /
L (x) r/,r,

1(EJ J(EJ

which is contrary to the assumption made above. It now follows that

[ f(x)dx=f fa(x)dx+f A(x)dx.
i(E) (E) J_(E)

If we employ u, the upper boundary of the function in a set e, instead

of /, a similar proof will establish the fact that

f f(x)dx=f fa(x)dx+i fa(x)dx.
J (E) J(E) J (E)
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The following corollary follows from the above theorem :

// / (x) be a function, defined in a measurable set E, of any number of

dimensions, and if E be contained in another measurable set F, and the

function g (x) be defined by g (x) =/ (x), in E, and g (x)
= 0, in F - E, then

f(x)dx^\ g (x) dx, and
\ f(x)dx--=l g (x) dx.

J(E) J(F) J_(E) J_(F)

It can be easily seen that :

// /! (x)
>
/2 (x), then I /x (x) dx>\ /2 (x) dx, and

J (E) J (E)

I A (#) dx ^ I /2 (x) dx.

J_(E) 2 <*?>

For / fl (x) dx is the lower boundary of all the sums S?^ X) m (e), where
J(E)

is the upper boundary of /x (x) in e\ this sum is ^ *LuW m (e), where

is the upper boundary of /2 (x) in (e). It follows that the lower boundary
in the first case is not less than the lower boundary in the second case.

The second part of the theorem follows similarly from the fact that, in

any set e, Z<
1
)
>

Z<
2
>.

254. It will now be proved that:

If f (x) be a non-negative function, defined in a measurable set E, of

finite measure, the upper, and the lower, generalized integrals of f (x) over E
are equal, respectively, to the exterior and interior measures of the (p+ 1)-

dimensional set of points (x, y), defined by [x in E, ^ y ^ f (x)] .

Let H be a closed set, contained in E, and let
<f> (x) be an upper semi-

continuous function, defined in E, and such that ^
</> (x) ^f (x). It has

been shewn that the set [x in //, ^ y ^ < (x)] is a closed set, and it is con-

tained in the set [jc in E,
<
y ^ f (x)] .

It will first be shewn that the lower generalized integral of
(f> (x), over

H, is equal to the measure of the closed set [x in H, ^ y ^ <f> (x)], which

will be denoted by //^. It is impossible that
</> (x) dx > m (U^)\ for

_v>
if this inequality held good, H could be divided into a finite, or enumerably
infinite, set of measurable parts et ,

such that H^w (et )
> m (H^)', where

le^
denotes the lower boundary of

</> (x) me,. A finite number n, of these
i = n

sets e,, could be so determined that H lc m (et ) > in (//$); further, in each
t-i

of the sets et (t
=

1, 2, ... ft), a closed component /t could be so determined
i~ra

that 22 le m (ft ) > m (H<j>) ;
where l

&i might have a greater value than before,
i-i

when it is taken to refer to /t instead of e, ,
but could not have a lesser

value. The set of points (x, y) such that x is in (/t), when i = 1, 2, ... n;
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and ^ y le^ is a closed set, contained in H$ ,
and it would have a measure

greater than that of H$ ,
which is impossible. It has thus been proved that

J> (x) dx m (H$) ;
and it will now be shewn that this relation cannot

i(H)
be an inequality. For, let it be assumed, if possible, that

m (H+) > I <f>(x) dx ;

^(H)

and let the net (a ,
al9 ... an )

be fitted on to the linear interval bounded by
the lower and the upper boundaries of

<f> (x) in H
; let er denote the measur-

able set of points x, such that ar^ <f> (x) < ar , for r = 1, 2, 3, n 1
;
and

let en denote the set for which ar_ <j> (x) ^ an . We may take the net such

that the breadths of all its meshes are less than
77.
Thenm (H<t>) lies between

y - n rn
2 ar_^m (er ) and S arm (er), which are the measures of sets contained in,
r=l r-l
and containing H$, respectively; and these measures differ from one

another by less than rjm (//). Choosing 77 sufficiently small, we now see
r = n r

that S ar *m (er ) > <f> (x) dx\ thus we have, since ar^ is the lower
r-i .'(//)

boundary of
<J> (x) in the set er , a finite set of measurable parts of H, such

that SL w (er )
is greater than I

<f> (x) dx, which is impossible.
J_(H)

It has now been proved that m (H^) ---
I

<f> (x) dx.

idi)

The case will first be considered in which / (x) is bounded in E. From
the theorem of 253, we have

1
cf> (x) dx =

I
cf> (x) dx + <f> (x) dx

J_(K) J (H) [(K-H)

== m(H<t>) + I cf>(x) dx\
J (E-Jl)

the second lower integral on the right-hand side is less than Urn (E //),

where U is the upper boundary of / (x) in E
;
and this will be arbitrarily

small, since H may be so chosen that m (E H) is arbitrarily small. The
interior measure of the set [x in E, ^ y ^ f (x)] is the upper boundary of

the measures of all closed sets interior to it, and is consequently the upper

boundary of m (#$), as m (H) converges to m (E), and for all upper semi-

continuous functions
<f> (x), such that ^

<f> (x) <f(x). For any closed

set contained in [x in E, y rl / (x)] has for its section by a y-ordinate
a closed set of which the upper and lower boundaries are

cf> (x),if/ (x), where
< (x) is upper semi-continuous

;
and the measure of such a set is clearly

not greater than that of the set [x in E,0?iy^<f> (x)]. It thus appears that

the interior measure of the set [x in E, ^ y ^ f (x)] is the upper boundary

<of I
(f) (x) dx, for all functions

<f> (x) which are upper semi-continuous,
>(#)
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and such that
<j> (x) f (x). Let

<f> (x) be so determined that the interior

measure of the set [x in E, ^ y f (x)] exceeds <4 (x) dx by less than
i(E)

;
since f (x) dx I

</> (x) dx, it follows that the interior measure
l(E) J_(E)

of [x in E y y f (x)] I f (x) dx + e, thus, since e is arbitrary, it is

J(E)

-<
I f(x)dx. It is impossible that this relation can be an inequality, for,
J_(K)

as before, if it were so, a finite set et of parts of E could be so determined
tW

that H I,m (et ) would be greater than the interior measure of the set [x in
ii

E, ^ y ^ f (#)J; and by taking suitable closed parts </t of the sets et , we
t-Z

should have l,m (gt ) > the interior measure of [x in ^, 0^ y^f (#)]; and
t^w

thus this last set of points would contain a closed set of measure greater

than the interior measure of the set itself, which is impossible. Therefore

f(x)dx is equal to the interior measure of the set [x inE, 0^y^f(x)].
(E)

Let us next consider the function U f (x), then I {U / (x)} dx is

J(E)

the interior measure of the set [x in E, ^ y U - / (x)] ,
which is equal

to the excess of Um (E) over the exterior measure of the set

Also I {U / (x)} dx is the upper boundary of sums S (Z7 %
e ) m (et ),

or (7ra (E) 2iUt m(et )] and is thus equal to Um(E) / f (x) dx. It
./ (#)

now follows that I / (x) dx is the exterior measure of the set

The theorem has now been established for the case in which / (x) is

bounded in E ;
we proceed to the case in which it is unbounded.

If I / (x) dx has a finite value, a mode of division of E into measurable

00 7
sets e, can be so determined that S utm (et )

I / (#) dx = 0e, where 9 is

such that < 1
;
e being an arbitrarily chosen positive number.

The numbers v* can be divided into two sets, those, u[ which are ^ NQ ,

(2)

and those, u
t
> which are > JV

;
where N is an arbitrarily prescribed

positive number.
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00 OO t-t\ 00 /o\

Thus S utm (et )
= S u, m (et ) + iv m (et');

00
(2)

and the sum S ?v m (et>), being convergent, can be expressed by

/o\

where 0' is such that 0^ 0' < 1. Let JV be greatest of the s numbers u^ ,

where i =
1, 2, 3, ... s. Amalgamating the two sums

S CD / v

c

'v'
S

( 2 ) / x2jUL
m (et ), 2 iv ^ (^)>

t-i t'~i

OO

Ave have a single sum ^ u,m (et ), where all the numbers ut are ^ X. We
t==i

have now, in this new notation

S t/ tm (c4 ) + 0'e - f / (a?) dx = .

Let F denote the set S e t ;
this set J^ is a measurable component of

_ l
~= i

J5?. Consider / /<
;V)

(x) dx, where /^ (^) is the function defined by
></0

fW(x)~f(x), when /(^)-^; and fW(x) = N, whenf(x)>N. if

00
rS ^tm (et ) /W (#) rfx > , the set F may be divided into a set of

t = l J(F)
oo r

measurable parts et , such that 2 w t w (e t ) / /
(lV)

(ar) dx - ^"e; where
c-l J(F)'

Q^O" < 1. The set E has been divided into parts //
t (i

=
1, 2, 3, ...) and

z^
2)

(
t
' = s {- 1,8 + 2, ...); thus

'cS / /(ar)cfe,
./(A

1

)

f /W()efasf f(x)dx-2c.
J (F) J (E)

t 1 J (K)

7
or

'<#)"

Now, by the corollary in 244, the upper generalized integral of/(A)
(x)

over F is equal to that, over E, of the function which has the values fW (x)

in F, and the value zero over E F, and this cannot exceed the upper

generalized integral of f(N)
(x) over E.

Therefore f(N)
(x) dx ^ I / (x) dx 2e.

As e ~ 0, N ~ oo
, we have

lim I fW (x) dx I f (x) dx.
i / \ / ^^

i / \ /
\7 ~ ~* / 1S\ I / TF\N~>ao(E) (E)



254, 255] Generalized Integrals 369

It is impossible that this relation can be an inequality, for, if it were so,

N could be chosen so large that

7 fW(x)dx>] f(x)dx,
J (E) J (E)

which is impossible, since/W (x)^f(x) (see 244). Therefore

f f (x) dx = Km f fW (
X

)
dx.

J (E) N~x> J (E)
r

(&) N~x> J (E)

Now /^) (a:) dte is the exterior measure of the set
J (E)

The exterior measure of the set [x in E\ y ^ f (x)] being defined as the

limit of the exterior measure of [x in E
;

^.y /W (x)] , as N ~ <x>
,
it has

/ / (x)
J(E)

now been shewn that / x dx is the exterior measure of the set

In a similar manner, it can be shewn that / / (x) dx is the interior

J_(E)

measure of the set [x in E
;

^ y ^ f (x)] .

255. In accordance with the definition of a generalized integral given

by W. H. Young (i, 389), the integral I / (x) dx exists when the upper

and lower integrals have the same value. Let us consider the case in which

/ (x) ^ 0; the case of a function which is not necessarily positive, but has

a finite lower boundary is at once reduced to the case in which / (x) ^ 0,

by adding to / (x) a properly chosen constant.

The integral I / (x) dx exists only when the upper and lower general-

ized integrals have one and the same finite value. It will be shewn that,

when / (x) dx exists, so also does / /w (x) dx, where N has any

positive value ;
when / (x) is bounded, N may, of course, be restricted to

have no value greater than the upper boundary of / (x) in E.

Let N' be a number greater than N; then E may be divided in four

different ways into measurable sets e^
9
e (2

>, e(3)
,
e (4)

, so that

^. Z,uMm (eft)
-

I f(N)
(x) dx < ,

1 3*\ (i ~j 5j / v*f tyyt (P\*) i ^~ f<-

!c

^ Su&m (e<
3
>)
-

f /<*'> (x) dx<,
J(E)

0^1 fW') (x) dx ^ifflm (6^) < .

HTI 24
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If we define the set epqrs as the set common to all the four sets ep ,
eq ,

er , e8 , the division of E into the sets epgrs may be conceived of as a con-

tinuation of each one of the four sets of sub-divisions employed above;
and the four inequalities will all be strengthened by the adoption of this

new method of sub-division of E. It is thus seen that there exists a set

of sub-divisions of E into measurable parts e, such that, for this system

(e), the four conditions are satisfied that

I
J

I

J(

(E)

(E)

(E)

I
J

((E)

where 0, 0', 0", 0'" are all in the interval (0, 1), and u, I denote the upper
and lower boundaries of f (N)

(x), in e, and also u'
9
V denote the upper

boundaries oi/
N/

(x), in e.

We have now

|T fW(x)dx-f /<*">(*)} ~|f fW(x)dx-t f<M(x)dx\
(J(E) :[(E) ) (J(E) J_(E) }

= 2 (u'
-

I') m (e)
- S (u

-
1) m (e)

-
(0" + V" -0-6') e.

In case e consists entirely of points at which f (N)
(x)

= AT
,
we have

u = I = N, u' V ^ ;
if e contains no points for which f(N)

(x)
-= N, we

have u = u'
, I = I'

; and, if e contains both species of points, we have

/' = /, u' ^ u. Thus, in all cases u' V ^ u l\ and the number

2 (u
9 -

V) m (e)
- S (u I) m (e)

is accordingly positive or zero, for each value of e. If c now converge to

zero, it is seen that the expression on the left-hand side of the above equation
? f

is certainly ^ 0. Therefore / f(N)
(x) dx fW (x) dx is a monotone

J(E) J_(K)

non-diminishing function of N, as N is increased.

It now follows that the excess of the exterior over the interior measure

of the set [x in E\ 0^ y ^f(N)
(x)] does not diminish as N increases. If,

when N is infinite, this difference is zero, it follows that it must be zero

for every value of N.

Thus, if I / (x) dx exists, so also does I fW (x) dx, for every positive
J (E) J (E)

value of N, and all the sets [x in E\ 0^ y ^/W (
x}\ are measurable, fn
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accordance with the theorem established in i, 427, the section of the set

\x in E, ^ y f(W (x)] by y = N is measurable, for almost all values of

N in the interval (0, N). This section is congruent with the set of those

points of E such that / (x) ^ N, and ^ N. Therefore, for almost all values

of N 9 the set of points for which N /W (x) N is measurable ; and from

the theorem established in i, 383, it follows that f(
N)

(x) is a measurable

function. Since this holds for all values of N, it follows that / (x) is

measurable (see I, 400).

It has now been proved that :

For any bounded function f (x), and for any function with a finite lower

boundary, the definition ofan integral given in i, 389, is completely equivalent

to the definition of Lebesgue.

There remains for consideration only the case in which/ (x) is unbounded,
both in the positive and the negative directions, in the measurable set E.

Let it be assumed that I / (x) dx has a finite value
;
and consider S u^m (et),

J (E)
m

i-l
B

for any set of sub-divisions of E into measurable parts, such that, in each

part, it t is finite. If S ulm(ei ) is not absolutely convergent, the terms of
ii

the series can be so rearranged that the series diverges to oo (see 26) ;

and in that case the lower boundary of S utm (et ), for all possible sets of
1=1

sub-divisions of E, would not exist as a finite number. Therefore the series

S UiWi (et ) must be absolutely convergent; and it can be arranged as two
t-i

series, consisting respectively of positive, and of negative, terms. Let

/+ (x) denote the function defined by/+ (x)
= /(#), whenf(x) S 0,/+ (x)

= 0,

when/ (x) < 0; and let/, (x) denote the function defined by /_ (x)
--^ f (x),

when/ (x) 0,/_ (x)
- 0, when/ (x) > 0. The value of (/, (x) dx is defined

as the lower boundary of the sum of the positive terms of S utm (et ), when
7 .

l==1

all sets of sub-division of E are considered
;
and I /_ (x) dx is the lower

boundary of the sum of the negative terms of S U Lm (et ) ;
and both these

7 T 1

lower boundaries are finite, since I / (x) dx is assumed to exist. Sets
J(K)

e, e<
l
>, e<

a> of sub-divisions of E can be so determined that

S ut m (et )
-

/ (x) dx, Zu^m (e
(

^) -
I f+ (x) dx,

t-l J (E) 1 = 1 J (E)

and S u m (e[

a>

)
-

/ /. (x) dx,
t-l J (E)

are all three in the interval (0, e). If we take a new set of sub-divisions of

E, of which the type is the set of points common to ep ,
eq ,

er ;
we obtain

24-2
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a sub-division of E> which is a continuation of each of those above

employed, and for which the three conditions

sSumfcJ- f(x)dx<c,
J_(E)

^ E Stm (et )
- f /+ (#) do; < e,

()

hold good, where in the second inequality, only the positive values of u, 9

viz. ut are taken, and in the third inequality, only the negative values of

ui9 viz. St are t?tken. We thus find, since

(et )
= S u,m (e,) + *7t ra (et ),

that I /+ (x) dx +
I

/_ (x) dx differs from
J

/ (x) dx by less than 6.

Since e is arbitrary, it follows that

f f+(x)dx+l f_(x)dx--=[ f(x)dx.
J (E) J (E) J (E)

Similarly, assuming that / (x) dx has a finite value, we find that
HE)

f f f

J
/+ (x)

dx +
I

/ (x) dx = I / (x) dx.

We now see that

j s f(x)dx-f f(x)dx

is the sum of

/+ (
x) dx I f+ (x) dx and /_ (x) dx I /_ (x) dx.

J /
jj*\ J /fr\ j i JT\ i 1 7f\

All three of these are 0; it thus follows that, if I f(x) dx exists, in
J (E)

accordance with W. H. Young's definition, so also do /+ (x) dx and
f

J (E)

l(E/-
(X)dX '

It now follows, since /, (x) has a finite lower boundary, that /+ (x) dx
J(E)

and /_ (x) dx exist as ^-integrals, having the same values as before.
' (E)

Hence I / (x) dx is the sum of the two //-integrals /+ (x) dx, I /. (x) dx,
J (E) .' (E) J (E)

and this sum defines the //-integral I / (x) dx. Therefore, when / (#) has
J(E)

a generalized integral over E, in accordance with the definition in I, 389,

it is summable over E, and the //-integral has the same value as the gener-
alized integral.
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Conversely, let it be assumed that/ (x) is summable over E. In accord-

ance with the definition of the L-integral, given in I, 388, if er is the set
00 00

of points at which ar_l ^f(x)<ar , the two sums 2ar^1m(er), Sarm(er)

CO GO

differ from one another by less than ^m (E), and the L-integral / (x) dx
' (E

is between the values of the two sums. If ue ,
le denote the boundaries of

/ (x) in er ,
we have ue .4 ar , u^ ar^\ and it follows that

00 00

S urm (er )
S lrm (er ) < rjm (E).
-00

00

Moreover the lower boundary of 2 ur m (er), and the upper boundary of
-00

00

2 lrm (er), for the system of nets corresponding to a sequence of values of
-00

T), converging to zero, are both the L-integral / (x) dx. It then follows
J<K)

I / (x) dx ,<
| / (x) dx, and f f(x)dx^\ f (x) dx.

'(#) J(E) J(E) J(E)

Since / (x) dx ^ I / (x) dx, it follows from these relations that
J E) J (E)

f (x) dx -
/ / (x) dx -- / (x) dx. Therefore the generalized integral

J (E)' J (E) J(E)

of/ (a:), over E, exists, and has the value of the L-integral.

The theorem has now been completely established, that :

The definition of an integral, of any function, bounded or unbounded, over

a measurable set E, offinite measure, given in i, 389, is completely equivalent

to the definition of Lebesgue.

Moreover, utilizing results obtained in 254, we have the following
theorem :

The loirer generalized integral of a non-negative function f (x), defined in a

measurable setEoffinite measure, is the upperboundaryofthe lower generalized

integrals, over E, of all upper semi-continuous functions </> (x), defined in

E, and such tlwt s
<f> (x) -1 / (x).

If the bounded function/ (x) be no longer restricted to be non-negative,
a number c can be so chosen that / (x) + c is non-negative, and if

<f> (x)

be any upper semi-continuous function ^ / (#), the function
</> (x) -f c will

also be upper semi-continuous, and ~f(x) + c. Applying the above theorem

to the function / (x) + c, it is seen that the upper boundary of all the

integrals I
{<f> (x) + c} dx\s {/(#) + c}dx, and hence that I <f>(x)dx

J (E) J(#) _.[(#)

has for its upper boundary j / (x) dx. Thus we have the theorem that:
J(E)
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/// (x) be any bounded function, defined in the measurable set E, offinite

measure, the loiver generalized integral off (x) overthe setE is the upperboundary

of the lower generalized integrals of all upper semi-continuous functions de-

fined in E, such that
<f> (x) f(x).

If we make use of the fact that the exterior measure of a (p + 1)-

dimensional set is obtained by subtracting the interior measure of the

complement of the set with respect to a (p + l)-dimensional cell which

contains the set from the measure of that cell, we obtain the following
theorem :

Iff (
x

)
be any bounded function, defined in the measurable set E, of finite

measure, the generalized upper integral of the function over E is the lower

boundary of the upper generalized integrals of all loiver semi-continuous

functions, defined in E, such that
<j> (x) S/ (x).

THE METHOD OF MONOTONE SEQUENCES

256. A method of investigating properties of integrals, depending upon
the use of integrals of monotone sequences of functions of special types,

has been developed* by W. H. Young. This method consists of the ex-

tensions of properties of the integrals of the functions which constitute

the monotone sequence to the integral of the function to which the mono-

tone sequence converges. A general account of this method will be given here ;

it is possible to use this method conversely as the basis of a general theory of

integration of all functions capable of analytical definition.

If f (x) be a bounded non-negative function, defined in a measurable

set E, of finite measure, it has been shewn in 255, that
/' (x) dx is the

j(E)'

upper boundary of the integrals J> (x) dx, for all upper semi-continuous
i(E)

functions
<f> (x) such that

<f> (x) f (x). It will be shewn that
<f> (x) is sum-

mable in E, so that I
<f> (x) dx = I

c/> (x) dx.
(#) J (E)

It should be observed that there is no loss of generality in restricting

the functions < (x) to be non-negative. For, if
<f> (x) be any upper semi-

continuous function, it remains so if all its negative values be changed to

zero.

If {Hn} denotes a sequence of closed sets, contained in E, and such that

each set of the sequence is contained in the next, the sequence can be so

determined that, if Hn be the outer limiting set of the sequence,

m (Hu )
- m (E).

* See "A new method in the theory of integration," Proc,. Lond. Math. Soc, (2), vol. TX (1910);
also "The general theory of integration," Phil. Trans. (A), vol. cciv (1905). 8ee further Mess.

of Math. vol. xxvii (1907), p. 148; Proc. Camb. Phil Soc. vol. XTV (1908), p. 520; Proc. Lond.

Math. Soc. (2), vol. vi (1908), p. 298; and Comptes Rendus, vol. CLXII (1916), p. 909.
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It is known (see I, 230) that the set Kn , of points of Hn at which

<f> (x) ^ a, is closed, whatever value a may have. The sequence {Kn} has

accordingly an outer limiting set K^ , which is measurable. Each point of

//w at which
<f> (x) ^ a is contained in Hn , for some value of n, and for all

greater values
;
and the set of points of //w at which

<f> (x) ^ a is measurable.

The set of points of E //w having measure zero, the set of points of

E HM at which
cf> (x) ^ a has measure zero. Therefore the set of points

of E at which
<f> (x) ^ a is measurable ;

and therefore
(f> (x) is summable in E.

If / (x) be any bounded function, it can be reduced to a non-negative
function by the addition of a suitable constant. It has therefore been

proved that :

// / (x) be a bounded function, defined in a measurable set E, of finite

measure, ofany number of dimensions, the lower generalized integral of f (x)

over E is equal to the upper boundary of the integrals of all upper semi-

continuous functions, defined^ in E, and such that f (x) S <f> (x).

If the function U f (x) be considered, instead of/ (x), it can be shewn
at once that :

The upper generalized integral of the hounded function f (x) over E is equal
to the lower boundary of the integrals of all lower semi-continuous functions

iff (x), such that
ifj (.r) /(#).

257. A sequence {<f>n (x)}, of upper semi-continuous functions, can be so

determined that lim I
</>n (x) dx - f (x) dx. It will be shewn that

n-*x>J(E) (E)

the sequence {<f> n (x)} can be so determined as to be monotone. Taking the

two functions
<f>n (x), <f>n+1 (x), let Xn\i(x ) be the function which has, at

each point x, the value of the greater of the two functions
(f>n (x), </>n+l (x).

This function xw41 (x) is upper semi-continuous (see 111), and it is ^f (x)\

f r
moreover Xu (#)''# </Wi(#)^- Starting with 4>i(x), < 2 (#) a

J<#) '</?)

monotone sequence (xn (#)} w^ ^e formed, which has the same property,

in relation to / (x) dx, as the original sequence. It has thus been shewn
J(B)

that:

A monotone non-diminishing sequence of functions, all upper semi-

continuous in the measurable set E can be so determined that, if {cf>n (x)}

denote the sequence, lim
c/>n (x)dx

-
f(x)dx; where f (x) is any

%~x> .' (E) '(#)'

bounded function. Moreover
<f>n (x) ^ f (x).

In a similar manner, it can be shewn that :

A monotone non-increasing sequence of functions, all lower semi-con-

tinuous in E, can be so determined that, if {*(* (x)} denote the sequence,

lim
iffn (x) dx = / (x) dx.

n,'*"CQ J \faj) J \E
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The monotone sequence of functions {< w (x)} will converge to a function

(x) y which is an fo-function (see 111), such that <t> (x) f(x). Since

1 <f>n (
x

) \

is bounded for all values of n and x, we have

I <J> (x) dx = lim
(f>n (x) dx]

J (E) n~#>J(E)

and therefore <I> (x) dx -= / (x) dx.
J(E) J_(E)

The function O (x) may be termed a bounding /^-function of / (#).

Similarly if T (x) be the lower limit of the sequence {*/rw (x)} ,
of lower

semi-continuous functions, we have I V (#) dx = I f (x) dx\ and T (a;)

J(E) J(E)
is a bounding ^-function of /(#).

In case / (x) is summable in J, we have

f T (a:) dx = f f(x)dx~f O (a?) dx;
J (E) J (E) J (E)

and since XF (x) ~f(x) ^ O (#), we see that T (#) =f(x), almost every-

where, and O (a;)
= / (a;), almost everywhere.

Thus it has been shewn that :

When f (x) is summable in E, functions O (x),
1F (x) which are bounding

lu-functions and bounding ul-functions of f (x) are such iliat almost every-

ivhere in E, <D (a:)
- XF (x) -/(#).

The functions O (x), Y (x) are not unique, but it follows from this

theorem that two functions which are both bounding ^/-functions of / (x)

differ from one another only at points of a set of measure zero. A similar

statement applies to two bounding /^-functions.

258, It will now be shewn that, if/ (x) be a bounded sumrnablc function,

defined in the measurable set E, a bounding /^-function and a bounding
^-function of f (x) can be constructed.

If U arid L are the upper and lower boundaries of/ (x) in E, lot (//, U)
be divided into n equal parts of lengths (U -

L)\n\ and let ar denote
r

L + - (U -
L), where r = 0, 1, 2, ... n. Let gr denote the measurable net

n
of points of E at which /(a;) ^ ar . The sets gn ^, <7M .. 2 ,

... ^o are such that

each set is contained in the next; closed parts hn x ,
Aw_2 ,

... A of the sets

17n-i> ffn-2* (7o can be determined, each one of which is contained in the

next, 'and such that m (gQ )
ra (h )

is less than .

n

Let the function
<j>n (x) be defined by means of the specifications

<t>n (x)
---- an-i in Vi5 & (*)

=
n-z in hn_2

- hn^, ... ,

<f>n (x)
- ar in hr

- hr+1 , ... ; <f>n (x)
= ax

in ft - ^,2 ;

and
<j>n (x) a = L, in all the remaining points of E.



257-259] The Method of Monotone Sequences 377

Let the function
iftn (x) be defined by means of the specifications

<A* 0*0
=

i in h - V> ifjn (x)
- a2 in ^ -

A,, ... ,

</rw (a?)
- ar+1 in hr

- *r+1 ,
... ; </rw (a;)

^ an_ x in /^__2
- /v x ,

and
iffn (x)

= an = f/ in all the remaining points of J.

The function
<f>n (x) is a w-function, and

</rw (a?) is an /-function ;
the

sequence {<f>n (x)} is monotone non-diminishing, and the sequence {\jjn (x)}

is monotone non-increasing. Moreover
i/jn (x)

~
<f>n (x)

= -
, except at

n

points of a set of measure less than -
, at which

i/jn (x) <f>n (x)
=^ U L. It

%
follows that, except at the points of a set of measure zero, we have

<D (x)
=-- lim fa (x)

- lim $n (x)
= T (x).

?J~00 tl~00

Moreover <I> (x),
XF (x) are both equal to/ (x), almost everywhere in E, and

are thus bounding lu- and ^-functions, corresponding to / (x).

In case the set E is a linear interval (a, ft), and the function / (x) is

monotone in E, the semi-continuous functions
<f>n (x), ifjn (x), constructed

as above, are also monotone in (a, ft). Let/ (x) be monotone non-diminish-

ing, then the sets gn__l9 gn_2 , ... gQ consist of intervals (_!, 6), ( w~2> b), ...

( , ft) which are closed at the end-point 6, but not necessarily at the end-

points _!, aw -2 , ... o* The closed sets Aw ._l5 /^_o< 7fy may be taken to

consist of the closed intervals (/Jw_i, b) (j8w_2 , 6), ... (j8 , ft), each of which

is contained in the next; where /J -a< . The function ^(^^^n-u
IV

when j8w _! ^ ,r ^ 6; < n (a?)
- an_2 , when /3n_2 ^ a: <^ ;

^6
n (a?)

=-
r ,
when

j8r
^ .r < /8r , x : ^>w (#)

= a, when a ^ x< ^t . Thus < n (^) is monotone non-

diminishing, and is constant in each interval of a finite set. A similar

remark applies to the function
ifjn (x).

259. There remains for consideration the case of an unbounded sum-

mable function/ (x). First let/ (x) ^ 0, then I / (x) dx is lim /W (x) dx ;

J (E) r-oo .'(?)'

where {Nr\ is a monotone divergent sequence of positive numbers, and

/W (.r) is the function which has the value of f (x), when/ (x) Nr , and

which has the value ^r when / (x) > Nr . Let
<!>,. (x) be a bounding lu-

function for the function f(NJ(x), then
|

d>r (x) dx - f f(
N
J(x)dx:>

'(E) '(#)'

and thus we have / (x) dx = lim
|

Or (^) rfo:.

J (?) r-oo J (E)

That the bounding functions <f>r (^) for the functions /W (a;) may be

so determined that {Or (a;)} is a monotone non-diminishing sequence is a

consequence of the following lemma:

///d) (x),/<
2)

(#) are bounded summablefunctions suck thatfM (x) - / (2)
(x),

in E, tlien the corresponding bounding lu functions O^ (x), <J><2) (a;) can be so
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determined that OW (x) & O<8>
(x). Similarly the Carres-ponding bounding id-

functions YW (x), r<
2>

(*) can be so determined that Y (x) S Y (x).

Let O (a:)
= lim 0,( (ar), O<2>

(a:)
= lim < n

<2>
(a?) ; where {#< (a:)} ,

n~oo n~oo

{<n (2)
(3?)} are monotone non-diminishing sequences of ^-functions. A new

monotone sequence {gn (x)} of ^-functions can be so determined that gn (x)

has as its value, at each point, the greater of the two functions < w
(1)

(#)>

<n(2)
(#) At any point at which gn (x) differs from

<f>n (x), it is equal to

< n
(1)

(x) and is therefore ^/(1)
(x), and therefore also ^/ (2)

(x). Also since

^ (x) gn (x), f ^ (x) dx I gn (x) dx; and thus
J(E) J(E)

lim
| ^nw(.r)ffo=lim f gn (x)dx 9

n~*>J(E) n~*>J(E)
since the limit on the left is the highest possible. Thus the sequence {gn (x)}

may be taken instead of the sequence {< w
(2)

(x)} ,
in which case we have

<f>n
M

(x) <f>n
W

(x), or O^ (x) 5 O (2)
(x). The second part of the lemma may

be deduced by means of a change of sign of the functions.

It has now been shewn that there exists a monotone non-diminishing

sequence {Or (x)} of Z^-functions such that / (x) dx lim Or (x) dx.
.' (E) r-oo .' (E)

If 4> (x) is the limit of {<l>r (x)}, it is an /^-function, i.e. an ^-function.

Thus, iff(x) be a positive unbounded summable function, there exists

an Z^-function O (a;) such that the integrals of / (x) and of O (x) over the

set E are identical.

Iff(x) be an unbounded summable function having both signs, it can

be expressed as the difference of two positive summable functions, and

/ (x) dx can be expressed as the difference of the integrals of two lu-

*

functions, or as the sum of an Ztt-function and a ul-iunction. Therefore / (x)

can be replaced, for the purpose of determining its integral, either by an

^Zw-function, or by a ZttZ-function.

260. The process of deducing properties of integrals of summable
functions from those of the integrals of continuous functions, or even from

those of finite polynomials, consists of the following stages, in each of

which a monotone sequence is employed.

(1) Let E be a closed set of points in any number of dimensions, and

/ (x) a continuous function defined in E. If A be a fundamental cell which

contains E, a continuous function may be defined in A which has at every

point of E the value of / (x) (see 108). Applying to A the theorem of

161, a monotone sequence of polynomials can be constructed which

converges in A, and therefore in E, uniformly to the value / (x). It then

follows that I / (x) dx is representable as lim Pn (x) dx, where {Pn (x)}
J (E) n~9oJ()

is the monotone sequence of polynomials.

I
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(2) If / (x) be an upper semi-continuous bounded function defined in

the measurable set E, there exists (see 105) a monotone non-increasing

sequence {fn (x)}, of continuous functions which converges to f (x). Then

/ / (x) dx has the value lim I fn (x) dx.
J (E) n~<*> J (E)

Similarly, if/ (x) be a bounded Z-function, there exists a monotone non-

diminishing sequence of continuous functions fn (x), such that

lim / fn (x) dx = I f (x) dx.
~oo J (E) J (E)

(3) If / (x) be any bounded function, summable in the measurable set

E, there exists a monotone non-diminishing sequence {cf>n (x)} of it-functions,

such that I / (x) dx = lim I
<f>n (x) dx.

J (E) ra-oo J (E)

Also there exists a monotone non-increasing sequence {if/n (x)}, of I-

functions, such that I / (x) dx -= lim I
<f>n (x) dx.

J (E)
'

n~oo J (E)

Thus/ (x) can be replaced, either by an Zw-function, or by a ul-iunction,

without alteration of the value of its integral.

(4) If f (x) be an unbounded function, summable in the measurable

set E, the function/ (x) may be replaced, without altering the value of its

integral, either by a ^/-function, i.e. by the limit of a monotone non-

diminishing sequence of ^-functions, or by an ulu-iunction, i.e. by the

limit of a monotone non-increasing sequence of /^-functions.

It has been pointed out by W. H. Young that, starting with the

definition of the integral of a continuous function (or even of a polynomial),
the integral of a ^-function, or of an Z-function may be defined as the limit

of the integrals of the continuous functions of the monotone sequences of

continuous functions which converge to the ^-function or the /-function.

Similarly the integral of a wZ-function, or of an lu-iunction, is defined a&

the limit of the integrals of the Z-functions, or of the ^-functions of the

monotone sequence which converges to the given ^/-function, or the given
Zw-function. The integral of a bounded summable function is then defined

as that of either the ^Z-function, or the Zit-function which is equivalent to

the summable function. Finally the integral of an unbounded summable
function may be defined as equal to that of the equivalent ttZtt-function,

or of the equivalent Zt^Z-function ; the integral of either of these latter being
defined as the limit of the integrals of the ?/Z-functions, or of the Zw-functions

of the monotone sequences which converge to them respectively.

In this manner the method of monotone sequences is employed to

build up successively the definitions of the integrals of the successive types

of functions. Examples of the application of this method have been given

by W. H. Young*.
* Proc. Lond. Math. Soc. (2), vol. ix (1910), pp. 36-50.
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TONELLl'S THEORY OF INTEGRATION

261. Lebesgue's theory of integration depends upon the theory of

measurable sets of points, and this theory makes use of the multiplicative

axiom, as has been seen in i, 1 30. A mode of defining the integral of a

function in a finite interval has been developed* by Tonelli, which is

independent of the general theory of the measure of sets of points. This

independence also appertains to the theory of integration suggested by
W. H. Young ( 260), in which sequences of semi-continuous functions are

employed, and in which the definition of an integral ultimately depends
on that of the integral of a continuous function. We proceed to give an

account of Tonelli's theory of integration, which also consists of an exten-

sion of the notion of the integral of a continuous function.

A set A, of non-overlapping intervals contained in the interval (a, 6),

is spoken of by Tonelli as un plurintervallo ;
the set A may contain a finite,

or infinite, number of distinct intervals. The intervals of the set A may be

either closed or open ;
an interval a x < a, or an interval

j8 < x b,

of which a and b are end-points, may be regarded as open. The sum, or

limiting sum, of the lengths of the intervals of A is taken to be the length
of A, whether the intervals are closed or open.

A function f (x), defined in (a, b), is said to be quasi-continuous in (a, b)

if a sequence {Aw} , of sets of open intervals, exists such that the length of Aw

is less than -
,
and is such that f (x) is, for each value of n, continuous in the

n
part of (a, b) which remains when all the points of An are removed from the

interval. The sets Aw are said to be associated with f (x).

It is easily seen that a function which is discontinuous only at points

belonging to a finite, or to an enumerable, set of points in (a, b) is quasi-

continuous, but this does not exhaust the class of quasi-continuous functions.

Let / (x) be quasi-continuous and bounded in (a, b), and consider An

one of the open sets of non-overlapping intervals associated with / (x).

Let /An (x) be the function which has the value / (x) at each point x that

does not belong to An ;
and let/An (x) be linear in each interval 8, of Aw ;

the linear function having at the end-points of 8 the values of / (x) at

those end-points. The function /A|i (x) is then continuous in (a, 6). We
have thus a sequence {/An (x)} of functions, all of which are continuous in

(a, 6). The functions/ (x),f n (x) differ from one another only at the points

of An ,
where the length of Aw , being

-
, converges to zero, as n ~ oo .

n

The functions {/An (x)} are said to be associated with/ (x).

* Annali di Mat. (4), vol. i (1923), p. 105; see also the treatise Fondamenti di Calcnlo ddla

Variazioni, Bologna, 1912.
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f
6

The integral f (x) dx, of the quasi-continuous bounded function f(x) 9 in
Ja

r
6

(a, 6), is defined to be the limit of the sequence of integrals f n (x) dx, as
Ja

n is increased indefinitely.
rb

It can easily be shewn that the value of / (x) dx, so defined, is in-
.' a

dependent of the particular set of associated functions which is employed
in forming the sequence.

The definition of the integral of a continuous function which can be

employed is that of Cauchy, of which the most general form is that of

Riemann.
rb

The ordinary properties of f(x) dx such as
J a

I f (x) dx = fV (x) dx+! f (x) dx,
J n J a J c

I l

b

f(x)dx
\ Ja a

f {/(*) + 9 (*)} dx = f

&

/ (x) dx+l\ (x) dx
J a J a J a

can be easily established in accordance with the above definition.

Tonelli has extended his definition of an integral to the case of un-

bounded quasi-continuous functions by the method of de la Vall6e Poussin

(i, 387).

K fa*r(x)=f(x), when -N'*f(x)N; fa >(*)
= #, when

/ (x) > N; and fa N >

(x)
= N', when / (x) < N', the integral of the

quasi-continuous function / (a:) is defined to have the value

rb

lim faN'(x)dx,
N~ao 9 N'~<Ja

[b
whenever the double limit exists

;
and it is then denoted by / (x) dx.

J a
rb

The necessary and sufficient condition for the existence of
|
/ (x) dx

can easily be shewn to be that
b

/AT, N' (
x

)
is bounded with respect

to (N, N').
rb rb

The theorem lim
(
fm (x) dx = / (x) dx,

7/&~oo a .'a

where
| fm (x) \

is bounded with respect to (m, x), and the sequence of

quasi-continuous functions fm (x) converges to / (x) has been established

by Tonelli on the basis of his definition. He has also proved the theorems

of integration by parts and other properties of integrals.
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Tonelli's definition is applicable to the class of quasi-continuous func-

tions, and this class certainly includes all those functions which are defined

by ordinary processes. If the theory of Lebesgue integration be assumed,
it follows that, as has been shewn in 179, a measurable function is con-

tinuous relatively to a set of points G which is perfect, and of measure less

than b a by less than an arbitrarily fixed positive number e. The com-

plementary set C (G) can be enclosed in intervals of a set of which the

measure is < . It thus follows that every measurable function is quasi-

continuous, in accordance with Tonelli's definition of quasi-continuity.

Hence every Lebesgue integral is also an integral in accordance with

Tonelli's definition, the Lebesgue theory of measure being assumed.

PERRON S DEFINITION OF AN INTEGRAL

262. A new definition of the integral of a function in a finite linear

interval, which is independent of the general theory of measurable sets of

points, was given* by Perron. It has as its starting point the conception

of the inverse relation between the integration and derivation of a function.

If / (x) be a function defined in the linear interval (a, 6), the greater of

the upper derivatives D+f (x), D~f (x), on the right and left of the point

x may be denoted by Df (x), so that Df (x)
--- lim^ '- -

, as h
A~0 n

converges to zero, when h is unrestricted as regards sign. Similarly Df (x)

may be taken to denote the smaller of the numbers D+ (x ), D_f (x).

In the first instance, let/ (x) be any bounded function, defined in (a, 6),

and let U and L be its upper and lower boundaries in the interval. A
continuous function

</> (x), defined in (a, 6), and such that D<f> (x)
":
/ (x),

at all points of (a, 6), and also such that
<f> (a)

=- 0, is said to be a minor

function associated with f (x). Similarly, a function (x) such that

Dift (x) ~f(x), in (a, 6), and such that
/r (a)

=
0, is said to be a major

function associated with f (x).

It is clear that major and minor functions always exist; for example,
U (x a) is a major function, and L (x a) is a minor function.

If
<f) (x) be any minor function associated with / (x), we see that (i, 280)

I ' /
(joes no exceed the upper boundary of D</> (x) in (a, 6) ; that

o a

is
<f> (b) U (b

-
a).

It follows that the upper boundary of
<j> (b), for all minor functions, is

a finite number g ;
and thus there exists a minor function

<f> (x) such that

<f> (b) > g e, where e is an arbitrarily prescribed positive number.

*
Sitzungsber. d. Heiddberger Akad. vol. v a (1914). No. 14.
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Similarly there exists a number G which is the lower boundary of
iff (b),

for all major functions
;
and thus there exists a major function for which

Since frf, (x) / (x) D<f> (x),

we have D
{iff (x)

-
<f> (x)} D^ (x)

-
D<f> (x)

>
0,

for all values of x in (a, b). It then follows (i, 280) that

whatever pair of values, in (a, 6), a^ ,
x2 may have. Prom this it follows that

i/j (x) <f> (x) is monotone non-diminishing in (a, b). Since
<f> (a)

=- ^ (a)
=

0,

it follows that
i/r (x) </> (x), ifj(b) ^<f> (6), and G^g.

In case G =
g> the function f (x) is said to be integrable in (a, b), and G

*b

or g is taken to define the value of f (x) dx.
. a

It has thus been shewn that:

For every minor function <f> (x), and for every major function \f* (x),
rh

associated imthf (x) 9
the relation

<f> (b) ^ f (x) dx ^ ^ (b) holds good.
J a
rh

The condition for the existence of f (x) dx is that minor and major
a

functions cf> (x), \fj (x) can be so determined that
i/j (b) <f> (b) < y, in which

case
i/j (x) (f> (x) < rj,

in (a, b); where
r\

is an arbitrarily prescribed positive

number.

Perron himself gave an investigation of the principal properties of

J\r
f (.r) dx, in accordance with this definition.

a

263. The definition can be extended to the case in which / (x) is un-

bounded in (a, 6), provided, in such a case, major and minor functions exist.

The general definition may be stated as follows :

In the interval (a, b), a function f (x) is defined which has everywhere (or

almost everywhere) a finite value. Let it be assumed that continuous functions

<f> (x), iff (x) exist such that
/)</r (x) ^f (x) g D<l> (x), when D<f> (x) has no-

where the value \- oo, and Di/* (x) has nowhere the value oo ; and

then if lim (x)
~= lim

<f> (x)
=- F (x),

J'X f(x) dx in (a, 6), and F (b)
a

rb

defines the definite integral f (x) dx.
J a

The proof in 202 is applicable to shew that
ifj (x) <f> (x), for every

pair of functions, is monotone non-diminishing in (a, 6) ;
it follows that
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if/ (x) F (x), F (x) <f> (x) are monotone non-diminishing in (a, 6). Since

<f> (x), if/ (x) can be so determined that (6) F (b) < 77,
it follows that

^ (x) F (x) < 77,
and thus a sequence of values of

\f* (x) converges to F (x)

uniformly in (a, 6), and therefore F (x) is continuous in (a, 6). Thus the

functions
if/ (x) F (x), F (x) <f> (x) are monotone non-diminishing con-

tinuous functions. It may thus be stated that :

In order that the continuous function F (#), where F (a)
= 0, may be the

indefinite integral of f (x), it is necessary and sufficient that, if the positive

number e be arbitrarily prescribed, a pair of continuous functions $ (x), <f> (x)

which satisfy the conditions in the above definition should exist, which satisfy

the conditions <
if/ (x) F (x) < , < F (x) <f> (x) < e.

The relation of the integral so defined with the integrals defined by
Lebesgue and Denjoy has been investigated by Bauer*, Hakef, Alexan-

droffj, and Looman. It was proved by de la Vallee Poussin that every

Zrintegral is also an integral in accordance with Perron's definition; this

proof is given in 437. It was proved by Bauer that a bounded function is

integrable in accordance with Perron's definition when, and only when, it

is measurable, and accordingly integrable in accordance with Lebesgue's
definition. It was proved by Hake, and again later by Alexandroff , that a

function, integrable in accordance with Denjoy's definition, is always

integrable in accordance with Perron's definition. The converse of this

was established by Alexandroff. Consequently it is known that :

There is complete equivalence between the definition of Perron and Denjoy.

In view of the simplicity of the definition of Perron as compared with

that of Denjoy, and of the fact that the former makes no use of the theory
of the measure of sets of points, this theorem may prove to be of great

importance in future developments of the conception of an integral.

Perron's definition was extended by Bauer to the case of functions of

any number of variables, and it was shewn by him that every Lebesgue

integral of a function of any number of variables is a Perron integral, in

accordance with the extended definition.

THE SUMMABILITY OF INTEGRALS

\x
I

264. If the integral / (t )
dt exists for all finite values of x > a, the

J a

f
00

[
x

integral / (t) dt exists in the ordinary sense when / (t) dt has a definite
-a a

limit, as x ~ oo . In analogy with the case of infinite series, various con-

f

ventional definitions of / (t) dt can be employed which assign to it a

*
Monatsheftef. Math. u. Physik, vol. xxvi (1915), p. 153.

t Math. Annalen, vol. LXXXIII (1921), p. 119. % Math. Zeitschr. vol. xx (1924), p. 213.

Math. Annalen, vol. xcm (1924), p. 153.
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definite meaning in cases when it does not exist in the ordinary sense.

Such a definition should satisfy the condition of consistency, in accordance

with which the value of the integral, with the conventional definition, should

coincide with its value in the ordinary sense when the latter exists. The

integral / (t) dt may be regarded as analogous to a partial sum of an
Ja

i cx f*1

infinite series, and -
dt, / (t) dt may be regarded as analogous to the

*E Ja Ja
arithmetic mean of a partial sum of an infinite series. Thus the integral
r
00

1 [
x

[
ti

f (t) dt is said to exist (C, 1) when lim -
dt, \ f (t) dt has a definite

Ja jc~oo & J a Ja
1-00

value. The integral f (t) dt is then said to be summable (C, 1), and its
Ja

sum (C, 1) is defined to be the value of the limit.

The extension of Cesaro's method of summation to summation (C, r),

where r is a positive integer, is made by defining the sum (C 9 r) of the

integral / (t) dt to be
/ u

lira-
.r~ao *>

when this limit exists.

'*" fir r/2 fti

dtr <UT^...\ dtA f(t)dt ...... (1),
a J a J a J a

Since
f

'"

dt, fV (*) dt =
f

'*

(,
-

t)f (t) dt,
J a J a J a

f' dt, I'* dt, fV (t) dt=l I** (t,
- *)/ (*) eft,

Ja Ja Ja *Ja

we have, proceeding in the same manner, for the sum (C, r) of the integral

/ (t) dt, the expression

/

J

...... (2).
a \

This expression (2) is analogous to the sum of a series by Riesz's method,
which has been shewn in 60 to be equivalent to the sum (C y r). As in

the case of series, the expression (2) may be taken to define the sum (C, r)

r
00

of the integral
j

/ (t) dt, when r is not restricted to be a positive integer.
. a

When the integral exists in the ordinary sense, it is summable (C, 0).

The method of Holder for defining the sum (//, r) of an infinite series,

for positive integral values of r, may be extended by analogy to the case

f
of integrals. Thus the sum (H, r) of the integral / (t) dt may be defined

J a

to be

r i

when this limit exists,

u ir 25
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That the definitions (2) and (3) are equivalent when r is a positive

integer, has been proved* by Landau. Both of the expressions (1) and

(3) weref considered by Du Bois-Eeymond.

265. In order to prove that, for r > 0, the definition (2), of summability
/CO

(C, r) y
satisfies the condition of consistency, let it be assumed that / (t) dt

J a
rx

exists as lim / (t) dt.

x~<x> J a

If be an arbitrarily chosen positive number, we have

A
f(t)dt

JA

for all values of A' > A, provided A be sufficiently large. Also

for x > A, where a is a number in the interval (A, x). It follows that the

integral on the left-hand side is numerically less than e, for all values of x.

We thus have

(t\
r

1
-j

is a monotone function of x, we

have
[A / t\ r

f
A

lim
(1 --)/(*)*= I

f(t)dt
x~<*> . a \ &/ . a

(see 205). Hence

|i
1 1 \ f ft) dt f (t) dt < 2e,

I
J a \ &/ . a

for all sufficiently large values of x, provided A is sufficiently large. It

now follows that lim I

(1 ) f(t)dt exists, and is equal to I / (t)dt.
x~<*> Ja \ &/ Ja

Thus the condition of consistency is satisfied.

It may be shewn that:

The necessary and sufficient condition that the integral f(t)dt, when

summable (C, 1), should be convergent is that lim -
tf (t) dt = 0.

Denoting I *f(t) dt by /i (x), and P/i (t) dt by /2 (x), we have
J a Ja

a

from which thetheorem at once follows.

*
Leipz. Sitzungttb&r. vol. LXV (1913), p. 131.

t Crelle's Journal, vol. c (1887), p. 356.
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The following is analogous to the theorem given in 54 :

ex

If I xf (x) I

< J5T, and f (t) dt is summable (C, 1), it is also convergent.
Ja

Let g (x)
= xf(x), G (x)

= g (t)dt;

<*>. r/m*_ r iff
Ja Jo *

and therefore

I,

It follows that, with the hypothesis of summability (C, 1), the integral

- dt is convergent ; and it will be shewn that this cannot be the case
*

unless converges to zero, as x ~ oo , from which it follows, by the last

f G(x)
theorem, that / (t) dt exists. If does not converge to zero, a positive

)a x
number K^ exists such that G (x) > Ktx 9 or (x) < K^x, for all sufficiently

large values of x. It will be assumed that G (x) > K x, for such values of

x\ we may take K < K. Let X be a value of x such that G (X) > KtX,
( K \

and let Xl
= f 1 ^ j

X\ then, for Xl x X, we have

\Q(x)-G(X)\ =
l

X
tf(t)dt

J X

and therefore G (x) ^ G (X) - \
G (x) -G(X)\>

We now have

and therefore -
-,

'
is greater than some fixed number jfiT2 ; clearly this

JXi '"

is inconsistent with the convergence of the integral

266. A general method of summation, of importance in connection

with the theory of Fourier's integrals, has been treated in detail* by
Hardy, C. N. Moore|, BromwichJ, and others.

Let a function
</> (x), defined in the interval (0, oo ), satisfy the conditions

(1), that <f>" (x) is continuous, and is positive when x is greater than some

fixed number, (2), that
<f> (x) has only a finite set of maxima and minima,

,"QO

<(3), that < (x) dx exists, and (4), that
<f> (0)

= 1.

.0

* Camb. Phil Trans, vol. xxi (1912), p. 431; see also the same volume, p. 39.

t Trans. Amer. Maih* Soc. voL vnt (1907), p. 312.

J Math. Annalen, vol. LXV (1908), p. 367.

25-2
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It follows from these assumptions that
<f>' (x) is negative, for all

sufficiently large values of x, and that it then increases steadily, converging
to 0, as x ~ oo . It follows also that

<f> (x) is positive, for all sufficiently large
r

values of x, and decreases steadily to zero. The integral <f>' (x) dx exists,
Ja

where a and since
<f>' (x) is monotone for all sufficiently large values of x,

Km x<f>' (x)
= 0.

ar^oo

Further, since

f"V' (t) dt = x$ (x)
-

a<f>' (a) + <f>(a)~<l> (x),
J a
/CO

it follows that x<f>" (x) dx (a ^ 0) exists.
J a

If the function
<f> (x) be defined so as to satisfy the above conditions,

roo

the integral / (x) dx (a^ 0) will be said to be summable
(<f>),

and to have the
J a

/QO

sum s, if lim
<f> (kx) f (x) dx = s, the convergence of k to zero being

fc-O J a

through positive values.

Important special cases of summation (<) are when
<f> (x)

= 6-', or

< (x)
= t~*.

/

This definition satisfies the condition of consistency, for if / (x) dx
J a

exists, and has the value s, whether the convergence be absolute or not, we
-co /.oo

see that
<f> (kx) f (x) dx converges to / (x) dx, or s, since 1

(/> (kx)
J a J a

satisfies the conditions of the last theorem in 281, when k has any sequence

{kn} of values converging to zero.

The following theorems are given by the writers referred to above :

. r

(1) // f (x) dx is summable (C 9 1), and has sum s, and if
J a

lim
<f> (kx) f (t) dt = 0,

x-oo Ja

for every positive value of k, then f(x) dx is summable
(<f>),

and its sum
(<J>)

Ja
is s.

(2) // / (x) dx is summable (<), and
\ xf (x) \

is less than a fixed
. a

r*
positive number K, then f (x) dx is convergent, and has as its value the

J a \

sum
(<J>).

This is the analogue of the theorem in 54 for series.



CHAPTER VI

THE CONSTRUCTION OF FUNCTIONS WITH ASSIGNED SINGULARITIES

THE CONDENSATION OF SINGULARITIES

267. A method of constructing functions which possess, at an infinitely

numerous set of points in a linear interval, singularities in relation to

continuity, derivatives, or oscillations, has been given by Hankel. The
method depends upon the employment of functions which at a single point

possess one of the singularities in question, and consists in building up, by
the use of such a function of a simple type, the more complicated analytical

representations of a function which possess the singularity at an every-
where-dense set of points. To this method, Hankel* has given the name

''Principle of condensation of singularities" (das Prinzip der Verdichtung
der Singularitaten) ;

the name may however be conveniently applied to

other methods of constructing functions capable of analytical representa-

tion, which have been given more recently by other writers.

Let
(f> (y) be a function defined for the interval

( 1, + 1), bounded in

that interval, and continuous at every point of the interval, including
1, f 1, except at the point y = 0, where however < (0)

= 0. The function

<f> (sin UTTX) is finite and continuous for every value of x which is not a

rational fraction m/n, with n as denominator, and it vanishes for all points
at which x has this form.

The series X -----'

'-
, where s > 1, is, in accordance with the fact

w-i n

that $ (y) is bounded, uniformly convergent in every interval; and its sum
is a bounded function of x which is continuous for all irrational values of x.

If
<f> (y) were also continuous for y = 0, the function represented by the

series would be continuous also for rational values of x 9 but when
<f> (y) is

discontinuous at y = 0, the properties of the function

in relation to continuity or discontinuity at the points where x has rational

values require investigation.

The series being uniformly convergent, it follows from the theorem of

86, that / (x) is continuous at every point at which all the functions

* See his memoir "
Untersuchungen iiber die unendlich oft unstetigen im oscillierenden

Functionen," Inaugural dissertation (1870), reproduced in Math. Annalen, vol. xx (1882), p. 20.

The method has been treated in a rigorous manner by Dini, Grundlagen, p. 157.
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<f> (sin UTTX) are continuous, i.e. for all irrational values of x. Let us consider

the values of the function / (x) in the neighbourhood of a point x = p/q,

where p and q are relative primes. We may write the value of / (x) in the

form
2, </> (sin nQ 7Tx) 1

where nq has those integral values only which are not multiples of q.

The first of these series is uniformly convergent, and its sum is con-

tinuous at the point pfq ; we therefore find that

// / i j.\ // / \ . v
-

f(p/q + h) -f(p/q) = % + - S ^>---
</ w~l "*

where Tfo converges to zero when h does so.

Case /. Let
<f> (y) have an ordinary discontinuity at y = 0; we then

have

where the upper or lower of the ambiguous signs are to be taken, according
as p is even or odd.

If
<f> (+ 0), cf> ( 0) are different from one another, and from zero, these

relations shew that, at a point p/q, for which p is even, the function / (x)

has ordinary discontinuities both on the right and on the left, the measures

of the two being not identical. Moreover the same statement may be made
for a point p/q at which p is odd, unless < (+ 0), <f> ( 0) have such values

that one or other of the above expressions vanishes, in which case there is

an ordinary discontinuity on one side, and the function is continuous on

the other side. It is easily seen to be impossible that the two expressions

can simultaneously vanish, and therefore there is an ordinary discontinuity

on one side at least.

If
<f> (+ 0) $ 0, <f> ( 0)

= 0, there is discontinuity on the right at the

points x = 2p'/q, and continuity on the left
;
and at the points x = (2p

f + l)/g,

there are discontinuities on both sides, with different measures.

If
(f> (+ 0)

=
<f> ( 0), so that (y) has only a removable discontinuity at

the point y = 0, then the function/ (x) has removable discontinuities at all

the points x = pfq.

In every case the function / (x) is a point-wise discontinuous function,

because its discontinuities are all ordinary ones (see I, 239).

Case II. Let ^ (y) have a discontinuity of the second kind, at y = 0, on
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one side at least. In this case it will be assumed that s > 2. Denoting by
A the upper boundary of

| <f> (y) \

in the interval
( 1, + 1), we have

2, <
( l|

mp sin qmirh)

A_
- 1

rio^o "^ / .

28
-*m~i (m + I)

2
^

2*-s

and hence

where is such that 1 < < 1, and is dependent on h.

If
<f> (y) have a discontinuity of the second kind on both sides of the

point y = 0, there are finite oscillations in arbitrarily small neighbourhoods
of the point on the two sides; if then s be chosen so great that A/2

8~2 is

less than half the saltus at y = 0, we see that / (x) has discontinuities of

the second kind on both sides at all the points x = p/q.

If
<f> (y) have a discontinuity of the second kind at y = 0, on the right,

and have a discontinuity of the first kind, or be continuous, on the left,

there is, at each of the points x = p/q, where p is even, a discontinuity of

/ (x) of exactly the same kind as that of
<f> (y) at y = 0. On the other hand,

if s be sufficiently large, there is at each of the points x = p/q 9 where p is

odd, a discontinuity of the second kind on both sides. For we may express

f(p/q + h) -f(p/q) in the form

< (- sin2r + Iqirh) 1_

*
</> (sin 2rqirh)

(2r+
"

!)
'"

^ fro

~~

which can, as in the previous case, be reduced to the form

1 1 AY
% +

f+ (- sin <7^) + -0 (sin 2prA) +^
where t , ^2 are both in the interval

( 1, 1). We thus see that, if s be

sufficiently great, there are finite oscillations in arbitrarily small neigh-
bourhoods of p/q on both sides.

The existence of the factor l/q
s in the expression for/ (p/q + h) f (p/q)

shews that there are only a finite number of points p/q at which the saltus

oif(x) is k, where k is an arbitrarily chosen positive number; and thus

/ (x) belongs to the special class of point-wise discontinuous functions for

which the set K is a finite set, for each value of k.

EXAMPLES

(1) Let< (i/)=sin , and $ (0) =0; the function / (x) is then defined by
y

00
1

/ (x) = 2 8
sin (cosec nrrx),

where, when x =p/q, the terms for which n is a multiple of q are to be omitted. This function
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is, at least when s>2, a point-wise discontinuous function which is continuous at all the

irrational points, and has discontinuities of the second kind, on both sides, at the rational

points.

(2) Let
7T f Q

where a>l. For 0<^<1, we have <f>(y)
= l; for -l^i/<0, we have 0(y)= -1; also

(0) =0; and thus
<f> (y) has an ordinary discontinuity at y =0.

The function / (a?)
= *

2 f 2 5-^-=- sin |(2r + 1
)

*
sin mra?llJV

7r n=.i^Lro2r + l V 'a Jj

is a point-wise discontinuous function, which is continuous for all irrational values of x
9

and has ordinary discontinuities on both sides at all the rational points.

(3) With the same value of <p (y) as in Ex. (2), let

00 1=

where s>l. For any irrational value of x, x (#) has the value 2 , and for any rational
l n

value of x, the function is indefinitely great. Now let

then f(x) =1, for all irrational values of x, and f (x) =0, for all rational values of x. The

function f(x) is accordingly totally discontinuous. The values of f (x) are improperly
defined at the rational points.

268. Let us next assume that
<f> (y) is continuous throughout the

interval ( 1, 1), and has no differential coefficient at the point y 0,

where
<f> (0)

= 0, but that, at every other point in the interval
( 1, + 1),

it has a differential coefficient which is numerically less than some fixed

finite number A. In this case
--jr-^

has no definite limit for h ~ 0, either

when h is positive, or when h is negative, or in both cases; or else the two

limits both exist, but have different values.

</>(/>)The numbers
h

which are equal to
| <f>' (Oh) |,

where 8 > (see I,

262), have a definite upper boundary U ( .A) for all values of h.

Assuming that s > 2, we see that the series

*
d>' (sin UTTX)

77 S -~
r COS U7TX

i ns-L

converges for all irrational values of x, since the general term is numerically
less than B/n*~

l
,
where B is some fixed number.

Consider the series

*
<jt [sin UTT (x + h)] <f> (sin UTTX)

i hn8
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where x has an irrational value. It will be shewn that this series converges

uniformly for all values of h. Unless n and h are such that sin HIT (x + h)

and sin mrx are equal, in which case
<f> [sin nrr (x + h)] <f> (sin UTTX)

= 0,

we can write the general term of the series in the form

TT <A [sin UTT (x + h)] <h (sin mrx) sin \ mrh ,- r . . ^ TT -^ r-^-i COS ntr (x -

H*-* sin UTT (x + h) sm mrx \mr)i

It then follows that the general term of the series is numerically less

than --3, where V is the upper boundary of the absolute values of the

incrementary ratios of the function. Since the series ^l/n
s~l is convergent,

it follows that the above series converges uniformly for all values of h

which are
;
and consequently, in accordance with the last theorem of

234, the function/ (x) has a finite differential coefficient for any irrational

value of x.

Next let x have the rational value p/q. We may then express

in the form
h

*
<j& [sin nQ

7T (x + h)] <f> (sin nqirx) 1
*

</> ( l|
mp sin rnqtrh)

Wf -i"
~~"

AV"
" "" "

r?mi
~

Ivm*
'

where nq has all positive integral values which are not multiples of q. In

_ .,,11 * xi ^ S ^ (sin ^TTO;) . r ,,

accordance with the above proof we see that L -- L
has, tor the

Uq~l nq
S

value x = p/g', a finite differential coefficient which is the sum

- -

* nn 8 JLnl "'a

Wo have now shewn that

h

= S -'

where
7]h is a number which converges to zero when h is indefinitely

diminished.

Case I. Let < (y) have definite derivatives on the right and on the left

when y = 0; and thus ~]M has one limit
<f>' (+ 0) for positive values of h
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converging to zero, and another limit <' ( 0) for negative values of h so

converging. We thus have, when p is even,

(sin,.
^
(q
+

/

~ f
(q

lim -J2-L-iL SUS
IK7J.J.J. IVf, II A//V/ I I

.-!
' **"plq

H

n^-l nq

0)

w-1

+

For an uneven value of p, we find

-^ - cos nq7rp/q

(-0) 1

,. , .hm 2-.-i = TT S i ^-- -f-i-ii. cos nQirpq
ft~o *

ii,-i V1

,^'(+_0)| JL_^'(-^)y'

-

,. v ,hm 2-_-i_ = TT S ~- -

-_i cos nQ iT'p/q"

_ 7^' (+ 0)
- _1__ TT^' (-_0)

-
1

9-1 rri (2r + l)-i
"*"

r-1
r - 1 (2rj-

1
'

From these results it is seen that / (x) has, at the rational points,

definite derivatives on the right and on the left, differing iri value from one

another, and therefore, at all these points, the function has a singularity of

the same kind as
<f> (y) possesses at the point y = 0.

Case II. Let
<f> (y) have, on one side of y = at least, no definite

derivative. Unless mqhis an integer, in which case
<f> ( \\

mp ^mmqrrh) 0,

we have

( 1\^^woLmqjrh) <f> (^l\
mp sin mqirli) sin mqnli mp q-rr

hm8

~i\
m
vsmmq7rh

'

nuprh w8-1 '

and this is numerically less than ^-^ . It follows that

v
qV - 1 ~ftm~ g

s
"71

'

where P is numerically less than^ S
x

. By taking a sufficiently

large value of s, the number P may be made as small as we please, and
therefore

hm8
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will, for a sufficiently large value of s, oscillate in the same manner as

q*" h '

as h is diminished indefinitely. It is thus seen that - -- i has,

on one side, or on both sides, of h = 0, no definite limit; and thus/ (x) has

no differential coefficient at any of the rational points, provided a sufficiently

large value of s be chosen.

EXAMPLES

(1) Let< (y) =yor -y, according as yis positive or negative. The corresponding function
oo

i __
/ (#) is 2 v sin2 nnx, where the positive value of the square root is to be taken. This

function is continuous, and has a differential coefficient for all irrational values of x. At
the rational points it has no differential coefficient, but has definite derivatives on both sides.

/o\ T 4. JL / x /i ov A i_ // v ^ sin TITTUP [log sin2 TITTE]
(2) Let <(2/)=2/ sin (logy

2
), then /(a?) =2 ~L-5---------J.

1 n

The function / (#) is continuous, and has a finite differential coefficient for all irrational

values of x. If s be sufficiently large, it has no definite derivatives either on the right or

on the left, for rational values of x; the four derivatives at such a point are all finite.

269. Let it next be assumed that
<f> (y) is continuous in the interval

( 1, 1), and has a finite differential coefficient at every point except at

y = 0, but that this differential coefficient has no upper boundary to its

absolute magnitude in any neighbourhood of the point y = 0. In this case

<f> (y) may either have a differential coefficient at y = 0, which is finite or

indefinitely great; or it may have indefinitely great derivatives, on the

right and on the left, of opposite signs ;
or it may have no definite derivatives.

When (y) is a function of this type, it is not certain that/ (x) has differential

coefficients for irrational values of x\ for the differential coefficients

<f>' (sin nrrx) are not all numerically less than a fixed finite number, for

such a value of x, and for all values of n
;
and thus the argument of 268

does not apply.

For a rational point x = p/q, we have as before,

q J
J
\qj _

*
<_[sin

UQTT (x + h)]
-

<f> (sin nq Trx)

h n = i hn s

I *>
<

( l|
mj)

sinm<77r^)

^m-i ^*
The theorem of 235 will be applied to shew that the function

2 ?-' ^ J
has, for the value p/# of a;, a differential coefficient obtained

by means of term by term differentiation of the series.
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The first condition required by the theorem in question, viz. that the

terms of the series

v "*'<**W/?> COB n. 2*S-l
'<* <l

shall be definite, and that this series shall converge, is certainly satisfied.

To shew that the conditions relating to

h

U
are satisfied, we observe that Em (x) < ,

where U denotes the upper

limit of
| <f) (y) \

in the interval ( 1, 1). Let t be so chosen that

1 > t > , (s > 2), and let m be that integer next greater than
|

h |~*
x S J.

which is not a multiple of q\ we then have
|

hms~l
\

>
\

h JM*-!)*. It follows

that, for each fixed value of A, m has been so chosen that

E

h

are both less than U
\

h
I**-

1)*-1
,
and are therefore both less than e, pro-

vided
|

h
|

< 8; where S is fixed so that ?78 t*"1) *~1 < e. It is clear that S

may be chosen so small that m exceeds an arbitrarily prescribed integer

m'
9
for all the values of h such that

|

h
\

< 8.

We have lastly to prove that the sum of the first m terms of the series

of which the general term is

<*Fssn n7T - ( sin ngir
-

j
m6' ( sin nQ7r

--

hnq
s

is numerically less than e.

P*
TT,Q

q

i
- 1

This series may be divided into two portions S and S, where ml is a
1 mi

00 J
fixed number independent of h, so chosen that the sum S sC1

is less than
m, ?V

S

an arbitrarily chosen number
77.

The sum of the first m^ terms of the series

under consideration can be made arbitrarily small, by taking 8 sufficiently

small
;
for the number of terms is independent of h. We have then only to

m
consider the sum S.

mi
m J

Since nq
- differs from an integer by at least -, it follows that
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'

(sin nqTT
~

j
is numerically less than some fixed positive number U', for

all values of nq . We therefore see that

TT</>' (sin
nqir

-
J
cos nq

8-1

Further, m has been so chosen that m
|

h
\

-* < I
; from which we

have m
|

h
\

=
|

h
I

1-* + 6
\

h
\

, where < < 1. If 8 be now so chosen that

81-* + 8 < l/2<7, the two numbers na ,
na (

- + h) differ from one another
q \q I

by less than
;
moreover they are never integers, and contain no integer

between them, and they differ from the nearest integer by more than -

.

It follows that, for all values of y between sin nq7r
- and sin nQ

7r (- + 8
)

,

m
where nq has the values belonging to it in the series, S, </> (y) has a differential

coefficient numerically less than some fixed number U".

<f>
sin nqrr ( - + h

] <f>
( sin nqir

-
J

Writing 2 ' J "*
in the form& hna

*

. 1 ,

/7) 1 , \
Sm

COS ^
cf>
\smnq*(2 + Ji\ \ q

l
-- ^ -- + o * ) i2 / 1*

T o
(P , i\ ( P\ W 2 / 1

sin 7^a7^ I
- + h

)
sm nq7r

-

)

* nq7rh

VJ
'

\ ?/ ^

we see that this term is numerically less than
^
U". It now follows that

nq

and this is numerically as small as we please, if we choose
77
and 8 sufficiently

small. It is therefore possible to choose 8 so small that the last of the

requisite conditions is satisfied, for all values of
|

h
\

< 8.

It has now been proved that

h i V q

J. ^(-
?

s w_i
where <r and ^ converge together to zero.

The second series on the right-hand side of this equation can be written.

in the form

1 n
^

< (- 1
|

n sin nqirh) \_

*
<j> (- l\

np
ainnqirh)~ + '
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where m is fixed as before, for each value of h. The second sum is arbitrarily

small, for a sufficiently small value of 8. We have then to consider the first

sum, which may be written in the form

-m _

ngpfh"
9

and we now consider this sum in the different cases which arise when various

assumptions are made as to the nature of the derivatives of < (y) at the

point y = 0.

Case I. Let
</> (y) have the derivative + oo

, at y = on the right, and

the derivative oo
,
at y = on the left. It is clear that, for positive

values of h, all the terms of the series have one and the same sign, 8 having
been chosen so small that mh is also sufficiently small

; also it is clear that

the first term of the series becomes numerically arbitrarily great for

sufficiently small values of h. It therefore appears that the sum of the

series becomes indefinitely great, as h approaches the limit zero from the

right-hand side. If h be negative, the terms of the series all have the same

sign, the opposite one from that which they have when h is positive, and
as before, the sum of the series is indefinitely great as h converges to zero.

It has therefore been shewn that

h

has the limit + oo on one side of the point -, and oo on the other side.

The singularities of the derivative of / (x) at the rational points have the

same peculiarity as that of
<f> (y) at the point y = 0; i.e. derivatives on the

right and on the left exist, which are infinite, but of opposite signs.

Case II. Let
(f> (y) have a differential coefficient at y = 0, which is either

+ QO
, or oo .

It is then clear that, in case p be even,

h

has the same limit + oo
, or - oo

, as
^-j-

;
. If p be odd, the terms of the

series under examination have alternate signs, and no conclusion can in

general be drawn as to the nature of the derivatives of / (x) at the point

X ^P

Case IIL Let
<f> (y) have a finite differential coefficient at y = 0.
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In this case, as is easily seen, f(x) has, at the point ?, a definite

differential coefficient of which the value is

^ d>' [smuTT- ]

S \ <!/ P
77- 2J -i. COS U7T-.
m = i n8"1

q

Case I V. Let
<f> (y) have finite derivatives at y =~= on the right, and on

the left, which differ from one another. In this case / (x) has, at each
rational point, finite derivatives on the right, and on the left, which differ

from one another.

Case V. Let D+<f> (0), D+<f> (0), D~<f>(0), IL< (0) be all finite and

different from one another. The function/ (x) has then at -
, at least when

p is even, the same peculiarity as
</> (y) at y = 0.

EXAMPLES

(1) Let <j)(y)=ysin. -, $ (0) ~0. The corresponding function / (x) is given by
j

T_ v. rt

, where s>2.
8

This function is continuous, but has no definite derivatives at the rational points. No
assertion can be made as to the derivatives at the irrational points, because the differential

coefficient <' (y) has indefinitely great values in every neighbourhood of y =0.
a

(2) Let (y) = (y
2
)^, where a, /3 are positive integers such that 2a </3, and the real positive

values of the root are taken. We then have

.

8 -, where

This function is continuous, and has, at all rational points, indefinitely great derivatives

on the right, and on the left, of opposite signs. No assertion can be made as to the

derivatives at the irrational points.

CANTOR S METHOD OF CONDENSATION OF SINGULARITIES

270. A method of constructing a function which exhibits, at an every-
where-dense set of points, some singularity, either in relation to continuity,

or to its derivatives, has been given by Cantor*. Let < (y) denote a function

which is continuous for all values of y in the interval ( 1, 1), except y = ;

and let < (0)
= 0. Let G denote an enumerable set of points o^, o>2 , o>3 , ... ,

which may be everywhere-dense. The method of condensation consists of

the construction of the function
00

/ (x)
= S cn <f> (x

- a)n),

n~l

* Math. Annakn, vol. xix (1882), p. 588. See also Dini's Grundlagen, p. 188.
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CO

where cl9 cz , ... , cn , ... are positive numbers, so chosen that the series Scn
i

00

is convergent, and that cn(f> (x ton) converges absolutely for each value
n-l

of x, and uniformly in every interval.

This method has two advantages over that of Hankel. In the first place,

the points o^ , o>8 ,
do not necessarily consist of the rational points of the

interval ( 1,+ 1), but may form any enumerable aggregate. In the second

place, for a value cow of x, the singularity in question is exhibited by the one

term cn<j> (x a)n ) only, of the series which represents / (x) ;
whereas in

Hankel's method, the singularity of
<f> (y) at y = is exhibited, for x = p/q,

by an indefinitely great number of terms of the series which represents the

function formed by condensation.

Let now
<f> (y) be discontinuous at y = ; then, for any value of XQ of x,

which is not one of the values of G, the terms of the series 2ey (x wn )

are all continuous; hence, since the series converges uniformly in any
interval containing #

,
it follows that/(#) is continuous at # . Again, in

order to consider the continuity of / (x) at the point a)n , we may separate
the term cn<f> (x o>n ) from the rest of the series. As before, the series which

consists of all the terms except the one cn<f> (x a>n ) represents a function

which is continuous at x = o>n , but cn<f> (x con ) has at a)n a discontinuity

of the same character as that of
<j> (y) at y = 0. It has therefore been shewn

that/ (x) is continuous at every point which does not belong to G, but has

at every point of G a discontinuity of the same character as that of
</> (y)

at the point y = 0. If
<f> (y) have a finite saltus k at y = 0, the saltug of

cn(f> (x a)n ) at a)n is kcn . Hence, on account of the convergence of Scn ,

there are only a finite number of points a)n at which the saltus of / (x)

exceeds any fixed positive number. The function/ (x) is therefore a function

that is integrable (J2).

Let it next be assumed that
<f> (y) is continuous throughout ( 1, 1), and

possesses a differential coefficient for every value of y except y = ;
and

that the differential coefficients are all numerically less than some fixed

positive number B. It then follows that the four derivatives of
cf> (y) at

y = are all finite; it also follows that is less than some fixed
h

number A, for all values of h which are numerically less than some fixed

number 8.

We now see that for any pair of points yl , y2 such that
| y y2 \

< 8, we

< the greater of the numbers A and B, which mayhave

be denoted by C.
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If x be not a point of 6r, the sum
//V x. \

is < C S cw ,

<f> (x + h o>w ) <^ (# a^

provided \h\ < 8
; hence the series is uniformly convergent for all values of

h such that <
|

h
\

< 8, and therefore it represents the value of/' (x).

In case a; be a point cow of G, we separate from the series which represents

/ (x), the term cn<f> (x o>w ). It appears then that the remaining part of the

series represents a function which has a definite differential coefficient A (a)n )

at a)n .

We have therefore

where converges to zero when h does so. It thus appears that/ (#) has no

definite derivatives at x = o>w , but that it has at the point the same kind of

singularity as
</> (y) has at the point y = 0.

EXAMPLES

(1) Let
</> (y) ~y -

^y sin (^ log y
2
). This function has a differential coefficient $' (t/) for

evory point except y = 0; and <' (y) oscillates between the values 1 -
l/\/2, 1 + 1/V2.

The corresponding function / (x)
~ 2cn</> (x

- <un ) has a differential coefficient at every

point not belonging to Gn . At the point # o>w , its derivative oscillates between values

r,n 4-X (a,n ) and ^|cw +X (o>n ).

(2*) Let </>(y) -?/*; then $'(0)=-foo. The corresponding function 2cn (a?-o>n)* has

differential coefficients which are finite at a set of points not belonging to G. At a point
o>n of G9 we have /

'

(o>n )
= -f 00 . This example does not fall under the case considered

above, because
| $' (y) \

, for
| y \

>0, has no upper limit.

THE CONSTRUCTION OF NON-DIFFERENTIABLE FUNCTIONS

271. It has been pointed out in I, 259, that a function / (x) may be

continuous at a particular point x, and yet may not possess, at that point,
a differential coefficient, either finite, or infinite with a fixed sign. A

simple example of such a function is x sin -
,
which at the point x = is

x

continuous, but whose derivatives, both on the right and on the left,

oscillate in the interval ( 1, 1) ; similarly the function x* sin is continuous
x

at the point x = 0, but the derivatives, both on the right and on the left,

oscillate through the interval
(

oo
,
o>

). The question of the existence

* This function 2rn (#
- wn)* has been studied by Brodn, see his paper "Ueber das Weier-

strass-Cantor'sche Condensationverfahren," Stockholm Ofv., 1896, p. 583; also Math. Annalen,
vol. LI (1899), p. 318. See further Pompeiu, Math. Annalen, vol. LXHI (1907), p. 326, where it is

shewn that, if the series be denoted by t, the inverse function x~G (t) is a continuous function

with a limited differential coefficient, which is zero at an everywhere-dense set of points, provided
the series cw

* be convergent. This function is accordingly everywhere-oscillating.

HII 26
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of a continuous function which at no point has a differential coefficient,

either finite, or infinite with fixed sign, was settled affirmatively by the

construction by Weierstrass* of such a non-differentiable function. This

example of a non-differentiable function, namely the function
00

y = an cos (b
n
rrx),

w-o

where 6 is an odd integer, and a is such that < a < 1, and ab > 1 + ITT,

was first publishedf by du Bois-Reymond, with Weierstrass' own proof.

Attention has however been directed J by M. Jasek of Pilsen to the

existence of a manuscript by Bolzano, said to date from the year 1834, in

which Bolzano defined a function, continuous in a finite interval, which

he proved to possess no finite differential coefficient at any point belonging
to a certain set everywhere-dense in the interval. It has been shewn by
K. Rychlik that, in point of fact, Bolzano's function possesses no differential

coefficient, either Unite or infinite (with fixed sign), at any interior point

of the interval for which the function is defined; at the left-hand end-point
of the interval there is a derivative on the right of value h <*>

,
and at the

right-hand end-point the derivatives on the left are oscillatory.

An example of a non-differential function was published ||
in 1890, due

00

to Cellerier, namely, y = a~~n siiiaw o;, where a is a sufficiently large even
71 = 1

integer. There is evidence that Cellerier discovered that function as early as

1830. This function is however not non-differentiable in the same strict

sense as in the case of Weierstrass' function, for, although it has no finite

differential coefficient at any point, it has a differential coefficient + <x>
,

at the points of an everywhere-dense set of points x, and a differential

coefficient o>
, at the points of another everywhere-dense set/.

A general theory of the construction of non-differentiable functions

was given ^f by Dini, which includes that of the Weierstrassian function

as a special case. Methods of construction of such functions, cjependent

upon the employment of assigned functional values at the points of

enumerable everywhere-dense sets, have been developed by Faber** and

by Steinitzff.

* Werke, vol. n, pp. 92, 97, 223.

f Crete's Journal, vol. LXXIX (1875), pp. 21-37.

$ Sitz. berichte der k. Bohm Ges. der Wiss. (1920-21).

Ibid. (1921-22).

||
Bull, dea Sc. Math. (2), vol. xiv (1890), p. 152. A discussion of Cellerier's function has been

published by G. C. Young, Quarterly Journal of Math. vol. XLVII (1916), pp. 137, 171; see also

Falanga, Giorn. di Mat. vol. LIX (1921), p. 137. In both of these writings however the existence

of the infinite differential coefficients was overlooked.

U Annali di Mat. (2), vol. vni (1877), p. 121; see also Dini-Luroth, Grundlagen filreine

Theorie der Funklionen einen verdnderlichen reelen Grdsse, Leipzig, 1892, pp. 205-29.
** Math. Annalen, vol. LXVI (1909), p. 81, and vol. LXIX (1910), p. 372.

ft Ibid. vol. LII (1899), p. 58.
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It has been shewn* by E. H. Moore that the space-fitting curves given

by Peano, Hilbert, and Moore (see i, 326-328) are at each point devoid

either of a unique derivative on the right or of a unique derivative on
the left, and thus may be regarded as non-differentiable functions ; although
these curves do not represent single-valued functions, and thus do not

belong to the class considered here.

A simple method of constructing functions which are non-differentiable

in the strict sense has been givenf by Knopp. This method, of which a

short account will be given below, is applicable to obtain Weierstrass'

function and various other such functions which have been obtained by
other mathematicians.

f (xt \ _ f (x )
272. Let the incremeiitary ratio -

, for the continuous
X2 Xl

function f (x), corresponding to the two points xl9 x29 be denoted, as in

I, 277, by / (xl9 x2 ). If # be a fixed point, and x2 < x < xl9 we have
/v* _ /-v

/y _ /yi

7 (#!, #?j = I (xl9 x)
--h / (x2 ,

x
)

-- 2
; and it follows that / (xl9 x2 )

X-^ X2 X* X2

lies between the two numbers / (xl , x) and / (x2 , x) ;
and when these have

equal values, / (xl9 x2 )
has the same value.

If lim I(xl9 x), lim I(x2 ,x) have one and the same unique value, either
x^x xz~x

finite, or + GO
, or oo

9
lim / (x^ 9 x^ is unique, and has the same value.

Xl~X, Xi~-X

Conversely, if lim / (x1 ,
x2 )

has a unique value, independent of the modes
Xi*X,Xt~X

in wliich xl and x2 converge to x, then / (xl9 x), I (x2 , x) each converges or

diverges to that value, and there is a differential coefficient, finite or

infinite, at the point x.

It follows that, in order that the function may be non-differentiable

at the point x 9 it must be possible to obtain two pairs of sequences of

xl9 x2 , where each of the four sequences converges to x, such that / (x1 , x2 )

does not, for the two pairs of sequences, converge or diverge to one and the

same value. This is applicable as a criterion to establish the non-dif-

ferentiability of a function at a particular point. In particular, it will be

sufficient to shew that / (xl9 x), I (x29 x) have not one and the same unique
limit as xl

~ x
9
x2

~* x, or that this is the case for / (xl9 x) and / (xl9 x2).

As an important example of the use of this criterion, we shall first
oo

consider Weierstrass' function / (x)
= S ar cos (b

r
irx). Let x have a fixed

r-O

value, and let cn be the integer, corresponding to each value of n 9 such that

* Trans. Amer. Math. Soc. vol. I (1900), p. 72.

t Math. Zeitschr. vol. n (1918), p. 1. This memoir contains a very full reference to the

literature of the subject.

26-2
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First, let ^--V
1

, X^ Cn

W*>

then / (xl ,
#2 )

= f b
n f S ar

(cos 6^^ - cos br 7rx2 ) + (- l)
c
v

i
,

I r-O 1 aj

it being assumed that b is an odd integer.

Since
|

cos fritx^ cos br irx^ \

br 7r (xl x2 ) ^ -j
,

/_
l)c an ft

n 1
we have / (^ , #2 )

= fa
n6w \ + ATT -.

-r ,

1 a ctu i

where 1 A ^ 1. In case

we have / (xl ,
x2 )

=
( l)

c* an bnNn
~

*
,
where Nn > 0. In a similar

y _ JL y I 1

manner, if we take xz
' = -^r

*
, */ ==

-^r^ ,
we find that

where A7

n
' > 0, and 1 ^ A' ^ 1, where, as before, ab > I + |TT (1 a).

In case there is in {cn} a sequence of even integers, it is seen that, as

cn has successively the values in this sequence, / (xl ,
#2 )

*s positive and

increases indefinitely, and / (a?/, x2') is negative and increases indefinitely

in numerical value. It follows that there is no differential coefficient at

the point x. The same conclusion can be made in case {cn} contains a sequence
of odd integers. The theorem of Weierstrass has thus been established

that, 6 being an odd integer, if < a < 1, ab > 1 f TT the continuous
00

function S an cos (b
n
7rx) is non-differentiable. That the inequality

n-O
ab > 1 + |TT

may be, as is shewn above, replaced by the less stringent condition

ab > 1 + ITT (1
-

a)

was proved by Bromwich*.

G. H. Hardy has shewnf , by a method which is much more abstruse

than the one which has been employed above, that, ifO<a<l, afe^l,
QO

whether 6 be integral or not, the function S an cos bnx has no finite
rc-O

differential coefficient, and he has obtained other properties of this and
similar functions.

It will now be shewnf that Weierstrass' function, when the integer b is

subject to the condition ab > 1, has, at an*everywhere-dense set of points,
a unique derivative on the right equal to QO

, and a unique derivative on

*
Theory of Infinite Series, p. 490. f Tram. Amer. Math. Soc. vol. xvn (1916), p. 301.

J See G. C. Young's memoir, Quarterly Journal, vol. XLVII ( 1916), p. 167,'where this is established.
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the left, equal to + oo
;
and that at the points of another everywhere-dense

set, there are unique infinite derivatives, + oo on the right and oo on the

left. In geometrical language, the function has cusps at the points of two

everywhere-dense sets; in these sets the cusps point in opposite directions.

Consider the point x = 0, we have then

r&} = 2 S an sitfbn 7rh',n0
let m be the positive integer such that

| h
\

bm 1 <
|

h
\

6m+1 , we have
then

n-0
h \.

and since sin \b
n
-n

\

h
\

> -
(b
n
-n

\

h
\)
> bn

-m~ l
, we have

h &"+ n0
"

As m increases indefinitely, h converges to zero, and since for ab > 1, ambm

increases indefinitely, we have

/> l'/(0)-D+/(0)= -oo, and 7)-/(0) = D_/(0) = + .

2r
Let a; = if' + r^, where r is any positive or negative integer, and m is

a positive integer ; we have then

m - 1 oo

f(x)= X an cosbn7TX+ 2 an cosbn 7rx'.

The first term on the right-hand side has a finite differential coefficient

2r
at the point x = r^ , and the second term has a unique derivative QO

,

on the right, and a unique derivative + oo
, on the left. Thus at the

2r
everywhere-dense set of points x = =-- , we have D+ f (x)

= D+ f(x) = oo,

2r -|~ 1
and D"f (x)

= D_f (x)
= oo . If we take x -- x' \

--
r^r^' we have

m~l oo

f(x)= an cos 6^77^ S an cos bn irx'
;

n ~

2r + 1

therefore, at the everywhere-dense set of points x =
^ , we have

It does not appear to be definitely known whether a non-differentiable

function can exist which has no cusps.
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273. The function given by Cell6rier will be now discussed.

00 J

Let/ (x)
= S sin an x, where a is an even integer. We have

w-ian
00 1

f(x + h) -f(x) = S {sina
n
(x + h)

- sinan #};
n~l a

o
if now h = , where m is a positive integer, all the terms on the right-

hand side vanish, except the first m 1 terms ; thus

/ (x + h) -f (x)
- 1 sin (27ra

n~m
)

m ~ l
. 1 - cos (2rra

n-m
)

i-\_T__^
' ->--':= s cosan# *

. .
- 2 smaw# --- ~V-̂

m-l
The first sum on the right-hand side differs from S cos anx by less than

2 TS f
- - -

) ,
if we assume that a> 2; and this is less than -

.
;
the

n-i 6\aw
-n

/ 3a a 1

general term in the second sum is numerically less than 7ran
-m

, hence the

sum is numerically less than ---= . We thus have' a 1

where
| |

< 1, and A is a positive number dependent only on a, and

which may be made as small as we please by taking a sufficiently large.

TT
If we take h = -

9 the mth term in the incrementary ratio 7m
'

does not
a

2
vanish, but has the value -- sin amx

;
the succeeding terms all vanish,

77

m-1 2
and we find that 7

' = S cosan# -- sin amx + A'0', where I 0' I < 1, and
n-i *

A' is a positive number dependent only on a, and which becomes as small

as we please by taking a sufficiently large. From the above results we have

2 .

-sin
77

when
|

0"
|, |

0'"
|

are less than 1. It follows that

'

is, for all values of m, greater than 1 - 2{4A
2 0"2 + 7r

2 A'2 ///2
}*, or than

1 4rr (A
2 + A/2

)*, which is certainly positive, if a be large enough.

It is consequently impossible that Im and Im
r

should both have unique
finite limits which have the same value, for it is impossible that both the

conditions lim (Im - /m')
= 0, lim (Im+l

- Im )
= should be satisfied.

771""CO 7/t'^'OO

Therefore, if a be a sufficiently large even integer, / (x) has at no point a
finite differential coefficient. In order that Im and Im

'

may both have the
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same infinite limit, + <x>
, or QO

,
it is not necessary that these conditions

should be satisfied. It will be shewn here that there is an everywhere-dense
set of points in which Celterier's function has a differential coefficient

+ oo . In geometrical language, the curVe represented by Cellerier's function

has a set of points of inflexion. At the point x = 0, we have

_
h n-ianh

let m be such that am
\

h
\

^ \TT < am+1
\

h
\

;
then the sum of the first m

terms on the right-hand side is positive, and greater numerically than .

GO i
The sum of the remaining terms is numerically less than --

,
, ,

,
or& n

than --. If m be indefinitely increased
^

i diverges to + oo
,

whether h be positive or negative. It follows that, at the point x = 0, the

function has a differential coefficient + QO . Let x~ x' + , where r is
am

any integer and m is a positive integer. We have then

m 1 1

/ (x)
= S - sin (a) + S sin a" x' ;

and this function has a differential coefficient + QO at the point x = w ,

since the first sum has a finite differential coefficient. It has been shewn

(i, 298) that the set of all the points at which the differential coefficient

is infinite has a measure zero.

The method which has been applied above to shew that Cellerier's

function has, for a sufficiently large even integer a, no finite differential

coefficient, may also be applied* to prove the same property of Weierstrass'
oo

function 2 an cos (b
n
7rx), where < a < 1, and b is an odd integer such

n I

that ab 1 .

274. An account will now be given of the mode of construction of non-

differentiable functions developedf by Knopp, and which has been already

referred to in 271.

Let un (x) be a continuous function, defined for each value of n (0, 1, 2,

3, ...) for the indefinite interval ( oo, oo), as a periodic function, of period

21, so that un (x) un (x + 21).

* This has been carried out in detail by Falanga (loc. cit.), where however the condition that

6 must be odd is omitted, although it is necessary in the process. The possibility is also overlooked

that the function may have an infinite differential coefficient.

t Math. Zeitsckr. vol. n (1918), p. 1. In this memoir geometrical illustrations of the method

of constiuction are given.
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If cn be the greatest value of
|

un (x) \
, it will be assumed that the

00

series S cn is convergent, so that, in accordance with Weierstrass' test, the
n-O

series un (x) converges uniformly to a continuous function f (x). Let
n-O n

the partial sum S un (x) be denoted by fn (x), so that / (x)
= lim/w (#);

n=0 tt~oo

we thus have/w (x) -~fn^ (x)
- un (#),/ (x)

- u (x).

It will further be assumed that each function un (x) has, in a complete

period (0, 21) of x, a finite set of maxima and minima, the number of which

increases indefinitely with w, and so that the greatest interval between a

minimal point x, of un (x), and either of the adjacent maximal points x,

diminishes indefinitely as n is increased indefinitely. Let be any value

of x, then is in an interval (x
(^ , x

(

r

n
+i), where x(" } and x^i are two

consecutive minimal points of un (x) ;
the point may coincide with xr

n

or with xj\.i . Let x _i be the maximal point of un (x) next to, and on the

left of, the point xr

n
; and let #'r+i be the maximal point of nn (x) next to,

and on the right of, the pointx^ , and let us consider the two incrementary
ratios

of the function / (x). Since the interval (x? , ov+i) is determinate for each

value of n, for a fixed point ,
we have, as n is increased, two sets of in-

crementary ratios of/ (x) such as are considered in 272, in expressing the

condition that the function / (x) shall be non-differentiable at the point x.

Let it be assumed that, from and after some value m, of n, the conditions

/(4?o >/(4
w)

), /(*\) >/<4i)
are both satisfied, for n^m\ the two incrementary ratios then have

opposite signs. In case both the incrementary ratios increase indefinitely

in numerical value, as n <*-> oo
, they diverge to oo and oo respectively,

and there is consequently no differential coefficient, finite or infinite, at

the point . In order to ensure that this is the case for all points ,
let A n

be the upper boundary of the set of absolute values of the incrementary
ratios of un (x) for every pair of points ;

this is the same as the upper

boundary of the absolute values of any one of the four derivatives of un (x)

(see i, 280). It then follows that the values of all incrementary ratios

for the function /n_j (#)
= u (x) + u^ (x) + ... -I- un_v (x), lie in the interval

bounded by the two numbers (A Q + Al + ... + 4w_i).

Let it now be assumed that

(4+i) > (4
W>

), and un (x'?\) > un (ago,

from and after some value ra, of n, wherever the point may be ; since the
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functions are periodic these conditions are finite in number, being all

obtained by assigning a finite set of values to r.

It follows that

Let J5W denote the smallest of the finite set of numbers

/ f(n) v / (n)

(# r - 1 )
- ^n (~

a? r+ i #r # r __i

where r has the finite s^t of values required for points f in the interval

(0, 21).

We see then, since fn (x)
= fn-l (x) + un (x), that

f (x
f(n)

\ _ f (x
(n)

)
'"'

\
XT ) D , IA , A

n w f
"

V ' l

If now lim {Rn - (A + A l -|
^ ... -|- An ^)} = + GO the required con-

W^CO

ditions are satisfied by the two incrementary ratios, and the function / (#)

has consequently at no point a differential coefficient. It has thus been

proved that :

It is sufficient, in order that f (x) may be non-differentiable, that (1),

/ r(n) \ i (n)\ 7 / /W \ / M \ r ^ 7 (n) (n)un (* r+i) > nn (xr ), and un (x'r i) > un (xr+i) for n
>
m, where xr , 4+i are

any two consecutive minimal points of un (x), in order from left to right,

x'r\i is the maximal point of un (x) next on the right of x?+i, and x f(

^\ the

maximal point next on the left of xj
1

; and (2), that

lim {Bn - (A + A l |
... + A n^)} - QO

;

?l 00

where A n is the upper boundary of the absolute values of all incrementary
ratios of un (x), and Bn is the smallest of the finite sets of numbers

_ __
,(n) ()

- -

,(n) (n)
L r V\

~~
*'r 'c r-l~~ ^r+l

275. There are four specially simple types of non-differentiable func-

tions which may be defined by the method developed above.

(1) Let the minima of un (x), for n ^ 1, be all zero, from which it follows

that un (x) 0, for all values of x. Further, let all the maximal and minimal

points of un_^ (x) be at zeros of un (x). In this case the condition (1), of

the above theorem, is certainly satisfied, since
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(2) Let the maximal and minimal points of un^ (x) be all at zeros of

un (x), for n = 1, 2, 3, .... In this case / (x)
= fn-\ (#)> at any maximal or

minimal point of un^ (x).

(3) Let the minima of un (x), for n 2 1, be all zero; and thus un (x) ^ 0,

and let all the minima of un_^ (x) be at zeros of un (x), but not as in (1) the

maxima.

In this case we have/ (x)
= fn ^ (x) at any minimal point of ww_i (x).

(4) At every minimal point of un^ (x), let

U>n (%), Un (X) + Un+l (X), ... , Un (X) + Un+l (x) + ... + Un+m (x), ...

all have negative values ; and at any maximal point of un_ (x) let the same

expressions all have positive values.

In this case fn+m-i (x) </_! (x) at a minimal point of %n.-i (#) and

fn+m-i (#) >/n-i (
x

)
a* a maximal point of un^ (x).

As a simple example of type (1), let
if/ (x) denote the polygonal function

which is defined in the interval (0, 1) by

if/ (x)
= x, for ^ x ^ | ; if/ (x)

= I x, for \ . x ^ 1
;

and which is defined for all other values of x by the law that it is periodic,

with period 1.

Let un (x)
= an if>(b

n
x), where a < 1, and 6 is an even integer; since

iff (b
n
x) J, it is clear that S an ifj(b

n
x) converges uniformly to a

n~l
continuous function/ (x). The maximal and minimal points of

if* (b
n~ l

x) are

given by x = r .

9i^~i >
where r is a positive or negative integer, or zero

;

and all these points are zeros of bnx\ hence the function is of type (1), and

therefore the condition (1) of the theorem of 274 is satisfied. The value of

An is the maximum of
|

an bn
ift' (b

n
x) |

which is aw 6n
; also Bn = %a

tlbn
,
since

1 3
0, j- are consecutive minima of un (x), and ^- is the distance of the

3
minimal point x = from the maximal point x --=

^.
. The requisite con-

dition (2), of 274, is that

lim (\a
n bn - ab - d*b* -- ... - an~l bn

~ l
)
- o>

,

7l~OQ

or lim an bn (- 7 ; )
== oo

,

n^oo \3 aft I/

which is satisfied if ab > 4.

It has thus been shewn that:

oo

The function . S an
iff (b

n
x), where a < 1, and b is an even integer, is non-

n-l

differentiate, if ab > 4.
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The function
if/ (x) was first employed* by Faber, for the purpose of

constructing a non-differentiable function. The function actually con-
oo I

structed by Faber was the function 2
if/ (2

nl
#); he shewed that this

function satisfies the wider condition that *)-/()
for an

arbitrarily small positive value of 6, has arbitrarily large values.

00 00

In general, the function 2 an ift (f$n x), where San is convergent, and
n=*l n 1

/? an integer such that ^n/ftn -i ig an even integer, is non-differentiable if

\<x>nPn (
aiPi + 2& + + an-iPn-i) diverges to + QO

, as n ~ oo .

If we take instead of ^ (x) the function
|

sin TTX
\

, we obtain the function
00

2an
|

sin bn 7rx
\ ; when a < 1, and b is an even integer, then S an

\

sin bn rrx
[

71-1

is a non-differentiable function, of type (1), provided the second condition

of the theorem of 274 is satisfied. In this case it is found that An an bn ir,

,Bn = $a
n bn , and thus the condition is fulfilled if an 6n -- . y diverges to

+ QO
, which will be the case if ab > 1 + |TT.

As an example of a non-differentiable function of type (2), let x (x)>

denote the polygonal function obtained by joining

x (x)
= x,iorQx^%, x (*)

- 1 - %> for J x g f ,

X (x)
= x - 2, for f ^ a: ^ 2,

and extending the function so that it is periodic, and of period 2.

If / (a?)
- S awx (6

w
x), /(*) (x)

- S (- l)
wanx (b

n
x) 9 where < a < 1,

n ~ 1 n = 1

and 6 is an even integer, the maximal and minimal points of

ttw_i * =^X 71'^, or -

are zeros of un (x).

If ab > 1, as in the former case the condition (2) is fulfilled, and it i&

clear that the condition (1) is satisfied. Therefore, when ab > 1, the

functions,/W (x), fW (x) are non-differentiable.

As before it is seen that the two functions

OO 00

S an smbn
7TX, S ( l)

n an sin bn TTX,
n=l nl

where < a < 1, and 6 is an even integer, are non-differentiable if

ab > 1 + |TT.

Examples of non-differentiable functions of type (3) are

S an$ (b
n
x), 2 an

\

sin bn irx
\

,

* Jfa^. Annalen, vol. LXVI (1909), p. 81, vol. LXTX (1910), p. 372; see also Jakresber. der

deutschen Math. Vereinig. vol. xvi (1907).
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where < a < 1, 6 is an odd integer, and in the first case ab > 1, in the

second ab > 1 + |TT.

Examples of functions of type (4) are :

00

S anx (b
n
x), where < a < 1, b = 4w + 1, ab > 4,

n-l
00

S a" sin &w 7r#, where < a < 1, b = 4m + 1, a& > 1 + |TT,

GO

S (- l)
wawx (b

n
x), where < a < 1, 6 - 4m + 3, ab > 4,

00

S (- l)
naw sin (b

n
7rx), where < a < 1, b - 4m + 3, ab > 1 + |TT.

w-l

It is easily verified that, subject to the stated conditions, the conditions

of the theorem of 274 are satisfied. If, in the second and fourth of these

functions we change x into x + J, the functions become the Weierstrassian
00

function an cos bn 7rx, where 6 is any odd integer, < a < 1, ab > I + f/r.
71 ==1

THE CONSTRUCTION OP A DIFFERENTIABLE EVERYWHERE-OSCILLATING

FUNCTION

276. The first attempt to construct a function with maxima and minima
in every interval, which should have at every point a finite differential

coefficient, was made by Hankel*. The function which he constructed is

however not an everywhere-oscillating function. By Du Bois-Reymondf
the view was expressed that no such function can exist, but Dini J regarded
the existence of such functions as highly probable. The first actual con-

struction of such a function is due to Kopcke, who having first constructed

an everywhere-oscillating function with derivatives on the right and on the

left at every point, in a subsequent memoir ||
obtained a function having the

required properties. Kopcke's construction has been simplified by Pereno^f,

and the account here given is based upon the work of the latter.

On a straight line AB measure off segments AA*
', B'B, eacli equal to

ifaAB. Let O be the middle point of AB, and draw through O straight lines

ri> r2? rs> r2n+i> making angles with OA of which the tangents are

1/2", 2/2", 3/2", ... (2" + l)/2"

respectively. Through A' draw a straight line r making with A'O an angle
of tangent l/2

n
. Through the intersection (r , r2 ) of rQ and r2 ,

draw a straight
line r/ parallel to rx : through (r/, r3 )

draw a straight line r2
'

parallel to r2 ,

* Math. Annalen, vol. xx (1882); p. 81. f Crete*s Journal, vol. LXXIX (1875), p. 32.

% Grundlagen, p. 383. Math. Annalen, vol. xxix (1887), p. 123.

||
Math. Annalen, voK xxxiv (1889), p. 161, and xxxv (1890), p. 104.

|f
Givrn. di Mat. vol. xxxv (1897), p. 132.
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and so on. The straight lines r
, r/, r2 ', . . . r2 _l r2 +1 form an unclosed polygon

above A'O. On OB' describe a precisely similar polygon on the other side

of AB. The figure is drawn for the case n = 2, and shews the half of the

figure belonging to A'O. The two polygons form a single polygon joining

A'B', and crossing it at 0. On r take A'A" ~ AA
', and describe an arc of a

circle touching AB at A, and r at A" . At each vertex of the polygon which

has been constructed, mark off on the sides adjacent to that vertex lengths

equal to
-fa

of the shorter side, and construct an arc of a circle touching the

two sides at the extremities of these segments so marked off. We have now
a figure joining A and B, and composed of arcs of circles and of straight

lines. This figure, by means of its ordinates perpendicular to AB, defines a

continuous differentiate function, with a continuous differential coefficient

which is zero at A and B, and is (2
n + l)/2

n at O. This function may
be denoted by (A \ B)n .

Let x, y be a system of coordinate axes in a plane, and draw a quadrant
of a circle passing through the points (0, 0) and (1, 0), in the positive

quadrant. Let F (x) be the function represented by this quadrant, for

the interval (0, 1) of x. The function F (x) has a maximum at x = J; also

FQ
'

(0)
-

1, F '

(1)
- - 1. If a denote the value of F '

(x) at x -
J,

describe the curve of which the ordinates are a (0 | ^)19 from x = to x = | ,

and a
( | 1)1? from x = J to x 1. This curve represents a continuous

function/! (x)] and we have

and
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The function Fv (x)
- F (x) + fa (x)

is such that

Thus JF-1 (a;) has a maximum in the interval (0, J), a minimum in
(J , J), a

maximum at x = J, a minimum in (, f), and a maximum in (f , 1).

Let the interval (0, 1) be divided into sub-intervals, by means of the

points at which J1

/ (x)
=

; then, in each of these sub-intervals, Fl (x) is

monotone. Then divide each of these sub -intervals into 2, 4, 8, ... equal

parts, until the fluctuation of F^ (x) in each of these parts is ^ | : this is

always possible, since F (x) is a continuous function. Let GI , Cj. , GI ,
...

denote all the points in which (0, 1) has been divided in this manner. In

any one part (c*~ , c\ ), Fl (x) is monotone, and its differential coefficient

has a fluctuation ^ | . Let a
(

i\ af\ ... denote the values of F^ (x) at the

middle points of the intervals (0, c
{

*\ (c
(

i\ Ci
2)

), .... Describe the curves

these form together a continuous curve which represents a function /2 (x).

Let
F2 (x)

= FQ (x)+fl (x)+f,(x);

then F2 (x) has, in every interval (c/~ , Ci ), a new maximum and a new
minimum. The length of each interval is < 1/2

2
.

Proceeding in this manner, let us suppose that the function Fn (x) has

been formed. Take the points at which Fn
r

(x) vanishes, and, in case Fn (x)

has lines of invariability, the limiting points of those lines; these points

divide (0, 1) into sub-intervals in each of which F (x) is monotone. Then
divide each of these sub-intervals into 2, 4, 8, ... parts, until the fluctuation

of Fn
'

(x) in each part is ^ l/2
n

;
let c^\ c%\ cjf

}

... be all the points of

division of (0, 1) thus formed. In any interval (c^~ , c^ ), the function

Fn (x) is monotone, and the fluctuation of Fn
'

(x) is ^ l/2
n

. Let

(1) (2) (s)

U"n y n ,
... dn ,

...

be the values of Fn
'

(x) at the middle points of the intervals
; and, in the case

of a line of invariability, take as the corresponding value of the a^, 1/2
W or

l/2
n

, according as the line of invariability is in the interval (0, J), or in

(, 1). Let the curves a^ (c^ \
Cn )n+i be described, and let the function

represented by the totality of these curves be denoted by/n+1 (x). Then the

function

has a new maximum, and a new minimum, in every interval (c^
J)

,

*and the length of each of these intervals is less than l/2
n+1

.
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If this law of generation of the functionsfn (x) be employed indefinitely,

we have a series

F. (x) + (x) +/2 (x) + ... +fn (x) + ... ;

and it will be shewn that this series represents a continuous function which

is everywhere differentiate, and which has an everywhere-dense set of

maxima and minima.

277. Let JV (x) +// (x) + // (x) + ...+/.' (x)
- 8n (x);

it will then be shewn that, for every value of n and x, Sn (x) is numerically
00

/ 1 \
less than II

(
1 H -

)
,
which may be denoted by P. Let us assume that

n I \ " I
n

I I \

|

#n (x) |
is, for every value of x, less than II f 1 +

j
, which may be denoted

by Pn : it will then be shewn that
|

Sn ,n (x) \

< Pn^.

Let the point x be in the interval (c^"
1}

, c^), where x < c\ the number
<$ depending upon the value of #; we have then, in accordance with the

construction of the functions,

a
00

Sn+1 (x) -SH (x)+an _ l9

where 1 ^ an -
(2

n +*
| 1).

In the interval (c^ ,
c ), Sn (x) has a fixed

/y\

(* , but this is not the case for Sn^ (x). If an is positive, we have

In the interval (c^ ,
c ), Sn (x) has a fixed sign, the same as that of

If an is negative, we have

\8n(*)\<\8n (x)\<PH <Pn+l ;

it has thus been shewn that if
|
Sn (x) \

< Pn , then also
|

8nn (x)
\

< Pn+l .

Now
| FI (x) |

is, everywhere in (0, 1), less than (1 + J), and therefore the

theorem
|

Sn (x) \

< Pn follows by induction. A fortiori \

Sn (x) \
is, for

every value of n and x, < P.

The numerically greatest value of fn+l (x) in the interval (c
(

n~
l

\ c^) is

at some point on the left of the middle point of the interval, and that

1 1 a
(<<0

value is consequently <
g

.
-

.
~

i , since the length of the interval is

less than l/2
n+1

. Also, as has been shewn above, a^ < P, and therefore

I fn+l (X) I

<

and hence, since the terms of the series /x (x) + f2 (x) + ... are numerically
less than the corresponding terms of the absolutely convergent series

P P
2^ 27
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it follows that the series/! (x) +/2 (x) -I :.. is uniformly convergent in the

interval (0, 1). It follows that the function F (x), defined as the sum-

function of the series JP (x) +/t (x) +/2 (x) + ..., is a continuous function.

In order to prove that the function F (x) is everywhere differentiate,

we shall shew that it satisfies the conditions stated in the theorem of 235.

We have first of all to shew that the series // (x) -t-/2
'

(x) + ... is

convergent for all values of x in (0, 1). In case, for any value of x, all

the numbers Sn (x), Sn+1 (x), ... ,
from and after some value of n, have all

the same sign, say the positive sign, we have

where m is the value of n in question. Also

with similar inequalities involving higher indices. From these inequalities,

we find
(Sl)

fl (T \ _ A<? f-r\ < 4^tn+p^J ^wW
and since m may be taken so great that P/2

m is arbitrarily small, we see

that m may be so chosen that $m4 P Sm (x) is arbitrarily small, whatever

positive integral value p may have. It has thus been shewn that, in the

case considered, the series is convergent.

It may happen that Sn (x) is zero, owing to x being at a point of division

a^; in this case all the functions fn
'

(x) with higher indices vanish, and

therefore all the functions Sn (x) vanish, from and after the particular value

of n. It may happen that Sn (x) vanishes, owing to x being a point of

invariability of Fn (x) ;
in this case 8n ^ (x) may vanish if x is an extreme

(s)

oifn+1 (x), and then # is a point of division an+ i ,
and all the functions Sm (x)

for indices m > n vanish. Thus if, for any value of x, Sn (x), Snn (x) both

vanish, then Sm (x) vanishes for all values of m ~ n. If Sn (x) vanishes, but

not $__! (x) or Sn+l (x), x is a point of invariability of Fn (x), and

1 / 1 \ 2P
&nn (#) ^

gn \
+
2*+V

<
W+i*

and the same reasoning is applicable as before. Let us next suppose that

the functions Sn (x) are never all of the same sign, from and after any value

n, and that for some values of n they vanish; let nl9 n2 , ... be the values

of n for which Sn (x) has a change of sign, for example, let 8
ni (x) be

negative or zero, and ni+1 (x) be positive, and Snt (x) positive or zero, and

(x ) negative, and so on. If 8
ni (x) is negative, we have

where 1 S
,
^ -

(2"
+1 + 1),
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and since awi is negative, we have

account being taken of the fact that the fluctuation of F
ni

'

(x) in the

interval in which x lies is ^ . If $
Wl (a;) is zero, so that x is a point of

invariability of F
ni (x), we have

0*0 - 2^

In any case we find that
P P P

Sni+9 0*0 < Sn1+I 0*0 + 2^+1
<

2ni
+

2*7+1'

where j> 1, 2, ... Wg
~-

Similarly, we find that

and if tin (x) > 0, we have
P P P

I n,+j 0*0
|

<
|
$n2 1 1 0*0 I

+
2*1+1

<
gn,

+
2^+1

'

for p - 1, 2, 3, ... n3
- n2 .

It is seen from these results that
|

Sn (x) \

becomes arbitrarily small for

all sufficiently great values of n, and thus lim 8n (x)
= 0. It has now been

)l ^00

shewn that in every case the series

W (*)+fi(*)+ ft (*) + .-

converges for each value of x in the interval (0, 1).

278. It must next be proved that, if be an arbitrarily chosen positive

number, then, for a given x, a number S > can be found, such that, for

each value of h numerically less than 8, and for which x + h is in the

interval (0, 1), there exists an integer m, variable with A, and not less than

a prescribed integer ra', such that the three numbers

F 9H (x + h)
- Fm (x) R vn (x + h] R^(x)~-

7i
bn (x),

-

h
,

-

h

are all numerically less than e ;
Rm (x) denoting the remainder of the series

which represents F (x), that is, F (x) Fm_l (x).

The case may be left out of account in which x coincides with one of the

points of division of (0, 1); for the function F (x) is then represented by a

finite series, and is differentiable, since /Vr* (
cn )

= 0, for p > 1.

Let e, ra' be fixed, and let us consider a point # in (0, J
) ;

then a number
n m' can be so determined that

27r=2
<

3
>
aild

I

Sn+V (X )
~ Sn+ (*) I

<
3

*>

H ii 27
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where p, q are any positive integers. For any value of h, such that x + h

falls within the interval (c^ , c^ ), the number m can be determined. Let

h be positive, and determine n so that x < c^+i x + h c^ ^ c ; then

it can be shewn that n + 2 is a suitable value for m. We have

and

, , ()
^ _

Jni+l+v V
c i+l^

~

) ,v, P
, for

The point c^+i is in general between x and x + h, and therefore it deter-

mines two segments, kl9 k2 ,
where

x =

We have therefore

(
x

) I

<

and so on; and from these inequalities we find that

I
-Rf

and similarly that

f

P P
^1 9

I /ni+H-2 (^) I

<
2*14+1+2

Jl '

1^
2^1+1'

(#) I

< ^1 2^ + 2^

Since ^ ,
k2 are less than A, we have

P -

: o^ZT < ^^ an(l
ll

It has thus been shewn that m = ^ + 2 is a value of m which satisfies

the required condition. The case in which h is negative can be treated in

the same manner.

We have now to prove that

Vt (x + h)

We see that
h

-&,

T-

and if x, x + h are points in (c , c ), the absolute value of the first term

on the right-hand side is not greater than 1/2**.

We consider therefore

/'/
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From the construction for /ni+1 (x), we have

At+ifr + A)-/,*^^
h

~~
2"i+ 1J

since x, x + h are in the interval (c^~ , c^ ). Let us take the case in which

JP
Wl (x) increases from c^

r

1

" 1)
to c^; then, for any point x in the interval

between these two points, we have

/,

"
2*1+1-

We shall find also a lower limit for this incrementary ratio. The point x is

such that the ordinate of a t̂ (Cn~ \ c^ )ni \ i is below the #-axis, and if, for

that point, the differential coefficient is negative, we have

/m+i fo + h) -/m+i (x) > , , M
^r

---------------- =/ nj +1W
Let the sides of the rectilinear polygon which was employed in the con-

struction of a^ (c^ |

cn
*

)ni+1
be denoted by

where rm
'

is equal and parallel to sm '. On r2 , produced beyond (r/, r2 '),

take a segment equal to r2 '; then this segment is equal and parallel to s2 ,

and the line joining the end of this segment with (s2 ,
s3') is parallel to r3 ,

and will cut r/ in a point p . But s3
'

is parallel to r2 ,
and passes through

(S29 8a)> therefore this segment is the prolongation of s3', and is conse-
(*)

quently inclined to the #-axis at an angle whose tangent is 3 s^j.

Hence, for a point between c^ and pl , for which the ordinate is positive,

we have
/ / i L \ J! / \ '^'

a(8}

But the greatest value of f'ni+i (#)? in this case, is -^~^\ and therefore

/n1 i (* + h) -fni+l (x) a
(

nl

h
> / nx+l W *

2*i+l'

If a point p2 on r2 be determined, by making a similar construction with

r3
'

instead of r2', then, for every point on the arc pl9 p2 , except p2 ,

. _

a
(8)

But the maximum value of the differential coefficient is, in this case,
n*

;
*

therefore also in this case,

/^. ,
7 \ /,\ (S)

27-2
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This condition holds for every point on the curve which has a positive

ordinate. It holds also for points with a negative ordinate; because for

such points with a negative differential coefficient the relation

holds; and for points where the differential coefficient is positive, the

expression on the left-hand is positive, and that on the right-hand ia

negative.

It has now been established that

f
" ~

J

and it has already been proved that

We now see that
(s)

W Wl

and hence :(*) <

since aj < P, and P/2".-
2 < |e, and

| 0/2"t |

< P/2". < |e.

It has now been established that the function F (x) has at every point

a finite differential coefficient which is the sum of the convergent series

Lastly, it must be proved that F (x) has an everywhere-dense set of

maxima and minima.
(s 1 ) (s)

It has been shewn that, in every interval (cn ~ i ,
cn ,. i), the functionFn (x)

has a new maximum and a new minimum, and that the length of the interval

is less than \/2
n

. If x is a maximum of Fn (x) 9 we have

Fn (.r )
-- Fn^ (afc), and Fn

'

to) = F'M to) - 0.

Moreover /n+1 (a;) is negative in the neighbourhood of the point ,r
, and

therefore FnJrl (^ + h) Fn+l (x ) is negative or zero, provided |

h
\

is less

than some number k. It thus appears that Fnn (x) has also a maximum at

# . If XQ is a point of invariability of Fn (x), it is no longer one for Fnil (x),.

and cannot be a point of invariability of all the functions with higher indices.

If XQ is a limiting point of a line of invariability, Fn+l (x) will have a

maximum or a minimum, or else a point of inflexion at x$. In every case

Fn +i (x) will have a maximum and a minimum in every line of invariability
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ofFn (x). For any given interval, as small as we please, n can be determined

so great that the interval contains one of the intervals (cjfrl
)

, c
(

n-i) in its

interior, and all the functions Fn (x), Fn+li (x), ... have maxima in this

interval ; and it follows that F (x) also has maxima therein.

It may be remarked that F' (x), although definite at every point, has

discontinuities of the second kind at an everywhere-dense set of points.

At every point of continuity, this differential coefficient must vanish (see

I, 285). The function F' (x) is not integrable in accordance with Riemann's

definition.



CHAPTER VII

THE REPRESENTATION OF FUNCTIONS AS LIMITS OF INTEGRALS

THE GENERAL CONVERGENCE THEOREM

279. In the theory of the representation of a function / (x) as the sum
of a series of some special type the method of procedure usually consists

of the partial summation of the series
;
the partial sum being expressed as

an integral which involves the numbern of terms of the series as a parameter,
followed by the determination of the nature of the limit of the integral as

n is indefinitely increased.

The general theory of the evaluation of a limit of the form

fb
lim f(x')Q>(x',x 9 n)dx' 9

w<-oo J a

or more particularly of the form

lim Pf(x')Q(x'-x,n)dx' 9

TI~OO J a

is, in its modern form, due to the investigations of Hobson* and of

Lebesguef, but an earlier theory, of a less general character, was given

byDu Bois-Reymond$ and Dini . Further developments have been given ||

by Hahn.

In this chapter the two investigations are welded together into a unified

form, with a view to the attainment of the greatest possible degree of

generality. The theory is in part extended to cover the case of functions

of any number of variables, and to the case in which the function of a

single variable is non-summable, but has either a D-integral or an HL-

integral.

The following theorem, which may be referred to as the general con-

vergence theorem, together with specializations and generalizations of it,

is of fundamental importance in this connection :

THEOREM I. Let f (x') be a bounded or unbounded function, summable
in the interval (a, 6) of the variable x' . Let O (#', x, n) be a function defined

for all values of x' in the interval (a, 6), for all values of n in a sequence of

increasing numbers without an upper limit (in particular the sequence of

integers), andfor all values ofx in some set of points G. Further let O (x', x, n)

satisfy the following conditions :

* Proc. Loud. Math. Soc. (2), vol. vi (1908), p. 349, and (2), vol. xn (1912), p. 166.

t Annales de Toulouse (3), vol. i (1909), p. 25.

J Crelle's Journal, vol. LXIX (1868), p. 93, and vol. LXXIX (1875), p. 38.

Serie di Fourier, Pisa (1880).

||
Denkschr. d. Wiener Akad. vol. xcin (1916), pp. 585, 657; also Wiener Ber. vol. cxxvii

(1918), p. 1763.
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(1) For each pair of numbers x, n for which O (#', x, n) is defined, thai

function of x
f

is equivalent (see i, 394) to a function which does not exceed

in absolute value a fixed number K, independent of the particular values oj

x and n. The trivial case in which, for a finite set of values of n, this condition

is not satisfied may clearly be disregarded, since such values of n may be

removed from the sequence.

(2) For each pair of values of a and
j8, such that a ^ a *

jS
^ 6,

l> (#', x, n) dx'

exists as an L-integral, for each pair of values of n and x (in (7), and it con-

verges to zero, uniformly for all values of x in G, as n ~ oo
.

rb

Then
| / (x') O (#', x, n) dx' converges to zero as n ~ oo

, uniformly for
- a

all values of x in G.

It is clear that there will be no loss of generality if the condition

|

O (x'', x, n) |

$ K is taken to hold for all the values of x', x, n without

exception.

It should be observed that, in case O (x', x, n) ^ 0, for all values of

x', x, and n, the condition (2) may be replaced by the condition that
b

(x', x, n) dx' should converge to zero, as n ~ oo
, uniformly for all

a

values of x in 0.

i,

To prove the theorem, we observe that, in accordance with the theorem

in i, 430, a continuous function
(f> (#'), defined in (a, 6), can be so deter-

[
b

mined that \f(x') <f> (x
f

)
\

dx' < ~; where 6 is a prescribed positive
.' a ~&

number. The interval (a, b) may be divided into a number of parts (a, c^),

(!, a2)> (#r--i> &) so chosen that the fluctuation of
<f> (x') in each of these

parts is less than v , .. Let $ (x') be a function which, in the interior
/i. \o a)

of each part (aa_l9 a8), where s = 1, 2, 3, ... r, has the constant value

cs
=

<f>
(
as a&r

~l
-

J
. At the extremities of the parts we may take $ (x') to

have the value zero. Thus ^ (#') has the finite set of values cl5 c2 , ... cr , 0.

Since
| </> (#') if* (x') \

< v t
, . , everywhere except at the end-

J\. \o a)

points of the r parts of (a, b), we have

and therefore f | / (*')
- ^ (*') |

dx' < ^
J a **



424 Representation of Functions as Limits of Integrals [OH.VII

rb

The integral I /(#')<!> (x', x, n) dx' may be expressed by
J a

fb
s~r

[a,

I {/(#')
~" ^ (

x')} (x 9 x >
n

)
dx + cs <P (x , #, n) dx .

Ja s-1 Ja-i

Hence we have

w)
| Ff (x') O (a?', x, n) dx' < 2e + "s"

|

cs | f"'
O (*', a?,

I
Jo 8-1 /<*, 1

Prom the condition (2), of the theorem, a number n*, belonging to the

sequence of values of n, can be so determined that

ir' J*9-
(x', x, n) dx' <T,-r

-
,
for 5- 1,2,3, ...y;

and for all values of x in 6?, provided n ^ n . It now follows that

1 f
6

I / (x
f

) O (#', x, n) dx < 36, provided n ^ n
,

\ J a

for all values of x in G. Since 6 can be arbitrarily chosen, the integral
rb

I /(#') ^ (#' #> n )
^#' has been shewn to converge to zero, as n ~ QO

,

Ja

uniformly for all values of x in G.

An examination of the proof of Theorem I shews that the theorem may
be stated more generally. In the first place the point x

f

may be taken to

be a point in a p-dimensional cell (aW, a(2)
, ... a^; 6W, 6<2)

, ... 6^)) which

will replace the linear interval (a, 6) of the theorem. The theorem of

i, 430, holds good for a function in a ^-dimensional domain, and in the

proof, the cell (a, 6) will be divided into r parts in each of which the

fluctuation of the continuous function < (x') is,

^K(bM-<
Instead of (a, j8) a cell (a

(1)
, of, ... a(p)

; j8
(1)

, j8
(2)

, ... fiW) will be employed
in the condition (2).

Moreover the set G may be a set of points in anynumber q, of dimensions.

Further the numbers n may be replaced by a set of numbers w(1)
, n(2

>, . . . n^\
each of which belongs to a sequence with no upper limit. To the number
n there will correspond a set of numbers n( l

\ n (

*\ ... n(

*\ such that all the

integrals

I (ft fv' 'v <w\ fir' ^-
i vy {x , x, n) ax < ~

=r ,

2*i \ C a I
I I

provided TI
(I) ^ n^, nm ^ n(

?\ . . . n(t) ^ n.
The single limit, as n ~ op, will thus be replaced by a f-ple limit, as all

the numbers n(l\ n&\ ... nW diverge to QO .
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For example, if x' is in a two-dimensional cell, and n is replaced by two

numbers n^, n<, the theorem states that

,

Km / (xW, x') <D (a*
1
)', W', x, nW, n<2

>) d (xW, x') = 0,

and that the convergence is uniform for all points x in the given set G.

It should also be observed that it is possible to extend the theorem so

that n may be taken to be a continuous variable which diverges to oo,

such that A n, where A is some fixed number, provided the conditions

(1) and (2) of the theorem are satisfied in such a domain of n. Also n

may consist of a. group n^, n^, ... n^\ of such continuous variables, each

diverging to oo. In this connection the remarks made in T, 211, on the

relation of the two definitions, by Cauchy and Heine, of continuity of a

function at a point are relevant.

It is clear that, instead of the interval or cell (a, 6), any bounded measur-

able set may be considered. For, if/ (x
f

) is defined in such a set E, by taking
an interval or cell (a, b) which contains E, we may assume / (x

r

)
= in

the complement of E with respect to (a, b) ;
then the theorem can be stated

for the integral / (x') O (x'', x, n) dx'.
J(E)

A generalization of Theorem I may be obtained by supposing that the

condition (2) is modified as follows:

(2*) For each pair of values of a and
/?,

such that a a ^ /3
*i 6,

3> (x', x, n) dx'

exists as an L-integral, for each pair of values of n and x (in 6r), and it con-

verges for each value of x, in G, to zero, as n ' oo .

It will be observed, that, on account of the condition (1), the convergence

is necessarily bounded. This condition is that I <& (x', x, n) dx' is less

than some fixed number independent of x and n
9
and that for each value

of x it converges to zero, as n ' oo .

The condition (2*) is then less restrictive than the corresponding con-

dition (2), in which uniform convergence is postulated. The result of the

theorem when (2*) is introduced instead of (2) will be that

"f(x')Q>(x',x 9 n)dx'
'

J a

converges boundedly to zero, as n ~ o>
, for the values of x in G.

Only a slight modification of the proof is necessary to make the ex-

tension. In the first place the proof as it stands may be employed to shew
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that, for each single point x, of G, the convergence takes place. To shew

that the convergence is bounded, we have only to consider the inequality

|
/ (x') <D (x', x, n) dx' < 2c + *if

|
c,

|

I

j

"'
O (x', x, n) dx' ,

which shews that, subject to (2*), the condition of boundedness is satisfied.

280. Theorem I is valid when the interval (a, b) is indefinitely great,

provided the condition (1) holds in the indefinite interval, and (2) holds

for every finite interval, and provided further that / (x
1

) is absolutely
r/s

suinmable in (
oo

,
oo

); that is, lim
| / (x') \

dx' exists.
^3/^-00 J a.

For all values of j3' (> j8) we have

I

f

"

/ (aO <D (x', x, n) dx' a K
\

*

\ f (x
r

) \

dx'.
\ J ft

J P

Since j8
can be so chosen that the integral on the right hand is less than

, we have, for all values of
/}' (> j8), I \ / (x') O (#', x, n) dx'

all values of x and n. Similarly a may be so chosen that

, for

\f

a

f(x')$>(x',x,n)dx'
I
J a'

< e, for a' < a,

and for all values of x and n. We now have, if
/?' > /?>>',

for all values of n not less than a fixed value n , and for all values of x

in G, since the Theorem I holds for the interval (a, j8).

It follows that I f / (x') O (', #, n) dx'
I J -00

^ 3c, for n ^ n , and .r in G.

/.oo

Therefore I / (x
f

) 3> (.T', x, n) dx' converges uniformly to zero, as w oo
,

^ -oo

for all values of # in G. The case in which the condition (2*) is employed
instead of (2) leads, by a slight modification of the foregoing proof, to the

corresponding extension of the theorem.

In case <l> (x
f

, x, n) is non-negative for all values of x', x, and n, and
f

provided O (#', #, TI) rf#
7

exists and converges to zero uniformly for
.' -00

all x in G, it is not necessary that/ (x') should be absolutely summable in

(
oo

,
QO

). It is sufficient that, outside some finite interval (A, B),
| / (x') \

be bounded (say < U), and f(x') be summable in every finite interval. For

If

3

/ (x
9

)
<fr (x', x, n) dx' <uT <D (x

9

, x, n) dx'
I J ft J -ooft

( *

provided j8' > j8 > B. Hence, if n ^ n(

*\ the expression on the left-hand

side is < . Similarly, if the limits of the integral be a', a, where a' < a A,
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the absolute value of the integral is less than
, provided n ^ n(

*\ If n be

the greater of the two numbers n(

*\ n
( 2
\ both the integrals are numerically

less than e, provided n S n . As before it follows that

r f(x')Q(x',x,n)dx'~0,
J -00

f
as n ~ QO

, uniformly for all values of x in 0. In case I O (#', x, n) dx'
J -00

converges boundedly to zero, for all values of #, I / (#') O (#', x, n) dx'

is less than a fixed number independent of a, a', n and the corresponding
extension of the theorem can be made.

It may happen that, for a particular function O (#', x, ri), the condition

to which/ (x') must be subjected is less stringent in character. If x (#') be

such that the function Ox (x', x, n)
= x (x

1

) O (#', x, n) satisfies the con-

ditions (1) and (2) of Theorem I, it will be sufficient in order that the

interval (a, 6) can be taken to be the indefinite interval (00,00), that

f (x
f

)f
I

J
, , x

dx' have a finite value. In case Y (x
f

) <I> (x
1

', a?, ?i) ^ 0, it will
x()

f (a;')
be sufficient that --7-7- be summable over every finite interval, and that it

X ( )

be bounded for all values of x f

outside some interval (A, B).

It is clear that, with the necessary slight changes of statement, all

these results are applicable when x' denotes a point in a domain of any
number of dimensions.

281 . There are cases besides the case considered in 280, in which/ (x
f

)

is not necessarily absolutely summable in the interval
( oo, oo), in which

Theorem I holds for the infinite interval.

Let it be assumed that j8 may be so chosen that the total variation
fl

x

of / (x) in the interval (j8, j8'), V
ft f(x) is finite, for /?' > j8, and converges

to a finite limit, as
/J'
~ oo

;
in that case the total variation of / (x) in

(j8, oo
) is said to be bounded. Let P (x), N (x) denote the total positive,

and negative variations of/ (x) in (j8, #), then/ (x)
= / (j8) + P (x) N (x),

where P (x) + N (x) has a finite limit, as x ~ oo
;
and consequently

P (x), N (x) have finite limits p, tr, the limit of / (x) being / (jS) + p v.

We may now write / (x)
= /x (x)

- /2 (x), where fa (x)
= / (j8) + p N (x),

/2 (#)
= p P (#); and thus /x (#), /2 (#) are monotone non-increasing

functions, bounded in (]8, oo). In case f(x)~Q, as #~oo, we have

/ (P) + P v = 0; and both the functions /x (#), /2 (#) are non-increasing

functions which converge to zero, as x ~ oo .

Similar considerations apply to the neighbourhood of the point x = oo .
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Let it now be assumed that a and
j8 can be so chosen that / (x') is of

bounded variation in the intervals (/?, oo), ( oo, a). We have

(0" ('' =
jfx (jS) <J> (x

f

, x, n) dx' + A (6') O (x', x, n) dx ,

/3

"" " '

Jfl J0"

where /?" is in the interval (, '). Let it now be assumed that

<E> (^', x, n) dx'

is, for every value of
/?' (> j8), and of #, less than some number kn ,

which

converges to zero, as n ~ oo .

We have then

// /y I ft) / ru' sy f̂ t\ /J^y *^ I/* I f
i(x )W(x 9

x 9 n)ax < Kn
\ fa

thus the expression on the right-hand side is less than a fixed multiple of

kn , for all values of /?'; hence l"fl (x')<l>(x' 9 x,n)dx' does not exceed

a fixed multiple of kn ;
and since the same result holds for/2 (x), we have

lim / (x
f

) <& (a?', x, n) dx
f = 0.

Tt^-oo J/3

The case of the integral over
(

oo
, a) may be treated in the same manner.

It follows that Theorem I is applicable to the case in which a and 6 are

infinite, when / (#'), <D (x' 9 x, n) satisfy the specified conditions, provided
the conditions (1), (2) are satisfied in the interval (a, jS).

Next, let it be assumed that /(#') converges to zero, as #' ~<x>, and

as x' ~ oo, and also that a, j8 can be so chosen that / (x') is of bounded

variation in the intervals (/?, oo), ( oo, a). In ()3, oo) we have

where each of the functions /t (x), f2 (x) is monotone non-increasing, and

converges to zero, as x ~ oo .

We have f /x (x') O (x
f

, x, n) dx' - /x (0) f

*

O (a', x, n) dx',h Jft

where j8" is in the interval
(j8, j8'). Let it now be assumed that

\j

ft

<t>(X>, X,n)dX
' < k,

where k is some positive number, independent of n, x, and j8'.
Then we

have, applying the corresponding result for/2 (x'),

*f(x')Q(x',x,n)dx'
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Since
jS may be so chosen that /x (/J), /2 (j8) are both arbitrarily small,,

we have, for a sufficiently large value of j8,

f(x')$>(x'x,ri)dx'

for all values of n and x. With the corresponding result for the integral

taken over (
oo

, a), it is now seen that the Theorem I holds for the interval

( oo, oo), provided the conditions (1) and (2) are satisfied in every finite

interval.

The following results have now been obtained:

Theorem I holds for the infinite integral ( oo, oo), when the conditions

(1), (2) hold for each finite interval (a, b), provided also one of the following
sets of additional conditions holds ;

(a) f (x
r

) is absolutely summable in
( oo, oo), and the condition (1) holds

in that interval.

(b) Outside some finite interval f (x
f

)
is bounded, also <E> (x

r

, x, n) is

/*>

non-negative, and
\

<P (x', x, n) dx' exists, and converges uniformly to
J -00

zero, as n ~ oo
, for all values of x in G.

(c) Numbers a, jS
can be so chosen tJwt f (x

1

) is of bounded variation in

(j8, oo ), and in ( oo, a), and that

O (x
f

, x, n) dx' O (x' 9 x, n) dx'

are, for every value of ft' (> /?), and every value of a' (< a), less than a positive

number kn , independent of x, which converges to zero, as n ~ oo .

(d) /(#') converges to zero, as x' ~oo, and as x' ~ oo, and numbers

a, j8 can be so chosen that f (x
f

)
is of bounded variation in

(j8, oo), and in

I f'
3
'

f
tt

(
oo

, a), and also <]> (x' , x, n) dx'
, O (x' , x, n) dx' are both less than

I J ft
.' a

'

some positive number k, independent of n, x, a' , j8'.

There is another case in which, for an infinite interval, the absolute

summability of/ (x') can be dispensed with. The following theorem will be

established :

// / (x
f

) be summable, but not necessarily absolutely summable in the

infinite interval (a, oo
), and if <& (x', x, n) satisfies the condition (1) of

Theorem I in (a, oo
), and the condition (2) in every finite interval, and also

the further condition that its total variation in the interval (a, oo
) is less than

/CO

some fixed number L, independent of n and x, then f (x
f

)
O (x

f

, x, n) dx'
a

converges to zero, as n ~ oo
, uniformly for all values of x in G.
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Let a < A < A', then, from I, 424, we have

I

J

A
f (x

f

) <D (x', x, n) dx' -(A,x,n) dx't* f (x
f

)
dx'

^ VA O (a;', a;, r&) x the upper boundary of / (x
f

) dx
1

,

where -A ^ a ^ j8
^ 4'. If

77
be a prescribed positive number, A may be

so chosen that I / (x
f

) dx' < 77,
for all values of a, jS that are not less

1 r
A '

than A. We thus have I / (x
1

) <t> (x
1

, x, ri) dx' < (K + L) 77; and the
J A

number
77
can be so chosen that (K + L) 77 < e. We then have

f(x
f

)Q(x' 9 x 9 n)dx' I f f(x')<b(x',x,ri)dx'
I J a

and if n i

Oftt,

If
00

/ /

and for all values of x in G. Thus the theorem has been established.

It is easy to see that the result holds also for

, where n is some number belonging to the sequence of values

2e, for n^ne ,

provided similar conditions are satisfied.

282. In case the function / (x) is such that
| / (x) \

q is sumrnable in

(a, 6), for some value of q > 1, the condition (1) in the Theorem I may be

replaced by the following less stringent condition :

(la) For each pair of numbers x, n, for which O (#', x 9 n) is defined,

that function of x' is such that
|

O (&', x, n) |-i is summable, and such that

b & 9-

t> (x', x, n) (2-1 dx' does not exceed a fixed number K(*~ l
, independent

r

J

of the particular values of x and n,

The condition (2) will be unchanged.

In accordance with a theorem given in 173, a continuous function

<f> (#') can be so determined that

By applying an inequality given in i, 435, we see that

\P{f(x')-<l>(x')}<I>(x',x,n)dx' <e.
\J a

rb

If, for every continuous function
</> (#'), I

<f> (x
f

) O (x', x, n) dx' converges
J a

to zero, as n ~ QO
, uniformly, or more generally boundedly, for all values



281-283] The General Convergence Theorem 431

of x in G, it is clear, since is arbitrary, that the theorem holds for/ (#').
rb

Thus it will be sufficient to consider the integral I
<f> (x

f

)
O (x

r

, x, n) dx' ,

J a
where

<f> (x') is continuous in (a, b). As in 279, a function
if/ (x

f

) which

has only a finite set of values cl , c2 ,...cr ,0 can be so determined that

| (f) (x') if* (x') |

<
1 , except at points of a finite set. The integral

K (b
-

a)</
rb

\
(f> (x

f

) O (x' 9 x, n) dx' may be expressed by
J a

I
{</> (x')

-
iff (x')} O (x', x, n)dx' + E cs I

*

O (x', x, n) dx'.
Ja *-l ^a,-!

The first integral does not in numerical value exceed

i g-i
\q ( [b _<* \ q

\cf> (x
f

) ifj(x
f

) \

q
dx'\ .\\ I O (x',x, n) \^^

l dx f

\-
,

) (Ja )

and this is less than 6. As before, if condition (2) be assumed, the
s = r /'a,

expression S cs I O (a;', a;, 7?/)
dx' is numerically less than e, for n S Tie,

and for all values of x in G. If condition (2*) be assumed, the expression
is bounded for all values of n.

Thus
f V (') O (a?',
/

2e, if n^n ,
and the theorem has

been proved for the function
<f> (#'), and therefore for f (x'), in case con-

dition (2) is assumed. In case condition (2*) is taken,

f <f>(x')Q>(x',x,n)dx
f

a

is shewn as above to converge to zero for each value of x
9
and the con-

vergence is bounded for all values of x.

283. In case/ (x) is bounded and summable in (a, 6), the condition (1)

of Theorem I may be replaced by the following condition :

rb

(16) I
|

O (#', x, n) |

dx' exists, and does not exceed a fixed number K
9

a

for all values of n and x (in 0) ; and also, for each measurable.set e contained

in (a, 6), <D (x', x, n} dx' converges to zero, as n o>
, uniformly, or more

J (e)

generally, boundedly, for all values of x in G.

The condition (2), or (2*), of 279, is contained in the second condition

of the theorem.

If
r]
be an assigned positive number, a function

<f> n (x) can be so defined

that
| / (x

f

) <f> n (x
f

) |

< rj,
and that ^, (x') has only a finite set of values

Cu c2 ,
... cm which it takes in measurable sets el ,

e2 , ... em (see I, 385).
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We have

If fa(x')Q>(x',x,n)dx'

r

H?\cr \\l (x',x,n)dx'
\Ja r=l \J(er)

also, provided n^nc , some number dependent on e,

(x' } x, n) dx'
I/,,

and thus we have

< e, for n ^4, (x') (x', x, n) c

and for all values of x in G.

Again I {/ (x')
-

</> n (x')} (x', x,n)dx' <7
l

l
| (x', x, n) \

dx' <
I
J a J a

It follows that

r&

(x')Q> (x',x,n)dx' <rjK + , for n^n ,

and for all values of x in G, in case condition (2) holds; and accordingly the

proposition is established, since
r)
and e are arbitrary.

If condition (2*) holds, it is seen that the convergence is bounded.

284. In case / (x') have only ordinary discontinuities in (a, 6), the

condition (1) of Theorem I can be replaced by the following:

i
b

(1 c) I
|

(x', x, n)
|

dx' is less than some fixed number K, independent
J a

of n and x (in 0).

The condition (2) or (2*) will be unchanged.

If & be a positive number, the set of points of (a, b) at which the saltus

oif(x') is ^ k is finite (see I, 239). This finite set of points divides (a, b)

into a finite number of parts ;
if (a, /?) be one of these parts, itmay be divided

into a finite number of smaller parts in each of which the fluctuation of

the function that has the values off (x') at all interior points of (, /3), and

has the values/ (a + O),/ (j8 0) at a and /} respectively has a value < kl9
where k^ is a number chosen to be > Ic. The whole interval (a, b) can

accordingly be divided into a number of parts such that the inner fluctua-

tion of / (x') in each one of these parts is < k^ . Let
cf> (x') have in all the

interior points of each one of these parts the value of f (x') at the centre

of the part, then
| / (x') <f> (x'} \

< kl9 except at the points of division of

(a, b). In these end-points we may take
</> (x')

= 0; thus
<f> (x') has only a

finite set of values.

/*& fbmWe have < (#') O (x', x, n) dx' -- Scm (#', x, n) dx',
J a J am

where cm is the value of
<f> (x') at x' = J (am + bm), and m has only a finite

set of values.
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fb
It follows from condition (2) of Theorem 1 that I

<f> (x') <t> (x', x, n) dx'
J a

converges to zero, as n ~ <x>
, uniformly for all points x in G. Prom con-

J"b
<f> (x') O (x

f

, x, n) dx' is bounded for all values
a

of x, and n converges to zero for each value of x.

rb rb

Again {/ (x')
-

<f> (x')} $ (x
f

, x, n) dx' <k^\
|

O (x', x, u) \

dx' < k^K
J a J a

for all values of x and n. Therefore

fb
lim f(x')<b(x', x,n)dx' ^k^K.

Since k and k^ are arbitrarily small, we see that if condition (2) is

fb
assumed to hold / (x

f

)
O (x', x, n) dx' converges to zero as n ~ oo

,

J a

uniformly for all values of x in O.

If condition (2*) holds, the convergence for each value of x is established

as above, and it is seen that the convergence is bounded.

285. In case/(x') is of bounded variation in (a, 6), the condition (1)

of Theorem I may be replaced by the following:

(Id) \F(x' 9 x 9 n)dx'
J J a

does not exceed a finite number M, independent

of a, /?, n, and x (in G); where (a, j8) is in (a, 6).

The condition (2) or (2*) will be unchanged.

Since every function of bounded variation is the difference of two
monotone functions, it is clearly sufficient to consider the case in which

/ (x') is monotone in (a, 6).

It has been shewn in I, 249, that / (x')
=

< (x') + s (#'), where
<f> (x')

is continuous and monotone, and s (x') is the limit of a sequence sr (x') 9

such that the total variation of s (x
f

) sr (x
f

)
in (a, b) diminishes in-

definitely as r increases. Moreover sr (x
f

) is constant in each interval of

a finite set into which (a, 6) is divided ; also s (a) sr (a)
= 0.

Employing the theorem given in I, 424, we see that

I /

b

{s (x')
- sr (x')} 0) (x

f

, x, n) dx'
\J a

<MVa {s(x')-Sr (x')}.

rb

Also lim I sr (x') <D (x'', x, n) dx' = 0, the convergence being uniform
n~oo J a

with respect to n
;
since the expression is the finite sum of multiples of the

integral of O (#', x, n) taken through intervals contained in (a, b).
rb

It follows that I s (x
f

) O (x', x, n) dx' converges uniformly to zero, as
J a

n ~ QO . We have accordingly to prove the theorem for the continuous

monotone function
<f> (x').

HH 28
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rx'

First, if
(f> (x

f

) is an indefinite integral 1 x(x')dx' + A, we need only
J a

rx'

consider I x(x/ )
dx'. By integration by parts we have

J a

fit
Cb rb

(f> (x
r

) O (x
f

', x, n) dx' x (
x'} dx

f

. <1> (x
r

, a?, TI) dx
f

J a J a J a

a l_ a

The first term on the right-hand side converges to zero, as n ~ oo
, uniformly

for all the values of x, in case condition (2) holds; and it converges

boundedly if condition (2*) holds.

Moreover x (x
f

) O tf, x, n) is less than the summable function

MX (%') and it converges to zero, as n ~ao, hence, by the theorem of

203, relating to iiitegrable sequences which involve a parameter, we have

lim l"x (x')| l*(f,x,n
7i~oo J a [_J a

the convergence being uniform for all values of x in G.

If
(f) (x

f

)
is not an indefinite integral, a new variable t can be so chosen

that x' =
i/r (), y'

=
</> (x')

=
</> {i/r ()}, and the function

/r (^) is monotone

non-diminishing ;
thus

</> {iff (t)} is monotone and non-diminishing as t

increases. The variable t denotes the length of the arc of the curve

y'
^

</> (#'), so that $' (t) ^ 1. We have then

I

J a
dt =

where t = 0, when ^' = a; and f = I, when #' ~ 6.

Denoting </> {/r (^)} by ^ (^), and $
(</r (<), a?, /?,) ^' (t) by Oa (f, a;, n), we

have to consider the integral / <^ (^) Ot (^, x,n) dt.
J o

/*
rr

On account of the equality I O (a?', a?, n) dx' = I Ox (t, x, n) dt, where
J a J a'

', /J'
are the values of t which correspond to a and

/3 respectively, we see

that
tff

f <E>! (f, x,n)
J a'

dt < M ; moreover <l)x (f , a:, n) satisfies the condition

(2), or (2*), of Theorem I. Also ^ (t) is an indefinite integral; for its total

variation in a set of points t, of measure < e, is given by

S
| A& (t) |

- E
|

A< (x') |

= S
| Ay' |

s S (A*) < .

It follows from what has already been proved that
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converges to zero as n ~ <x>
, uniformly for all values of x in ;

and there-
rb

fore the same statement holds for I
</> (x') O (, x, n) dx'. The sufficiency of

J a
the conditions (1 d), (2) has now been established.

THE GENERAL CONVERGENCE THEOREM IN THE CASE OF NON-SUMMABLB
FUNCTIONS

286. Theorem I can be extended to the case in which/ (x
f

) is no longer
summable in the linear interval (a, b), but has an //.L-integral in that

interval, provided O (x
f

, x, n) satisfies the additional condition that its

total variation Va
b O (x

f

, x, n) in the interval (a, b), of x r

, is less than some

positive number A, independent of x and n.

If /A (x')
-= / (#') at all points of (a, 6) except those of a finite set A of

intervals which enclose the points of non-summability, and if /A (#')
= 0,

in the intervals of the set A, we have

/ / (x') d> (x
r

, x, ) dx' = (*{/ (a')
-
/A (x')} 0> (*', *, ) dx'

I
./ ft

The limit, as n ~ oo
, of the second integral on the right-hand side is zero,

since /A (#') is summable, provided O (#', a;, n-) satisfies the conditions of

Theorem I, the convergence being uniform, or bounded, according as

condition (2) or condition (2*) is assumed to hold.

The first integral is, in accordance with the theorem of I, 424, equal to

O (a, x, n) I

l

{f (x
f

) -/A (x
9

)} dx' + V* O (', x, n) M,
J tt.

whereM is the upper boundary of r {/(*')- /A
' n'

for all intervals

(a', b') contained in (a, 6). In accordance with I, 453, this is numerically
less than Ke + Ae, where A can be so chosen that e is arbitrarily small.

Thus we have

Mm" [V (x
f

) <& (x' 9 x, n) dx' <(K + A)c.
n-oo^ a

The following theorem has now been established .

// (#', x, n) satisfies the conditions of Theorem I, either with (2) or (2*),

and also the additional condition that Va
b

(x',x,n) 9 the variation of

O (#', x, n) in the finite interval (a, 6), of x', is less than some fixed positive

f
b

number, independent of x and n, then lim I / (#') <D (x
1

', x, n) dx' converges
n~oo J a

to zero, as n ~ ao
, uniformly, or boundedly, as the case may be, for all points

x, in O ; where f (x
f

) is any function which has an HL-integral in the linear

interval (a, 6).

28-2
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In accordance with I, 453, if &' be any number in the interval (a, b),
/&'

{/(#') /A (#')} fa' is numerically less than e, for all values of b' in
J

/&'

(a, 6). It is now easily seen that I / (x
f

) O (#', x, n) dx r

converges to zero
' a

as n ~ oo
, uniformly for all values of b' in the interval (a, 6).

In order to extend the theorem to the case of an infinite interval (a, <x>
),

it is necessary to introduce the restriction that O (#', x 9 n) is, for each pair
of values of x and n, a monotone function of x f

in the interval (a, oo
). The

condition (1) being assumed to hold in (a, QO
), O (x', x, n) is also bounded

in the interval (a, oo
). We have then

f / (x
f

) O (x
9

, x, n) dx' = O (a, x, n) I / (x') dx' + O (a', a:, w) / / (x') dx' .

Jo. Jo. Jo.

J'oo

/<*

/ (x
f

) dx' exists as lim I f (x
f

) dx', a may be so chosen that
a a~oo J a

f(x')dx' <
77

for all values of j8 > a. We then have

i r* if
f(x')dx' <,, I

\
J a \J <

and if the condition (1) holds in the whole interval (a, QO
) we have, for all

values of a',

\<b(a,x 9 n)\<K, |

O (a', x 9 n)\< K\

and thus / (x') O (#', z, n) dx'
\J a

for all values of a' > a, provided a is sufficiently large, and thus

J a

exists, and is numerically ~; SKr/. Since the theorem is applicable to the

integral / (x') O (x', x 9 n) dx', we see that it is also applicable to
J a

r/(x')3>(x',x,n)dx'.
J a

The following theorem has now been established :

If f(x') Jias an HL-integral in (a, oo
), and O (x', x, n) is monotone, for

each pair of values of x and n in the interval (a, oo
) of x', and satisfies in

that interval the conditions (1), and (2) or (2*) of Theorem I, then

I

r<*

Ja

converges, uniformly or boundedly, as the case may be, for all values of
x (in G) to zero, as n ~ oo .
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It will be observed that, in this case, the condition (1), that

| (*', x, n)\<A,
for all values of x, n and x' in (a,

<x>
) ,
includes the condition that F (#', x, n)

is less than a positive number independent of x and n.

287. Let it be assumed that/ (#') has a D-integral in the interval (a, 6).
rx

Denoting I / (x) Ax by F (x), which is continuous in (a, 6), we have, if it
J a

be assumed that (#', x, n) is, for each value of x and n, of bounded

30 te' a? Tfc)

variation in (a, 6) and has a finite differential coefficient a"/~~

at every point of (a, 6),

P/ (a') O (x' 9 x, n) dx' = f (6) (6, a:, n)
- IV (*')

9
(
*'

5

?'
w)

-

cfo',
J a J a 0%

since, in accordance with I, 474, integration by parts is applicable. Let

it now be assumed that
' '

- satisfies the condition (1), of Theorem I,

that
30 (x',x, n)

dxr
~~ < K, for all the values of x and n, or more generally

r

that it satisfies the condition (1 c) of 284, that I

-'

for all the values of x and n. Since

30 (x', x, n)

#', x, n)
dx' < K

iJ a

dx' = O (j3, a;,

the condition (2) of Theorem I will be satisfied by

(, x, n),

30 (x', x,

point x' of (a, 6), (x
1

', a?, TI) converges uniformly to zero, as

all values of x in G. If both these conditions are satisfied,

if, for each

n ~ oo for

converges to zero, as n ~ oo
, uniformly for all values of x in 0.

Since (6, x 9 n) converges to zero, as n ~ oo, uniformly for all values
rb

of x in 6?, it is now seen that / / (x') (x
r

, x, n) dx' has the same property.
J a

The following theorem has accordingly been established :

Let / (#') have a D-integral in the finite interval (a, 6). Let (x'', #, n)

6e /or each 'pair of values of x and n, where x is any point of the set G> of

bounded variation in (a, 6), and have at each point a differential coefficient

30 (x' 9 x, n)

dx'
. If either of the conditions

30 (x' 9 x, n) <
rb

K, /J a
(x', x, n)
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is satisfied, where K is independent of x and n, and if O (#', x 9 n) converges

to zero, as n ~ QO
, for each value of x' in (a, fe), uniformly for all points x of G,

rb

then lim I / (x
f

)
O (x

1

', x, n) dx' = 0, the convergence being uniform for all

n~oo J a
values of x, in G.

NECESSITY OF THE CONDITIONS OF THE GENERAL CONVERGENCE
THEOREM

288. It has been shewn that the conditions (1), (2), to be satisfied by
the function O (x

f

, x 9 n), are sufficient in order that Theorem I may hold

good for every summable function/ (x'). It will now be shewn that these

conditions (1) and (2) are necessary in order that the convergence may take

place for every function / (x') that is summable in (a, b). It will in fact

be shewn that :

Unless the conditions (1), (2) of Theorem I are both satisfied, a function

f (x') summable in the interval (a, b) exists, such that the corresponding

integral does not converge to zero, as n ~ QO
, uniformly for all point* x, in G.

The particular case of this theorem which arises when the parameter
x is confined to have a single value, and therefore disappears, was given*

by Lebesgue.

In order to shew that the condition (2) is necessary, let/ (x
f

)
be defined

to have the value 1 in the interval (a, j8), and the value at all other
rft

points of (a, 6). Unless O (x
f

, x, n) dx' converges to 0, as n. ~ QO
,

J a

uniformly for all points x, of G, this function / (x
r

)
is such as is required.

This will be the case whatever be the interval (a, j8) ;
hence the condition (2)

is necessary.

For each pair of values of x and n,
\

O (x
f

, x, n) \

must be equivalent
to a function which has a finite upper boundary in (a, b), U (x, n), which

is finite; for otherwise a summable function/ (#') could be so determined

that / (x') O (x' , x, n) is not summable (see I, 397). For a particular

pair of values of x and n, there exists a set E^, of points of x', of measure

> 0, for which

|

O (x
f

, x, n) |

> U (x, n)
-

A,

where A is a positive number, provided the smallest possible value of

U (x, n) has been taken.

For each pair of values of x and n, the function O (x', x, n) mey be

replaced, in this manner, by an equivalent function. There is accordingly
no loss of generality in assuming that <I> (x

r

, x, n) is such that, for each

* Annales de Toulouse (3), vol. i (1909), p. 53.
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positive value of A, and for each pair of values of x and n 9 the set of points

#', at which

|
<t> (#', x, n) |

> U (x, n) A

has a measure greater than zero, and such that at no point is

|

CD (x', x,n)\>U (x, n).

In order that the integral may converge for each value of x, in G 9
for

such a value of x, U (x, n) must have a finite upper boundary u (x), as

n ~ oo . If this is not the case for a particular value of x, there must be

a sequence of increasing values of n, say nl9 n2 , w 3 ,
... such that U (x, TI^,

U (r, n2 ), U (x, n3 ), ... forms a divergent sequence of numbers; and for

each value of p there is a set of points x' of measure > 0, for which

|

<D (x
9

, x, np)\> U (x, np )
-

.

It will be shewn that it is then possible to construct a function / (x'),

such that the integral diverges as n, ~ oo
, for the particular value of x.

If u (x) is finite for each value of x, it may happen that u (x) has no

finite upper boundary for all values of x in G 9 and then the condition (1)

is not satisfied. If this is the case there must be a sequence #,, #2 , a'3 , ...

of values of x, such that the sequence u (o^), u (#2), u (#3), ... is divergent.

There then exists a sequence n^ , w2 , ... of increasing values of n, such that

the sequence U (xl9 n^) 9 U (x2 < ?? 2), U (#3 , %), ... diverges. It then follows

that there exists a sequence l\ ,
k2 ,

&3 , . . . of increasing numbers, such that

the sets of points x' at which
|

O (#', xp ,
np ) \

> Jcp have a measure > 0, for

all values of p. It will be shewn in this case that/ (a/) can be so constructed

that the integral does not converge to zero, uniformly for all the values of x.

In case xp is independent of p, we get back to the case first considered for

which there is divergence of U (x, n) for one particular value of x, for a

sequence of values of n
;
and this case is accordingly included in the case

in which the xp are not all identical.

We therefore assume that, for a sequence of pairs of values xp , nv of

x and p, |

O (x', xv ,
nv )

\

> kp ,
in a set Ev ,

of points x' , such that m (E,jy) > ;

where {k,p} is a sequence of increasing numbers without upper limit.

The set E
lf>
must have a part Fv ,

of measure greater than zero, so that

for all points of FP , O (x', xp ,
np )

is of the same sign and is numerically
> lcp ;

and this is the case for each value of p. Suppose that, for an infinite

set of values of p, O (x
f

, xp , n,p )
is positive, and m (Fp ) > 0. There is no loss

of generality in this assumption, because if the sign were negative, it would

become positive by changing the sign of O (x', n, x) throughout.

We may suppose all those values of p and k9 removed, for which p does

not belong to this infinite set of values of p. It may therefore be assumed

that <1> (x', xp ,np ) > kp ,
in Fp ,

and m (Fp ) > 0, for all values of p.
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The sets {Fp} may be replaced by sets {ep}, such that ep is a part of Fp ,

m (ep) > 0, no two of the sets ep have a point in common, and

m (ep) > m (ep+l ),

for all values of p. To see this, we observe that the sets F2 , F%, ... may be

so diminished, without making any of their measures zero, that

m(Fl)>2m{M (J
1

,, JF,, ...)}.

We then obtain e by removing from Fl the points which it has in common
with M (Ft , F^ ...); then m (e^ >m{M (F2 ,

F3 , ...)}.

Next, by diminishing jP3 ,
jP4 , ... we may make

m(F,)> 2m {M(F^F^ ...)};

we obtain e2 by removing from F2 all the points that it has in common with

M (F3 ,
JF4 , ...); thus m (e^ > m (e2 ) > m {M (jP3 ,

J^4 , ...)}. Proceeding in

this manner we obtain the sets el ,
e2 , e3 , . . . , no two of which have a point

in common, all of which have measures > 0, and such that

m (%) > m (e2 ) > m (e3 ) ....

In ep ,
we have O (x'',

xp ,
np ) > kp .

Let pl be a value of p, and consider p.p <b (x',xv ,
np )

dx'
', where //,P

J K)
is a constant such that p9l

m (ePl )
-=

J. If the integral does not converge
to zero, as p ~ QO

,
the function / (x

f

)
defined by / (x')

=
jLt3)1 ,

in e
Pl ,

and 0,

elsewhere, is a function such as is required. If it does converge to zero,

we have <b(x',xp ,
np ) dx' < 1, provided p S p(l}

.

Let lp denote the lower boundary of O (x
1

',
a?p , ^) in c,,, and let C/^ be

the upper boundary of
|

O (x', xp ,
np )

\

in (a, 6); then both lp and UP in-

crease indefinitely with p.

There exists a smallest integer p2 ^ jfl), such that 1
V2
> 23 J7

P1 ; let p,^

be such that /x^m (e^)
-

If ^i, (x',xv,np)dx' + ^P <t>(x',xp ,np)dx'
J ( Pl ) / (ep2 )

does not converge to zero, as p QO
,
the function defined as having the

value
fj,Pl ,

in e
Pl ; fiPi ,

in e
P2 ;

and elsewhere zero, is a function such as is

required. If it does converge to zero, its absolute value is < 1, provided

p is not less than some number p(2)
;
there exists a smallest integer p3

such that 1
PB > 2*U

P2 ; let ^ m (ej -

Proceeding in this manner, we may be able, after a finite number of

steps, to define a function / (#') having the values p,PL , /JLPZ , ... /^r
in the

sets e
Pl ,eP99 ... ePr , respectively, and elsewhere equal to zero, which will
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be a function such as is required. When this is not the case for any finite

value of r, let f(x') have the value /xPm in evm , for every value of ra. This

function/ (x') is summable, for its integral in (a, b) is

r

and this latter series is convergent. Also, we have
b r

f (x'} O (x' x ?? ^ d'^r' ~-^= LL I d) (or* Y 7iJ \ / \ ? y>m ' %>m' P"Dm I , \ V ' ^m '

fl ^ (ePm)
oo

)
dx' + 2

//,

r=m+lr = l

P
^(ePr)

' ^m '

The first term on the right-hand side is ^ v*Vm lPm 'rn (6^), wliich is

>^ pjn > 2

The second term is > 1, and the third term is greater than

or than - UPm S > - - > - - -
.

M+l ^ Cy ^r~i wi-f 1 ^ ^

fh
It follows that / (x

f

)
O (a;', a;^, ^w )

dx' > |; and since this holds for an
J a'

fb
infinite set of values of w, the integral I / (x') O (x', x, n) dx' cannot con-

J a

verge to zero uniformly for all values of x in O. Hence the condition (1) of

Theorem I has been shewn to be' necessary, in order that the uniform

convergence may take place for every summable function/ (x').

289. It can be shewn that the conditions given in 282-285 are

necessary in each case, in order that the uniform convergence shall hold

good for every function / (x') of the particular type. The proof will here

be given that the conditions (1 c), (2) are necessary in the case in which

/ (x
f

)
is restricted to have only ordinary discontinuities.

It is clear that the condition (2) is necessary, for we may take/ (#')
=

1,

in the interval (a, /?), and equal to zero outside that interval. If the con-

dition (1 c) is not satisfied, it will be possible to determine a sequence

(xl9 Wj), (#2 ,ft2), (xj
nv) of pairs of values of x and n, such that

rb

I
\

O
(,*;',

x
lt ,

np )
\

dx' increases indefinitely as p and np do so. Let us
J a

assume that this integral exceeds Lv ,
where L^,L2) ... is a divergent

sequence of increasing numbers. It may happen that, for all values of p,

the values of xv are identical ;
but this case will be included in the general

case. It will be shewn that a continuous function/ (x
r

) can be defined for

which the uniform convergence does not hold.
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/b |

O (x
1

, xl , HI)
|

dx
f > L! ; let xi (#') 1, or 1, according as

y,

O (#',#!, fij) is ^0, or negative. Thus Xi(#') IjinasetJ^, and
;fo (#')=== !>

in the set C (Ei). The set E can be enclosed in the intervals of a

non-overlapping set, of measure < m (EJ + ; and a finite set of these

intervals of total measure > m (EJ can be chosen. Let g^ (x')
= 1 in the

intervals of this finite set, and let gl (x')
^ 1 in the rest of the interval

(a, 6), except that gl (a)
= gl (b) 0.

The functions xi (#')> ffi (#') differ from one another only at points of

a set of which the measure is < c. The function g } (x
f

) is the limit of a

sequence of continuous functions {hi (x')}, all numerically < 1. Moreover

we can take all the functions hi (x') so that they have the value zero at

a and at 6, since g^ (x') has this property. Since the functions hi (x') are

all bounded, we have

lim
[iao J n

(x') (a?', xl9 n t ) dx' -
[ g l (x') O (x' 9 x, , %) dx'.
J a

By a proper choice of e, we can ensure that

b

g l (x') (x', xl9 HI) dx' > LL ;

t

and by choosing a sufficiently large value of t, say ^ , we have

rb
(tj)

J a

If hi* (x') (x', xv ,
np ) dx' does not converge to zero, as p ~ oo , we

-a

have obtained a continuous function h^ (x') which vanishes for x' = a,

x' = 6, and is such that I hi (x') (x', x, n) dx'does not converge to zero,
J a

as n ~ QO
, uniformly for all the values of x

9
in 0. If it does converge to zero,

then, for all sufficiently large values of p, it is numerically < 1. Take p2

such a value of p that
P2
> 22Xj; and let h

(

^(x
f

)
be the function corre-

sponding to //i

l}

(x
f

), where

/'J a
dx'>L

ft
.

If

A 2 **(#')
does not converge to zero, as p ^ QO

,
then the function h (x

f

) + 9 ^
-

is a function such as is required. If it does converge to zero, it is numerically
< 1, provided p is sufficiently large; let p% (> p2 ) be such a value that
"6

\.
|

O (x', xw n^) |

dx' > L
P9 , and also such that L

Vz
> 23L3V Let

be the function corresponding to hi*\x') and J$*\x').
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T* i"/ n , ,
* / , \j,If

|^
Ui (*') +

-|j>-
+

',2 'I

O (*', *, n,) dx'

does not converge to zero, as.p ~ , the continuous function

is a function such as is required. Proceeding in this manner, and assuming
that L

9r > 2r

Ljj^ ,
we may, after a finite number of steps, obtain a function

such as is required. But if not, we have a function

defined by a uniformly convergent series of continuous functions; thus

the function/ (a/) is continuous, and/ (a) =/(&) = 0.

Moreover

Ff (x') <D (*', * , )
dx' - , -

x \ fVr>

(x') O (*', **. , )
*'

Ja ^ Jj
Pr-i J a

+
S

~X
l

.1

1 - -
fV ^') ^> (*', ^, ,r)

^'
s-1 - -^its^Ja

The first term on the right-hand side is > r
,
or > 2. The second

**

oo

term is > 1, and the third term is greater than L
Pr

S
x

, or

f&
/ (x

f

) O (#', Xj,r ,
n

P) )
dx' > |, for every value of r,

and thus that/ (x
f

)
is a continuous function such as is required, for which

I / (#') O (#', x, n) dx' does not converge to zero, uniformly for all points
J a

x, in O.

SINGULAR INTEGRALS

290. The following theorem may be deduced from Theorem I.

THEOREM II. Let F (x', x, n) be defined for each point x in a set G, con-

tained in (a, 6), andfor each value ofn in an integral, or non-integral sequence

of increasing numbers without upper limit, and for all values of x' in the

interval (a, 6). Let p denote a positive number (< b a), and let F (x
f

, x, n)

satisfy the following conditions :

(1) For each pair of values of x ami n, and for all the points x' in (a, 6)

such that
\

x' x\: p, the function F (x', x, n) is equivalent to a function

that does not exceed in absolute value a positive number K^ independent of

the values of x and n.
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r/s

(2) // a, )8 be any two numbers such that a a*
ft b, I F (x', x, n) dx'

J a

exists as an L-integral) for all values of n, and for all those values of x which

belong to and are not interior to the interval (a /x, j8 + JLC);
and as n is

indefinitely increased, it converges to zero, uniformly for all such values of x.

/x-p.

rb

f(x') F (x
f

, x, n)dx', I /(#') F(x'', x, n)dx
f

converge to zero,
1 J X -\-fJi

as n ~ oo
, uniformly for all values of x, in G; for any function f (x

r

) that is

summable in (a, 6).

To prove the theorem, let the function <D (x
1

', x, n) of Theorem I be

defined to have the values of F (x', x, n), for each pair of values of x and n,

and for all values of x' in the interval (a, x /x); let <D (x*', x, n) =
when x' is not in the interval (a, x -

/x). Thus O (x' 9 x, n) satisfies the

conditions (1) and (2) of Theorem I.

rb rx-fji

Also O (#', #, ft) $*?' = I F(x', x, n)dx'\ it thus follows that the
J a J a

/*-**

convergence of J?
1

(a;', a:, ?i) rf#' to zero, as n ~ x
, uniformly for all the

Ja

points a: of (7, is established. The second part of the theorem is proved in

a precisely similar manner. If the conditions of the theorem hold good
when /z

= 0, it is then identical with Theorem I. In accordance with
rb

Theorem II, the question of the nature of lim I f (x
1

}
F (x' , x* n)dx' is

n~oo J a
rx+n

made to depend upon that of lim I f(x')F(x',x,ri)dx'\ the integral
?l~00 J X-fJL

over the neighbourhood (x /x, x + p) of x. In this matter the character

of the summable function/ (#') outside this neighbourhood of x is irrelevant.

rb

An integral I f (x') F (x* , x, n) dx' , for which the conditions of Theorem
J a

II are not satisfied when ^ -- 0, may be termed a singular integral. It will

be seen that, in the theory of Fourier's series, and of other modes of repre-

sentation of functions by means of series or integrals, the theory of singular

integrals is of fundamental importance.

f*
In the case of an integral / (x') F (x

f

, x, n) dx' , where x is confined
.' ~oo

to belong to a set of points G, contained in the finite interval (Oj^bj),

we may take an interval (a, 6) which contains (a , bj in its interior, and
consider separately the three integrals taken over the intervals

( oo, a),

(a, 6), (6, oo ). Theorem II can be applied to the integral over (a, b) and in

case the integrals

dx', l

a

f(x') F (x
r

, x, n)
J -GO
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converge to zero, as n ~ <x>
, uniformly for all values of x, the theorem

,'QO

can be extended to / (x') F (x
f

, x, ri) dx'. Sufficient conditions that
J -00

these two integrals may so, converge are obtained by employing the

theorems of 281.

291. It is easily seen that Theorem II can be extended to the case of

a function of two or more variables. For simplicity, the following theorem

will be stated for a function of three variables only.

Let f(x',y',z') be summable in a given rectangular parallelepiped A, and
let F (#', y'', z', x, y, z, n) be defined for all points (#', y', z

r

)
in A, and all points

(x, y, z) in a given set G, contained in A ; and for all values of n in some in-

creasing sequence of numbers with no upper boundary. Let the function F
satisfy the conditions (1), for each set of values of x, y, z, n, and for all points

(x', y', z') such that (x'
-

x)
2 f (y'

-
y)* -f (z'

-
z)

2
/i

2
, the function

F (#'> y'> z'
9 %, y> %> ?&) is equivalent to a function that does not exceed in

absolute value some positive number K^ independent of n, and of (x' 9 y',z
f

),

(x, y, z); and (2), in every cell A! contained in A, and for all points (x, y, z)>

of G, which are at a distance ^ p, from every point of Aa ,

f
F (x

1

, y', z', x, y, z, n) d (x' } y', z')
'*

exists as an L-integral, and converges to zero, as n ~ QO
, uniformly for all

values of (x, ?/, z). Then

f (x' 9 y', z') F\x', ?/, z', n) d (x'', ?/, z')
(A -tf)

converges to zero, as n ~ oo
, uniformly for all values of x, in G; S denotes, for

each point (x, y, z), the set of points (x'', y
7

, z') a w^tc/i

(z'
-

#)
2 + (y'

-
y)* I- (z'

-
z)

2 < ju
2

.

In order to prove the theorem, let O (x
1

', ?/', z', a?, ?/, z, w) have the value

.F (x', y', z', x, y, z, n) whenever (x
f -

x)
2 + (y

1 -
y)

2 + (z'
-

z)
2 S /x

2
,
and

when this is not the case, let <J> (x' 9 y
f

, z', #, i/, z, ^) have the value zero.

We have then only to apply Theorem I to the function

<t> (x' 9 y', z', x, y, z, n).

Another case of Theorem II which is of importance in the theory of

double and multiple Fourier's series may be given for the two-dimensional

case, and can be immediately extended to the case of any number of

dimensions.

If (x, y) be a point in the rectangle A, a point (x' , y'), of A, for which

one at least of the numbers
|

x' x
\

,
| y' y \

is /x, is said to be in the

cross-neighbourhood (p) of the point (x, y) ;
that cross-neighbourhood con-

sisting of the totality of all such points (#', y').
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The theorem may be stated as follows :

// (F x', y', x, y, n) be defined for each point (x, y) in a set G 9 contained

in the cell A, and for each value of n in some increasing divergent sequence,

andfor all values of (#', y
1

) in A; and ifF (#', y', x, y, n) satisfy the following

conditions :

(1) For each set of values of (x, y, n), and for all points x' not in the

cross-neighbourhood (/x), of (x, y), the function F (x', y', x } y, n) is equivalent

to a function that does not exceed in absolute value a positive number K^ ,

independent of (x, y) and n.

(2) // Ax be any cell contained in A, F (x', y', x, y, n) d (x', y')

exists as an L-integral, for all values of n, and for all those values of (x, y)

which belong to (?, and are such that Ax has no point which belongs to the cross-

neighbourhood (p) of (x, y), and it converges to zero, uniformly for all such

points (x, y).

Then f (x') F (x', y', x, y, n) d (x
1

', y') converges to zero, uniformly

for all points (x, y} in G, for any function f (#', y') summable in A; where

H^ (x, y) denotes the cross-neighbourhood (/z), of (x, y).

The importance of the theorem arises from the fact that, when it holds

for every value of /x (> 0), however small, the limit, as n ~ oo, of

f(x' 9 y')F(vf,y' 9 x,y 9 n)d(x',y')
(A)

depends only upon that of

I/ GT y/
(X'' y/) F (X/) V'' X ' y ' H) d (X '' 1J

'

]

taken over the arbitrarily small cross-neighbourhood (/x) of the point (x, y).

In order to reduce this theorem to Theorem I, we have only to define

O (x', y' > x, y, n) as having the value zero in the cross-neighbourhood (/x)

of (x, y) 9 and as having the value F (x', y
f

, x, y, n) outside that cross-

neighbourhood.

THE CONVERGENCE OF SINGULAR INTEGRALS

292. The most important of the applications of Theorems I and II to

the theory of series and integrals arise in the case in which the function

F (#', x, n), of Theorem II, has the form F (x
r

x, n). It will be assumed

that this function satisfies the conditions (1) and (2) of Theo 'em II, for

,all positive values of /x. The question of the character of

lim
[ / (x') F (x

f -
x, n) dx'

jt^oo J a
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then reduces to the investigation of the limit of

r
+
*f(x')F(x' -x,n)dx',

J X l*.

/>
or of I f(x + t)F (t, n) dt\ where x' = x + t.

J ~-n

It thus appears that the character of the limit of the interval at a point x

depends only on the properties of the function / (x') in the neighbourhood
of the point x.

Let it be assumed that the function F (t, n) satisfies the two conditions,

(a) lim t" F (t,n)dt =
1,

n~><x> J -p.

(b) r \F(t,n)\dt*A,
J -ft

where A is a positive number independent of n and /x.

We have

r / (
x +t) F & n

)
dt =f(x) r

J -fJL J ~l

Let it be first assumed that the function/ (x) is continuous at the point x 9

then /z can be so chosen that
| / (x + t) f (x) \

< T), for all values of t in

the interval
( //,, //,),

where
77

is a prescribed positive number.

It then follows that

lim / (x -I- t) F (t, n) dt - / (x)

and since
77
can be taken to be arbitrarily small, by proper choice of

//,,
we

have
rb

Km [V (x') F (x
r -

x, n) dx' - / (x).
n~oo J a

If the set consists of all the points of an interval (a, jS)
in which / (x

f

)

is continuous, the continuity at and jS being on both sides, //, may
be so determined that the condition

| / (x + t) / (x) \

<
17

is satisfied

for all the points x of the interval (a, j8). In that case the convergence
of the integral to the value / (x) is uniform in the interval (a, /J).

The following theorem has been now established :

If the function F (x
f

x, n) satisfies the conditions (1) and (2) of Theorem

//, and satisfies the conditions

(a) lim f^ F(t,n)dt -
1,

Tl'ao J a

(6) I"* \F(t,n)\dt*A,
J -M
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whereA is independent offi and n,for all sufficientlysmall values of ft (>0), then

f (x') F (x' x, n) dx' converges, as n ~ <x>
, to the value f (x) at a 'point x

at whichf (x') is continuous; and it converges uniformly tof (x) in any interval

(a, j8) in which f (x') is continuous, the continuity at a and j8 being on both

sides. The functionf (x
f

) is any function that is summable in (a, b).

In case/ (x') is a function of one of the types considered in 282-285 the

conditions (1 a), (1 6), (1 c)and(l d) may be substituted for the condition (1).

It should be observed that, in case F
(t, n) is never negative, the condition

(6) is contained in the condition (a), since, if necessary, a finite set of values

of n may be 'disregarded.

293. In the case in which /z can be so chosen that the function / (,r')

is of bounded variation in the interval (x /z, x + /z), it is sufficient, instead

of the condition (b), to assume that the condition

fA a

(//) F (t, n)dx ^ A
-Ai

is satisfied, for every interval (Al5 A2) contained in
( /z, /z). For in that

case, in accordance with the theorem of I, 424,

i/:
t)-f(x)}F(t,n)dt

cannot exceed A multiplied by the total variation of/ (x + t) in the interval

( [i, IJL)
of t. This is seen by dividing the interval of integration into the

two parts (0, /z) and ( //,, 0). In any interval in which / (x
r

)
is continuous

and of bounded variation, it is expressible as the difference P (x
r

)
- N (x')

of two continuous monotone functions. In the interval
( /z, /z)

of t, the

total variation of / (x + t) cannot exceed the sum of the variations of

P (x + t) and N (x + t), which is

\P(x + n)-P(x-p,)\+\N(x + i*,)-N(x-p.)\.
For a point x of the interval, these are both arbitrarily small, by proper
choice of /x. Moreover, if x be confined to an interval interior to the interval

in which/ (x') is continuous and of bounded variation, /z can be so chosen

that
|

P (x + /x)
- P (x

-
p,) |

, \N(x + p)~N(x- p,)\ are both less

than an arbitrarily prescribed number, the same for all the values of x.

It then follows, as before, that the integral converges to / (x), at a point

in the neighbourhood of which/ (x
r

) is of bounded variation, and uniformly
in a whole interval interior to another interval in which/ (x

r

)
is of bounded

variation and continuous.

The following theorem has been established :

// the function F (x
f

x, n) satisfies the conditions (1) and (2) of

Theorem II, or one of the conditions (1 a), (1 b), (1 c), (1 d) instead of (1),

in case f (x
r

) belongs to one of the corresponding classes of functions, and if
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further F (x' x, n) satisfies the conditions (a) and (6'), then at a point x

in a neighbourhood of which f (x
f

) is continuous and of bounded variation,
rb

f (x') F (x
f

x, n) dx' converges to f (x), as n oo . Also for an interval
J a

which is interior to an interval in which f (x') is continuous and of bounded

variation, the convergence of the integral to the limit f (x) is uniform in tJie

interval.

294. Let us now consider the convergence of the integral at a point x

at which the function/ (x
f

)
has an ordinary discontinuity, so that/ (x -f 0)

and / (x 0) have definite values.

The following theorem will be established :

If the condition (a) of the theorem of 292 be replaced by the conditions (a
f

)

lim r F (t, n} dt - lim
j

F (t, n) dt - J,

the condition (b) remaining unaltered, then at any point x of ordinary dis-

continuity of the function f (x'),

lim
f f (x') F (x

f -
x, n) dx' - | {/ (x 4- 0) + / (x

-
0)}.

n~> J a

We have

*

f(x + t)F (t, n) dt

=
f"'{f(x + t) -f(x + 0)} F (t, n) dt +f(x + 0) ^ F(t, n) dt
Jo J o

{/ (x + t)-f(x- 0)} F (t, n)dt+f(x- 0) f
F (t, n) dt.

t J -M

It can be assumed that is taken so small that

for t in (0, ju,)
and in ( /x, 0), are both less than

77.

It follows that

fim f(x + t)F (t, n) dt - {f(x + 0)+f(x -
0)}

n~<x>- -**

< 77 f \F(t,n)\dt< Arj.
J -^

Since ij
is arbitrarily small, we have

lim
f*/ (a?') J?

7

(a?'
-

a?, n) dt' = % {f (x + 0) + f (x
-

0)}.
n~caJ a

In case the point a; is a point in a neighbourhood of which / (x') has

bounded variation, the condition (6) of the theorem may be replaced by
I f

A*

the condition (6'), that
J
F (t, n) dt A for every interval (Al9 A2 )

H n 29
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contained in ( //, /*), and for all values of n. The proof is precisely similar

to that in 293. Thus:

// the conditions (a'), (b
f

)
are satisfied by F (t, n), then at any point x,

in a neighbourhood of which f (x
f

) is of bounded variation,

lim
f f(x') F (x

r -
x, n) dx' = J {/( + 0) + /(a - 0)}.

w~oo ./a

295. It has been shewn in 294 that, subject to the conditions of

Theorem II, and the conditions (a), (6) of 292, the singular integral con-

verges to \ {/ (x + 0) +f(x 0)} at any point of continuity or of ordinary

discontinuity. If we assume that the value of f (x) at any point of

ordinary discontinuity is taken to be {/ (x + 0) -f / (x 0)}, the integral

then converges at such a point to the value f (x). It can, however, be

shown that, provided F (t,ri) satisfies certain conditions, the convergence
of the integral to / (x) holds good at all points of a set which includes

points at which / (x) has a discontinuity of the second kind.

It will be assumed that F (t, n) is an even function of t, and that it

possesses a continuous partial differential coefficient F{ (t, n), with respect
to t, for each value of n. It will further be assumed that F (t, n) converges
to zero, as n ~ <x>

,
for each value of t that is ^ 0.

We have

f f(x + t)F(t,n)dt = r<f>(t)F(t,n)dt f 2f (x) [* J? (t, n) dt,
J -n JO JO

where
<f> (t) denotes f(x + t)+f(x t) 2f (x). The second term on the

right-hand side converges to f (x), as n ~ <x>
,
in accordance with the con-

dition (a) of 292.

/>

There then remains for consideration the integral I d> (t) F (t, n) dt,
Jo

/>
which may be expressed as ^ (JJL)

F (/^, n) I
<f> l (t) F l (t, n) dt, where

./o
rt

< x (t) denotes
<f> (t) dt\ since F (0, n) is finite, and

<j> l (0)
= 0.

J o
n

Let us assume that I ^ (t) dt has a differential coefficient equal to zero
JO

at the point t = 0; we have then'^ (t)
=

tx (t), where x (t) is continuous,
and x (0)

= 0. It is known (see i, 432) that this condition is satisfied for

almost all points x, in (a, 6). We have then to consider the limit of

'0

the term
<f> l (p) F (/*, n), or px (ft) F (p,, n), converges to zero, as n ~ o> .

/>
The integral I x (0 E'-^i C> n)] dt converges to zero, as n ~ oo

,
if the

Jo
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function tFl (t, n) satisfies the conditions (1 c), (2) of 284, for the interval

(/x', /x), and the conditions (a), (6) of 292, for (0, /x'), where /x' < /x;

since x (t) ig a continuous function of bounded variation in (/x', /x).

If a', j8' be such that < /x' ^ a' < /?'
^

/x, where p/ is a fixed number

(< /x), we have

rP r I**' f^'

^! (t, ri)dt^\ tF (t, n)\
- F (t, n) dt.

Since F (t, n) converges to zero, for t = a', and =
/?', and since F (t, n)

satisfies the condition (2) of 284, it follows that the integral on the left-

hand side converges to zero, as n ~ <x>
;
and thus that tFt (t, n) satisfies

the condition (2) of 284.

/M | tFi (t, n) |

dt should be bounded with
,*'

/>

respect to n is satisfied if the condition that I tFl (t, n) I dt is bounded,
Jo

and is included in the latter condition.

Since

tFi (t, n) {tF (t, n)-F (t, n)} ~{tF(t } n)} F(t,n)\,

fMwe see that I
|
tFi (t, n) \

dt is bounded with respect to n, if

Jo

/"Jo
dt

[n
is so, and if I

|

F (t, n) \

dt satisfies the condition (6), of 292, which
Jo

we assume to be the case. Now
r

J

t 3

r*.

Jo
{tF (t, n)} dt is the total variation of

^ {tF (t, n)} dt (see I, 415), or of tF (t, n), in the interval (0,

Therefore the condition (1 c) of 284 is satisfied if tF (t, n) has a total

variation in the interval (0, ^), less than some fixed number independent
of n. Moreover

lim l^tFi (t, n) dt - - lim {* F (t, n) dt - -
|;

n,~oo J n'oo J

it being assumed that the condition (a) is satisfied. Hence it is seen that

/>
lim I x (t) [tFi (t, n)] dt = 0, since x (0)

-= 0.

f^i^f CO J

The following theorem has now been established :

// F (x
f

x, n) satisfies the conditions (1), (2) of Theorem II, for all

values of p (> 0), and also the conditions (a), (6) of 292, and if

lim F (x' x, n) =

29-2
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when xr

*jp x, and F (t, n) is an even function oft; then, provided tF (t, n) has

a total variation in (0, /z) less tJian a fixed number independent ofn,

f (x
f

)
F (x

f -
x, n) dx'

converges to f (x), as n ~ <x>
, for every point x in (a, b) for which

o

has a differential coefficient at t = 0, equal to zero ; this is the case for almost

all values of x.

In case F (t, n) is not an even function of t, we may define
cf> l (t) to

denote / (x + t) / (x), or / (x t) / (x) ; and thus

/ (
x + t) F (*> n ) dt= T

<f> (t) F (t, n) dt + f (x) r F (t, n) dt,
o Jo Jo

and by proceeding as before, it can be shewn that, subject to similar

conditions, the convergence holds good at every point x at which

f
b

{f (x + t)-f (x)} dty and [
b

{/ (x
_ t )

_ f (x
J a J a

dt

have differential coefficients equal to zero
;
and this is the case for almost

all values of x.

296. Making, as in 295, the assumption that lim F (t, n) = 0, for
n*"*)

each value of t, except zero, we have

ft
Let it be now assumed that I I

<f> (t) I dt has a differential coefficient for t = 0,
JQ

equal to zero; this is the case (see i, 432) for almost every value of #.

We have then I
|

< (t)
\

dt -=
txi (t} 9

where xi (0 ^ continuous, and
Jo

Xi (0)
= 0.

We have now

I I* X (t) tf
1

! (t, n) dt &r\ X (O-^i (t, n)\dt<M (an )
t"

\ X (t)\dt;
I Jo Jo Jo

where M (an ) is the maximum of
| tF^^ (t, n) \

in the interval (0, an )\ and
r-n

since I I x (0 I

^ an X (
an')> where < an

' ^ an , the absolute value of
Jo

the integral is < awJf (an ) x (n')-

If it be assumed that M (an ) an has a finite upper boundary with

respect to n, and that an converges to zero, as n QO
,
we have

/o

for all sufficiently large values of n.
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Next, consider 1

*

x (t)-tFl (t, n) dt, or
|

J*>
[t

2Fl (t, n)] dt. Since
J n ^ att

*

has bounded variation in the interval (an , ju), the integral is numerically

less than F n l^j-i multiplied by the maximum of !t^Fl (t, n) dt
I

*
J I J

for

all intervals interior to (an , /x), where F*n ]*-[ denotes the total variation
(

* J

of
* in the interval (an) /x). Hence

r

r x CMA (, >
.'.

where JV (aw ) denotes the absolute value of the maximum of M^ (, n)dt,

for all intervals interior to (an , p). We have also

and this holds good when \L is replaced by any number t in the interval

(an , /A).

It follows, employing the theorem in i, 415, that

tw; J a,

dt+ 2
3 Uo

* + 2^i Xl (),

(/*) _ Xi.
.,. 4

n .<*
Xi (t) dt

when ^x is the maximum of ^ 5 (<) in the interval (an) p).

It follows that an V*n ]^-j-^[
^ Xi (i

16 ) + ^Xi < > provided /x be chosen

sufficiently small. We have now

X(t).tFl (t,n)dt

and thus, provided is bounded with respect to n, the integral on
CVfj

the left-hand side is less than an arbitrarily chosen number. If then also

/>
|

anM (an ) |

is bounded, we see that I
<f> (t) F (t, n) dt converges to zero,

j o

as n
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The following theorem has been established:

// F (x* x, n) satisfies the conditions (1), (2) of 290, for every value of

[j, (> 0), and a sequence {an} of positive numbers converging to zero, as n ~ <x>
,

can be so determined that, for a sufficiently small fixed number ^, anM (an )

and '
are both less than fixed positive numbers independent of n, then

r

I

J
rt

at which
\ \f(x + t)+f(x t) 2f (x) \

dt has a differential coefficient
Jo

b

f (#') F (x' x, n) dx' converges to f (x), for all points x, interior to (a, b),
a

att = 0, equal to zero. The numberM (an ) denotes the maximum of t

in the interval (0, an ), and N (an ) denotes the absolute value of the maximum

of \t
2 ~

-dt, for all intervals interior to (an , jit).

rt

It is clear that at any point x, at which I \f(x + t)f (x)
\
dt,

Jo
rt

I \f(x t)f(x)\dt both have, at t = 0, differential coefficients of which
J o

rt

the value is zero, then I
| / (x + t) + f (x t) 2/ (x) \

dt has at x the same

property. It follows from the theorem given in I, 432, that this property
holds for almost all values of x in the interval (a, 6).

It is clear that, in the proof of the above theorem, there may be sub-

stituted for FI (t, n) any function
\ft (t, n) which satisfies the same condi-

tions as jF\ (t, n) does in the theorem.

Thus we obtain the following theorem, due to Lebesgue (loc. cit.):

/t \ (f> (t) |

dt has a differential coefficient for
o

t = 0, equal to zero,

converges to zero as n ~ QC
, provided iff (t, n) satisfies the conditions that, for

some sequence {an} of numbers converging to zero, anM (an ) and are
ctn

bounded for all values of n; where M (an ) denotes the maximum of \ t$ (t, n) \

in the interval (0, an ) and N (an ) denotes the absolute value of the maximum

of \t
2

iff (t, n) dtfor all intervals interior to (an , /*).

1 [ l

297. Let u (t) denote ~
I {f(x + t) + f(x t)} dt, and let it be assumed

*
J
p

that u (t) has bounded variation in the interval (0, //,).
For t = 0, we may

take u (0)
= u (+ 0); then u (t) is continuous in the interval (0, //,).

We
denote / (x + 1) +f (x

-
1) by <f> (t) .
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We have

1*$ (t) F (t, ri) dt = p,u (/it)
F (/*, n)

-
[* u (t).tFl (t, n) dt\

J o Jo

if it be assumed that
|

tF (t, n) \
< K, for all the values of t and n, then since

IM (/x) F (p,, n) = {u (ft) -u(+ 0)} pF (/*, n) + u( f 0) pF (p, n),

we have lim {pu (p) F (p, n) u (+ 0) p,F (p, n)} < ?JM ,

n~co

where
T/M
^ 0, as p ~ 0.

/>
Again, considering ^ () {tF^ (t, n)} dt, we have

Jo

I/

where L (/x) is the absolute value of the maximum of \tF
l (t,n)dt in

intervals contained in the interval (0, p).

Since f^ (t, p) dt = [tF (t, p)]
-

ft (t, n) dt,

we see that L (p) is less than a fixed number independent of n, provided

the absolute maximum of \F (t, n) dt for all intervals contained in (0, p)

is so. Since lim FQ {^ (t)}
~ 0, as /x

~ 0, it follows that

lim ("{U (t)
- u (+ 0)}^ (, n) dt

Jo

where ^ ~ 0, as
//,
^ 0.

It is now seen that

lim If
<ji () i?

7

(, n) dt - u (+ 0) f"F (t, n) dt I

and assuming that F (t, n), an even function of t, satisfies the conditions of

Theorem I, for every interval (//,/*) when 0<//</z, the above limit is

zero when //, instead of 0, is the lower limit in the integrals.

We then have lim [V (0 F (t, n) dt - u (+ 0) lim
f
V (, n) ctt.

7l~0> JO 7l~00 JO

The following theorem has now been established:

//F (t, n) be an evenfunction of t, and satisfies the conditions of Theorem I,

in every interval (p, /*), (//,'
> 0), and if \

tF (t, n) \

< K, for all values of n, and
rb

all values of t in the interval (0, /*), then f (x') F (x
r

x, n) dx
r

converges
Ja

to u ( f 0) lim I F (t, n) dt, at any point at which the function
n~x> J

has bounded variation in some interval (0, ft), of t.
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This theorem is a generalization of a theorem given by de la Vallee

Poussin for the case of Fourier's series (see 345).

THE OSCILLATION OF A SINGULAR INTEGRAL

298. Let it be assumed that F (t, n) S 0, for all values of t and n, and

that the condition lim I F (t, n)dt=l is satisfied, together with the con-

ditions (1) and (2) of Theorem II.

IfMM , m^ denote the upper and lower boundaries of/ (x
r

)
in the interval

(x fjL 9 x + /z), and U, L are the lower and upper boundaries of M^, raM

as
jit
~ 0, the number /z can be so chosen that M^ < M + 77, m^> m 77.

We have

I" f(x + t)F(t,n)dt< (M + 77)
[* F(t,n)dt> (m -77) {* F(t,n)dl.

J
/UL

/
/U. J

ft.

It follows that

lim f / (a;') ^ (x'
-

a;, w) dx' < M \ 77,

f
6

and lim / (#') F (x
r

a;, n) dx' > m
77.~

j ^

Since
77
becomes arbitrarily small, by choosing p small enough, we have

the following theorem :

// F (t, n) S: 0, for all values of t, n, and satisfies the condition

lim r F (t, n) dt -
1,

then provided the function F (x
f

x,n) satisfies the conditions (1), (2) of

Theorem II, ive have

M lim
[ / (x') F (x'

-
x, n) dx' ^ lim

[ / (x
f

)
F (x'

-
x, n) dx ^ m,

n~oo J a n^x>
* a

where M, m are the maximum and minimum off (x') at the point x.

THE FAILURE OF CONVERGENCE OR OF UNIFORM CONVERGENCE
OF THE SINGULAR INTEGRAL

299. When the function F (t, n) is such that the condition (b) is not

/>
satisfied, so that I

\

F
(t, n)

\

dt increases indefinitely as n ~ <x>
,
it is possible

J ~/n

to define a function f (x'), continuous in (a, 6), and such that, at a particular
fb

point x, I f (x') F (x
f

x, n) dx' does not converge to f (x), as n a> .

J a
/> fO

One at least of the two integrals I
|

F (t, n) \
dt, \ \F (t, n) \

dt is
Jo J *M
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unbounded
; let us assume that the first of these is unbounded. It has been

shewn in 289, that a continuous function x (t)> such that x (0)
= X (P) >

t*
exists, such that Y (t) F (t, n) dt does not converge to zero, as n ~ QO .

Jo

Let / (x
f

) 0, in the interval (a, x) and in the interval (x + /x, 6);

and let / (x')
== x (#' #)> in the interval (a;, x + /x).

We have then
f& rx-f-ft />
I f //V'\ JF //>' />. /yj \ ///v.' I ^ //V'\ IT f/V' 'V* <M \ ft**' I <\f //\ V (t t1\ /7/
I J \

t*/
)
^ \^ *^J "/

J
"*'

I J y^ )
*? Y^ ^j *^/ ^*/**'

I X \ / V ' /
J Ja; Jo

It follows that I f (x
f

)
F (x

f

x, n) dx' does not converge to zero, which
j d

is the value of the continuous function / (x
f

) at the point x.

The following theorem will now be established :

/// \F (t, n) |

dt increases indefinitely as n ~ QO
, it is possible to define

J
/it

rb

a continuous function f (x') such tfvat f (x') F (x
r

x, n) dx' converges
J a

to f (x), as n ~ oo
, at a prescribed point x, but does not converge uniformly in

any neighbourftood of x.

It has been shewn in 289, that it is possible to define a continuous

function
<f> (x'), of which the numerical maximum is M, such that, for

rb
a given point x

9 <f> (x
f

)
F (x

f

x, n) dx' has a value which exceeds
J a

rb

Ml
|

F (x' x, n) |

dx' e, where e is arbitrarily assigned. Moreover this
J a

function
<j> (x) can be so chosen as to be of bounded variation ;

because

it is clear that a function which is constant in each interval of a finite set,

and is elsewhere zero, can be taken to be the limit of a sequence of con-

tinuous functions of bounded variation.

Also, if
iff (x

f

)
be a function which has the value in the interval

(x h, x + h), and is numerically not greater than M, we have

^ MR (70,b (x
f

)
F (x'

- x, n) dx'

where R (h) is the maximum value of

|

F (x'
-

x,n)\ dx' + \F (x'
-

a?, n) \
dx'

a J x+h

which is finite, on account of the condition (1) of Theorem II. Consider

a sequence of intervals no two of which overlap or abut on one another,

and such that their end-points have the point x for limiting point. Let

their lengths be 4A1? 4A2 , ... 4:hp ,
...

;
and let xl9 x2 ,

... x^ ... be their

middle points. Let kp be the distance from x of the nearer end of the

interval of which the length is 4hv .
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A function fp (#'), continuous and of bounded variation, can be so

determined, that it is numerically < lp < 1, and such that, for n = np ,

rb

fv (x')F(x'~xp ,nP)dx' 2R(hp)i

the number np may be so chosen as to exceed any prescribed integer.

Let
<f>P (#')

= fp (x') 9
in the interval (xp

- hp ,
xp + hp ), and let

</> p (x')
-

outside the interval (x9
- 2hP , xp + 2hp ). This function fa (x') may be so

determined as to be continuous and of bounded variation, and such as

to satisfy the conditions
| <f>9 (x') \<19 <1, \<f>p (x

f

) -f, (x') |

< 1, in the

whole interval (x9
- 2hP9 xp + 2hp ).

We have then

^R(hp ),

and therefore

'' a

Now let f(x') - fa (x') in each interval (x9
- 2hP9 xp + 2hP)\ and outside

all these intervals let / (#')
= 0. Then

u;
f(x')F(x' -x, 9

f
&

it follows that I f (x') F (x
r

-x,np)dx' cannot converge uniformly to
J a

f (x) in any neighbourhood of x\ since the numbers n9 , xp can be so chosen
that the integral increase indefinitely with p. That / (x') may be so defined

rb

that I / (x
r

)
F (x' x } n) dx' converges at the point x, to the value zero,'

a

may be seen as follows.

The integral is equivalent to fa (x') F (x
f -

x, n) dx'\ and

the terms of this series are numericafly fess than those of the series
00

2 1PR (kp ). If we take lp equal to the smaller of the two numbers

2 > ^2p u. \>
*h*s series is convergent. The series which represents

'P P ^ \
Kv)

rb

I / (x') F (x' x, n) dx' therefore converges uniformly with respect to n 9
J a

and since each term converges to zero, as n ~ oo
, it follows that

b

f(x')F(x' -x,n)dx'

converges to zero, the value of/ (x
f

)
at the point x. It is clear that the point

# is a point of continuity of the function / (#') ; it is an isolated point of

non-uniform convergence of the integral.
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The above constructions of a series which is non-convergent at a single

point, and of a series which although convergent, converges non-uniformly
in every neighbourhood of a particular point, are due to Lebesgue (loc. cit.).

APPLICATIONS OF THE THEORY

300. As a first application of the preceding theory, let

_, , , x {1
-

(x
9 - xYYF (*', x, n) -

l

q-i
-^

,

21(1- t*)
n dt

Jo

when ^ x' 1, and the set G consists of the points of the interval (0, 1).

To show that the conditions of Theorem II are satisfied, we see that

if
|

x' - x
\ p,

r(i-t*)
n dt .

F(x'xn)< (
l ~^)n

^ V__ 1.^ (x,x, n)- ~j
<~ < ,

2 (I -t*}
n dt 2a\ (1 -~t*)

n dt
p

Jo Jo

thus the condition (1) is satisfied; we can take K^ -^ ~

AH
Also

[Pi
""

.Q _~Wi ,i2\n

I P(X', x, .)M ii,- < Jg' ' )(1 "> <
-'

r 1 /Vn i / i\ n

since I (1 t
2
)

n dt > I (1 t
z
)
n dt > -, I 1

) ;

Jo Jo Vn \ n/

it has here been assumed that x is not interior to the interval fa p, ^ + ft).

We have lim
'

/* ~ - lini -

V~n)
- T

Again, we have

where 1 + A == Hence the condition (2) of Theorem II is satisfied.

rit f (l~t*)
n dt

I F(t 9 n)dt = ^- <| ;

Jo
2 ^ _pyis*
Jo

( (1 ~-t*)
n dt

and writing the integral in the form
^ x ,

we see that the

21 (I~t
2
)
n dt

Jo
limit of the integral is \.
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It now follows from the theorems in 292-294, that

[
[1
-

(x'
-

x)*]
n dx'

lim i5
-r
----. = \{f (x + 0) + / (x

-
0)},

n~
2 (1 -t*)

n dt
JQ

at any point x interior to (0, 1), at which/ (x) is ordinarily discontinuous.

It follows also that, in any interval in which / (x) is continuous, the con-

tinuity at the end-points being on both sides, the convergence to / (x) is

uniform. The function / (x) is in general subject only to the condition

that it is summable in (0, 1).

The asymptotic value of I (1 t*)
n dt is ^J\ hence the limit

limJ f

l

[l
-

(x'
-

a;)
8
]" dx'

ra~o> v TT J

has the same values as the above limit.

This singular integral was studied by Landau*, in the case in which

/ (x) is a continuous function, who applied it to obtain a proof of Weier-

strass
9

theorem
( 159) that a function that is continuous in a given interval

can be uniformly approximated to by a sequence of finite polynomials.

f
1

Since I [I (x
f

x)
2
]
n fix' is a polynomial of degree 2n in x, if f (x) is

Jo

continuous in the interval (0, 1), then in any interval (a, />), interior to

(0, 1), the sequence of polynomials obtained by giving n the values

In f
1

1, 2, 3, ... in the expression \/ -
I f (x')[l (x

r

x)*]
n dx' converges uni-V 7TJ

formly in (a, b) to the value of the continuous function/ (x).

The theorem of 295 may be applied to the function

We have [tF (t, n)] = (1
- *)-i (1

-
(2n + 1) <

2
},

and thus tF (t, n) increases steadily from t to t -

,
____-- and thenJ

V2n + 1

steadily diminishes. The total variation of tF (t, n) in the interval (0, p)
is therefore

* Rend, dicirc. mat. di Pakrmo, voL xxv (1908), p. 337. The above theory for any summable
function was given by Hobson, Proc. Land. Math. Soc. (2), vol. vi (1908), p. 364.
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and this is less than A / -
,
whatever value n may have. Thus the conditions

of the theorem of 295, being satisfied, it follows that

converges to / (x) at every point at which

f
J

has a differential coefficient at t = 0, of the value zero, and this condition

is satisfied at almost all points of the interval (0, 1).

It has thus been shewn that :

If f (x) be summable in the interval (0, 1), the limit, as n ~oo, of the

/%\i rl

sequence of polynomials f
)

/(#') [1 (
x ' ~ x

)
2
]
n dx' is f (x), at any

interior point of the interval at which

JO

and which is the case almost everywhere. The convergence to f (x) is uniform
in any interval of continuity of the function, the continuity on both sides at

the ends of the interval being presupposed.

301 . The limit lim -
l
-

I f(x')e~
n*

<*'
- *>

2

dx'
ti^oo V TT J oo

was considered by Weierstrass, and was employed by him to prove his

fundamental theorem relating to continuous functions. It will here be

assumed that / (x) is summable in every finite interval, and that, outside

a certain finite interval ( A, A), it is bounded.

Taking F (t, n) - -^- e~^\ we have, if f>
/*, F

(t, n) ^~ e~*'*\
VTT

'

VTT
n 1

and since -7- e~ nV has the single maximum --
-_-__ e~*, we have

VTT /* A/277

Also, when x is not in the interval (a! /z, /?' /*), we have

I* ^L e -n*(x' ~x)* fa' <
U

\p _ a ') e -nV,
J*' VTT VTT

and this converges to zero, as n ~ oo
, uniformly for all values of x in any

finite interval (a, j8).
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We have

~- (^ f (x') e-'<*'-*>* dx' - 4~ I r + f

~A

\ f (*') e-*
1^-*)1

<to'

V TT^-OO VTT U.4 J -oo)

/ rx-n rA ) rrc+M .

+ ->-1 + /COe-n'
(*'-*}'^' + 4- /OO*-^*'-* <**';

VTT[J-A Jx+ni VirJx-n

-and the first part of the expression is less than a fixed multiple of

f /<*> r-nU+a;))
+ \e-*dt.

(J n(A-x) J -oo j

For all points a; in a fixed interval interior to ( A, A), this converges

uniformly to zero, as n ~ QO .

The second part of the above expression converges uniformly to zero,

since the conditions of Theorem I are satisfied. Further, we have

fx+n <n 1 /> 1 rn/x

e -n*(x'-x? fa> _
^

ne -n*t* dt=
,

e-t" dt',
Jx VTT VTrJo VnJo

rx ft

and the limit, as n ~ QO
, is J. Similarly the limit of I -7-

g-n^a'-as)
1

^/^j'

J x-n VTT
is J.

We have now established the following theorem :

/// (#') is summable in every finite interval, and is bounded outside some
n r

fixed finite interval, then -
I / (x

r

)
e~n

*
(x'- x)* dx' converges to

VTT J -oo

at any point at which f (x) has an ordinary discontinuity, or is continuous.

Moreover, in any interval in which f (x) is continuous, the continuity being,

,at the ends of the interval, on both sides, the convergence is uniform.

Since -, [te-
n
***]

= e~nH
*

(1
- 2nH2

), we see that te~ nH
*

increases steadily
at

up to a maximum at t ^ ^
,
and then steadily decreases. The total

V2n
M

variation of ^ te~nH
*

in the interval (0, /x) is accordingly
VTT

/2
which is less than x/ e~*. Hence, in Uccordance with the theorem ofV 77

295, we have the theorem that:

n f
00

/ (x') e-('-*) dx' converges to f (x} at any point at which
VTT J -oo
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has a differential coefficient at t = 0, which has the value zero: and this is the

case at almost every point of any finite interval.

If / (x
f

) have an jELL-integral in
( A, J3), and is bounded outside that

interval, since the total variation of te-n**' in an interval (p, a) is

n (e~M
an8 _

e-V*'), for all sufficiently large values of n, and this is less than

e~*
9 which is independent of n, it is seen that the condition of the

f
00

/ (x') e-*l'<*'-*)
2

dx' converges to {/ (x -I- 0) +f(x H- 0)} at any
TT J ~M

theorem of 286 is satisfied; therefore:

n

VTT

ordinary point of discontinuity, where f (x') lias an HL-integral in
( A, B)

and is bounded outside that interval. The convergence to f (x) takes place at

all those points of the intervals complementary to the set of points of non-

[*

summability of f (x) at which {/ (x + t) + f (x t) 2f (x)} dt lias, for

t = 0, the differential coefficient zero.

The condition in the above theorems, that / (x') should be bounded,
outside some finite interval, may be replaced by a less stringent condition.

It can in fact be shewn that it is sufficient that for
|

x
\

> A, the condition

| / (x) |

< e*x
*

should be satisfied, where A, q are fixed positive numbers.

We have only to consider the part

VTT

f--

J -o

of
"/-

^ f(x')e-
n'(x'- xrdx'. This is less than a fixed multiple of

r e^'^+pJnU-x) J -
dt.

)n(A~x)

For n > Vg, this has a definite meaning, and it converges to zero, uniformly

for all points x in an interval interior to ( A, A), as n o> .

Other examples of singular integrals, the convergence of which may be

investigated in accordance with the methods here given, are

n , , ,dx >

I

v
n , ,. . x . x n

j ,dx -

The first of these has been investigated by de la Valise Poussin*. Other

applications of the theory given in the present chapter will be given in

later chapters, in connection with the theory of Fourier's series and

integrals.
* Bull de racad. roy. de Belgique (1908), p. 193.
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THE CONVERGENCE OF THE INTEGRALS OF PRODUCTS OF FUNCTIONS

302. The theorems given in 201-213, relating to the conditions that

a sequence {sn (x)} should be integrable, have been extended, especially by
rx

W. H. Young*, to obtain conditions that an integral I / (x) sn (x) dx
J a

rx

should converge to I f(x)s (x) dx, in a finite or infinite interval or cell (a, b).
J a

The function/ (x) is in general taken to be summable in (a, b), but in some
cases it may be less restricted. Theorems of this kind will here be deduced

from the general convergence Theorem I, of 279, and its modifications

and extensions.

Theorem I, and its modifications, may be applied to determine sufficient

conditions that, if {sn (#', x)} is a sequence of functions all summable in the

interval or cell (a, 6) of #', for all values of x in a given set of points G, in a

domain of any number of dimensions, and if s (x', x) be another such func-
rb rb

tion, then / f(x') sn (#', x) dx' converges, as n ~ QO
, to I / (x') s (x', x) dx' ,

J a J a

uniformly for all values of x in G, for all functions/ (x') which are summable
in (a, 6), or which belong to one or other of the more restricted classes of

functions that have been considered in the modifications of Theorem I.

Let O (x
f

, n,x)~s (x', x) sn (x', x)\ we have then, from Theorem J,

the following result :

It is sufficient in order tJiat } for every summable function f (x')>

l

b

f(x')sn (x',x)dx'
J a

rb

should converge to I f (x') s (#', x) dx
f

} uniformly for all values of x in G,
J a

(1), that, for each j}air of values of x and n,
\

s (x' 9 x) sn (x', x) \
should, for

almost all values of x', not exceed a number K independent of the particular

values of x and n; and (2), that, for each pair of values of a, /?, such that

r/3

a ^ a ^ j8
^ 6, I {s (x' 9 x) sn (x'', x)} dx' sJiall converge to zero, as n ~ <x>

,

J a

uniformly for all values of x in G.

It is sufficient for bounded convergence for all values of x in G, if

condition (1) is satisfied and condition (2) is replaced by (2'), that the inte-

gral converges to zero for each value of x. This theorem holds good when
x' is a point in a cell of any number of dimensions,. integration over the

cell replacing integration over the linear interval (a, 6) ; (a, ]8) will be

replaced by a cell contained in the cell (a, b).

* Proc. Lond. Math. Soc. (2), vol. ix (1911), p. 463.
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In case O consists of a single point, we have as sufficient conditions that

lim
fV (x

f

)
sn (x') dx' = f *f (x') s (x

1

) dx',
n^oo J a J a

the conditions (1), that
|

s (x') sn (x') \

< K, for all values of n and x',
r/3 rft

and (2), that lim / sn (x') dx' = I s (x') dx', for each interval (or cell)
tl^oo J a 'ft

contained in the interval (or cell) (a, b). These conditions are both satisfied,

in particular, if sn (x') converges boundedly to s (x').

In case sn (x', x) converges uniformly to s (x', x), in G, the condition (1)

of the above theorem being assumed to hold, it has been shewn in 203

that the condition (2) must be satisfied.

We thus obtain the following theorem :

//, in the interval or cell (a, b), the sequence {sn (x', x)} converges to s (x', x),

uniformly for all values of x in a given set G, of one or more dimensions,
and if the condition is satisfied that

\

s (x',x) sn (x
r

, x) I < K, a number
rb

independent of x and n, for almost all values of x', then f (x') sn (x', x) dx'
J a

rb

converges uniformly in G to \ f (x') s (x', x) dx', where f(x') is any function
.' a

summable in (a,b).
rb rb

In particular lim f (x') sn (x') dx' / (x') s (x') dx', where f (x') is
n~<x> J a J a

any function summable in (a, b), provided {sn (x')} converges almost every-

where to s (x'), and
\

s (x') sn (x'} \

is less than a fixed number K, in-

dependent of n and x'.

/Phis theorem also follows directly from the theorem in 203, since

| / (x) {s (x', x) sn (x', x)} |

is less than the summable function K \f (x)\.

These theorems hold good when the interval or cell (a, b) is infinite,

provided | / (x) \

is summable in (a, b).

303. Considering the case in which {f (x')}
q is summable in (a, b) for

some value of q > 1, and {s (x',x)}^'
i

, {sn (x',x)}<*-
1 are summable in (a, b)

for each value of x, we obtain from 282 the following result :

rb

It is sufficient, in order that I f (x') sn (x', x) dx' should converge to
J a

fb
I f (

x') s
(
x'> x ) dx', uniformly, or boundedly, for all values of x in O, for all

J a

functions f (x') such that
\ f (x') \

q
, for some value of q (> 1), is summable in

(a, b), that

(la) I
|

s (x' , x) sn (x' , x) |

-~i dx' should not exceed afixed number KV-* ,

J a

independent of n and x', and also that the condition (2) or (2*) be satisfied as
fb rb

regards the convergence of \
sn (x', x) dx' to I s (x', x) dx'.

J a J a

HII 30
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The interval (a, b) may in this case also be replaced by a cell of any
number of dimensions :

If we employ the results obtained in 212, we obtain the following

theorem :

// sn (x) converges almost everywhere in (a, b) to s (x), and the condition
rb

is satisfied that
\

sn (x) \

v dx < K, where K is independent of n, for some

rb (b
value of p > 1, then f (x) sn (x) dx converges to f (x) s (x) dx, where f (x)

J a J a

is any function such that
\ f (x) \P-* is summable in (a, b).

304. We find also the following results, by employing the theorems

in 283-285:
rb

It is sufficient, in order that f(x') sn (x
r

, x) dx' should converge to

J a
b

f (x') s (x
r

, x) dx'
, uniformly, or boundedly, for all values of x in O, for all

bounded and summable functions f (x'), tliat

rb

(16) /
I

s (x
r

, x) sn (x', x) I

dx f

does not exceed a fixed number K,
J a

independent of n and x, and that, for every measurable set e contained in

(a, b) I {s (x', x} sn (x
f

, x)} dx' should converge to zero, as n ~ QO
, uni-

J (e)

formly, or boundedly, for all values of x in 0.

rb

It is sufficient, in order that f (x') sn (x', x) dx' should converge to
J a

I f (x') s (x
f

, x) dx', uniformly, or boundedly , for all values of x in G,for every

function f (x
r

)
which has only ordinary discontinuities, that

rb

(1 c) I
|

s (x', x) sn (x', x)
I

dx should not exceed a number K, inde-
J a

pendent of n and x, and further that the condition (2) or (2*), of 279, be

satisfied, as the case may be.

It is here assumed that (a, b) is essentially a linear interval.

rb

It is sufficient, in order that f (x
f

)
sn (x' ,x) dx 1

should converge to
J a

\ f (#') s
(
x/ > x) dx', uniformly, or boundedly, for all values of x in G, for all

functions f (x') of bounded variation in the linear interval (a, b), that

(id) does not exceed a fixed number M,

independent of a, j8, n, and x, when a ^ a j8
^ b

;
and further tliat the

condition (2) or (2*) be satisfied.

It will be observed that, in case sn (x', x) converges to s (x', x) uniformly

for all the values of x' and x, both conditions of the theorem are satisfied.
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305. Taking the function O (x', x, n) of Theorem I, let it now be as-

sumed that the set G consists of the points of the interval (a, b), for which
rb

I O (x
1

', x, n)f(x') dx' is considered. Let O (x*', x, n) be defined by
J a

(x
r

, x, n) = s (x
r

)
sw (a;'), for x' ^ x, and O (#', a;, TI) 0, for #' > x\

and let the Theorem I be applied to this function; there may be a set of

points x', of measure zero at which the definition of O (x
f

, x, n) does not

apply.

The function O (x
1

', #, n) is taken to satisfy the conditions

|

s (x')
- sn (x

f

)
I

< K,
for all values of n, and all (or almost all) values of x' in (a, 6) ;

and further
rx

that I {.s (#') sn (x')} dx' converges to zero as n ~ QO
, uniformly (or

J a

more generally boundedly) for all values of x in (a, b).

We obtain thus the following theorem :

Iff (
x

)
be summable in (a, b), and

\

s (x) sn (x) \

is bounded for all the

values of n and x (a set of points of measure zero being 'possibly excepted),
rx rx

and if I sn (x
f

)
dx' converges uniformly, or boundedly, in (a, b) to s (x

f

) dx'',

J a J a

fx
then I f (x') sn (x

f

)
dx converges uniformly, or boundedly, as the case may be,

J a
rx

in (a, b), to I / (x') s (x
f

) dx
f

. If the interval is (a, QO
) the theorem holds provided

J a
rx

f (x) is absolutely summable in (a, QO
), the convergence of f (x) sn (x) dx

.' a

\
x

to
f / (x) s (x) dx being then uniform, or bounded, in any finite interval.
J a

In case sn (x) converges to s (x) almost everywhere, and so that, at the

points of convergence, either (1), |

s (x) sn (x) \

< K, at all the points of

convergence, or (2), |

sn (x) \

is bounded, it is known (see 204) that
rx fx
1 sn (

x
)
dx converges uniformly in any finite interval to I s (x) dx. We

J a J a

thus obtain the following theorem :

// sn (x) converges boundedly to s (x) (with the possible exception of points

of a set of measure zero which may be disregarded), and f (x) be absolutely
(
x

summable in a finite or infinite interval, then I / (x) sn (x) dx converges
J a

rx

uniformly to I f (x) s (x) dx in any finite interval. The same result holds if
J a

sn (x) converges to s (x) so that
\

s (x) sn (x) \

is bounded for all values of n,

and almost all values of x; provided f (x) s (x) is absolutely summable. If,

in either case, s (x) sn (x) S 0, for all values of n and x, it is sufficient that

f (x) should be summable in every finite interval, and bounded outside some

finite interval (a, A).

30-2
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306. By applying the modification of Theorem I, given in 284, we
obtain the following 'theorem:

/// (x) have only ordinary discontinuities, and be absolutely summable in
rb

the finite or infinite interval (a, b), and if I
\

s (x) sn (x) \

dx is bounded
J a

rx rx

as n varies, and I sn (x) dx converges to I s (x) dx uniformly in (a, b), or
J a J a

rx

in case b = oo
,
in each finite interval (a, A), then I / (x) sn (x) dx converges

J a
rx

uniformly to I f (x) s (x) dx, in (a, b), or when b = <x>
, in a finite interval

J a

(a, A); it being assumed tJiatf (x) s (x) is summable in (a, b).

rb rb rb

Since I
|

s (x) sn (x) \

dx ^
|

s (x)
\

dx + I
|

sn (x) \

dx it follows that,
J a J a J a

rb

if
|

sn (x) |

dx is bounded in (a, 6), and |

s (x)
\

is summable, then
J a

rb

I \S(X) -Sn (X) |

dx
J a

is bounded. We have therefore the following theorem:

Iff (
x

) have only ordinary discontinuities in (a, b), and if s (x),f (x) s (x),

f (x) sn (x) be absolutely summable in the finite or infinite interval, then if
rb rx

|

sn (x) I

dx is bounded and I sn (x) dx converges either uniformly, or not, to
J a J a
rx rx
\ s (x) dx, in each finite interval (a, A), f (x) sn (x) dx converges uniformly,
J a J a

rx

or boundedly, as the case may be, to I f(x)s (x) dx in any finite interval (a, A)
J a

contained in (a,b).

A very similar theorem has been given by W. H. Young (loc. cit.) in

which / (x) is taken to be bounded as well as to have only ordinary dis-

continuities.

307. Next, let the Theorem I (a) of 282 be employed, in the case in

which the set G consists of the points of the finite, or infinite, interval

(a, b). Let O (x
f

, x, n) have the value s (x
f

)
sn (x'), when x' x, and let

it have the value 0, when x' > x. It then follows that, \f(x) \

a
, for some

rx
value of q > 1, being summable, / f (x') sn (x') dx' converges uniformly

J a
rx

in any finite interval (a, A) to I / (x') s (x
f

) dx', provided the condi-
J a

rb <*_

tions are satisfied that / \s (x') sn (x')\
q ~ l dx' exists and is less than

J a
rx

a fixed number independent of n, and further provided that sn (x') dx'
J a
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rx

converges uniformly to s (x
f

) dx
1

in (a, b), or in case b is infinite, in each
Ja

finite interval (a, A).

It has been shewn in 212 that this last condition is satisfied if either

-_ rb _JL

(1), |

s (x)\Q~
l is summable in (a, b) and

|

s (x
r

)
sn (x')^"

1 dx exists, and
Ja

is bounded; where sn (x
f

) converges almost everywhere to s (#'); or (2), if

I,
{sn (x')}

q ~~ l dx exists and is bounded as n varies, sn (x
f

) converging almost

everywhere to s (x'). On changing x' into x, we obtain the following
theorem :

If sn (#) converges almost everywhere in Hie interval (a, b), where b may
be 00

, to s (x), then, if f (x) be any function such that
\ f (x)

\

q
,
where q > I,

rx rx

is summable in (a,b), I / (x) sn (x) dx converges to f (x) s (x) dx, uniformly
J a J a

Q

in (a, b), or if b is infinite, in any interval (a, A), provided either (1), {s (x)}Q~
l

rb _?_

is summable in (a, b), and {s (x) sn (x)}
q ~ l dx exists, and is bounded

J a
rb _J?_

as n varies, or (2), if {sn (x)}v~
l dx exists, and is bounded.

J a

The theorem holds also when it is not assumed that sn (x) converges to s (x),
Q. Q /?> '/

provided \ f (x) \

q
, \s (x) \

q " 1
,

\

sn (x) \

q ~ l are summable, I
\

s (x) sn (x) \

~* dx is
J a

rx . rx

bounded as n varies, and that I sn (x) dx converges to I s (x) dx, uniformly
Ja

^
la

in (a, b), or in case b = <x>
,
in each finite interval (a, A).

The first part of this theorem was given in different forms by Lebesgue*
and W. H. Youngf, for the case q = 2.

308. In the theorem of 285, let O (x
f

, x, n) denote s (x')
~ sn (x'), or

zero, according as x ^ x', or x > x', when the set G, the field of x, consists

of the interval (a, b). The function / (x') being of bounded variation in

I [
x

(a, b), the conditions to be satisfied are that {s (x
r

)
sn (x')} dx' is

I
J a

bounded for all values of x in (a, b), and for all values of n, and that for

each value of x it converges to zero uniformly, or boundedly. These
rx

conditions will be satisfied if I sn (x') dx' converges boundedly, or uni-
J a

rx

formly, to I s (x
f

)
dx'. We have thus the following theorem:

J a
rx r&

If I sn (x) dx converges uniformly, or boundedly, to s (x) dx in the
la J a

* Annales de Toulouse (3), vol. I (1909), p. 50.

t Proc. Lond. Math. Soc. (2), vol. ix (1911), p. 469.
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interval (a, 6), and / (x) be any function of bounded variation in (a, 6), then

rx [x
I

sn(x)f(x)dx converges uniformly, or boundedly, to
\ s(x)f(x)dx, in

} a J a

the interval (a, 6).

In the case of an infinite interval (a, QO
), it must be assumed that the

total variation of / (x) in (a, A) has a finite upper limit, as A is increased

indefinitely.

We have

-f(A) {s (x)
- sn (x)} dx M.

^3.

for allwhere M denotes the upper boundary of {s (x) sn (x)} dx

intervals (a, j8) in (A, A'). By choosing A large enough VA f(x)<,
for all vlaues of A' ; and if/ (x) converges to zero, as x ~ oo

,
A may be chosen

I f
A '

so small that \f(A)\<e. In this case I {s (x) sn (x)} f (x) dx is less
I J A

I [
x

than a fixed multiple of e; it being assumed that {s (x
f

)
sn (x')} dx'

I Ja

is bounded with respect to (n, x) in the whole interval (a, oo
). Since is

arbitrary, the theorem holds for the case of the infinite interval.

If instead of the condition that / (x) converges to zero, as x ~ oo
,

it

be assumed that I s (x) dx exists, and that the convergence of sn (x) dx
J a Ja

rx

to s (x) dx is uniform in (a, oo), the result will also follow. Thus:
J a

The above theorem holds for an infinite interval (a, oo
) provided either

rx

(1), f (x) converges to zero as x ~ oo
, or (2), I sn (x)dx converges uniformly

J a
rx rx

to s(x)dX) in (a, oo). The convergence of I sn (x)f(x) dx, in (a, oo
), to

J a J a

f
x

I s (x) f (x) dx is bounded, and is uniform in each finite interval, in case
J a
rx rx

I sn (x) dx converges uniformly in each finite interval to \ s (x) dx.
J a J a

309. Let a denote a parameter which is confined to have values in

some set G, of points in one or more dimensions. Let sn (x, a) be positive
and steadily diminishing, as x increases in (a, oo), for each value of a and
each value of n, and let

|

sn (a, a)
\

be less than a fixed number A, inde-

pendent of n and a. Let Aw be a divergent sequence of positive numbers,
and let f (x) be summable in the infinite interval (a, oo). Further, let it

be assumed that, in any fixed finite interval, sn (x, a) converges to s (x. a)

for each value of x in the interval, uniformly with respect to a.
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Taking the theorem in 279, let O (x, a, n) have the value

$n (%> a) 8 (x, a),

when a ^ x Xn , and let it have the value zero when Xn < x.

In accordance with the hypotheses |

O (x, a, n) \

is bounded with

respect to (x, a, n), and thus the condition (1) of the general theorem in

r&i

279 is satisfied. Again {sn (x, a) s (x, a)} dx, for each pair of values
Ji

of al and &! in (a, oo), converges to zero, as n ~ oo, uniformly for all the

values of a; since
|

sn (x, a) \

<
\

sn (a, a) |

< K (see 203), thus the con-

dition (2) is satisfied in any finite interval.

The total variation of O (x, a, n) in the interval (a, oo
)
is

sn (a, a)
- s (a, a),

which is less than a fixed number independent of n and a. It thus appears
that all the conditions of the last theorem in 281 are satisfied.

The following theorem has been established :

// (1), sn (x, a) is positive for all values of n, x, a, and steadily decreases

as x increases in the interval (a, oo), for each value of n, and each value of

the parameter a in some set of points of one or more dimensions, and (2), if

f (x) dx is convergent, and (3), sn (x, a) converges to s (x,a) for each value

of x, uniformly for all the values of the parameter, and if {Xn} be a divergent
f*n

sequence of positive numbers, then f (x) sn (x, a) dx converges to
J a

i

!'JO
/ (x) s (x, a) dx,

/o

as n ~ ao, uniformly with respect to a.

In case there is 110 parameter, which is equivalent to taking the set

of points to which a belongs to be a single point, we have* the following

theorem :

If sn (
x

)
is positive in (a, oo), for all values of n, and decreases steadily

f
as x increases, for each fixed value of n, and if f (x) dx exists, then

Jo
/A* r*>

lim / (x) sn (x) dx =-- / (x) s (x) dx,
n~oo J a JO

where sn (x) converges to s (x) for each value of x, and sn (a) is less than a

fixed number independent of n, and {Xn} is a divergent sequence.

* See Bromwich's Theory of Infinite Series, p. 443. In Bromwich's statement it is postulated

that the convergence of sn (x) to 8 (x) is uniform in any fixed interval. This assumption is un-

necessarily restricted, since \sn (x)} is monotone for each value of x.
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EXAMPLES

/c
x*(\ + x)-

2
log x dx, where p + 1 > 0. If < c < ], the series

1 - 2x + 3x* - ...

converges uniformly to (1 + x)~*, also a^loga; is bounded in the interval (0, c). Thus

/c
#p (l + a;)~

2
log x dx may be obtained by substituting the expansion and integrating

)

term by term.
ri ri-c

Next consider
/

x* (I + x)~
2
log x dx = I (1

-
a:')

1'
(2 -

*')~
2
log (I

-
x') dx'.

J c Jo

(2) Consider P d + a)"
1"*** (log *0*k-

J o

310. In the theorem of 286, let O (x' 9 x, n) = s (x
r

)
- sn (x'}, for

x' ^ x, and O (#', a;, w) = 0, for x 1 > x, where the set Cr, the field of x, is

taken to be the interval (a, b). In accordance with the condition (2) or

ft*
rx

(2*), I sn (x') dx' converges uniformly, or boundedly, to I s (x
1

) dx'\ also
J a J a

in accordance with condition (1), |

s (x
f

)
sn (x') \

is bounded for all values

of n and x' (in the interval (a, b)). If it be assumed that sn (x
r

) converges

everywhere to s (x
r

), and that Va sn (x
f

)
is finite, and bounded for all values

of n, then it can easily be shewn that Va s (x') is finite, and consequently

Va {s (x') sn (x')} is bounded for all values of n. We have accordingly^
the following theorem :

// in a finite interval (a, 6), a sequence {sn (x)} converges to s (x), and

rx

\

s (x) sn (x) |

is bounded for all n and x, and consequently \
sn (x) dx con-

J a

verges uniformly to I s (x) dx, and if Va sn (x) is finite, and bounded for all
J a

values of n, then iff (x) be any function which has an HL-integral in (a, 6),

fx rx

I f (
x

)
$n (x) dx converges uniformly to \ f (x) s (x) dx.

J a J a

In particular, if the functions sn (x) are all monotone (increasing or

diminishing) in the interval (a, 6), sn (a), sn (b) are bounded,
|

sn (x) \

is

rx

then bounded for all values of n and x, and it then follows that I sn (x) dx
J a

(
x

converges uniformly to I s (x) dx.
J a

We therefore have the following theorem :

// in any finite interval (a, 6), sn (x) is monotone in the interval (a, 6)

(increasing or diminishing) for all values ofn 9 and sn (a), sn (b) are numerically
less titan fixed numbers independent of n, and sn (x) converges everywhere to

s (x), then
9 if f (x) be any function which has an HL-integral in (a, 6),
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rx rx

f (
x

)
sn (

x
) dx converges uniformly to f(x)s (x) dx. The theorem also

J a J a

holdsfor an infinite interval (a, oo
), it being assumed that lim sn (x) is bounded

for all values of n.

The extension to the case of an infinite interval is made by an applica-

tion of the mean value theorem.

If we apply the theorem of 287, to the case in which G consists of the

points of the interval (a, 6), and O (x
r

, x, n) = s (x') sn (#'), for x' x>

and O (#', x, n) = when x' > x, we obtain the following theorem:

Letf(x') have a D-integral in the finite interval (a, 6), and let it be assumed

that sn (x
f

) converges to s (x') everywhere in (a, 6), and that

d

dx'

exists and is less than some number K, independent ofn, and that sn (#'), s (x')

are, for each value of n, of bounded variation in (a, b), then f (x
f

)
sn (x

f

)
dx'

J a
rx

converges, uniformly in (a, b), to
\ f (x') s (x') dx/.
J a

31 1 . Instead of Theorem 1, of 279, the following theorem is sometimes

useful for application :

// <I> (#', x, n),f (x
f

)
are such that f (x

f

)
O (x

f

, x, n) is summable for each

value of n, andfor each value ofx, in G, and if, (
I
), /(#') <& (#'> %, n )

dx' < e,

when e is arbitrarily chosen, provided m (E) < 7?t ,
n > N ,

where
ije

con-

verges to zero with e, whatever value x may have, in G, and if, (2), I cD (x' , x, n) dx'
J a

converges to zero, as n ~ QO
, uniformlyfor all values ofx, in G, wfiatever values

a, j8 may have, such that a ^ a < j8 b, and if, (3), I <t> (x
f

, x, n) dx' < e,

rb

provided n > N ' and m (E) < rj

'

; then I f (x') O (x', x, n) dx' converges
J a

to zero, as n ~ QO
, uniformly for all values of x in G. Further the integral

may be taken over any measurable set H, in (a, b), instead of over the whole

interval.

Let N be a fixed positive number, and let f (x
1

) =/#(#') +<f>N(%'),

where fN (x
f

)
= / (x') 9 <f>N (x

f

)
= 0, when

| / (*') |

^ N, and ^ (x')
- / (x')>

JN (%')
= 0, when

| / (x
f

) \

> N. A function $N (x
f

) having only a finite set

of values, all in the interval ( N, N), can be so defined that

and fa (^')
= 0, when/v (x') =0; where

v\
is an arbitrarily chosen positive

number.
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We have now

[b
rb

I f |/y | \W\ { 'r ** 'Mi ft^r I >/r-*-r I'V l Cli f'V* 'V* 'Ml /I'V*
I I I**' / ^*^ l*v , v, *vj LvvU I *rN v**' / ^*^ V*^7 5 wm iv I \JvJv

J Ct J d

+ I UN (x')
- fa (x')} (x', x, n) dx' + I f (x') (x', x, n) dx',

Ja J (Ex)

where EN is the set of points at which <j>x (x') 0. The number N may be

so chosen that the absolute value of the third integral on the right-hand side

is < , for n > n$, and for all values of x in G.

We have f fa (x
r

) (x', x, n) dx' - Sc f (x', x, n) dx',
Ja J (ec)

where the numbers c are the values, finite in number, of fa (x'), and ec is

the set of points at which fa (x
f

)
= c. Each set ec can be enclosed in a set

of intervals of which the total measure is < m (ec ) + rj c ',
and a finite set A c

of these intervals can be so chosen that the measure of the remainder of

them is arbitrarily small. The set ec consists of a set ec ,
contained in A c ,

/n\

and of a set ec in the remaining intervals; also m (A ec ) < T? C
'.

Thus
f (x

f

, x, n) dx' =
j |

-
[ ^ +

f ^
i (x

f

, x, n) dx'.

Since O (#', a;,

J (
A C)

'

converges to 0, as n ~ QO
, uniformly for all

a; in 6r, and since m (Ac ec ), m (ec )
are arbitrarily small, it follows that

(x',x,n)dx
f

, provided n is greater than some number n C9

where r denotes the number of values of fa (x').

Since this holds for each value of c, we have

r&

/r,y (x') (x', X, H) dx'

provided n is greater than n, the greatest of all the numbers nc . We have

further

I f{,/W (x')
-

fa(x')}dx' <
rj fl d> (*', a:, n) |

dx'.
\j a J a

It will be shewn that it follows from the conditions (2), (3), of the

fb
theorem that

|

<& (x', x, n) \

dx' is less than a fixed finite number A, for
a

all values of x and n.

Since
|
O (x', x, n) dx'

I-' 00)
,

for all sets E such that m (E) < 7?e ',

dx' <

and for n > N ', we have

I f O+ (#', #, n) rfo;' -If O+ (o:', a:,

I
J <) u (&\)

for n > JW, where O+
(x

f

, x, n) is the function which is equal to O (x', x 9 ri)>

when this latter function is S 0, and is otherwise zero; El denotes that



si i] Convergence of Integrals of Products of Functions 475

part of E in which O+ (#', x, n) dx' > 0; this set El depends on x but its

measure cannot exceed
r)

'.

Now divide the interval (a, b) into s parts, each of length < r/e' ; we see
r&

that 0+ (x', x, n) dx' < re, provided n > J\V, and for all values of x
J a

rb

in 0. Therefore I O+
(#', #, r&) dx' is, for all values of w and #, less than

J a
some fixed number, when, if necessary, a finite set of values of n is rejected.

The similar property can be shewn to hold for the corresponding function
rb

O~ (x', x, n). Therefore I
|

O (x
f

, x, n) \

dx' cannot exceed a fixed number
J a

A, and hence

I f

b

UN (x')
- $N (x')} O (*', x, n) dx'

IJa
< Ar).

Lastly, we have O (x', x, n) dx' < 6, < , for all sufficiently large
I
J (ee

(2)
)

rc

values of n, whatever value x has, in G. The same holds for (A ec ).

rb

It has now been shewn that / (x') O (x', x, n) dx' is in absolute value
J a

less than an arbitrarily chosen number, provided n exceeds some value

dependent on that number, whatever value x may have, in G.

Let O (x', x, n) = s (#', x) sn (x', x)\ we have then the following
theorem :

/// (x') s (x', x) and f (x') sn (x' 9 x) are summable in (a, 6), for all values
//s

of n, and for all values of the parameter x, in G, and if I sn (x', x) dx' con-
J a

r/s

verges to I s (x
f

, x) dx', for each pair of values of (a, j8) in (a, 6), uniformly
J a

for all points x in G, and if

lim
[

/ (x') K (x' 9 x)
- s (x', x)} dx' = 0,

lim I {sn (x', x) s (#', x)} dx' = 0,

uniformly for all x in G ; then

rb rb

lim I / (x') sn (x' 9 x) dx' = I f (x
f

)
s (x' 9 x) dx' 9

n,~<x> J a J a

and the interval (a, b) may be replaced by any measurable set of points in

The particular case of this theorem when G consists of a single point,

so that the parameter x may be omitted, was established otherwise by
W. H. Young. In that case the conditions are simplified, because

lim
I / (x') s (x') dx' and lim s(x

f

) dx' are both zero.

(#)~0 J (E) m (fi)~0, J (E)m(E)



CHAPTER VIII

TRIGONOMETRICAL SERIES

312. The theory of the representation of functions of a real variable by
means of series of cosines and sines of multiples of the variable is of the

highest importance, not only on account of the fact that such mode of

representation is at present an indispensable tool in the various branches

of Mathematical Physics, but also because this theory has exercised the

most far-reaching influence upon the development of modern Mathematical

Analysis. Historically, the questions which have arisen in connection with

this theory have influenced the development of the theory of functions of a

real variable to an extent which is comparable with the degree in which

the theory of functions in general has been affected by the theory of

power series. The theory of sets of points, which led later to the abstract

theory of aggregates, arose directly from questions connected with trigono-

metrical series. The precise formulation by Riemann of the conception of

the definite integral, and the gradual development of the modern notion of a

function as existent independently of any special mode of representation

by an analytical expression, are further examples of the results of the

study of the properties of these series upon Mathematical Analysis.

It is a significant fact that the theory of this mode of representation
of a function had its origin in the attempt to investigate the form of a

stretched string in a state of vibration. The problem of the expansion of

the reciprocal of the distance between two planets in a series of cosines of

multiples of the angle between their radii vectores led to an independent

development* of the theory of trigonometrical series. The discussions

which arose in connection with the first of these problems were, however,
of much greater importance in the history of the development of the theory
of functions ; they form the first stage in the development of what is known
as the theory of Fourier's series, in intimate connection with which the

modern theory of functions of real variables had its origin.

THE PROBLEM OF VIBRATING STRINGS

3 2
i/ 9 2

i/
313. The first general solution of the differential equation

-~ = a2 ~ 9 ,

ot ox*

which determines the form of a string vibrating transversely, was given by
d'Alembertf in the form y = f (x + at) + <f> (x at). He further shewed

* The importance of this fact has been emphasized by H. Burkhardt in his work "
Entwicke-

lungen nach oscillirenden Functionen," published as a Jahresbericht der deutschen MathematHcer-

Vereinigung, vol. x (1901), and later.

t Memoirs of the Berlin Academy, 1747, p. 214.
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that, if x = 0, x = Z, represent the fixed ends of the string, the form of the

string at any time t is representable by y = f(at + x) f(at x), where
the function / (z) is subject to the condition/ (z)

= f (21 + z). D'Alembert
was thus led to the search for analytical expressions which remain unaltered

when 21 is added to the argument. In a second memoir, d'Alembert ob-

served that the motion is determinate if the values of y and M- be assigned
vt

at some fixed time. Thus, in modern notation, if y =/, (x),
~ =/2 (x),

for t 0, then, for all values of x between and I,

/>) -/(-*)= /I (*),

it follows that/ (x) is determined for all values of x between I and Z, and

thence, by means of the condition/ (z)
= / (21 + z), for all values of x.

The treatment of the same problem which was shortly afterwards given

by Euler* was in form of a similar character to that of d'Alembert, but

the difference of meaning assigned by these writers to the word "
function

"

was of fundamental importance in the controversy which afterwards arose

between the two mathematicians in relation to this problem. D'Alembert

understood by a function y = / (x), a single analytical expression, whereas

Euler employed the same expression and notation to denote an arbitrarily

given graph. Both, however, held the view that two analytical expressions
which are equal for values of the variable in a given interval must also be

equal for values of the variable outside that interval. D'Alembert argued
that Euler's mode of determination of the function in the solution of the

problem presupposes that y can be expressed in terms of x and t by means
of a single analytical expression, and that thus an undue restriction is

imposed upon the modes of vibration of the string. For example, in the

case in which the initial figure of the string is polygonal, d'Alembert

regarded the solution of the problem as impossible. The general effect of

the controversy is to exhibit on the one hand the narrowness of the restric-

tion of the conception of a function as held by d'Alembert, to functions

possessing at every point differential coefficients of all orders, and on the

other hand the looseness of the conception of Euler that the ordinary
methods of the Calculus are applicable without restriction to quite arbitrary

functions.

314. The formal solution of the problem by means of trigonometrical

series was given by Daniel Bernoullif in a memoir in which he shewed that

the differential equation and also the boundary conditions of the problem

* Memoirs of the Berlin Academy, 1748, p. 69.

t Ibid. 1753.
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of the vibrating string, for the case in which there are no initial velocities,

are formally satisfied by assuming

. TTX nat . .

y = e^ sin
y-

cos
-j-

+ a2 sin
-y-

cos =--h a3 sm -,~ cos
j

---h

He asserted that this represents the most general solution of the problem,
and that the solutions of d'Alembert and Euler must therefore be contained

in it. In a later memoir, he considered the case of a massless string loaded

with n masses vibrating transversely, and indicated an indefinite increase in

the number n. A criticism of Bernoulli's theory was published immediately
afterwards by Euler, who pointed out that a consequence of Bernoulli's

formula was that every arbitrarily assigned function of a variable x could be

represented by a series of sines ax sin x + a2 sin 2x + a3 sin 3x + .... This

appeared to Euler to be a reductio ad absurdum, since such a series could

represent only a function which is odd and periodic; the notion that a

function could be capable of representation by a certain analytical expres-

sion only in a limited interval being contrary to established opinion at

that time. Bernoulli's solution was consequently regarded by Euler as

lacking in generality. A considerable controversy* took place on the

subject between Bernoulli and d'Alembert.

This problem, together with the related problem of the propagation of

plane waves in air, was next taken up by Lagrangef, who obtained Euler's

results by the method of starting with a finite number of masses fixed at

intervals on a massless string, and then proceeding to the limit when the

number of masses becomes indefinitely great. In the course of his analysis

Lagrange came near to the determination of the form of the coefficients

in the expansion of a function in a series of sines of multiples of the

argument. The defect of Lagrange's method lies in the lack of any in-

vestigation of the validity of the process of passing to the limit
; no restric-

tions upon the nature of the arbitrary functions were recognized by him as

necessary. The remarks made by Euler, d'Alembert, and Bernoulli in the

course of the discussion of Lagrange's work failed to elucidate the difficulties

connected with this point, and no generally accepted theoretical views

emerged from the lengthy controversies, the general course of which has

been indicated.

The difficulties felt by the mathematicians of this period in regard to

* For a detailed history of these controversies, see Burkhardt's Bericht, vol. I. The early history

of the theory of trigonometrical series is given by Riemann in his memoir,
"
Ueber die Darstell-

barkeit einer Function durch eine trigonometrische Reihe," Math. Werke, p. 227. For the general

history of the theory of these series see Sachs, "Versuch einer Geschichte der Darstellung will-

kiirlicher Functionen einer Variabeln durch trigonometrische Reihen," Schlomikh's Zeitschrift,

vol. xxv, supplement (1880), p. 231, and Bulletin des sc. math. (2), vol. iv, 1880; also Gibson, "On
.the History of the Fourier Series," Proceedings of the Edinburgh Math. Soc. vol. vi, p. 137.

f Miscellanea Taurinensia, vols. i, n, m.
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the generality of the representation of a function by a trigonometrical
series arose in large measure from their restricted conception of the nature

of a function. To them it was conceivable that a function given by a

continuous curve might be so representable, but since they regarded a

function obtained by piecing two or more such curves together, not as one

function, but as several different functions, it seemed to them impossible
that such a broken curve could be represented by one trigonometrical

series; a separate series seemed to be required for each separate portion of

the given composite curve. Moreover, the idea was unfamiliar that a

particular mode of representation of a function need only be valid for

some restricted range of values of the abscissa; and thus a portion of a

non-periodic curve was regarded as incapable of being represented by
means of a periodic series.

SPECIAL CASES OF TRIGONOMETRICAL SERIES

315. Independently of the discussions of the problem of vibrating

strings and of other physical problems, a number of trigonometrical series

representing special functions of a simple character were obtained by Euler,

cTAlembert and Bernoulli. The methods employed by these writers for this

purpose are of a character which fails to satisfy the requirements now

regarded as necessary for the establishment of such results
; moreover, in

many cases the ranges of values of the variable for which the representations

of the functions by the series are valid were not assigned.

For example, the series

sin x \ sin 2x + J sin 3x - -

J sin 4# + . . .
,

cos x J cos 2x + cos 3x ^ cos 4# . . .
,

were obtained by Euler*, as representing #, y^vr
2

\x* respectively; the

range of values of x
( TT, TT) for which these representations are valid was

however not given by Euler, who appeared to regard them as valid for all

values of x. These series were obtained by integration of the series

cos x -[- cos 2x + cos 3x + ... ,
the sum of which was maintained by Euler

to be | .

co 1

By D. Bernoullit the series S - sin nx was obtained as a representation
n~l n

of \ (IT x), and the range of values of x (0, 27r) for which this representa-

tion is valid was assigned. It was also observed that the sum of the series

is discontinuous for x = 0, 277, 47r, The following series were also

*
Petrop. N. Comm. 1754-55, and Petrop. N. Acta, 1789.

t Petrop. N. Comm. 1772.
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obtained by Bernoulli, and the ranges of the validity of the equations were

assigned :

oo 1 111
2 -a cos nx = - 7T

2 - TTX + 2 #2
>

ftm* J Jit Q fit 4:

~

240

oo

-eosnx = ^log^ /v
----

x
.

n -lft 2 & 2 (1 COS X)

The following results among others obtained by Euler may here be

mentioned :

1
, cos(2r+ l)x

4
w =

r?
(
~

} 2r+~l~ '

1 sin(2r + 1) a:

4
= * <- l *

~

(2rTW--
>

cos(2r + 1)^^^ (2rTl)'
'

The true range of validity of these equations will appear later.

LATER HISTORY OF THE THEORY

316. No further advance was made in the subject until 1807, when

Fourier, in a memoir on the Theory of Heat, presented* to the French

Academy, laid down the proposition that an arbitrary function given

graphically by means of a curve, which may be broken by (ordinary) dis-

continuities, is capable of representation by means of a single trigono-

metrical series. This theorem is said to have been received by Lagrange
with astonishment and incredulity.

Fourier shewed, in a variety of special cases, that a function / (x) is

representable for values of x between TT and TT, by the series

+ (&! cos x + b l sin x) + (a2 cos 2x f- 6 2 sin 2x) + ...,

1 [" If 71
"

where an = -
I f (x) cos nx dx, bn = - / (x) sin nx dx,

IT J -IT TT] -TT

1 f
71

'

ao = - / 0*0 dx.
" J IT

Fourier's results in connection with this subject are best studied in the

collected form in which they appear in his Thtorie de la Chaleur, published

* Bulletin dee sciences de la soc. pkilomathique, vol. i, p. 122.
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n 1822. Trigonometrical series of the above form, in which the coefficients

ire determined as above, are known as Fourier's series. It should, however,
3e remarked that Fourier also studied other trigonometrical series, in

wliich the cosines and sines do not proceed by integral multiples of the

argument.

Although Fourier attained to correct views as to the nature of the

3onvergeiice of the infinite series he employed, he did not give any complete

general proof that the series in the general case actually converges to the

ralue of the function; he indicates* however a process of verification of

such convergence which was not actually carried out until Dirichlet took

up the subject.

317. An attempt to prove Fourier's theorem was made by Poisson, who
started with the formulaf

en I foz

J -TT 1 2A cos (x x') + A2

=
^-

I"* / (a?') dx' +
^
S hn ^ f (x') cos n (x

-
x') dx',

which holds provided 1 < h < 1.

Poisson proceeded to shew that, as h approaches the limit 1, the integral
DII the left-hand side of the equation approaches the limit / (#), and

argued that / (x) is represented by the series obtained by putting h = 1,

an the right-hand side. Apart from the questions connected with the

limit of the integral on the left-hand side, the conclusion is invalid unless

it is shewn that the series obtained by putting A = 1 is convergent. In

accordance with a known theorem, given by Abel, for power series (see

126), in case the power series is convergent for h = 1, it converges to the

limit of the sum of the series for values of A which are < 1, as A approaches
the value 1 ; but no conclusion can be made immediately as to whether the

series is really convergent, or not, when h = 1. A direct investigation of

its convergence would be required to make the proof a valid one. It will

however be shewn later that, by the employment of a theorem duo to

Littlewood, Poisson's proof may be made complete in the case when / (x)

is of bounded variation in the interval
( TT, TT).

Two proofs of the validity of the representation were given by Cauchy ;

one at least of these is certainly invalid in its original form. Both of them

iepend upon the theory of functions of a complex variable, and will conse-

quently not be discussed here. An example of an invalid proof of a similar

character to one of Cauchy's, and also to Poisson's, is the proof given in

Thomson and Tait's Natural Philosophy.

* See the Thdorie de la chaleur, chap, ix, especially sect. 423.

t Journ. de V&ole polyL cah. 19, 1823, p. 404. See also his The&rie analytique de la chaleur.
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In 1829, Dirichlet* gave a proof that, in an extensive class of cases,

Courier's series actually converges to the value of the function. His proof,

the first rigorous one, was based upon a recognition of the distinction

between absolutely convergent and conditionally convergent series.

Since a Fourier's series, when convergent, is not necessarily absolutely

convergent, it is impossible to obtain a proof of the convergence from the

law according to which the terms diminish, as Cauchy had attempted to do.

As Dirichlet's proof, apart from its historical interest, still repays a careful

study, on account of the light it throws upon the mode of convergence of

the series, it will be given below, with some modifications and extensions

which arise from later advances in the Theory of Functions.

THE FORMAL EXPRESSION OF FOURIER'S SERIES

318. Let f(x) denote a bounded function, defined for the interval (0, /)

of the variable x. A finite trigonometrical series of the form

. 7TX . 27TX . S7TX . (U 1 ) TT.r

0! sin -=- + a2 sin
^ I- ... + a8 sin y- + ... + a>n-\ sin - -

'ill i

can be so determined that its value is equal to that of the function/ (x) at

, , ^ . , I 21 SI n-'U T , , , u xu , ^each 01 the points x = -
9

-
--, , ... ---- . It must be shewn that ther n n n n

coefficients al9 2 , ... aw_1 can be determined by means of the linear

equations

,(l\ . TT 27r
,

. (n
-

!)TT
*W = a* Sm n

+ a* Sm ^T
+ " + an~* Sm ~n~'

/2l\ .

[ ]
= at si

\nj
x

. 2<TT
,

. 2.27T
, ,

. 2(W- 1)7T
sin + a2 sin -- + ... + an_x sin - -------

,n 2 n n l n

f (rl\ . TTT .

f I
J
= a sin - + a2 sin

\flf J %
(rl\ _._ TTT

t ^ M.^ 2r7T . r (n 1) TT

n-l n

.fn-ll\ . (-l)7r . 2(n~l)7T .

/ (
-

)
= a, sin -------'

i- a sin --- + . . . + aw_i smJ
\ n J

* n * n ni

Multiply the expressions on the two sides of these equations by
. STT . 2s7r . (n 1) STT

sin
, sm -- , ... sm 3--------

n n n

* Crelief Journal, vol. iv (1829), p. 157, "Sur la convergence des series trigonometriques,

qui servent k repr^senter une fonction arbitraire entre des limites donn^es." See also his memoir

in Dove and Moser's Repertoriumf&r Physik, vol. i, 1837. Memoirs by Dircksen, Cretins Journal,

vol. iv (1829), p. 170, and by Bessel, Aston. Nachrichten, vol. xvi (1839), No. 361, are on similar

lines to those of Dirichlet, but of inferior importance.
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respectively, and add the expressions on each side together. It can easily

be verified that

. TIT . SIT . 2rn . 2sn . (n 1) rrr . (n 1) STT
sin sin --h sin sin--h ... + sin - sin --- = 0,n n n n n n

provided r and s are unequal integers not greater than n 1
; and also it

can be shewn that

. 9 STT . 9 2siT . (n 1) STT }

sm 2 ---H sin 2 ---
1- ... + sm2 - -- = ^ n.

n n n 2

Using these two identities, we have at once

TT (2l\ . 2S7T .(n-lTT\ . s(n-l)Tr]- + M )
sm- + + M -------

)
sm ---- - ' hJ \n) n J

\ n J n J'
as

= - - sin5
\nj n

and thus the coefficients in the series have been determined so that the

series satisfies the prescribed condition. Let us now assume that the

function/ (x) is integrable in accordance with Riemann's definition, and let

the number n be indefinitely increased. The limit of the expression for a3 is

2 fl STTX'
then seen to be , / (a/) sin -= dx'. This process suggests the possibility

that the function / (x) may be represented by the infinite series

. TTX . 27TX . STTX
ax sin -=- + 2 sin = h ... + a8 sin -j- + . . . ,Li L

where the coefficients aa are given by

STTX' ,2
/*'

a =yj
sin

for points x within the interval (0, 1). It will be observed that the series

cannot possibly represent the function at the point x = 0, unless / (0)
=

;

nor at the point x = I, unless / (I)
-== 0. This limiting process is entirely

insufficient to shew either that the infinite series converges at all, or that,

when it does converge, its limiting sum is at any point equal to the value

of the function / (x) at that point.

It will later be shewn by various methods that, for extensive classes of

functions, the series

2 . STTX
I

1
j.. ,. . STTX' ,

T 2 sm /(s'Jsm-y-cfo' ...... 1
L sl I } o ^

actually converges to the value / (x), for values of x within the interval

(0, 1), at which / (x) is continuous. This series is known as Fourier's sine

series.

TTX
Let us now assume that the function / (x) sin -=- is represented within

l

the interval (0, 1) by the Fourier's sine series.

31-2
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This series is, in the present case, of the form

2 . svrxf*, ,, . TTX' . SITX' ,

T S sm r If (x) sin y- sin -y ax ,

I $-1 * JO II
which is equivalent to

1 *
. S7TX f*

,, f S \TTX' S + lTra'1
T sin-

7 / (x) cos cos ---
7

-

l 5 -i Jo L l l J

or to

1 . wa? f' ,. , , 1*1. tf + ITTX . s ITTX} f* /v STHE , /

T sm -=- I f(x')dx' + -j
S ^sin

~--- sm , f(x
f

)cos~~j- dx' \

l> *> J ^ s=l I
<> * ) /O ^

S7rx
cos --

and this by hypothesis represents the function / (x) sin -=- .

i

It thus appears that, on the^assumptions made, the function / (x) is

represented by the series

1 f
l

f / '\ J f
,

2 V- S7TX [
l

I '\
S7TX

'

J f /0\
f I J(x )dx +y S cos-

7
-

/(o;)cos
- dx ...... (2).

JO ^s-l * Jo ^

This series (2) is of the form

0,0 TO
, o 27ra;

, ,

j8 + j8a cos -y
+ j82 cos + ...+

and is known as Fourier's cosine series.

The cosine series, unlike the sine series, may possibly converge to the

values /(O), /(I), 'for x = 0, 1 respectively, when these functional values

are not necessarily zero.

319. Assuming for the present that the function / (a;) may be repre-

sented for the points of the interval (0, 1) by either of these series (!) and (2),

we proceed to consider some obvious properties of the series themselves.

The sum of the sine series (1) has, for the point x, the same value, with

the opposite sign, as for the point x. If then we suppose that the function

/ (x) is defined not only for the interval (0, 1), but for the interval
( /, I),

it appears that the series can represent the function for the whole interval

( Z, it), only in case/ ( x) = / (x)\ that is, in case the function/ (x) be

odd. Further, the series (1) is unaltered by adding to x any multiple of 21,

and thus the series, considered as existent for all values of x, defines a

periodic function, of period 21. If / (x) be defined for all values of x, it can

only be represented by the series, for all such values of x, provided / (x)

is periodic and of period 2Z, and also f (x)
= /(); otherwise the

representation of the function by the series is valid only for the interval

(0, 1).

The cosine series (2) is unaltered by changing x into x\ therefore the

series represents the function f (x) for the interval
( I, Z), only when

/(#)=/ (#), i.e. when / (x) is an even function. The cosine series, like
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the sine series, considered as existent for all values of x, is periodic, and of

period 2Z; therefore the series can represent a function/ (x), defined for all

values of x, only when / (x) is periodic with period 21, and also

f(x)=f(-x).
It is thus seen that, if the function / (x) be defined for the interval

( I, I), it is in general not represented by either the sine or the cosine

series for the whole of that interval, although it may be represented by both

the series for the interval (0, 1). For the part of the function / (x) in the

interval ( Z, 0) is in general independent of the part in the interval (0, Z);

neither of the relations / ( x) = f (x), f ( x) = / (x) being in general
satisfied. In fact there is in general no relation between the values of a

function, defined for the interval ( Z, Z), at the two points x, x.

It is however possible to obtain, from the series (1) and (2), a series

containing both sines and cosines, such as to represent the function / (x)

for the whole interval
( Z, Z). The function J {f (x) + f ( x)} is an even

function, defined for the whole interval ( Z, Z), and in accordance with the

assumptions, representable for that interval by the series

1 rl 1 co )?Trr rl

,7 {f(x')+f(-x')}dx' + -j
2 cos*^41 J * 8-1 ^ ./

Again, the function ${/(#) /( x)} is an odd function, defined for

the whole interval
( Z, Z), and is accordingly representable by

1 . STTX [
l

r j. , ,. , , X1 . STTX' , ,

T 2 sin -y- [/ (x) f ( x)] sin = dx .

Z s = i Jo *

By addition of the two series, we find the series

1 rl I oo n _.

J(x')dx' + jV\ c<M^(x-x')f(x')<lx' ...... (3),
**J-Z (>s-lJ-l I

which is of the form

TTX
t

. TTX\ ( Q .

cos y -1- Pi sin
i

} +- ( ^2 cos
-y-

+ j82 sm

as representing the function / (x) for the interval
( Z, Z). This series (3) is

known as Fourier's series, the sine and cosine series being regarded as the

particular cases of it which arise when f ( x) = f (x), or / ( x) = / (x)

respectively.

320. With certain assumptions, the form of the series (3) may be

obtained directly. Let it be assumed that a function/ (a;), defined for the

interval ( Z, Z), can be represented by the series

I TTX , . TTX\ / UTTX , . mrx\+ f 04 cos
-y- + 6 X sin -y-

1 + ... + f an cos -y- + bn sin
-y- J

+

in the sense that, for each point x in the interval, the series converges uni-

formly to the value/ (x) of the function at the point x. It then follows that

f (x) is continuous in the interval ( Z, Z), and that / (Z)
= / ( Z).
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The fundamental property of the functions

TTX . 770: 2770? . 27707 71770; . 71770;

1, cosy , smy , cos-y-,
sin

-y-,
..., cos

-y , sm-y- ,
...

is that the integral of the product of any pair of them taken over the

interval (1,1) has the value zero. On account of this property, the set

of functions is said to be an orthogonal set offunctionsfor the interval (1,1).

On account of the uniform convergence of the series to the value / (x)

through the interval ( 77, 77), it is legitimate to submit the series to term
_ . A ,. , ,,. ,. , , 7i77o; , . ^770;

by term integration, even when it is multiplied by cos -,
, or by sin --. .

^_ . Jt A f*
7 rt7 fl 9 mrx j f

1
. 9 nrrx , 7 ,

Observing that dx = 2Z, cos2
-7- dx = I sm2

7 dx = Z, and em-
J-z J -i <> J -i l

ploying the property of orthogonality, we obtain in this manner,

/ (x') cos T- dx' = an , for w == 0, 1 , 2, 3, . . . :

and
j / (a?') sin rfo' = 6n ,

for n = 1, 2, 3, ....

Therefore we have, for the interval ( Z, Z), as the series representing / (x),

1 f
l

* < ^ j > % f
1 ^^^ f

z

ft /\
n7ra;/ ^ /

g I / (^ )
rfa; + 2

{ i
cosT J / ^ ^ COS "T~

,

1 . mrx [
l \

, f . . nmc' , ,}+
y
sm -y J

/ (a;') sm y- rf^'l,

1 fZ 00 1 fl WTT
or ~ / (*') rfo' + S

y
I / (') cos7 (' -

) &r'.
^fc- J -Z n=-l ^ J -I l

If we replace by x, no essential change will be made in the formula;
i

thus there is no loss of generality in taking (77,77) to be the interval in

which / (x) is defined, and for which it is represented by

<r- f" f(*')dx'+ S - f f(x')cosn(x'-x)dx' ...... (4).
ZTT J .. n=l i 77 J _.

This expression (4) will be taken to the standard form of Fourier's series.

321 . In the above process, by which the form of the series has been

obtained, it would have been sufficient to have assumed that the con-

vergence of the series to the value of the function is simply uniform

in the interval ( 77, 77). In that case the convergence becomes uniform

if a suitable system of bracketing the terms of the series is carried out

(see 67). More generally, it is sufficient to assume that, whether the

series is convergent or not, when a suitable system of brackets is intro-

duced, the new series, in which the terms of the original series that are in

a single bracket are regarded as a single term, converges uniformly in the
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interval ( TT, TT). The uniformly convergent series would then take the

form

[n~ni
*]

n-na

Ia + S (an cos nx f bn sin ?&#) + S (an cos war -f 6W sin nx)
n=l J n-ni+l

n~n
+ (an cos nx + bn sin n#) + ... ,

which is assumed to converge uniformly in (
-

TT, TT). The original un-

bracketed series does not necessarily converge for the values of x in the

interval. We find, as before, that

fir
TIT H-Tlp+i

I f (x
f

) cos mx' dx' = cos mx' . S (an cos nx + bn sin nx) dx
J -IT J -IT n "710-1-1

am cos 2 mx' dx' = 7ram ,

r

where m is one of the numbers nv + I
9
np + 2

9 ... np+L . In a similar manner
fTT

we find that / (x') sin mx' dx' = ?r&m ;
hence the form of the series has

J 7T

been obtained.

THE GENERAL DEFINITION OF A FOURIER'S SERIES

322. We now take the series

^ f

*

/ o*')M *- s
\ r / (') c s n & - x ) dx/

as the starting point, independently of any assumption as to its con-

vergence. In order that the series may be said to exist, whether it converge

anywhere, or not, it is necessary that the coefficients

If 71
*

1 [* If""
/ (

x') d'x'>
~ f (x') cos nx

' dx '> f (
x')

ATT J -TT TT J -TT ^ J -TT

nx

should have definite meanings, whatever value n may have.

Until the last few decades it has been assumed that / (x) is either

bounded in the interval (~- TT, TT), and integrable (R) in that interval, or

else that / (x) is unbounded in that interval, but possesses in it an. integral

in accordance with one of the earlier definitions which were employed to

meet such cases. The recent extension of the definition of integration, due

to Lebesgue, to the case of functions which, whether bounded or not, are

not integrable (R), has led to a corresponding extension of the range of

Fourier's series. It has been proposed by Lebesgue* to assign to the series

(4) the name Fourier's series, in every case in which/ (x) is summable, and

consequently also / (x) cos nx, f (x) sin nx are summable, in the interval

*
Lebesgue's treatment of the series is contained in a memoir,

" Sur les series trigonometriques,"

Atmaks sc. de rdcole normals, supdrieure (3), vol. xx (1903), p. 453, in a memoir, "Recherchea

sur la convergence des Series de Fourier," Math. Annalen, vol. LXI (1905), p. 251; and in the

Lepms sur les series trigonom&riques, 1906.
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( 77, TT), whether the function be bounded or not. This terminology will

be here adopted. The two series

\ [* 2 f*- / (x') dx' + S - cos nx f (x') cos nx' dx',

v 2 I"**/ /x ' / /

2* - sin wo; / (x ) sin ?i# #
,

n-i 77 Jo

in which/ (x) is taken to be summable in the interval (0, 77), will be termed

Fourier's cosine series, and Fourier's sine series respectively. The first of

these series is the Fourier's series corresponding to f (x), provided/ (x) is

an even function of x, so that it exists in the interval (77,77), and the

coefficients

I [*
f (x') sin nx' dx'

77 J _ ff

then all exist, and have the value zero. The Fourier's sine series is the

Fourier's series corresponding to / (x), in case / (x) is an odd function,

defined for the interval
( 77, 77), in which case the coefficients

J-
f

'

/ (x') dx',
- I* / (*') c08 nx '

dx
'

^77j_ 7r
. 77j_ 7r

all exist, and have the value zero.

Each extension of the definition of an integral, beyond that of Lebesgue,
leads to an extension of the scope of the series. Thus cases may be con-

sidered in which the coefficients exist as ///^-integrals, as D-mtegrals, as

JMTy-mtegrals, or as ^-integrals, or as integrals existing in accordance

with other definitions which have been suggested. All series of these kinds

may be termed generalized Fourier's series, but the only kind which will

be considered in this work will be those in which / (x) and consequently

/ (x) cos nx, f (x) sin nx, have /^-integrals, or in particular, flX-integrals, in

the interval ( 77, 77). Such series will be termed Fourier's D-series or

Fourier's (HL) series. There may exist also Fourier's Z)-cosine-series,

and Fourier's Z)-sine-series, which as explained above are Fourier's D-

series in case the absent coefficients exist and have the value zero.

EXAMPLE

Let us consider the function f (x)
= *****!, where < (x) is summable in the interval

x

(
-

TT, ?r), then the coefficients I ?-' '
dx, I ---- cos nx will not in general exist,

27r 7 -7T
X "I -7T

X

either as ^-integrals or as ^-integrals. Thus the function zL!^ will, in accordance with the
x

definition given above, have no Fourier's series, or Fourier's ZJ-series, corresponding to it,

although the coefficients - / ^.\ ' sin nx dx will exist as //-integrals. The series

1 . /"ir <f> (x'} . . -.- 2 sin nx I
^ v ' sm nx dx

I"Jo X'

will, however, exist, but it is not a Fourier's sine-series, because JL is not summable in
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(0, rr). For example*, let $(x) = J#cot \x, < (0)
= I, in the interval (0, TT). It is easily

found that
| ^ cot \x sin nx dx = 1, but ~ /

*
J cot |# cos nx dx does not exist. It follows

77 J o
"

^Jo
that sin# + sin 2x + sin 3x + ... is a generalized Fourier's sine-series corresponding to

the function -J-cot Ji, non-summable in the interval (0, TT), but it is not a Fourier's Z)-series.

Discussions of such series have been given by Titchmarshf and by Perronf.

It should be observed that all summable functions which are equivalent
to one another correspond to one and the same Fourier's series. Conditions

have been investigated by Carath6odory that, among the functions that

are equivalent to a function / (x) to which correspond the Fourier's co-

efficients a
,
a l9 6 l5 a2 ,

6 2 ...
,
there should exist one which is integrable (72),

so that the Fourier's series defined by means of these coefficients should

be a Fourier's ./^-series.

A series of the form ^ a + S (an cos nx + bn sin nx) is not necessarily

a Fourier's series, even assuming that an = o (1), bn = o (1). An example
. ,, sinnx
is the series L ^ .

n 2 log n

THE PARTIAL SUMS OF A FOURIER'S SERIES

(323) It being assumed that/ (-c), as defined for the interval ( TT, ?r), is

such that the coefficients in the series (4) exist, either as //-integrals or as

/^integrals. We denote by *2n+1 (x) the finite sum

1 f*"
r " w

(1 f
71

"

/ (#') <&&' + S {- cos rx / (#') cos rx' dx'
27T J _.' r ~i (7T J - n

1 f* '1
-I-

- sin rx / (#') sin rx' dx'>
,

or - / (x') [J h cos (x' x) + cos 2 (a/ x) I- ... f cos n (x' a?)] dx.

Since
fl

4 + cos (x'
--

^) + cos 2
(,r' ) f ... + Gosn(x' ~x)= ,

-sr^ :

^7T J _.

sin (2n + 1) *-,---

we have *2fl+1

sin

Tf we change the variable x' by taking #' = x + 2z, and write 2n f I == m >

the expression takes the form,
w-s) sintiw ,

(lI+ sins;

where w = 2w + 1.

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix (1911), p. 431.

t Proc. Lond. Math. Soc. (2), vol. xxm (1924). Records, p. xn.

f Jtfatf*. Annalen, vol. LXXXVII (1922), p. 84.

Math. Zeitschr. vol. i (1918), p. 309.
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It is convenient to extend the definition of / (x) so that it may apply
to all values of x outside the interval ( TT, TT). We assume that / (x) is

so defined as to be periodic, of period 2rr
; thus / (x)

= / (x Zrn), for all

integral values of r. In case, in the original definition of/ (x) for the interval

( TT, TT), the values of / (TT) and / ( IT) are unequal, it will be necessary
to alter the value of the function at one of the points TT, IT, in order that

the function, in accordance with the extended definition, may be periodic..

This can be done without affecting the values of the coefficients of the

series, or the value of sm (x). Taking the function / (x) then to be periodic,

so that it is defined for all real values of x, it is clear that in the expression
for sm (x) the limits of the definite integral may be altered to any two valuer

which differ from one another by TT, without altering the value of the inte-

gral. We have thus

f
*"

) -

/ , o \
gn mz

(X ' '

2z) -
sin

= -
1

f

**

if 0* + 2z) + / (x
-

2z)}
~ m

~ dz.
TT J o

w ' J n sm z

The integral of the form F (z) . dz is known as Dirichlet'se
Jo sin 2

integral, the term being, however, generally applied to the more general
ra mn Yfl y, r ** m TI '9972

form F (z) .- d^z, and also to JF
7

(2)" dz, where a is such that
J

v ' smz Jo z

< ^ JTT.

If we take \ + cos (#' #) 4- cos 2 (x
f

a;) + ... + J cos n (.T' x)

/rt i x X X
sm (2^ + 1) ,N ' ^ I an vi ^ f

/y -y
I

which is equal to > J cos n (#'
-

x), or to ^
"

i 777^ -( ,

.^ . x x ran * (x x)
2 sm 2 \ /

we see that

S2n+l (x )
"~

o~" I / (x') COS n (X
* "~

^J ^' ^9 / ^')
4^ T7 '

^'

TT }^ v ' tan z

Thus 52w hl (x) has its value* dependent upon an integral

,

fa,
f
**

TT^
Jo tan z

of a form very similar to that of Dirichlet.

* See N.eder, Math. Annalen, vol. LXXXIV (1921), p. 120, where it is pointed out that this form*

for &JM-I (*) can sometimes be conveniently employed.
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THE CONVERGENCE OF FOURIER'S SERIES

324. If the function / (x) be summable in the interval ( 77, 77), the

coefficients in the Fourier's series corresponding to / (x) all exist, and are

given by
1 f* If

an = - / (#) cos nx dx, bn = - / (a;) sin WE dx\
TT J -7T W J -IT

and this independently of any assumption as to the convergence or non-

convergence of the series at points of the interval. Thus, corresponding to-

any summable function / (x), there exist the numbers a
,
al9 bl9 a2 >

6 2 ... ,

which may be termed the Fourier's coefficients, or Fourier's constants, for

the summable function/ (x). The relation of the constants to the function

may be expressed by*

/ (
x

)
~

|#o + (
ai cos x + ^i sin x

) + (a2 cos 2# + &2 s^n 2#) + . . .

which does not involve any implication as regards the convergence of the

series. It will be seen that all equivalent functions have the same set of

Fourier's constants.

A similar definition will apply to the Fourier's (D) constants corre-

sponding to a function/ (x) which has a D-integral in the interval (77,77).

It will be seen later that the Fourier's constants of summable functions,

and of particular classes of such functions, possess important properties-

which do not depend upon the convergence of the Fourier's series.

The question as to the convergence of the series in the whole, or in a

part of the interval ( 77, 77), or at assigned points of that interval ha&

been fundamental in the history of the subject, and the earlier investiga-

tions, from the time of Dirichlet's investigations onwards, were almost

exclusively concerned with this question. In considering this question, two

lines of investigation may be pursued, according as the function itself,

or the series as defined by its coefficients, is taken as the starting point.

In the first of these lines of investigation, the question takes the form

what properties must the function have, in order that the Fourier's series

may converge at a particular point, or in the whole or a part of the interval?

In the second of these modes of approach it is not usually assumed that

the series is a Fourier's series, and the question takes the form what

can be inferred as to the convergence of the series from the existence

of special restrictive properties of the coefficients? An account will be

given of investigations of both these classes; in the earlier investigations

the first of these modes of investigation was alone employed. In the first

instance an account will be given of the investigations, by various writers,

which have as their object the determination of sufficient conditions to be

satisfied by the summable function / (x) in order that the series may con-

* See Hurwitz, Math. Annalen, vol. LVII (1903), p. 427.
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verge either through a whole interval, or at'particular points of the interval

( TT, TT). It will appear that, for a summable function/ (x), the convergence
or non-convergence of the series, at a particular point, depends only upon
the nature of the function in an arbitrarily small neighbourhood of that

point ;
and is independent of the general character of the function through-

out the interval ( ?r, TT) ; this general character being limited only by the

necessity that the function shall be summable in the whole interval. These

investigations have resulted in the discovery of sufficient conditions, of

considerable width, which suffice to ensure the convergence of the series

at particular points, or generally through the whole or a part of the interval

for which the function is defined. The necessary and sufficient conditions

for the convergence of the series at a point of the interval, or throughout

any particular portion of the interval, have not been obtained. This is

not surprising, in view of the very general character of the problem;
and indeed it may be the case that no such necessary and sufficient con-

ditions may be obtainable. It is possible that the mere fact of ttie conver-

gence of the series at a particular point characterizes the nature of the

function in the neighbourhood of that point in a manner incapable of

reduction to any simpler form; so that, although the characteristics of

various sub-classes of the functions which satisfy this condition may be

obtained, as has in fact been done, yet the whole class of such functions

has no property capable of being stated in any form essentially different

from, or simpler than, the mere statement of the fact of the convergence
of the series at the point. It will appear that there exist functions, and

even continuous functions, for which the series fails to converge at every

point belonging to an everywhere-dense set of points. The question whether

a Fourier's series, corresponding to a continuous function, can be so

determined that it fails to converge at all points of a set of measure greater
than zero, or in particular almost everywhere, has not yet been answered.

In order that the Fourier's series, corresponding to a summable func-

tion/ (x), may converge at a point x, it is necessary that sm (x), or

7T sin z

should converge to a definite limit, as the odd integer m is indefinitely

increased.

It will appear ( 434) that - / (x') cos n (x' x) dx' converges to
TT J -

zero, as n ~ QO
, consequently it is necessary, for the convergence of the

series at the point x, that the integral

1
f
* ff

4 I , O \
S*n 2nZ J

f(x + 2z) dz
TT ] _$/

v ' tan z

should converge to a definite limit, as n ~ oo . Either of these expressions
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may be used in the investigations, but Dirichlet's form will be here

employed.

It was first shewn by Dirichlet that, for an important class of functions

/ (#), sm (x) converges to the value / (x) at every point x interior to the

interval ( TT, TT), at which/ (x) is continuous; that, at a point of ordinary

discontinuity of / (x), the series converges to the value

i {/ (a + 0) +/(*-<))},
which is, of course, not necessarily equal to / (x) ; and that at the points
TT and TT, the series converges to the value J{/(TT 0) +/( TT -f 0)}.

Although Dirichlet's investigation has now been superseded by the em-

ployment of methods applicable to a wider class of cases than was con-

sidered by him, his investigation has still an interest not exclusively
historical. It will therefore be given in 328, in a form in which certain

modifications and simplifications will be employed.

More recent investigations, an account of which will be given, shew

that the Fourier's constants have important properties which are related

to the functional values, independently of whether the series converges
or not. It will appear that, in important classes of cases, Fourier's series

may be employed, independently of whether they are known to converge,
for the representation of functions, and that such series may be validly

subjected to many of the ordinary processes of Analysis, such as substitu-

tion for the function in a definite integral and subsequent term by term

integration. Much of the recent progress in the Theory of Fourier's series

is due to the employment of the conventional sums of the series, especially

those of Riemann, Cesaro, and Poisson. By this means a representation

of a function by means of a convergent sequence can be obtained when the

Fourier's series corresponding to the function is not convergent, or is not

known to be convergent.

PARTICULAR CASES OF FOURIER'S SERIES

325. Before proceeding to the theoretical investigations relating to

the convergence and the properties of Fourier's series, it will be instructive

to consider some simple cases of the use of the series. It will be assumed

that, for the functions employed, the series corresponding to a function

/ (x) converges at every point to the value
|- {/ (x + 0) + / (x 0)}.

If we employ the sine series to represent the function defined, for the

interval (0, TT), by y = J (TT
-

x), we find on evaluation that

2 f
71

"

1
-

\ (n ~ x) si*1 nxdx = -
;

?rJo n

and thus the series is of the form

sin x + \ sin 2x + ^ sin Jte +... + - sin nx + ....
71
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The function defined for all values of x by

y = sin x + sin 2x + ... H sin nx + ...
n

is represented graphically in the figure. The function is discontinuous at

the points 0, 2?r, 4?r, ... 27r, 47r, ...; the functional value being zero

at all those points. It is seen that the series represents the function \ (TT x),

not only for the interval (0, TT), but for the interval (0, 27r), except at the

points x = 0, x = 27T, where the sum of the series is zero. For the interval

{ 27r, 0) the function represented by the series is J (TT + x), except at

the ends of the interval.

This series may be employed to illustrate some important points con-

nected with -the convergence of the series in the neighbourhood of the point

x = 0, at which the function represented by the series is discontinuous. To

this end we shall examine the series by a method employed by Fourier*,

and further developed by Kneserf .

Denoting sin x + \ sin 2x +... + - sin nx, by sn (x), we have

i Xdsn (x) , o ,

8in
(
n

_!Li_i = cos x + cos 2x + ... + cos nx = rt
-

. !-
dx 2 sin \x

i
I ;2

therefore
x sin (n +
o

x

"J

sin

x sin (n +
o x

dx

x 2 sin

dz \x + I (x).

On integrating by parts, we find that

/ (#)
_ g~2sin|a;cos(K, + i)tt +

f

n + i j(

)x 4 sin2
\x x2 cos \x

* Thforie de la chaleur, ohap. m, sect. 3.

t Sitzungsber. of the Berlin Math. Soc. (1904), p. 28. See also Bdcher's "Introduction to the

theory of Fourier's series," Annals of Mathematics (2), vol. vn (1906), p. 81, where numerical

' details are worked out.
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mi . x 2 sin \x 4 sin2 \x x2 cos i# u , , ,

The expressions r = r-1- ,

---iV^ri---- both become m-r 2#sina; 4a2 sin2
|#

definitely great, as x increases up to 2?r
;
but if # be confined to the interval

(0, 6), where < 6 < 2?r
9 they are both bounded functions. It follows, since

|

cos (n + \x) |
1,

that a positive number A can be determined, independent of n and x, such

that
|

/ (x) |

< Aj(n + ), provided x is in the interval (0, 6). Hence it

appears that / (x) has the limit zero, when n is indefinitely increased,

whether x varies with n or not ;
in fact

|

I (x) \

is arbitrarily small for

sufficiently great values of n.

We have now
/<*+*)* sin* 04

provided ^S # ^ 6; where is such that 1 < < 1.

Al &
f ,

.
I M 1 S*n

(
W + I) # VC A '

J,Also
7 (sn te)

- s (x)}
- --^ rA'^ , if < x ^ b\

dx l n v ' v 2 sin J^

and therefore *w (a:) ,5 (x) has maxima and minima at the points x ^ -
.

,

where A = 1, 2, 3,

It can now be shewn that, for sufficiently large values of n, at least,

/ ZTT \ / 27T \ / 47T \ / 4?r \ / 677 \ / 6?r \

^Un+ V
~ *

\2nVl)'
Sn

(2n~+ l)

~ *
(tn^l)' *HaS+V

"

*Ui +V ""

are alternately positive and negative, the first of these differences being

positive.

We have

f^sinz 7
f- . /I 1

- rfz = sin z ------

JO 2J Jo \2 Z -
^-- ... ----

: T ~ir~~Z + 27T Z + (A
-

1) 7T/

( 1)
A+1 ^A ,

where ul9 u 2 ,
... u^ are all positive, and ^> u2 > u.A ... > u*. Also

hence lim ?/A = 0.

r\7r g^
Further, it is well known that lim

k

rfz, which is the improper

integral
*

dz, is equal to JTT ; it follows that u l ,ul u29 ul u2 + uB9 ...

Jo z

20A
are alternately greater and less than JTT. Since

2
-- is arbitrarily small,

for sufficiently great values of n, it thus appears that the differences

2A7T \ /2A + ITT
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are alternately positive and negative for A = 1, 2, 3, ...
;
and that for A -=

1,

the difference is positive.

It thus appears that, for large values of n, the form of the curve y = sn (x)

in the neighbourhood of the origin is as in the figure ; consisting of a wave-

form passing above and below the straight lines which represent y = s (x).

The first maximum on the right of the point x = has as its abscissa

x = ~
j,

and its height above the point whose coordinates are
^ ,

s (-
- -

1
)

is nearly dz JTT, which is independent of the value
\2iifi + I/ Jo z

of n. The first minimum on the right of the point x has for its

abscissa x = ~ f> and is at a depth approximately |TT

k ~
dz

Zn + l Jo -

below the corresponding point of the locus y
~ s (x).

As n is continually increased, the abscissae of the maxima and minima

of sn (x) s (x) become indefinitely small, the magnitudes of these maxima
and minima remaining however nearly unaltered. If a particular value of

x can be chosen, n can be so determined that
\

sn (x) s (x) \

is arbitrarily

small, for such value of n, and for all greater values; but if a particular

value of n be chosen, there is always a value of x, viz. - -r, for which

sn (x) s (x) is nearly equal to - dz TT.

The graphs y = sn (x), as n becomes indefinitely great, tend to the form

given in the figure, which consists of the continuous curve formed by the

straight lines of length 2 dz (> TT), through the points x = 0, 2:r,
Jo 2

2-7T, ..., and of the series of oblique straight lines which belong to the

curve y = s (x). The graph of the curve y ^ s (x)
= lim $n (x) has been

71-00

already given. The limit of the graphs of the curves y = sn (x), and the

graph of the limit of sn (x) differ in the respect that, for the abscissae

x = 0, 2?r, 2?r, . . .
,
the former contains the continuous straight lines of

_
-..j.^ /v

length 2 dz, whereas the latter contains only the single points on the
Jo 2
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#-axis. Corresponding to any point P on the straight line LM through the

origin, it is possible to determine an indefinite number of pairs of values of

x and n, such that the distance of P from the point whose coordinates are

x
->
sn (x)> is less than an arbitrarily prescribed positive number e. Thus the

double limit lim sn (x) is indeterminate between the limits of inde-

, . [* sin z i

termmacy dz
f
* sin z

' ~Jo~^
,
dz.

-P

M

By letting n increase indefinitely, and x at the same time diminish to

zero, in such a manner that nx has a as its limit, where a is any fixed positive
number not exceeding TT, we have as the particular value of lim sn (x),

(CC\

f
a sin Z n = oo , a; =

-
I, the number dz. It will be observed that the repeated

n] Jo z

limit lim lim sn (x) has the value JTT, or JTT, according as x approaches its

limit from the positive, or from the negative side. The repeated limit

lim lim sn (x) has the value zero.

The distinction between the graph y = s (x), which represents the

series, and the limit to which the graphs y = sn (x) tend, is clear, if it be

borne in mind that the limit y = s (x) is obtained by the special mode of

first fixing a value of x, and then letting n increase indefinitely; thus, for

example, s (0)
= lim sn (0)

= 0; whereas, as we have seen, lim sn (x)

is indeterminate between limits which have been found above. The

difficulty which has been frequently felt in understanding how a series,

of which the terms are continuous, such as the series here considered, can

represent a function which is not continuous, will be removed if the point

just explained be fully grasped*, that the sum of the series at a point x
* Some criticisms of Dirichlet's determination of the sum of a Fourier's series at a point of

discontinuity, made by Schlafli, Crelle's Journal, vol. LXXH ((1870) p. 284), and by Du Bois-

Reymond, Math. Annalen, vol. vn ((1874) p. 244), where it is maintained that the sum of the series

is indeterminate, are due to a lack of appreciation of this point.

HII 32
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means the limit obtained by first fixing the abscissa x, and then afterwards

making the number of terms increase indefinitely.

It has already been shewn, in 82, that the points x = 0, 2ir, 2?r, ... ,

must be points of non-uniform continuity of the series; moreover, other

examples have been already given, in which the peaks of the approximation
curves y = sn (x) remain of finite height above the curve y = s (x), however

great n may be. That the portions of the limit of the graphs y = sn (x), in

the present case, have a length greater than TT, the measure of discontinuity
of the function, was pointed out by Willard Gibbs*.

In this and all similar cases, the non-coincidence of the upper and lower

double limits of sn (x), at a point ,
with the upper and lower limits of s (x)

a,$x~ 9 is spoken of as Gibbs
5

phenomenon. The phenomenon, however, had
been discovered earlier, in the case of the series cos x J cos 3x + % cos &x . . . ,

by H. Wilbrahamf ,
at the point x \TT. The phenomenon has been fully

discussed by GronwallJ, Dunham Jackson , and B6cher||.

mu [
(n+ x sin z , - 20A , . , , , . ,The expression dz *TT + s ? ,

which has been foundr
Jo z

- 2n + 1'

above, for sn (x) s (#), provided < x b < 27r, may be employed to

shew that the series converges uniformly in any interval (a, 6), such that
r(n-H)#ginz< a < 6 < 277. For, by choosing n so great that dz, for x^a,

. o ^

differs from \ir by less than a prescribed number e, which is possible on

account of the convergence of the integral, and further choosing n so great
2A

that < Je, it is seen that n can be chosen so great that, for the
2tYb -p 1

chosen value of n, and for all greater values,
|

sn (x) s (x) \

< , for all

values of x in the interval (a, b). This expresses the fact that the series

converges uniformly in the interval (a, 6). It is clear that the smaller a is

taken, the greater must be the value of n, so that (n + \) a may be suffi-

I f(w-f-l)a gin 2
ciently large to satisfy the requirement that dz TT < Je ;

I
Jo z

and that this value of n increases indefinitely as a is indefinitely diminished.

This is a verification of the fact that the convergence of the series is non-

uniform at the point x = 0.

326. Let/ (x) be defined for the interval (0, TT), by the specifications

/ (x)
= c, for 5- x < JTT; / (x)

=
c, for \TT x TT.

* See an interesting discussion on this subject in Nature, vol. LVHI (1898), pp. 544, 569;

vol. LIX (1899), pp. 200, 271, 319, 606; vol. LX, pp. 52, 100, in which Gibbs, Michelson, Love, Baker

and Poincar^ took part.

t Camb. and Dublin Math. Journ. new series, vol. in; old series, vol. vn (1848), pp. 198-200.

J Math. Annalen, vol. LXXH (1912), p. 228.

Bend, di Palermo, vol. xxxn (1911), p. 257.

||
Crette's Journal, vol. OXLIV (1914), p. 41. See also Fejer, Crelle's Journal, vol. OXLH (1913),

p. 165, where methods are given for determining the saltus, and the functional limits, at a

point, from a Fourier's series.
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To find the sine series for this function, we have

J*w

fiir TIT

/ (x) sin nxdx = c sin nxdx c sin nxdx
JO JiTT

f*= ~
(COS 1177 2 COS \mr + 1).

This integral vanishes if n is odd, and also if n is a multiple of 4, but if

n = 4m + 2, it has the value 4c/n. The series is therefore

8c
(J sin 2x + J sin 6# + -^ sin ICte -,

u
...).

For unrestricted values of x, this series represents the ordinates of the
series of straight lines in the next figure, except that it vanishes at the

-27T Sir

points 0, 4 77, 77, 77, 77, It will be observed that, if the meaning
of / (x) be altered, so that it denotes the sum of the sine series for every
value of x for which that sum is continuous, then at the point TT, for example,

/(ir + 0)-c,/(w -0)= -c,
and the series represents at the point TT the arithmetic mean of these two
values.

-27T

32-2
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In a similar manner, we find that the function defined for the interval

(0, 77) as before, is represented, for the interval (0, TT), by the cosine series

4c
(cos x $ cos 3x + % cos 5x ...).

For unrestricted values of x, the series represents the ordinates of the

straight lines in the figure, except that its sum vanishes at the points

JTT, JTT, f77, ....

327. Let / (x)
= z, for x \n,

and / (x)
= 77 x, for JTT ^ x ^ 77.

In this case we find that

fit riir
B

rw

/ (a;) sin n#d# = a: sin nicrfa: + I (TT x) sin nxdx

n*
, sm

Hence the sine series is

4 / . 1 .

(
sm x KO sin

77 \ O

K
^5 sin 5# ...

For general values of x, the series represents the ordinates of the line in

the figure. The broken line in the interval (77,77) is repeated indefinitely

in both directions.
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The cosine series, which represents the same function for the interval

(0, 77), will be found to be

1 2/
j TT

(
i

4 77 \
cos 2x + ^2

cos Qx + cos 10# + ...
j.

This series represents, for general values of x, the ordinates of the line in

the second figure. As before, the broken line in the interval (77,77) is

to be repeated indefinitely in both directions.

EXAMPLES
(1) Prove that the series

sin x -
\ sin 2x + $ sin 3x -

J sin 4# + ...

represents, for the interior of the interval (
-

TT, ?r), the function $x.

For any value of x which is not a multiple of TT, the series represents (x
-
2kir), where

k is a positive or negative integer so chosen that x - 2kn lies between TT and - TT. The
sum of the series vanishes for all values of x which are multiples of ir.

(2) Prove that the series

cos x -
\ cos 2x + $ cos 3x -

T
l
ff
cos 4x 4- ...

represents the function ^rr
2 - J#

2
, for the interval (- TT, TT).

(3) Prove that

JTT
= sin x + J sin 3# -f sin 5# + ... , for < x < TT ;

TT = COS X - COS 3a; -f COS 5ff - ... , for -
Jrr < X <

(4) Prove that

= sin # - sm 3 + pg sin 5a; - ... ,

(5) Prove that

kir

--_M
(i

- efc7r C08 W7r \ si
A;
3 + nz

IT n-l

for - TT < a: ^

for Q < x < ^

(6) Prove that

TT sin A sin x 2 sin 2# 3 sin So;

kcoBX yfccos2o?

fc not being integral.

(7) Prove that

TT sinh kx sin a; 2 sin 2a: 3 sin 3x

2 sfiih^
= !+> -

PT*- + STP-
- "'

TT coshifc(7r
-

*) _ 1 coa a; cos2ic cos 3a;"

. ..

where OS* Sir;
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DIRICHLET'S INVESTIGATION OF FOURIER'S SERIES

328. As a preliminary to the consideration of Dirichlet's integral, some

properties of the integral

f
2 sir

Jo si

sin mz ,

dz
sin z

are required.

We have

I ___ dz = \ [1 + 2 cos 2z + 2 cos 4z + ... + 2 cos 2nz] dz ~
s .

Jo sinz Jo *

If we divide the interval
(o, ^ j

of integration into the portions

(

7T\ /7T 27T\ /r-TT T + 1 7T\ /UTT 7T\

tlfl/J \flfc Wl / \ WZ' //2 / \ 77Z ^5/

sin YYIZ
we see that, in these portions, the integrand . has alternately positive

and negative signs ; thus if we write

Pr-.-(-ir*\

m

_J*
mz "

/ i \ f
* sin

*n
- (- l)

w
.-

j nn sin,r sin
m

we have
^
-

/>
-

Pl + p2 + ... + (- l)
r
~Vr-i + ... + (- l)>n ,

where all the p's are positive.

In pr^ , sin mz is always of the same sign, and . is monotone andrr *' J * ' smz
decreases as z increases, hence

/ ,v i
1 (

m
7 2 r - ITT

/V_! < ( I)
1"-1 sin mz.dz < cosec

;

sin tlr.ljrm m

j -i i 2 rvr
and similarly p,,, > cosec .J rT L m m

It follows that pr__! > cosec > pr .r L m m r

For pnt we have cosec -~ > pn > ,m m m
{*

hence pn_1 > cosec > pw .

W2 7?1
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It follows that, if 2p < n,

and
|
> Po

-
Pi + />2

~ ~
P2P-1-

Let us suppose that the function F (z) has a finite upper boundary,
for the values of z such that ^ z ^ JTT, and further, that it is in the whole

interval positive and monotone non-increasing; it is consequently an

integrable function.

T ,. . , , f
"

T1 / \
SI*1 mZ JIn the integral F (z) dz,6

Jo
v ' sinz

where a ^ |TT, we proceed to divide the interval of integration as in the

case of
rr

f
* sin mz ,

dz
Jo sin z

into alternately positive and negative portions ; thus if

/
'f~\

"=
(/i v

Jw

where q is a positive integer such that

r n

-
l)'-i I"

1

F(z)
S
^-

mZ
dz,'

J r-nw
sin 2

- < a <
*>>. tc =^=m m

we have

where , 19 62 >
6> are a^ positive. On account of the supposition made

as regards F (z), we have

From these inequalities it follows that

and this holds for all values of r from 1 to q.

We have consequently the result, that

TT f
a

rt / \
gin m2; ^

C7 == F (z) T- dz
Jo smz
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is less than SQ sl + s2 . . . $2i-i + s2P ,

and greater than s s + s2 ... $
2:p.-i, where 2p q.

From these inequalities, with the help of those obtained above, we have

U >(Po
-

Pl )
F + (Pi

-
Ps )
F

>F
\ mj ^ ~

Pl + p2
~

ps

also U < PoF (+ 0)
- F (Pl

-
P2 + P3

- ... -

On using the theorems which have been proved relating to the p's,

we obtain

and

where, in accordance with the supposition made, p is any integer such that

^ ma
^ o^ < -

.

TT

Now let m and p both increase indefinitely, but in such a way that
'

has the limit zero. Sincem

m
. 2pn PIT .m sin sinm m

we see that p 2y)
has zero for its limit; and hence

has ^ J?
7

(+ 0) for its limit. Again

TT

77 77 2
A> < o + Pi < o + -

2 ^77 . 77'
sin m

2
and hence p has a limiting value not greater than - + -

. It follows that
77

has for its limit the value ^ F (+ 0).
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It has been proved that U lies between two numbers, each of which

has
^
F (+ 0) for limit, when ra and p are indefinitely increased in such a

way that - has the limit zero ; hence the limit of

I"

* Wl Tl tYl ?
f-m t . OJ.11 I1V& iF (z) -, dz

.0 sin z

where a is such that < a ^ %TT.

It follows, as a corollary from this theorem, that

f
a sin mz -

F (z) , dz
Jp smz

has the limit zero, when m is indefinitely increased; where a, j8
are two

fixed numbers, such that < /? < a 5* \n.

329. We have now seen that, if F (z) be a bounded and positive

function which never increases as z increases from to JTT, the integral

f

J

2 sin ma; 7

(z)
-

. r/z

o
v '

sin z

converges to the value - F (+ 0), as m is increased indefinitely. The func-

tion F (z) may be freed from the condition that it must be positive in the

whole interval. For if F
\J^\

is negative, we may apply the theorem to

the function C + F (z), where the constant G is chosen so that

a+F
TT

,1 f
2

r^, TI / ^ win mz .

is positive; thus \C -\ F (z)} . dz
1

Jo sin z

converges to the limit ~
{ -I- F (+ 0)}.

7T

Now C
S
-

.
- dz

J o sin z

TT

converges to the limit ~
C', hence 1 F (z) ~^--

z
dz converges to ~ ^ (+ 0),

z Jo sin z -^

where J17

(z) is not restricted to be positive.

Again, the theorem holds for a function F (z) which is monotone and

never diminishes ;
for we can apply the theorem to the monotone function

F (z) which never increases.
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The theorem has now been established, that if F (z) be any bounded,

monotone function, defined for the interval (0, TT), then

fJo sin 2

converges, as the odd integer m is increased indefinitely, to the value ^ F (+ 0)
2i

The theorem also holds if the upper limit of the integral be any fixed

number a, such that < a TT.

It has been shewn, in i, 244, that any function with bounded variation

is expressible as the difference of two monotone functions. Hence the

results which have been established can be immediately extended to

functions of this class. We have, therefore, the theorem that, if F (z) be

a function defined for the interval (0, |TT), and with bounded variation, then

the integrals

f
a

,.,
sin mz , [

ft n / \
sin mz ,F (z)

-
dz, F (z)

- r-- dz,
Jo sins; J a

v ' smz

where < a ^ |TT, < a < j8
^ TT,

converge, as the odd integerm is increased indefinitely, to the values ^ F (+ 0),
z

respectively.

If we apply this result to the two integrals contained in the expression
for sm (x) , the sum of the first 2n + 1 terms in Fourier's series, we obtain the

theorem that, if f (x) be a function with bounded variation, defined for the 1

interval (77,77), the sum of 2n -f 1 terms of the series

n r*
dx' + S i- cos nx f (x') cos nx'dx'

n=l I
77

"

J-ir

1 f"" )

+ - sin nx f (x') sin nx'dx'
\

TT J -ir J

converges, as n is indefinitely increased, to the value

i t
n

i / (#')4V J -n

It will be remembered that a function with bounded variation is

integrable, in accordance with Riemann's definition; and that it can

have discontinuities of the first kind only, so that at every point the

functional limits / (x + 0), / (x 0) exist.

In the case x TT, the limit to which the sum of the series converges is

At a point x of continuity of the function/ (x), the limiting sum of the

series is f(x); at a point of discontinuity of f (x), the limiting sum of the

series agrees with the value of the function at the point only if
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At the points TT, TT, the limiting sum of the series agrees with the value of

the function only if / (TT), or/ ( TT), is equal to

330. It is now clear in what sense the given function/ (x) is represented

by the corresponding Fourier's series. The representation is necessarily

complete for all points at which the function is continuous, with the possible

exception of the end-points TT, which cannot both be points of continuity
of the extended function, unless/ (TT)

= / ( TT). At a point of discontinuity,

or at an end-point TT, the series represents the function only if the

functional value is properly chosen in relation to the functional limits at

the point; in the case of the end-points these functional limits are those

of the periodic function obtained by extension of the given function beyond
the domain for which it was at first defined, this extension being such that

f (x)
= / (x + 27r), as explained in 323.

The functions with bounded variation include, as a particular case,

functions which satisfy the following conditions :

(1) The function is continuous in its domain at every point, with the

exception of a finite number of points at which it may have ordinary

discontinuities, (2) the domain may be divided into a finite number of

parts, such that in any one of them the function is monotone ; or in accord-

ance with the more usual expression, the function has only a finite number
of maxima and minima in its domain.

These conditions are known as Dirichlet's conditions, and his proof, in

its original form, applied to the case only of functions which satisfy these

conditions.

331. Dirichlet extended his results to the case in which there are a

finite number of points in the domain ( TT, TT) in the neighbourhood of

which
| / (x) |

has no upper boundary. In this case the Fourier's series must

be so interpreted that the integrals in the coefficients are the improper

integrals

f f(x)dx, f

C
?*nxf(x)dx,

J -IT J -ir sm

the function being such that these improper integrals exist. From our

somewhat more general point of view, we shall suppose that the function

/ (x) is such that, when arbitrarily small neighbourhoods of these infinite

singularities are excluded from the interval (TT, ?r), in the remaining

part of the interval / (x) is of bounded variation ;
and further it will be

assumed that the improper integral

f(x)dx
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exists, and is absolutely convergent. Under these conditions, it can be

shewn that the theorems still hold, that the integrals

1*0 _
, ,

sin mz , ^ Q ^ .F (z) dz, for < a < j8
^ JTT,

j a sin z

i f
*

rr / x
sin m3 ^ x ^ ^ iand JP (z) dz, for < a \TT,

Jo
v

sin 2
a

7T

converge to zero, and to ~ jP (+ 0), respectively, as m is increased in-
2i

definitely.

If, between a and /?, there is a point c in whose neighbourhood |

F (z) \

has no upper boundary,
f * TO / \

sin mz ,F (z) .
- dz

J a sin z

is interpreted by Dirichlet as the limit of

f
c ~ 8

r, i v
gin m2J 7 f3

7i / x
gin m2; ^

JP
7

(2;) .
- dz + ^ (z)

- dz,
J a

v '
sin J c+e

' ;
sin 2

where 8, e have, independently of one another, the limit zero ; assuming that

such limit exists.

Let 8' < 8, then
c-'

jrc-n sin
LF (2) .

J a J sm
dz

-

< cosec a LF (z) dz\
' '

where the expression on the right-hand side is arbitrarily small, on account

of the absolute convergence of the integral of F (z), and is independent
of the value of m.

Now, if IF (z) dz converges absolutely at the point c, we can choose 8 so

small that, for every 8' < 8,
re -6'

cosec a\ \

F (z) |

dz
Jc-fi

is arbitrarily small; hence the integral

f
c ~* n / x

sin mz TF (z)
-

. dz,
J a

v '
sin z

for a fixed m, converges to a definite value, as 8 converges to zero. Similarly
it can be shewn that

sin mzf0 _
, v

sinF (z)
Jc+e

V '
S1I

dz
sinz

converges to a definite value, as e converges to zero. It has thus been

shewn that

f* rr / \
Sln mz j i- f

C ~*
r, i N slF (z)

- dz - hm F (z) -.

J a sm z 5 o Ja s
.

smz
7
dz

+ lim F (z) T - - dz = ^ (m) +
o Jc+ sm z
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and we have now to shew that fa (m), fa (m) converge to zero as m is

increased indefinitely. It has been already seen that 8 may be so chosen

that, for all values of m,

sin mz
sin z

where
rj

is a fixed arbitrarily small positive number. Now, for a fixed value

of 8, ml may be chosen so great that, if m m l ,

" s
,

sin mz ,

sin z

where is arbitrarily small; hence, if m ~ m l3

and therefore ^l (m) converges to the limit zero
; similarly fa (m) converges

to the limit zero.

If, between a and j8, there are any finite number of points such as c, we

may divide the domain (a, /3) into a finite number of parts, such that each

part contains only one such point as c, and apply the above result to each

of the integrals which are taken through one such part.

f
a sin wvz

The integral F (z)
-- '- dz can be divided into two partsG

J o sm z
x

f"1
7 ,

,
. sin mz , f

tt
,

x
sin mz ,

F (z) . dz + F (z) . dz,
J o sm z J ai sin z

where a^ is so chosen that all the points of infinite discontinuity of F (z) are

f
" sin tnz TT

in (a,, a); we thus see that F (z)' dz converges to s F (-+ 0), when
Jo sm z

& 2 v '

m is indefinitely increased.

It has now been shewn that : if f (x) be such that, when the arbitrarily

small neighbourhoods of a finite number of points in whose neighbourhood

\f(x)\ has no upper boundary have been excluded, f (x) becomes a function

with bounded variation, then the Fourier's series

If, 1 f
ir

,

/ (#') dx
f

+ 2 -I / (x') cos n (x x') dx
f

^TTj-/ ^J-Tr'

converges to the value i {f (x + 0) + f (x 0)}, at every point in
( TT, TT),

except at the points of infinite discontinuity of the function, provided the

improper integral f (x) dx exists, and is absolutely convergent.

APPLICATION OF THE SECOND MEAN VALUE THEOREM

332. An alternative method of investigation of the limit to which the

partial sum of Fourier's series, corresponding to a function of bounded

variation in the interval ( TT, TT), converges, is obtained by the employ-
ment of the second mean value theorem (i, 422). This method was first
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employed by Bonnet, who used his form of the mean value theorem*.

The method was also used in his treatise by C. Neumannf, and by JordanJ
who applied it to the case of functions of bounded variation. The method
is also employed, and discussed in great detail, in Dini's treatise .

We have need of the following lemmas :

J

dz = JTT, m being an odd integer. This has already been
j"^ir QIJI

(1) -.

J Q sisin z

proved in 328.

f^sinraz,^ T* ^ a ^ i f^sinwz, /1X ,f, /1X
(2) // < a < ft

^ |TT,
- -- dz - o (1), and dz - o (1).

j a olll Z Jo."
To prove this, we have, by the second mean value theorem,

f^sinwz , 1 fy . ,
,

1 f* . .
--

;
- ~ dz = -. sin mz dz + n \

sin mz dz,
J a smz smaJa smj3J v

where y is in the interval (a, j3) ;
and therefore

sin mz1*0 sin \

Ja sin
dz < (cosec a -)- cosec 8) < cosec a,m v r/ m

from which the result follows. The second part of the theorem is proved
in a similar manner.

dO ^ 7T.(3) // ^ a < jB,
then

By the mean value theorem, if < a < h, I

fi
dO

I Ja

therefore
\\:

00
sin

r< S -
;
and if a Si IT, we have

I f

|Ja

'sin0
dO

f cin /5

It is clear that, as a increases from to TT,

k

^ rf^ diminishes, si

Ja
f
* sin ^ ,. , rp, , . f sin

1 ,~
^ aa does so. Therefore, since - - =

JTT, we have
Ja V Jo

sin

snce

0"

*

sin

de

if a < 77, and it has been shewn to be < |TT, if a S TT
;
hence

'sin0 ,

i/:

for S a. It now follows that
sinfl

dB IT, where & a < /J.

After having established these lemmas, we proceed to consider

F (z) dz, where F (z) is monotone, and non-diminishing, in the
o sin z

interval (0, JTT).

* Mdmoirea des Savants Grangers of the Belgian Academy, vol. xxni.

t Ueber die nach Kreis- Kugd- und Cylinder-fiinctionenfortschreitenden Reihen, Leipsic, 1881.

t Cours $Analyse, vol. n. Sopra la Serie di Fourier, Pisa (1880).
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If
IJL
be a fixed positiye number, we have

f
**

/ x
sin mz j / ^ /"** si*1

F(z) --. dz - J7

(+ 0)
Jo sinz v

'Jo sisinz

f

J

On applying the second mean value theorem, we have

n , x sin wz 7 t r / ,vv fVv / x
sin mz ,

o
(Z)

sin,
& - **F <+ >

-
h <2> T *

- * + (F (
- j- ,+

where fx is some number in the interval
(IJL, TT), and G (z) denotes the

monotone, non-diminishing, function {F (z) F (+ 0)} . .

sin z

Again,

j> ~
,

. sin mz , ^ / x f* sin mz ,
/ \ f

m* s^n ^ jG (z) cfe = G
(JJL)

dz = G
(IJL)

-
dz,

.'O z J$ Z Jm %

where is in the interval (0, p).

The number depends on m, and on the function G (z) ;
it may happen

that, as m is indefinitely increased, diminishes indefinitely in such a

manner that mi; has a finite limit. Whether this happens or not, we see

from (3) that
| j

G (z)
5_!?? dz does not exceed TT

|

G (JJL) \
,
and \L may

sin wz
,

W(z)
,
/o

be so chosen that this is less than the arbitrarily chosen positive number .

Since

sin mz i--- dz
smz

4
< cosec u,m ^

f** sin
r

J fl si

smmz
smz

4 ..4
< - cosec fi < cosecm ra

it is seen that both integrals converge to zero, as m ~ QO
, notwithstanding

the fact that f x is dependent upon m. It now follows that
IJL

and m^ can

be so chosen that, for m ^ m^ ,

'

y x sin mz 7

/ o sin z

Since c is arbitrary, it follows that

(+ 0) < 2*.

,. f
*" -. , . sin mz 7 . , ^ xhm F (z) :

- dz = ATTJ^ (+ 0).
m~oJo smz 2

Since any function that is of bounded variation in the interval (0, TT)

is expressible as the difference of two monotone non-diminishing functions,

it follows that this result holds for any function F (z) which is of bounded

variation in the interval (0, TT). Writing / (# + 2z) + / (x
-

2z) for F (z),

we see that
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Thus the convergence of the Fourier's series at any point x of the interval

( 77, 77) has been established. The following theorem has been established :

// / (x) have bounded variation in the interval
( 77, 77), the Fourier's

series corresponding to f (x) converges to the value / (x) at any point within

the interval, at which the function is continuous; it converges to the value

4 {/ (
x + 0) + / (x 0)} at any such point at which the function is discon-

tinuous. At the points IT, TT it converges to the value

333. It is known that a convergent series of continuous functions

is non-uniformly convergent in the neighbourhood of a point of dis-

continuity of the sum-function, but that the series is not necessarily

uniformly convergent in an interval in which it is continuous. In the

case of the Fourier's series corresponding to a function f(x) which is of

bounded variation in the interval ( 77, 77), it can be shewn that the

series converges uniformly in the whole interval (77,77), provided the

function obtained by extending / (x) beyond the interval, as a periodic

function, is continuous in the closed interval (77,77). This requires

the condition / (77 0) =/ (
77 + 0) to hold, in which case the complete

continuity holds if the values of /(77) and /( 77) are the same as those

of / (77 0) and / ( 77 + 0). The function then converges uniformly to

f (x) in the whole interval ( 77, 77).

It can further be shewn that, provided / (x) is of bounded variation in

( 77, 77), the series converges uniformly to f (x) in any interval (a, 6) in

which the function is continuous, the continuity at the points a, b being
on both sides.

It has been shewn in 332 that

'* n , v sin mz , 77 ,_
smz 2

77
1 (/z)| + --4- \F(p,)-F(+0)\1 ^ ' m sin .

' xrv '

m sm

where F (z) is monotone non-diminishing. Using this inequality, and the

corresponding one for F
( z), and writing / (x + 2z) +/ (x 2z) for

F (z) + F (- z), we have

- o
|

<
|

oM |
+

|

ol M |

~^
-

0) |
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where A is a fixed number dependent on the upper boundary of / (x) in

the whole interval ( 77, 77), and

O
(/JL)

= {/ (x + 2fi) ~-f(x + 0)} n cosec /x,

Ol (/JL)
=

{/ (x 2/Lt) / (x 0)} jit
cosec /A.

If now / (#) is continuous and monotone in the interval (a, 6), and is

continuous at a and b on both sides, on account of the uniform continuity
of the function, ^ can be so determined, that, for all points x in the interval

(a, 6), \f(x + 2/ji) f (x) |

and
| / (x 2jLt) / (x) \

are both less than

provided //,
^ /^ . Also p cosec

//,
< JTT, thus

|

Q
(JJL) \

and
|

Ol (/x) |

are

both less than Jc, provided ^ ^ ^ly for all values of x in (a, 6). Therefore
A

(#) f (
x) |

< e H-- cosec Hi, for all values of x. The number ^
A

having been fixed, an integer m 1 can be so determined that cosec /^ < e,
171

for in ^ ra1? and therefore
|

s2n+l (x) / (x)
\

< 2e, for mSml5 and for all

points x in (a, 6). Since is arbitrary, this establishes the uniform con-

vergence of s2n+l (x) to /(#) i*1 the interval (a, 6). The function /(#) has

been taken to be monotone, but a function of bounded variation may
be expressed as the difference of two monotone functions, each of which

is continuous in (a, b) when f (x) is so. Therefore the theorem holds for

any function of bounded variation in
( TT, TT).

It has thus been shewn that :

Iff (x )
be of bounded variation in

( TT, TT), the Fourier's series converges

t f (x)> uniformly in any interval (a, 6) in which f (x) is continuous, the

continuity at a and b being on both sides.

Returning to the general case in which the function / (x), of bounded
variation in (77,77), may have discontinuities in an enumerable set

of points of the interval, we see that, if p be a fixed number, (p) and
Gl (/x) are bounded for all values of x in the interval

( 77, 77), since f(x) is

a bounded function. We find that
A

I
*2n+i (x)\<K + - cosec /x,

where K depends only on the fixed number /*, and on the upper boundary
of the functions

| / (x) \

in the interval
( 77, 77). When/ (x) is not monotone,

the result can be, as before, immediately extended to any function of

bounded variation. Since
|

s2n+l (x)\ < K + A cosec /x, it is seen that

I

52n+i 0*0 |

is bounded for all values of n.

We have accordingly established the theorem* that:

If f (x) be any function of bounded variation in the interval
( 77, 77),

the Fourier's series converges boundedly to the value {/ (x + 0) + / (x 0)}

throughout the interval ( 77, 77).

* See W. H. Young, Proc. Land. Math. Soc. (2), vol. ix, p. 453.
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THE LIMITING VALUES OF FOURIER'S COEFFICIENTS

334. The following general property of the Fourier coefficients of a

summable function was first established by Lebesgue* :

// an ,
bn denote the Fourier's coefficients corresponding to any summable

function f (x), then an = o (1), bn = o (1).

This theorem is a generalization of the theorem due to Biemannf in

which the function is restricted to be integrable (J2). It is consequently

frequently known as the Riemaim-Lebesgue theorem. The case when the

function is continuous J was treated by Stackel.

Lebesgue's theorem can be obtained as a special case of the

general convergence Theorem I, of 279. Consider the interval (a, 6),

cos
and let <E> (x

1

', x,n) = . nx'
9
the set G consisting in this case of a single

sin

point, so that x does not occur. The conditions (1) and (2) of the theorem

are satisfied, since
sin

,nx
cos

b

1, lim I nx' dx' = 0; from which it

rb

follows, in accordance with the theorem, that lim / (x
f

)
cosnx' dx' 0,

n^oo J a
rb

and lim / (x
9

) sin nx' dx' = 0. It will be observed that n may diverge
<-o .' a

as any sequence of positive numbers, not necessarily integral.

It has been shewn by Lebesgue that this theorem cannot be made
more precise ; that, in fact, if u (n) be any function which converges

monotonely to zero, as n~ao, a continuous function f (x), such that

| / (x) |

^ 1, can be constructed, for which the coefficients are not of order

superior to that of u (n).

The following more general theorem may be given :

/*/s sin
// / (x) be summable in the finite interval (a, 6), then I / (x)

*

nxdx
J a COS

converges to zero, as n ~ <x>
, uniformly for all intervals (a, jS) contained in

(a, b).

To deduce the theorem from Theorem I, of 279, let the set O be a

two-dimensional set consisting of all points (a, /?) such that a ^ jB,

a ab, a fib. Let O (#', x, n),/ when x = (a, /?), be defined by
sin

O (x', x, n) = nx', for all values of x' in the interval (a, jS), and
cos

4> (#', x9 n) = 0, when x' is not in that interval.

* Annales sc. de V&ole normals sup. (3), vol. xx (1903), p. 471.

t Oes. Werke, 2nd ed. vol. I, p. 254.

J Leipz. Ber. vol. un (1901), p. 147; also Nouvelles Annales (4), vol. n (1902), p. 57.

Bulletin de la soc. mat. de France, vol. xxxvin (1910), p. 184.
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Since
|

$ (x*', x, n) \

^ 1, for all points #', x, and for all values of n,
r&' 2

and since I O (a;', x, n) dx' -
,
which converges to zero, uniformly for all

J a' %

points x, the conditions of the theorem are satisfied. Therefore
B

-
,
sm

, ,

/ (a; ) ras do;
/

v '
cos

converges to zero uniformly for all pairs of values of a, /3 in the interval

(a, b).

It is of interest to have a direct proof of the theorem. First let < a < b ;

we then prove the theorem for the particular function / (x)
= of.

u- f^ ,.
sm

i a f^sin ,
Since xr nx dx Br nx dx

\Ja COS r
JyVOS n

where y is in the interval (a, /?), the theorem is established for this case.

Next let / (x)
= P (x), where P (x) is a finite polynomial; the integral is

then the sum of a finite number of integrals, each of which converges

uniformly to zero, as n ~ oo . It is clear that the condition that a and b

should be positive can be at once removed by changing the variable x

into a new variable x + k\ P (x) then becoming a polynomial P ().

Thus the complete theorem holds for a function which is a polynomial P (x).

Next, if/ (x) be any function, summable in (a, 6), a finite polynomial P (x)
rb

can be so determined that I
| / (x) P (x) \

dx < e (see I, 430). We have
J a

then

[f* , sin , f0 n sin ,
f D sin ,

I / (#) m* dx = I P (x) nx dx + {f (x) P (x)} nx dx.
J a

J v y
cos J a

v y cos J a cos

The second integral on the right-hand side is numerically less than ,

whatever values a, /?, n may have. The numerical value of the first

integral on the right-hand side is also < e, provided n > n , for all values

of a and
/?. Therefore

x
sin

, x ,

/ (x) nx dxJ v 7 < 2e, if n > n
,

cos

for all the values of a, /?,
in the interval (a, 6). Since is arbitrary, the

theorem has been established. It may be observed that the theorem holds

good if n be a continuous variable which increases indefinitely.

It may be observed that the extension of Theorem I, in 280, to the

case in which the interval (a, 6) is indefinitely great, when/ (x) is absolutely
summable in the indefinite interval, furnishes a proof of the following
theorem :

/// (x) is absolutely summable in one of the intervals (0, oo
), (

oo
,

oo
)

/ <*)^ * dx = o (1), or / (*)^
S
nx dx = o (1).

33-2



516 Trigonometrical Series [OH. viil

335. In case the function/ (x) is bounded and monotone in the interval

(-- TT, TT), we have,

f*
/./ .sin , *.

, A . fa sin ,
, ,

_
x f^si

f(x) nx ax = / (
TT + 0) I tt# d# + / (TT

-~
0) /

J IF COS J n COS J a C

or 1 1 f (x} . nx dx

COS

< , where A is a fixed number depending onlyn
upon the upper boundary of f (x) in (77,77). Since any function of

bounded variation in ( TT, TT) can be expressed as the difference of two

monotone functions, we have clearly

I/:

sin

cos

K
n'

where K is a fixed number. It has now been proved that :

Iff 0*0 huv6 bounded variation in the interval ( TT, TT), then an -

It is clear that, if / (x) be of bounded variation in the interval (a, &),

then nxdx < ,
where J? is a fixed number, independent of

n
n. The number n may be taken to be any positive number, not necessarily

integral.
EXAMPLES

/x (1 + coso?)(l -f cos4#) ... (1 + co84m~1
x)dx; then f (x) is

j

a continuous periodic function, of period 2?r, and it is of bounded variation in the interval

(
-

IT, TT).

It can bo shewn that the Fourier's coefficients of this function are such that nbn = 1,

when n is a power of 4. This example was given by F. Riesz* to illustrate the fact that,

for a continuous function of bounded variation, the condition an = o ( -
),

bn - o
( )

are
\nj \nj

not necessarily satisfied.

(2) lif(x) is of bounded variation in the infinite interval (a, oo
), and converges to zero

as x ~ oo , the integrals / / (x)
sm

nxdx exist, and are O (-V
J a cos \n/

We have/ (x) ~P(x)-N (x), where P (x), N (x) are monotone non-increasing, and con-

verge to zero, as x ~ oo .

If A'>A >a, we have P (x) nxdxI /*
\JA

sin

cos
=P (A)

sn nxdx
cos

Since P (-4) is arbitrarily small, if A be sufficiently large, the integral on the left-hand

/*OO

side is <e, for all values of A\ when A is properly chosen. Therefore / P (x)
sm

Ja cos

exists. Also I P (#)
sm n^ =O

[
-

) ; and since / P (x)
sm nxdx -0 (

-
j , we have

;^ cos \ii/ ;a cos \nj

cos
r
Ja

^oo /i \

A similar result holds for N (x); therefore
/ / (x)

sm
nxdx =0 (i )

.

Ja cos \nj
* Jfa^. ^eitec^r. vol. n (1918), p. 312.
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(3*) If the even function / (x) is continuous, and is of bounded variation, and is an

integral in any interval which does not contain the point x =0, then an =o (-\ .

Since f (x) is an integral in the interval
(i;, TT), it has a summable differential coefficient

/'(#), thus

" "

f (x)smnxdx.(
Jr,

n
r,

Since f(x) is continuous and of bounded variation in (0, rj) 9 we have, expressing / (x)

as the difference of two monotone functions /x (x), /2 (x),

) coswd. =/1 (0)

.70 n

where
rj', r\" are in the interval (0, 1). We now find that

fir fir
n I f(x)co8nxdx^ -

I f'(x)ainnxdx +[/j(0) -/! (?;)] sin w?;'
/O A

hence the expression on the left-hand side is loss than 3* , provided ij
be chosen sufficiently

small, and n sufficiently large. It has thus been shewn that an =o (~\.

(4) If / (x) is summable in every finite interval, and g (x) is of bounded variation in

(a, b), then I / (x + u) g (u)
sm nudu converges to zero, as n ~ oo

, uniformly for all values
J a COS

of x in any finite interval.

It is sufficient to assume that g (u) is monotone, then

I f(x + )V (
u

)

Sln nudu =0 () / /(*+*)
Sm

nudu+g (b) I f(x+u)
sm

nudu,
J a cos J a cos J A cos

where A is in the interval (a, 6), and depends on n and #. It is sufficient to shew that the

result holds for each of the integrals on the right-hand side. Let x +u =v, then it is easily

/
sin

/ (v) nvdv converge to zero, as n ~ oo , uniformly
a cos

for all values of a and ft in a finite interval. This has been shewn in 334 to be the case.

336. Let the function / (x) be assumed to have, in the whole interval

(-TT, TT), a differential coefficient fW (x) of order r, which is continuous in

the interval, or more generally a differential coefficient /(r
~1>

(x) which is

an indefinite integral.

rir
SIYI

The integral f(x) nx dx may then be expressed by r successive

integrations by parts, and its value depends upon that of

nr _

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. x (1911), p. 256.
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which exists, since /<
r)

(x) exists almost everywhere in the interval, and is

summable. As the integral converges to zero, we have the following theorem :

/// (x) have a continuous differential coefficient/M (x) 9 of order r, or more

generally, if / (r
~~
1)

(x) exists and is an indefinite integral, then an = o (n~
r
),

bn = o (n-*).

337. Let us consider the function / (x)
=

|

x \~
v

< (x), where < v < 1,

and
<f> (x) is of bounded variation in ( TT, TT).

We have

/ r~T~ s*n nx dx = I
I f

- sin nx dx + I
i/j (x) sin nx dx,

} -n
I

x
\

v
J -p |

x
\

v
J -n

I / \

where
if/ (x)

= ?- , in the intervals ( TT, //,), (//,, TT) and has the value
I

x
\

in the interval ( /x, p,). The function
iff (x) is of bounded variation in the

interval ( 77, TT), and therefore $ (x) sin nx dx = (n~
l
). We now

J it

/> y (ft\

consider the integral
*-~ sin nx dx, where x (#) denotes

c/> (x) + <f> ( x).
Jo x

Dividing the interval (0, /x) into the two parts (0, -y__) and
(

--
^, /x ),

we
\ Vw \V^ /

have

l> Y(X) . , |> P(a?) . , |> Q(a?) . ,- - sin nx dx = sm wa; rfa; - - sin tt# aa;,
J i a;" J i x" ] i a"

Vn V^ Vn
where P (x), Q (x) are two non-increasing monotone functions. The ex-

pression on the right-hand side is, applying Bonnet's form of the second

mean theorem, numerically less than a fixed multiple of - n*v
, or n*v ~ l

.

n
Also

- -

p/np^) B

J -^^-P(
where ^ is in the interval [0, --/-); also a similar result holds for Q (x). We

\ vnJ
thus find that

.
1 - JL=

sin nx
. -

\F/*x(x) I ^ f^sinwa;A v ;
sin no; < u4 -

I Jo xv
I Jo ^v

-

dx

where A and B are fixed numbers, independent of n
; we now have

i

sin

rsin
nx , _ 1 T sin

, _
Guic/ t I

- , _ ,

xv nl~"
Jo a?'

\^n
If sinx= -:: arr.

nl~"
nt x"

T^
n sinnx---- dx
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It is known that

r*inxdx= - - -
Jo x"~ 2siniw:r(v)'

and if the indefinite interval of integration be divided into parts (0, TT),

(?r, 27r), ..., the integral is represented by a series II /2 + 73 ...,

when Im denotes

(- 1)-H
f

'
-8!^ ; thus 7X > /, > 7, ... .

Jo (a? + w -
ITT)"

f ^ sin v

It now easily follows that y- cfo? is numerically less than a fixed
Ja %V

number, independent of a and
j8.

It is thus seen that

J

i

n
*-^~-' sin

o a"

is less than a fixed number, independent of n, and it then follows that

M x ty sin nx dx =0 (n^~l
) + (n

v'1
)
=

/o A

We have now

~ sin nx dx = (n~
l
) + (n"~

l
)
- (n

v~l
).

A corresponding result can be obtained when cos nx takes the place

of sin nx. There is no loss of generality in taking any point /? of the interval

as the singular point instead of the point 0, because the interval
( TT, TT)

can be replaced by the interval (j8 TT, j8 + TT), the function / (x) being
taken to be periodic. The following theorem has now been established:

/// (x) be defined as
, 7^7,;,

where ft is any point interior to ( TT, TT),

\

x p \

v

v is any positive number less than unity, and
<f> (x) is of bounded variation in

the interval ( TT, TT), the Fourier's coefficients of f (x) have the property

CLitn
~=~' \J \ IV I O /n

- - \J I Iv }n \ / ' it \ /

338. The following theorem is of use in some parts of the theory:

/// (x) be summable in (a, 6), then

rb
fb 2 f&Km / (x) |

sin nx
|

dx = Km / (x) |

cos nx
|

dx = - / (x) dx>
H-^ooJa M~ooJa I* J a

where n is unrestricted.

Let the finite polynomial P (x) be so determined that

b

\f(x)~P(x)\dx<r,.
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If P(x)=*T?Aax',
s-0

rb . s-m rb

we have P (x) \

sin nx
\

dx = 2 ^4 5 a;*
[

sin nx
\

dx.
Ja s - J a

Dividing (a, 6) into intervals (a, /?) in each of which sin nx is of fixed sign,

we have
rb s-m

f P8
)P (#) I sin ?io; I dx = 2 -4.

-^
2 xs

\
sin TIO; I dx\

Ja S-0 l(a,^)Ja J

^^ >d I y ^<a ">* 1
5 1

""~
=>V fin '

where 8( af j8 )
is equal to 2, for all the intervals (a, j3) except possibly the two

extreme intervals, in which it may be < 2; and
(a,/3)

is some number in

the interval (a, ). It now follows that

rb 2s~m (
rb

} 2 f
&

lim P (x) I sin nx
\
dx = - 2 J.J #s

<&4 = ~ p
(
x) dx.

n-ooJo ^s-0 (la )
** la

rb rb

Since / (x) \

sin nx
\
dx, \ P (x) \

sin nx
\

dx differ from one another
J a J a

rb rb

by less than
r\ ;

and since / (x) dx, P (x) dx also differ from one another
Ja J a

by less than
17,

it follows, since
17

is arbitrary, that

rb 2 [
b

lim / (x) |

sin nx
\

dx = - f (x) dx.
~ooJ a f* J a

The case in which cos nx takes the place of sin nx can be treated in the

same manner.

339. If f (x) have a D-integral in the interval (a, 6), let
<j> (x) denote

rx

the continuous function / (x) dx. Employing the method of integration
Ja

by parts (i, 474) we have

rb r p r&

/ (x) cos nx dx = < (x) cos wa? + w < (#) sin nx dx.
Ja L J J

Now < (#) is summable in (a, 6), and
<f> (x) cos nx is bounded; we thus

If6

see that - / (x) cos nx dx converges to zero, as n ~ QO . Similarlyn Ja
1 f

5
-~ / (a;) sin no: dx can be shewn to converge to zero. We thus obtain as
n Ja

the analogue of Lebesgue's theorem of 334, the proposition:

/// (x) have a D-integral in ( TT, TT), <^6 Fourier
9

s (D) coefficients an ,
hn

have the property an = o (w), 6n == o (n).
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The statement in this theorem cannot be improved. It has in fact

been shewn* by Titchmarsh that, if A (n) be a positive monotone de-

creasing function of n which converges to zero, as n ~ oo, then, however

slowly I/A (n) tends to oo, a function which has a single point of non-

summability, and which has a non-absolutely convergent integral, exists

for which an o {n\ (n)} , bn o {nX (n)} .

CONDITIONS OF CONVERGENCE AT A POINT OR IN AN INTERVAL

340. It has been shewn in 323 that the partial sum of the Fourier's

series corresponding to a function/ (x), summable in the interval ( 77, 77),

is given by

sm(2n + l)-~

Bin
2
-~-

In order to consider the behaviour of the Fourier's series at any point x
,

interior to ( 77, 77), let /z be a fixed positive number, so small that the

interval (x^ /A,
x + /z) is interior to (77, 77), and let the function/! (x)

be defined to be equal to / (x) in the interval (xl /*, xl + p), and to be

zero in the rest of the interval ( 77, 77). Let/2 (x) be such that

fi (
x ) + A (

x ) f (
x

) I

so that /2 (x) has the value zero in the interval (x^ ju, x^ -(- //,),
and has

the value/ (x) in the rest of the interval ( 77, 77).

In the general convergence Theorem I, of 279, let O consist of the

single point xl9 and let O (x', xl9 n) be defined to be zero in the interval
/

sin (2n + 1) ^
-

(
xi
~

A6 * xi + /*)* an(l to have the value
;

within the
<ai Y\sm

2

two intervals ( 77, x /x), (x + p, 77).

We have then
|

O (x
f

,
xl9 n)

|

^ cosec J/x, for all values of x' and n\
fft

/*' _J_ /v

and O (x
f

,
xl9 n) dx' converges to zero, as n oo

, since cosec
l

is

summable in the intervals in which <I> (#', x, n) is not zero, and thus the

theorem of 279 is applicable to the function /2 (x). It follows that, since

the conditions of Theorem I are satisfied,

sin (2n + 1)

X ~~ l

. x' Xi
sin

* Proc. Lond. Math. Soc. (2), vol. xxn (1924), Records, p. xxv.
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converges to zero. Since/ (#')
=

/j (#') + /2 (#') it follows that lim s2n+l (x^
~*OQ

l
sin (2* + 1)

<--\
depends only on lim -- /x (x') , dx f

;
or on

n~oo^J~ir # x\sm

lim ~
(x

f

V

and this is independent of the values of / (#') outside the interval

(a?!
-

jti,
ax + /z).

We have accordingly established the following theorem which, in the case

of functions that are integrable (JB), was given by Riemann* :

The behaviour of the Fourier's series corresponding to the summable

function/ (x), as regards convergence, divergence, or oscillation, at a particular

point, depends only on the values of the function f (x) in an arbitrarily small

neighbourhood of the point.

It will be seen that this theorem is an immediate consequence of the

Riemann-Lebesgue theorem
( 334) as applied to the function

^ i \
^ *^i

ft (x) cosec
2

\

It has been assumed in the proof that xl is an interior point of
( TT, IT).

This does not involve any real limitation, because, when/ (x) is defined to

have the period 27r, we may take for the interval any interval of length

27T, instead of ( IT, TT); and such interval can be chosen so that either of

the points TT, TT is interior to it.

If the function / (x) is of bounded variation in the interval

(xl
-

n, xl + /*),

the function/j (x) is of bounded variation in the interval ( rr, TT). Applying
the results of 332, to/x (x), we obtain the following theorem:

//, for a summable function f (x), a neighbourfiood of the jxtint xt can be

determined so that f (x) is of bounded variation in it, the Fourier's series

converges at the point X1 to the value \ {f (x^ + 0) + / (xl 0)}, which is equal

to f (x^ in case the function is continuous at x1 .

This sufficient condition of convergence was given by Jordanf, and is

known as Jordan's condition.

341. Next, let an interval (a, 6) be taken, interior to ( TT, TT) ;
and let

p be a positive number such that (a /*, b + //,)
is interior to

( TT, TT)..

* See his memoir, "Ueber die Darstellbarkeit," Math. Werke, p. 227.

t C&ura d'Analyse, vol. n, 2nd ed., p. 237.
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Let /! (x)
= / (x) in the interval (a /z, 6 + //,), and let it have the value

zero in the rest of the interval (77,77). Let/2 (x) be given by

so that /2 (a?) has the value zero in the interval (a /x, b + /z), and the

value / (x) in the intervals ( 77, a //,), (6 + ^, 77).

If in the Theorem I of 279, we take G to consist of all the points x,

of the interval (a, 6), 'and O (#', x, n) to be defined as

sin (2n + 1)

X~-X

x -x

within the two intervals ( 77, a ju,), (6 + /x, 77), and to have the value

zero in the interval (a p, b + /*), it can be shewn that this function

satisfies the conditions of the theorem. For
|

O (a/, x,n)\ cosec \p, for

all values of n, and for all the values of x\ thus condition (1) is satisfied.

Again, if (a, j3) be any interval contained in (6 + /*, 77),

f
ft ^ / / ^ j > * f

* ^"^ si
<D (a/, x, n) dx' = 2

J
v y

Jt(a-*)

and by the second theorem of 334, since cosec z is summable in the interval

(/x, 77 \a) which contains the interval {\ (a x), \ (j8 x)}, it follows

that this integral converges to zero, as n ~ QO
, uniformly for all values of

x in (a, 6). The corresponding result can be shewn to hold if (a, /?) is con-

tained in ( 77, a />t). Taking the summable function/2 (x), it follows from

the result of Theorem I, that
/

sin (2n + 1) -^
/ >\ " J f

(x ) , ax

sin -----

converges to zero, uniformly in the interval (a, 6), of x.

Therefore, in the interval (a, 6), lim $211+1 (#) depends only on

sin (2n + 1)

" X

Urn A (*')
-

,
-= cte'

/ 11 ;
. x'-x
sm -~

! fb+^
sn TO

x- lim / (*') , dx'.
Wn~oo Ja-(t ^ ~ ^

or on W~ -
sm

We thus have obtained the following theorem* :

(x) be summable in
( IT, IT), and (a, b) be any finite interval contained

* See Hobson, Proc. Lond. Math. Soc. (2), vol. v (1907), p. 282.
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within
( TT, TT), the behaviour of the Fourier's series corresponding tof(x) in

the interval (a, b) as regards convergence, divergence, and oscillation, depends

only on the values of the function f (x) in the interval (a p,b + //,),
where p

is an arbitrarily small positive number.

In case / (x) is of bounded variation in the interval (a /x,
6 + /*)>

/! (x) is of bounded variation in ( TT, TT), and consequently the results of

332, 333 can be applied to the function f (x). We obtain accordingly
the following theorem :

/// (x) be summable in ( TT, TT), and (a, b) be an interval which is con-

tained in another interval (a
f

, b'), in which f (x) is of bounded variation, the

Fourier's series converges uniformly to the value f (x) in the interval (a, b),

in case f (x) be continuous in (a, b), the continuity at a and b being on both

sides. If f (x) is not continuous in (a, b), the series converges boundedly
in the interval (a, b) to the value J {/ (x + 0) + / (x 0)}.

342. It has now been shewn that, in all cases, the question of the

convergence of the Fourier's series at a point x depends upon the con-

vergence of {f (x + 2z) + f (x 2z)}
'!_____!__

rfz, where e is an

arbitrarily small positive number. In fact, it has been shewn that

Km \ [*"{f(x + 2z) +f(x -
2z)}

>Sm (2 + 1} *
dz = 0.

ft/^oo " J e olll &

J*$v

QITI (ty/n
\ \\ Z

m

'
dz = iflr, for all values of n, and

o smz 2

r f*sin(2rc + l)z
lim ^

: dz -= 0,
n~ooJe smz

,, , ,. f* sin (2n + l)z , .

we see that lim .
- dz = \TT.

n^oo Jo Sin Z

Thus the condition that the Fourier's series may converge at the point x

to the value lim {/ (x + t) + f (x t)} is that

lim
\'[f(x

+ 2z) +f(x -
2z) -lim {/(# + *) + f (x -')}]^^*

= 0-

At a point of continuity of/ (x) this reduces to the condition

f *

lim
n-ooJo fc)+/(*-fc)-2/()}^^&-0.Hill Z

TJ. 1.1. ^.L j. j.f x i
SIDL^^; , iji smz

It can be shewn that, in this integral, . can be replaced by ,& smz r J
z



341, 342] Convergence at a Point or in an Interval 525

For the function

+ 2z) +f(x -
2z)

- lim {f(x + t) + f(x - t)}]

is summable in the interval (0, e) ; and therefore, by Lebesgue's theorem,

Thus the condition of convergence to J lim {/ (x + t) + f (x t)} is

<~o
r e mn vYfz

lim [f(x + 2z) +f(x -
2z)

- lim {f (x + t) + f (x
-

*)}]-
-- & = 0.

n~oo:o *~o &

Writing for convenience 2z = t, f (x + t) + f (x t)
=

(f> (t), the condition

of convergence is

This condition is certainly satisfied in case the function ^- ? ~----1 is
t

summable in the interval (0, e), on account of Lebesgue's theorem ( 334) ;

and the condition of summability is satisfied in particular if
^

- - ^ --

t

is bounded in (0, e), or if
| (f> (t) <f> (+ 0) |

^ ^^-a
, where a < 1, and A

is a fixed number, in the interval (0, <).

In case / (x + 0), / (x 0) both exist, it will be a sufficient condition

of convergence of the series to the value J {/ (x + 0) + / (x 0)}, that both

f(x + t)-f(x + Q) , f(x- t) -f(x- 0) , ,, , w *uJ v
1

; ^------; and - t J- ' should be summable in the
t

*

interval (0, e).

We thus obtain the following sufficient conditions of convergence of

the Fourier's series at the point x.

(a) If e can be so chosen tliat ^J- ^--^ is summable in the interval
V

(0, e), where
<f> (t) denotes f (x + t) + f (x t), then the Fourier's series is

convergent at the point x. This condition is satisfied whenf(x + 0), / (x 0)

both have definite values, and /^.A=L/^+ >,
<!!L^Ll/Lz_9>

t t

are both summable in (0, e); or else when f (x + 0), / (x 0) are not definite

but
(f> (+ 0) is so, and ^-~ /r.i_ '

j* summable in (0, e). In either case
t

the series converges to \ lim {/ (x + t) + f (x t)}.
<~o

(6) If x be a point of continuity off (x), the series converges at the point x

to the value f (x) iff&-^L+f-(
x ~ f)^J^g) is summable in the interval
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(0, ); and in particular if
f(x +

*\-f(*) t

/(*-*)-/() are 6o^ sum.

t t

mable in that interval.

This condition, which is known as Dini's condition, is satisfied, in

particular, in case the four derivatives of / (x) at the point x a,re all finite,

and in particular if / (x) have a finite differential coefficient. We thus have :

(c) At a point of continuity of the function f (x) the Fourier's series

converges at the point x to the value f (x) if f (x) have a finite differential

coefficient at the point, or if all the four derivatives D+f (x), D+f (x), D~f (x),

D_/ (x) are finite.

Further we have the following condition :

(d) The Fourier's series converges at a point to
</> (+ 0), if, for all values

of t not greater than some fixed positive number e,
| <f> (t) <j> (+ 0) |

^ Atk
,

where A and k are fixed positive numbers.

At a point of continuity off (x), the series converges if

^

where k, A are positive numbers, provided t is numerically less than somefixed

positive number . At a point of ordinary discontinuity it is sufficient that

both \f(x + t)-f(x + 0)\ and
\ f (x

-
t)
- f (x

-
0) |

should satisfy this

condition.

This condition was given by Lipschitz*, and was also given by Dini.

A more general sufficient condition of summability of ----- ^ '

'

,

in the neighbourhood of t = 0, is that, in a sufficiently small interval (0, e),

I * (o
- * (+ o) i

^
j

-
j-4-jps,

log
-
log log

- ... I log log ... -I

where A and a are positive numbers; we therefore obtain the following
sufficient condition of convergence:

(e) The Fourier's series converges, at a point x, to the value

if, far all positive values of t not exceeding some fixed number e, the condition

A

log- log log-... log log...
l v

[_

be satisfied; where A and a are fixed positive numbers. In particular it is

sufficient that both \f(x + t)
- f (x + 0) |

and \f(x
-

t)
- f (x

-
0) |

.should satisfy this condition.

* Crelle's Journal, vol. LXIH (1864), p. 296.
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It may be observed that, of the two tests of convergence of Dirichlet's

integral, at a point, that of Jordan and that of Dini, neither includes the

other.

(1 V-1

log
j

. 1
, this does not satisfy

f (x)
Dim's condition that is summable in the neighbourhood of the

x

point x = 0; but it satisfies Jordan's condition that it is of bounded varia-

tion.

Again the function/ (x)
=

|

x
\*>

sin
y

,

,
where < p 1, satisfies Dini's

I

^
I

condition, but not Jordan's.

343. The condition lim ^ - ' ~-A-- '
sin \mt dt = may be trans-

m~ooJo &

formed so as to yield a sufficient condition of convergence of a very general
character.

2rr

We have I*^ ~
f

(+-Q) sin \mt dt -
f

W
x (f) sin Jm* tft

Jo ^ Jo

P -<Z f

2
^-iJ

j'e

+
J2

27T

where x (I) denotes -, and 4 fe + 1) > e ^

The last integral is numerically less than the integral of
| x (') |

ver

(rt
\

- -

,
}

, and therefore it converges to zero, as ra ~ QO . The

first integral is numerically less than TT times the upper boundary of

| </> (t) <f> (+ 0) |

in the interval (0,
-

)
of

, and this also converges to
\ 171 /

zero, as ra ~ oo .

The remaining expression is numerically less than

m

and thus the series converges if

lim
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We have thus obtained the sufficient condition of convergence in the

following form :

At any point x at which lim {/ (x + t) + f (x t)} exists, the Fourier's
$~o

series converges to the value J lim {/ (x + t) + f (x t)}, if

lim I

'

| x (*)
- x (< + 8)

I

dt *=
0,

where x (t) denotes

1

+ +/(* -
*)
- lim {/(x + t) +f(x -

*~0

In particular, at a point of continuity of f (x) the series will converge to

6-0 .'

. .

This condition, which contains the preceding conditions, was given by

Lebesgue*.

The condition may be stated in the equivalent form that

5~0 fi

where F (t) denotes
<f> (t) <f> (+ 0), or

f(x + t) +f(x -t)- lim {/(a? + t) f(x - t)}.
*~0

For, if 8! denotes a number such that 8 < 8X < c, the difference between the

two integrals does not exceed

the first integral is less than i
f

*

|

F (t)
- F (t + 8) |

dt, therefore the
di ht

two integrals converge to zero, as 8 0, since F (t), x (t) are summable in

the interval (81? e) (see I, 431). The number 8X can be fixed so that

|

F (t + 8) |

< e,

in the interval (8, SJ ;
thus the third integral is less than e log 2. Thus, since

the difference between the two integrals is less than an arbitrarily chosen

number, when 8 is taken sufficiently small, the equivalence has been

established.

At a point at which
(f> (+ 0) does not exist, the preceding investigation

* Math. Annalen, vol. LXI (1905), p. 251. In this memoir there is contained a detailed ac-

count and comparison of the various criteria.
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can be applied to the function / (x + t) + f (x t) 2/ (x). In this case,

we have x (t)
=^ +

'!
+ /1JL~ 2/^J

, and the integral*

sin ra dt
o

27T

rm
is numerically less than \m I / (x + t) + f (x t) 2f (#) I eft. This will

Jo

have the limit zero if the condition is satisfied that

has as differential coefficient, at the point t = 0, the number zero. We have

thus the following theorem, which includes the preceding theorem :

At any point x the Fourier's series converges to f (x) if

/:

has, at the point t = 0, a differential coefficient of which the value is zero, and

if also lim
| x (1)

~
X (' + 8)

|

dt = 0, where x (t) denotes

f(x + t)+f(x-t)-2f(x)
t

344. Returning to the expression

p**q r in

p-l 2(2p_-l)7r
m

this expression is equivalent to

27T

OTT

or to

n?!

Jo p-i

c--
sin

2) TT t + PTT

where F (t) denotes < (t) <f> (+ 0). This is less numerically than

Jo *-i

34
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The second integral is less than the maximum of form
all the values 1, 2, ... q, of p, or of the maximum of

|
F (t) \

in the interval

(0, ). The first integral is less than (7 + 4- ... + vr) multiplied by
\i & Zq/

the upper boundary of ^ (t + 4p - 27T\ /< + 4p7T\ I

j? -_- _ jpM
^__

\ m I V w /
I

,

for an values

of / in the interval (0, 2ir) and all the numbers 1, 2, 3, ... 7. Now
1 1 1

J
+

2
+ -

+25
is equal to (<7a + log 2q), when (7

tf tends, as q increases indefinitely, to a

fixed number, Mascheroni's constant.

o

Writing 8 =
, the upper boundary of

m J \ m )

is that of
|

F (t)
- F (t + 8) |

in the interval (0, *). Thus the first integral

converges to zero, as m ~ <x>
,
if the maximum of

| {F (t) F (t + 8)} log 8
|

for all values of t such that t + 8 is in the interval (0, e) converges to zero,

as 8 ~ 0.

The second integral may be taken to be arbitrarily small, by choosing
e sufficiently small.

We have now established the following sufficient condition of conver-

gence at a point x, of the Fourier's series :

At a point at which f (x + t) + f (x t) has a definite limit, as t ~ 0,

the Fourier's series converges to J lim {/ (x + t
) + f (x t)}, if an interval

(0, ) can be determined such that

I {/ (# + t) +f(x -t) -f(x \- t + 8) -f(x - t - 8)} log 8
|

converges to zero, as 8 ~0, uniformly for all values of t in the interval (0, e).

This condition will be satisfied in particular if both

converge to zero, uniformly for all values of t, in the interval (0, e) of t.

This condition was given by Dini*.

In this condition a condition givenf by Lipschitz is included. Thus it

is sufficient for convergence at the point x that

\f(x + t) +f(x - t) -/(a? + t + 8) -/(* - t - 8) |

< OS*,

in the interval (0, c), of t, where C and k are fixed positive numbers.

* Serie di Fourier, p. 49. t OeWe'a Journal, vol. LXIII (1864), p. 308.
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345. In accordance with the theorem proved in 297, if, in an interval

1 f*

(0, //,), 7 {/ (x + t) + f (x t) 2f (x)} dt, or YI (t), has bounded variation
* Jo

in (0, JLC),
then provided |

tF (/*, n)
\

is bounded for all values and n and t

in (0, //,),
we have

lim I"" [f(x + t)+f(x- t)} F (t, n)dt = x (+ 0) lim I

"
F (t, n) dt,

n~oo JO n~< Jo

where F (t, n) satisfies the conditions of Theorem I, of 279, in every
interval (/&', /x) of t, where < ju/ < /x.

In the present case F (t, n) = .
-

, and thus tF (t, n) is bounded.
sin t

The following sufficient condition of convergence, first given by de la

Vallee Poussin*, has thus been obtained:

The Fourier's series corresponding to f (x) is convergent at any point x

1 f*

for ivhich 7 {/ (x + t) + f (x t)} dt Jias bounded variation in some interval
t Jo

(0,r)oft.

This criterion includes the case in which / (x) has bounded variation

in the neighbourhood of the point x. To see this we need only consider the

If* If*
case of a monotone function; the functions - / (x I- t) dt,

-- f (x t) dt
t

.' o
*

. o

are then also monotone, because the mean value of an increasing function

increases when the function increases. Therefore

;o

has bounded variation when / (x) has bounded variation in the interval

(X /X, X + fJi).

rt

Again, it will be shewn that if

Jo t
dt exists in a neighbourhood of

rt

t =--- 0, where
<f> (t)

= / (x + t) + f (x
-

t)
-

2/ (x), then also
| Xi (t) \

dt
Jo

exists in that neighbourhood ; and thus Xi (') ig an indefinite integral, and

accordingly of bounded variation in the neighbourhood.

We have

it being assumed that / (x) is continuous at x, or else that

lim

* Rendiconti di Palermo, vol. xxxi (1911), p. 296. Another proof of the theorem was given by
W. H. Young, Plbc. Loud. Math. Soc. (2), vol. x (1911), p. 266.

34-2
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exists and is taken to be the value of 2f (x). Thus

*>- <?-?/>>*.
and thus f*

| Xl
'

(() |

dt &
\

'

j'>
dt + I

'

~
f

'

| f (f) |
dt'.

,'0 JO l J * J

The integrand in the repeated integral being positive, we may change the

order of integration, after changing t' into ut\ the second integral on the

right-hand side then becomes

r i

|^(td)|-:-
.'o *

r e /it f i f i~
\<f>(ut)\du, or

Jo * .'o Jo

rl rw ^ re

or du
| ^ (0 I T> which is less than

Jo .'o
*

Jo

I XL (0 I

^ exists when
Jo Jo

t

4>(t)

It follows that

dt does so. Therefore de la Vall6e

Poussin's criterion includes Dini's criterion (b) of 342
;
and it has been

shewn to include that of Jordan.

346. The following test of convergence has been given* by W. H.

Young :

//, at the point x, f (x + t) + f (x t), or
<f> (t), converges to a unique

limit
<f> (+ 0), as t ~ 0, it is sufficientfor the convergence of the Fourier's series

at the point x, to the value
%<f> (+ 0) tliat, in some neighbourhood of the point,

If
<f> (x) be a function of bounded variation in an interval (a, 6), the total

1*6

variation may be denoted by | d<f> (x) |,
which represents, as in the

J a

definition of the R-integral, the limit of the sum of the absolute differences

of
<j> (x) at the ends of a mesh of a net Dn , belonging to a system of nets,

as n ~ oo. In order that the notation may be justified, it is necessary, in

order that the total variation so defined may be independent of the par-

ticular system of nets employed (see I, 246), that
</> (x) should have no

external saltus at any of its points of discontinuity ; and we may assume

that this is the case, since the set of points of discontinuity is enumerable,

and thus a change of the values of the function at points of this enumerable

set is sufficient for the removal of any external saltus which may originally

exist. Thus, it is assumed in the above test that the function
t<f> (t) has

bounded variation in some neighbourhood of the point t = 0.

In order to prove the validity of the test, it will be sufficient to shew

that, when it is satisfied, Lebesgue's test, given in 343, is satisfied. That

*
Comptes Rendus, vol. CLXIH (1916), pp. 187, 975; also Proc. Lond. Math. Soc. (2), vol. xvn

(1916), p. 206.
*
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this is the case has been proved* by Hardy, in connection with a general
discussion of the relations between the tests given by Dini, Jordan, de la

Vallee Poussin, Young, and Lebesgue.

Let it then be assumed that, in some neighbourhood of the point t = 0,

tcf) (t) is of bounded variation, thus that t
{<f> (t) <(>(+ 0)}

= gl (t) g% (t),

when gl (t), g2 (t) are both monotone non-diminishing functions, and that

the total variation of
t<}> (t) in (0, t), when divided by t, is bounded in a

neighbourhood of the point t = 0.

We have, denoting cf> (t)
-

<f> (+ 0) by F (t),

*\F(t)-F(t + S)\j4

i; t t t + 8 VmS

where 1 < m, and m8 < e.

The first integral /t on the right-hand side does not exceed

ri-^irfM ri^itM^,
Js t Js t

and is therefore not greater than
2//, log m, where p is the upper boundary

of F (t) in the interval (0, m + 18).

The second integral 72 does not exceed

'

\r t + o/t

Of these parts, the second integral is less than k (
--

^ ) dt,
JmS \t t + bj

or

than k log
-----

, where k is the tipper boundary of
^

*

in the interval
7W' J

(0, 6 + 8), and is a finite number, since ~-~ - - is bounded in a neigh-
t

bourhood of t = 0, and the numbers 8, e can be so chosen that 8 + e is in

that neighbourhood. The first part of 72 can be expressed as

_ dt _
^ (t 8)

r *

or as
J(w

which is less than

J.

* dt

* See Messenger of Math. vol. XLTX (1919), p. 154.
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mi i it ^i ? i + 28 7 i w + 2
,

4& , u
This is less numerically than k log

- + k log -r- H-----7 ;
thus

e+o w + 1 wi + 1

r i ^ 7/1 m + 1
,
m + 2 4

,

, e + 2S\
7a is less than

(log
-- +logm+ ^

+-^ +log -j-j.

(^
i 2 4 \

log
----

-I
-----

_
)

is less than ane m m + 1J

arbitrarily chosen positive number
77,

then 8 may be so chosen that

k log
-K- < i) ;

thus 72 < 2*7. Similarly by proper choice of m and 8 we

have 73 < 2rj.

Also 8 may be so chosen that 2ju log m < 77,
since J?

7

(<) converges to

zero, as t ~ 0.

r e
I /^ ^/\ _ 7? (f -I- R\ I

It has now been shewn that ' - -- dt<5f], provided 8
h t

is sufficiently small, and therefore Lebesgue's test is satisfied.

Thus Young's test of convergence at a point is included in Lebesgue's
test.

Young's test includes that of Jordan, for assuming that Jordan's test

is satisfied, we have

f*
Joo

o (t) M I

dF (t)

That Young's test does not include that of Dini is seen by considering

the function
|

a;
|*

sin-,- -i, where p > in the neighbourhood of x = 0.

I

x
i

We have

d (tF (t))
- 2 \(p + 1) V sin - - t*~ l cos H dt,

(
l t)

and the condition
rt

ition t*-1

Jo
cos T

t
dt = (t) is only satisfied if p 1, whereas

Dini's test is satisfied when p > 0. Since de la Vall6e Poussin's test in-

cludes that of Dini ( 345) it follows that Young's test does not include

that of de la Vallee Poussin. Conversely, it has been shewn by Hardy
(loc. cit.) that de la Vall6e Poussin's test does not include that of Young.

He has shewn that, if F (t)
= sin Hog TJ/log T, then Young's test is

satisfied, but de la Valise Poussin's test is not satisfied. A proof has been

given by Hardy that Lebesgue's test includes that of de la Vall6e Poussin.

It thus appears that Lebesgue's test includes all the other four.
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347. If we employ the general convergence theorem of 279 in a

modified form, since t -
.

- - is bounded, we obtain the following

theorem :

-V/i (
x)*f* (

x )
is summable in the interval

( 77, IT) and, in some neigh-

bour'flood of a point x,f (x) is of bounded variation; and further iff2 (x + 0),

f < m -, ,ia -l - -2- f| .

/2 (x 0) &m, aocZ
J * ^ 'm '

?

^3----- /.
* ^ '

are summable in
t t

some interval (0, /A) oft, then the Fourier's series corresponding tof (x) . /2 (x)

is convergent at the point x.

SUFFICIENT CONDITIONS OF UNIFORM CONVERGENCE OF FOURIER'S SERIES

348. Sufficient conditions will now be investigated that the Fourier's

series, corresponding to a given summable function f(x), may be uniformly

convergent in an interval (a, 6), contained in (77, 77). It has already been

seen that this will also cover the case in which (a, 6) contains one of the

points 77, 77 as an end-point or an interior point, because any interval of

length 277 may be substituted for ( 77, 77) without essential change, the

function / (x) being taken to be periodic.

It is convenient to employ the following theorem* which may be

deduced from the general Theorem I, of 279.

The function f (x) being summable in the interval ( 77, 77), each of the

four integrals f (x 2z) x (z) ,
mz dz, taken through any interval (, j8)

J a COS

such that 0^<j8^^77, converges to the limit zero, as the positive number m
is indefinitely increased, uniformly for all values ofx in the interval ( 77, 77);

the function x (z) being any function that is bounded in the interval (, j8).

The functionf (x) is assumed to be such tfiatf(x 277)
= / (x).

There is no restriction on the number m.
r/3

[t will be sufficient to consider / (x + 2z) x (z) sin mz dz
;
the cases

J a

of the other three integrals can be treated in exactly the same manner.

Taking ( 277, 277) as the interval for which/ (x') is defined, let the set G,

in 279, consist of the points x of the interval ( 77, 77). Let O (x', x, n)

(ft*

__ /\ '

o )
s*n m o ^ r x + ^a = X ' ~ x

2 ) 2

<& (x', x,n)^0
//v'

/y\ /yi'
M

in the remainder of the interval ( 277, 277). Since X
\ '2

is less than a fixed positive number, for all values of x', x, and n, the

condition (1) is satisfied.

* See Hobson, Proc. Land. Math. Soc. (2), vol. v (1907). p. 277. The restriction there made,
and also in the first edition of this work, 458, that x (z ) of bounded variation, is unnecessary.
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Again
FB fx' -x\ . x' - x ,

,
r*<*-*>

X I o )
sm m o ***

"
X (*) sm ms ^r>

and since (J (-4 x), \ (B x)), is contained in the interval

(\ (A - 77), J (B + TT)),

whatever value x may have, it follows from the theorem in 334, that the

integral converges to zero, as m ~ QO
, uniformly for all values of x in the

interval (77,77); thus condition (2) is satisfied. Therefore

/y /yJU "~~^
tJU f e/ ^ fx' -x\ .

I (* ) X ( 9
S

\ J /

r/5

/ (# + 2z)
J a

or (# + 2z) x (z) sin mz r/z

J a

converges to zero, as m ~ x
, uniformly for all values of x in

( TT, TT).

349. Let it be supposed that, in an interval (a, ft), the function /(#)
is continuous, the continuity at the points a and b being on both sides;

and let/ (x + 2z) + / (x 2z) 2f (x) be denoted by F (z). In accordance
r*7r p /\

with the theorem of 348,
- sin mz dz converges to zero, as m ~ oo

9

J & %

uniformly for all values of x in (77, TT), since - is bounded in the interval
z

(/z, ITT). In order that the series may converge uniformly, for all values of
(

T^T /~,\

/ (x) in the interval (a, 6), it is necessary that sin mz dz should
Jo z

converge uniformly to zero in the interval (a, ft), of x. Since

- - r/2 should
z

exist and be less than a number eM , independent of x, which is such that

lim 6^
= 0. For, in that case, /z can be chosen so small that eM < 17 ;

and

thus sn
j,

for all values of x in (a, 6), provided m is

not less than some fixed number m
n

. As
77

is arbitrary, the condition of

uniform convergence is then satisfied. We have thus obtained the following
theorem :

It is a sufficient condition for the uniform convergence of the Fourier's

series in an interval (a, 6) in which f (x) is continuous, the continuity at the

points a, b being on both sides, that

2z)+f(x-2z)-2f(x)
(*>Z
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should exist far all values ofx in (a, 6), and should converge to zero, as
/x,
~ 0,

uniformly far all values of x in (a, 6). The condition is satisfied in particular,

if both the integrals

f(x-2*)-f(x)r />+^LZ/(?) dz r
Jo * 'JO

dz
z

exist, and converge to zero, as
//,
= 0, uniformly for all values of x in (a, 6).

From this theorem we obtain at once the following sufficient conditions

as special cases :

//, in the interval (a, b), in which f (x) is continuous, being continuous at

a and b on both sides, one of the four derivatives (and therefore each of the other

three) off (x) is bounded, the series converges uniformly tof (x), in the interval

//, in the interval (a, 6), in which f (x) is continuous, being continuous at

a and b on both sides, the condition is satisfied that \f(x + t)f(x)\A\t\ fc

,

for all values of x in (a, b), and for all values of t not numerically greater than

some fixed positive number, where A, k are positive numbers independent of x,

then the series converges uniformly in (a, b) to the value f (x).

The condition may be replaced by

I f (r I t\ f (r\ I <r
I J \ tf/

'
l
) J W I

^
i i i

where A, k are positive numbers independent of x.

Corresponding to the theorem given in 343, relating to the convergence
of the series at a single point, the following theorem may be obtained :

In the interval (a,b), in which f(x) is continuous, the continuity at a, b

being on both sides, the series will converge uniformly to f (x) in (a, b), if

\ x (t) x (I + 8) |

dt converges to zero, as 8 ~ 0, uniformly for all values

of x in (a, b), where x (1} denotes - - -
.

r

A slight modification of the proof of the theorem in 343 is sufficient

to prove this result. That the first and third integrals converge as m ~ oo
,

uniformly for all values of x in (a, 6), follows from the fact that, being

sufficiently small,
| / (x + t) + f (x t) 2f (x) \

is bounded in the interval

(0, c) of t, for all values of x in (a, b).

The proof of the theorem in 344 suffices to establish the following test :

If f (x) be continuous in (a, b), the continuity at a and b being on both

sides, it is sufficient in order that the series may converge uniformly in (a, b)

to the value f (x), that an interval (a e, b + c) enclosing (a, b) can be deter-

mined siich that

(x + t) +f(x -
t) -/(* + * + 8) -/(a - * - 8) | log 1/8
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converges to zero, as S ~ 0, uniformly for all pairs of points (x + t, x + t + 8)

or (x t, x t 8) in the interval (a , b + c). This condition is satisfied

if I / (
x)
~ f (x + <*)

I
>

I / (
x)
- / (#

- s
) I

6o^ converge to zero, uniformly

for points in the interval (a c, b + e), as 8 ~ 0.

350. Let it be assumed that the function / (x) everywhere satisfies the

Lipschitz condition \f(x + t) f (x) \

A \t\
k

, where A is a positive

constant, and < Ic < 1. The Fourier's series then converges uniformly to

the continuous function f (x). In order to determine the order of the

coefficients an ,
bn ,

we have

\f(x
-
f) -/(* -f f VI ri

L V 2nJ
J
\ 2nJ]

jn-n-1 r

- S
^ p0 J

n

by means of the Lipschitz condition, we have then
7T

:

,

nA /TT\* r j
\an \

< ~ sin nxdx,11
TT \nj Jo

bn
I

<
(

-
)

si*1 nxdx.

From this it follows that an = O
(

-
k )

, bu =~
(
-A

;
thus the following

\7Zr / \Wr /

theorem has been* established :

Iff (
x

) satisfies the Lipschitz condition \f(x + t)-f(x) |

^ A \t\
k

, then

In case fe = 1,
| / (a: + <) / (a?) |

^ -4
|

<
|,

it can be shewn that / (x)

is an indefinite integral of a summable function. For, if we consider, in

the interval (77,77), a set of intervals, finite or infinite, of which the

measure is < e, we see that the sum of the absolute variations of / (x) over

the intervals of the set is < A, and therefore the function/ (#) is an indefinite

-L-integral. It follows that the Fourier's series converges uniformly in
rx

( 77, 77) to C + f' (x) dx, where is a constant. It will be shewn in

360 that the summable function /
'

(x) has, for its Fourier's series, the

series
'

-f 2
( nan sin nx + nbn cos nx),

* See Lebesgue, Bulletin de la soc. mat. de France, vol. xxxvni (1910), p. 190.
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where a '
is a constant. Applying the Riemann-Lebesgue theorem, it

follows that nan = o (1), nbn = o (1). Thus we have the theorem* that:

// / (x) satisfies the condition \f(x + t) / (#) \

^ A
\

t
\
, where A is a

positive number, then an = o (-), bn = o
(

-
)

.

\n/ \n/

It has been shewn by Lebesgue (loc. cit.) that the difference between

/ (x) and the sum of the first 2n + 1 terms of the Fourier's series is

< ----~
. Other investigations relating to Dirichlet's integral have

n
been made by Kroneckerj, Holder, and Brod^nJ. At the present time

these have only historical interest.

POINTS OF NON-CONVERGENCE OF FOURIER'S SERIES FOR A CONTINUOUS
FUNCTION

351. The continuity of a summable function at a particular point is

neither necessary nor sufficient for the convergence, at that point, of the

corresponding Fourier's series. The first example of a continuous function,

for which the Fourier's series fails to converge at a particular point, was

given by Du Bois-Reymond, who also constructed a continuous function

for which the Fourier's series fails to converge at the points of an every-
where-dense set. It is the most important outstanding question in the

Theory of Fourier's series whether a continuous function can exist for

which the Fourier's series fails to converge at all points of a set of positive

measure, or at the points of a set of measure equal to that of the whole

interval, or at every point of the interval. A function has been con-

structed
|| by Kolmogoroff for which the Fourier's series fails to converge

at the points of a set of measure 277; but this function is not continuous,

and neither is its square summable in the interval.

It was suggested^ by Fatou that trigonometrical series of the form

Ja + (an cos nx + bn sin nx) might exist, such that an = o (1), bn o (1),
n-l

which converge only at points belonging to a set of measure zero. Such

a series was actually constructed** by Lusin. A simple exampleff of such

series was given by Hardy and Littlewood, who proved that the series

cos ri*iTX, S n~a sin n^nx, where < a | , are convergent when

x is a rational number of one of the forms _
,

-

,
in the case of

n - 1 n-l

-

4^
* See Fatou, Acta Math. vol. xxx (1906), p. 398.

| Berliner Sitzungsber. 1885, "Ueber das Dirichlet'sche Integral," by Kronecker; and in tho

same volume, "Ueber eine neue hinreichende Bedingung..." by Holder.

t Math. Annalen, vol. LII (1899), p. 177.

Abhandlungen der bayer. A had. vol. xn, Abthg 2 (1876).

||
Fundamenta Math. vol. iv (1923), p. 324.

If Acta Math. vol. xxx (1906), p. 398. ** Eendiconti di Palermo, vol. xxxn (1911), p. 386.

tt Acta Math. vol. xxxvn (1914), p. 232.
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the cosine series, and of one of the forms
,

- - in the case of the

sine series
;
but that the series do not converge for any irrational value

of x. It was shewn that, at a point at which the series is not convergent,
it is not summable by any Ces&ro mean. Since the series are non-summable

at points of a set of measure greater than zero, it follows from 368 that

they are not Fourier's series. It can be shewn that, when a > J, the series

are Fourier's series, and that they converge almost everywhere. A series

for which an
= o (1), bn = o (1) has been constructed* by Steinhaus which

is nowhere convergent.

The general condition that, at a particular point of continuity of the

function, the Fourier's series should fail to converge, has been investigated

by Lebesguef, and by HaarJ. The former of these also investigated the

condition that, although the series converges at the point, the convergence
should be non-uniform in every neighbourhood of the point.

A method of constructing continuous functions for which the Fourier's

series exhibit these singularities at a point, or in an everywhere-dense set

of points, was given by Fejer. This methgd is of great simplicity as com-

pared with that of Du Bois-Reymond, although the latter was simplified

by Schwarz.

352. In accordance with 299, in order that a continuous function/ (x)

may exist, for which the Fourier's series will not converge at a particular

point, or that it may be convergent at the point, but may not converge

uniformly in any neighbourhood of the point, it is sufficient to shew that

the integral

fJo
sin (2n+ l)t

dt
sin t

increases indefinitely with n.

Taking the portions of the integral, in which (2n + 1) t lies in the

intervals

in all of which intervals
|

sin (2n + 1) t
\

> --T- ,
we see that the integral

v 2i

exceeds in value

*
Comptes Rendus soc. sc. de Varsovie (1912), p. 223.

t Annaks de Toulouse (3), vol. I (1909), p. 76; Comptes Rendus, vol. OXLI (1905), p. 875.

J Math. Annalen, vol. LXIX (1910), p. 336.

Crelle's Journal, vol. cxxxvu (1909), p. 1, vol. cxxxvm (1909), p. 22; Rend, di Palermo,

vol. xxvni (1909)^p. 402.
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i n ~ l
( \ \

and this exceeds -7^ log II
(
1 + r-r), which diverges, as n is in-

v2 r=o V *T + /

definitely increased.

The numbers
2 f2

TT Jo

sin (2n + 1)
t

sintf
dt, for n = 1, 2, 3, ... have been

termed by Fejer the Lebesgue constants for Fourier's series. He shewed*

that these numbers pl , />2 ,
. . . are given by the asymptotic expression

7T

2

where c
>
ci are determinate numbers. A complete investigation of the

asymptotic expression for pn has been givenf by Gronwall, who shewed

that the divergence of the sequence {pn} is monotone.

353. The method given by Fejer for the construction of Fourier's

series for continuous functions which exhibit these phenomena depends

upon the following Lemma :

The series

cos (r + 1) x cos (r + 2) x cos (r + n) x
__ -------

1

---.--
-f- . . . _|
--.-

n n 1 1

cos (r + n + 1) x cos (r + n + 2) x cos (r + 2n) x
_ - ...

is less in absolute value than a fixed positive number A, independent of x and

of the integers n and r.

The expression is equal to

ft
. / 1\

f
. x 1 . 3x 1 . (2n- l)x]2 sin (r + n + -

}
x \sm ^ + ^ 8in o + - t-

- sm "5 -4
\ Z/ |

^ w Z TC' ^
J

Let sw (a;) denote

sin a; + ^ sin 3ic + ... + - sin (2n 1) x;
2i n

and let sn (x) denote

then

sin x + ^ sin 3^ + ... -f- sin (2n 1)
o tuTfl 1

sin 3a; + " + ~
2 3 .

hence
1

sn (x)
- - sn (x)

1 1

--+...< 1, for all values of n and x.
1.2

'

3.4

Since sn (x) is the partial sum of a Fourier's series (see Ex. 3, 327) of

bounded variation,
|

sn (x) \

is bounded with respect to (n, x) (see 333).

* CreUJs Journal, vol. cxxxvni (1910), pp. 22, 30.

f Math. Annalen, vol. LXXII (1912), p. 244.
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It now follows that
|

sn (x) \

is bounded with respect to (n, x), and thus the

Lemma has been proved.

In order to define a Fourier's series, representing a function which is

continuous, but such that the series does not converge at the point x = 0,

let gm = 2.2 wS
;
and consider the series S An cos no?, of which the terms

n = l

.are grouped as follows :

n-*0i 01+0* 0i+flra -K..+0m%An cosnx + S An cos nx + ... + 2 An cosnx + ....

n-l nflri-fl n-0H-flrt +...+0m-i-l-l

In the mth group, let -4n be so chosen that the group is

l (cos (flf +JT,i +_I1!_+ m-i + l)s ,
,

cos (^+ 2 +
.._.
+ gw-x + \gm""""

CQS (9l +92+ " + ffm-l gm )

This is less, in absolute magnitude, than
2 , and therefore the series, so

Itv

grouped, is uniformly convergent, and the original ungrouped series is

consequently ( 321) the Fourier's series for a continuous function.

At the point x = 0, the value of the (gl + g2 + ... + gm__^ + J{7m)th

partial sum is ^ (\ + ^
+

^
+ ...

pj,
which is > ^ log 2

3 > m log 2;

and this increases indefinitely with m. Therefore the sum does not con-

verge. The (g + g2 + ... + grm)th partial sum is zero.

The series An sin nx converges at x = 0, the coefficients being
ra~l

taken to be those defined above; it will be shewn that both the series

ZA n cosnx, I,An smnx converge uniformly in the interval (e, 2?r c),

but that the series S A n sin 7i# does not converge uniformly in the interval

{0, e). Consider a partial remainder RPtg (x)
=

the interval (e, 2?r e)

n sin (2n +
~ + S cos ra

2sin|

1

f

A cos 1T7
-4W . nx. We have in

o sm

TT

hence S cos r#
7T

Therefore

< -
;
and similarly

cos (r + 1) x

S sin
7T

*

cos (r + w) x

(1-4)'
i

w
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where sl
= cos (r + n) x, s2

= cos (r + n) x + cos (r + n I) x, ... ; hence

the expression on the left-hand side is less than (1 -- ] +--% which is
V n) c n

less than . If we split eafch group of terms in BP9Q (x) into its terms with

positive and with negative coefficients, the absolute value of the sum of the

1 2tr
terms in the group is <

2
. ; and this holds good if only a part of the

iii'

group is contained in B9 , q (x). It now follows that

2rr * 1 2-rr 1

V>Q
-

/ i \2 3 *
-

f,1 *'* v ' ' \m^ (mp + I)
2 m*J p mf e mv

- 1'

for all values of q. It now follows that the series are both uniformly con-

vergent in the interval (c, 2?r e).

To shew that u4w sin7i# does not converge uniformly in the
n-l

interval (0, e), observing that the part of the mth group which has positive
coefficients is

L"

consider the point x = ^-7
~

1 \ > *his is in the interval (0, c)F ' 2(^ + 02 + ... -fiflfj
v '

if m is sufficiently large, and all the terms in the bracket are positive.

Denoting gl + g2 + ... + gm -i ^y M? the expression becomevS

I fsin (fi+ l)x sin (/x + Jgrm )
x

~~2 1 o"w*~
~" """

1

and observing that
//, + |^m > J (p + ^gm ), the expression is greater than

and this exceeds - -== log i2 m3
, or x

?---------
y
- log 2, which increases

2 ** V2 6

independently with m. Since these are partial remainders which increase

indefinitely with m, for some point in (0, e), the series cannot converge

uniformly in (0, e).

354. In order to construct a series which fails to converge at an every-

where-dense set of points, taking the series An cos nx, defined in 353,
n-l

in the first group of terms write 1 ! x for x
9
in the second group write 2 ! x

for x, and generally in the mth group write m I x for x
;
we have then a series

2 An cos \nx, where Aw = 1 ! n when 1 ^ n g l ;
An = 2 ! w, when

The series then fails to converge at every point x = , where m and n
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are integers; but the series converges uniformly when it is grouped, and

thus it corresponds to a continuous function, and therefore (see 321) the

WITT
series is a Fourier's series. When x = , the part of the vth group which

n
has positive coefficients, if v be sufficiently large, has the value

and this increases indefinitely with v. The series cannot therefore be con-

vergent at the point.

01-^ T i / \i .LI i i i T sin i (2% 4 \) x
355. Let

<f>n (x) have the value + 1, or 1, according as- . r -

sin "fax

is positive or negative, and when it is zero, let
<f>n (x)

= 0. The ^th partial

sum of the Fourier's series corresponding to
<f>n (x) is at the point x = 0,

M"
277.!.,,

sin (2ft 4-l)f

. x
sm

2

dx, and this diverges, as n ~ QO (see 352).

Let
iffn (x) sin

9 x, for 77 ^ a; ^i 77, then the nth partial sum

of the Fourier's series corresponding to
iffn (x) has, at x = 0, the value

7T

2 f^ sin2 (2ft i i) ^_ K

1^ L. ^ which diverges with n. Let
i/r (u, a;) denote the even

77
.! o sm t

function, defined in the interval ( 77, 77), which has the value sin px in the

interval (0, 77) ; and let |a + Saw cos nx denote the Fourier's series corre-

sponding to
iff (ju,, x) ;

we find then

1 4- ( l)
n+1 COS JL677 2fJi

1 COS
fJiTT

2..__..
-.^

r 2 ,
a - ---- -.-;

hence an is positive if n < /^, and negative if ft > /i. It is easily seen that

^ (2, #), (4, a;), ..., have the same properties, as regards the partial

remainders at the point x 0, as
iffl (x), i/f2 (x), If we define a function

by means of the expression L
2
- in (0 < x < 77), it is seen from the

m-l m
properties of

iff (2, x), iff (4, x), ...
,
that the cosine series for this function

does not converge at the point x = 0.

00 * ' 2
Again, if we take/x (x)

= S , then/! (x) is continuous in

the interval
( 77, 77), but as is seen from the properties of

iff (\, x), iff (f , x),

the cosine series for/x (x) does not converge at the point x = 0.
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356. An example, due to Schwarz*, will be given here of a function

which is everywhere continuous, but for which the Fourier's series fails to

converge at a certain point. It will here be shewnf that the series is, at that

point, oscillatory, with an infinite upper sum.

Let the product 1.3.5 ... (2A + 1) be denoted by [2A + 1], and let the

function
<j> (z) be defined for the interval (0, a), where < a ^ JTT, in the

following manner: In the interval (?r/[A], TT/[\ 1]), let
(f> (z)

-=-- CA sin [A] z,

where CA is a constant, depending upon the value of A ; let A have all values

AI, A! + 1, A! f 2, ... , where Xl is a fixed integer, and we may suppose a so

chosen that a = TT/[^I 1]; also let
<f> (0)

= 0. If the sequence c
Al ,

cAl+1>

c
*i -\ 2? - 5 be so chosen that it converges to the limit zero, the function

<f> (z)

is continuous at the point z = 0, but it has an indefinitely great number of

oscillations in an arbitrarily small neighbourhood of that point. If the

constants CA satisfy the further condition, that CA log (2A + 1) becomes

indefinitely great, as A is indefinitely increased, it will be shewn that the

integral

f
a

.

,
. sin (2n f- I) z ,

<f>(z)
v dz

.'o z

will increase indefinitely, as n has successively the values of integers in

a certain sequence. Thus the Fourier's series, corresponding to the con-

tinuous function defined by / (x)
=-- 0, for TT ^ x ^ 0, and/ (x)

= < (\x) y

for ^ x ^ 2a, and / (x)
=-= 0, for 2 ^ x ^ TT, does not converge at the

point x = 0.

Let 2n h 1 - 1.3.5 ... (2/z + 1)
= [>]; then

may be written in the form

^ + M^I ^ |-/ir-i]

8in [r] 2 sin

r-A,
r

.L/[r]
2

cc

p/ir-iisinfrjg
~7~ .^J

C/^.
I

" --- ----r --- ---' - 11/6.

The first integral may be written in the form

f-/lM-l]l_c082[/*] Z
2CM

----- a2;

LI. . ,
/W *

which is equivalent to

JcM log (2/,t + 1)
- icM

tJ
[ cos 2

77

where /? is some number between
TT/[/I,]

and TT/[/X 1].

* See the history of the theory of Fourier's series, by Sachs, Schlomilch's Zeitschr. Supplement,
vol. xxv (1880), p. 231.

t See Hobson, Proc. Lond. Math. Soc. (2), vol. in (1904), p. 55.

H ii 35
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Now let CM log (2fjL + 1) increase indefinitely with p. This is consistent

with Cp having the limit zero; for we have only to take

CM
=

{log (2,4 + 1)}-,

where s is some fixed positive number, less than unity.

Since CM
~- cos 2 [/z] z dz
* Jirw

is numerically not greater than C^/TT, we see that, with the supposition made
as to CM , the expression

becomes indefinitely great, as /z is increased indefinitely.mixTo evaluate ^ f
tr/[r

~
11 sin

cr
-

-Ax Jir/Cr]ir/Cr]

we see, by writing sin [r] z . sin
[ju,]

z as half the difference of two cosines,

and applying the second mean value theorem to each integral, that the

absolute value of the expression is less than

*s
l

e WL_J_ +r

or than

"V'CT W~

1] 2/,

which is less than ?*i s _W I
;w I/*

~
!J /*

and this is less than

\- 1
'

(2/A
-

1) (2/z -3)
Therefore the absolute value of the integral is less than 2cA/7r/z; and this

becomes indefinitely small, as /z is indefinitely increased ; and therefore the

limiting value of the expression is zero.

Lastly, we have to consider the expression
[r-i] sin [r] z sin [/z] z -

Since
sn

,
and

|

sin [r] z
\

^ I,
z

the absolute value of the expression is less than wcM+1 ; and this has the

limit zero, when /z is indefinitely increased.

It has now been shewn that

/J

,

2

increases indefinitely with /z, where [/x]
= 1.3.5 ... (2/x +1), provided

has the value {log (2A + 1)}"*, where < s < 1.
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357. We proceed to consider the case in which 2n + 1 = (2p + 1) [//, 1],

where p is an integer which varies with p, in such a manner that it always
lies between and /*.

In this case, as before^ we divide the integral

. .

x sin (2n + 1) z 7

(z)
- - dz

into three parts,

sin(2p-
. .

,sin I ul

i

r ~ 1] sin [r] z sin (2p + 1) [p 1]

7r/[r]
Z

fr/[r-l] sin |>] ;

The first part is equal to

}
- cos {[/i

-
1] (2^ + 2p + 2) }] dz,

where j8 is a number between
7r/[jit]

and ?r/[^ 1J; and this expression is

less, in absolute value, than

,
^

-
2p)

I

2)|
'

. , Mor than 4 ---'- + - 1/2/x!-- |

V .

j
7T

(
1

p//JU
1 ~|- 1/jU. +

If, now, p increases with
/x,

in such a manner that p//x is always less

than some fixed number which is less than unity, then this expression
diminishes indefinitely, as

JJL
is indefinitely increased. It would also be

sufficient that

P/fJL ^l-K {log (2fl + I)}"*',

where s' < 8, and CM
=

(log (2/z. + 1)}~
5

; the positive number K being fixed.

The second part of the above integral is less, in absolute value, than

1 1

or than AI X _
,
_

77
[JJL IJ

and this is less than

* ((*P + 1) L/A
-

IJ
-

[r] (2p + 1) Lfi
-

IJ

[rl 1 I

;+,
1

2^-1 (2/A
-

1) (2/Lt
-

3)

or than 2c
Al/p7r. Therefore the expression diminishes indefinitely, as p is

indefinitely increased.

That the third part of the above integral has the limit zero is seen from
the fact that its absolute value is less than cM+1 (2p + 1) [p 1] TT/[/A], or

than 77<v +1 (2p + l)/(2/x + 1).

35-2



548 Trigonometrical Series [OH. vm

It has now been proved that

Jo z

has the limit zero, if 2n + 1 increases indefinitely through a sequence of

the form

where /^ , /*2 , /z3 ,
. . . is an increasing sequence of integers, and p , p2 , p3 ,

...

are such that pjp, ^ I K {log (2/x + 1)}~*', where s' < s.

It has now been shewn that the sum of the Fourier's series oscillates
;

the limit being infinite, or zero, according as one or other of two particular

sequences of values of n is chosen.

THE ABSOLUTE CONVERGENCE OF TRIGONOMETRICAL SERIES

358. Let a + S (an cos nx + bn sin nx) be a trigonometrical series
n-l

which converges absolutely at the point . We have then

n

+ S {an cos n ( + h) + bn sin n
( + h

o + 2 {aw cos n ($ h) + bn sin ra
( A)}

n--i J

[n "I n
a + S (an cos n + b n sin n) 4 S sin2

|nA (an cos n + 6n sin
71=1 J 71=1

and it follows that the expression on the left-hand side converges as

n ~ oo . If either of the expressions in the two brackets is convergent as

n ~ oo
,
then the other is so, and if either is non-convergent the other is

so also. Also, if either converges to a sum-function which is continuous

with respect to h, for h ~ 7^ , the other has the same property. It has

thus been shewn* that :

The points of continuity of the sum-function of a trigonometrical series,

and the points of convergence of the series, are symmetrical with respect to

a point of absolute convergence of the series.

Since

|

an cos n ( h) + bn sin n
( h) \

|

an cos n ( + h) + bn sin n ( + h) \
+

\

an cos n + bn sin n
|,

it follows that, if the trigonometrical series is absolutely convergent at

the two points , f + h, it is also absolutely convergent at f h. By con-

tinued application of this result it then appears that the trigonometrical
series must be absolutely convergent at all the points t&, where c is

any integer. In case h/K is an irrational number, and (a, /J) is any interval

* See Fatou, Ada Math. vol. xxx (1906), p, 398.
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contained in ( TT, TT), e can be so determined that f Ji differs by some

multiple of 2?r from a number in the interval (a, jS). It follows that:

// a trigonometrical series is absolutely convergent at two points xl9 x2 ,

such that xl x2 is incommensurable with TT, then it converges absolutely at

the points of an everywhere-dense set.

359. The following theorem was given* by Lusin:

// a trigonometrical series \aQ + S (an cos nx + bn sin nx) is absolutely
n*l

convergent at all points of a set of which the measure is positive, then S
|

an \

n~l
and 2

|

bn
\

are convergent, and the trigonometrical series is absolutely con-
n-l

vergent everywhere.

If \ |

a
|
+ /> |

cos (nx
- an ) |,

where pn = (an
2 + 6n

2
)*, converges in

a set E, such that m (E) > 0, there exists a perfect set P, contained in E,
of measure p (> 0), in which the series converges uniformly (see 99). If

s (x) denote the sum of the series, we have

s (x) dx = /; . i I aQ I + S p n \
I cos n (x an )

I dx.
J(P) n=l J(P)

It will be shewn that I cosn (x a n )
I dx is not less than a fixed

J(P)

positive number Ky, independent of /i.

If be between and |TT, we have
|

cos n (x an ) \

^ cos 6, when x an

is in an interval
( ,

)
,
where r is a positive or negative integer,

\ n n /

2/j

including zero. The condition is satisfied in each interval of length
IV

belonging to a set, consecutive intervals of the set being separated by an

interval of length
"

. It follows that, in the interval (77,77), the

condition
|

cos n (x an ) \

cos 9 is satisfied at all points belonging to a

set of which the measure is 40. If be taken to be > ~-

,
there is a

set of points of positive measure q, contained in P, at which

|

cos n (x an ) \

^ cos 0.

It then follows that I I cos n (x an )
\

dx exceeds a fixed number Kv ,

J(P)

independent of n.

oo
1

-

We have then S pn ^^- s(x)dx\ and therefore S pn is con-
n-l &p.(P) n~l

vergent. The result in the theorem then follows at once.

It is clear that the series converges uniformly in ( TT, TT) ;
hence it is

the Fourier's series of a continuous function.

*
Comptes Eendus, vol. CLV (1912), p. 580.
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It follows that :

Unless a trigonometrical series is the Fourier's series of a continuous

function, it can only converge absolutely at the points of a set of measure zero.

The following Lemma will be applied :

If E be a measurable set of points contained in
( TT, rr) 9

and there are

in ( TT, TT) an infinite number of points with respect to which E is sym-
metrical (when E is repeated periodically beyond the interval ( TT, TT)), then

E has either measure zero or measure 2ir.

Let Pl9 P2 ,
... Pr , ... be an enumerably infinite set of points of sym-

metry; and let us consider any pair Pr ,
Ps of these points. Let Ers be

the component of E in the interval Pr ,
Ps ,

of length 8 rs ; then ifm (E rK )
= 0,

it is clear from the double symmetry of E that m (E) = 0. If m (Ers)= lfs > 0,

we see that m (E) nlrs , where n is the integer such that

n8rs 27r<(n+l)8rs ;

and thus m (E) > (2?r 8rs )
*-

. Since the set {Pn} is not finite, it contains
rs

an infinite number of pairs of points Pr ,
Ps for which 8rs is less than an

arbitrarily chosen number 77,
hence m (E) > 2rr -

77.
If possible, let

*rs

~- < h < 1, for all pairs of values of r and s for which 8rs < 77 ;
thus every

rs

poifit of E in 8rs has a neighbourhood 8rs (< 77), for which the component
of E in that neighbourhood has measure < h8rs . Now any fixed point P,
of E, corresponds, on account of the symmetry of the set E with respect
to the points Pr ,

Ps , to a point of Srs ;
hence P has a neighbourhood of

length 8r8 in which the component of E has measure < h8r8 ,
where h < 1

;

and this for every pair of values of r and s for which 8rs < 77.
Since 8 rs has

indefinitely small values, this is contrary to the fact that P may be so

chosen that E has metric density 1 in its neighbourhood (see i, 140).

It is thus impossible that h < 1
;
and r, s can be so chosen that J- is

^r.s

arbitrarily near unity. Hence m (E) > 2?r (1 ) 77; where
77
and are

arbitrarily chosen positive numbers. It thus follows that m (E) = 2?r.

From the Lemma, combined with the results in 358, we obtain the

following theorems given by Lusin :

A trigonometrical series having in the interval
( TT, TT) an enumerable

set of points of absolute convergence is either almost everywhere convergent) or

almost everywhere non-convergent.

For the set of points of convergence must, in accordance with the

Lemma, have either measure 2?r, or measure zero.

A trigonometrical series having two points of absolute convergence, of
which the distance is incommensurable with TT, is either almost everywhere

convergent, or almost everywhere non-convergent.
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The theorem has been given* by S. Bernstein that:

// the function f (x) satisfies the Lipschitz condition that, for any pair of

^points xl9 x2 in the interval
( TT, TT), | / (a^) / (x2 ) \

X
\

x x2 |

a
,
where

< a < 1, and A is a positive constant, then, provided a > J ,
S

|

an
\
,
S

|

bn
\

are convergent, so that the Fourier's series converges uniformly and absolutely

to f (x). There are Fourier's series of functions which satisfy the condition

for a value of a (< J) which do not converge absolutely at all points.

The more general theorem has been givenf by Sz&sz that:

If the function f (x) satisfies the Lipschitz condition, S
(|
an \

k +
\

bn
\

k
)

ra-l

2 2
is convergent if k > 9 , but may diverge if k < ^

--.

THE INTEGRATION OF FOURIER'S SERIES

00

360. Let Ja + S (a n cos nx + bn sin nx) be the Fourier's series corre-
n-l

spending to a function / (x), summable in the interval ( TT, TT), and of

period 2?r. No assumption is made as regards the convergence of the series.

rx

The function g (x)
= / (x) dx %aQx is continuous and of bounded

J -7T

variation in any finite interval; also it is periodic, and of period 2?r, in the

variable x. It can consequently be represented everywhere by a Fourier's

series Ja
' + S (an

f

cos nx + b n
'

sin nx) which converges uniformly to g (x).

]
TTT J j*7TWe have an

' = -
g (x) cosnxdx, bn

f = -
I g (x) sin nxdx. Since

TT j - n I* J -IT

g (x), sin TI# are both indefinite integrals, the formula of integration by

parts can be applied to the expression for an '. Thus

j*

77
1 \*

g (x) cos nxdx = - sin TI# . /)gr (a;) dx,

where /></ (a;) is any one of the four derivatives of g (x) (see I, 420). Now,
at almost every point of ( TT, TT), the four derivatives of g (x) are all equal
to f (x) |a (see i, 405). Accordingly, we have

in a similar manner it can be shewn that bn
' = - bn . It has now been

n
shewn that the series

* A />ncj WY*
t Un \j\JiS IvJUw

2,

*
Comptes Rendus, vol. CLVHI (1914), p. 1661.

t Miinch. Sitzungsber. (1922), p. 135.
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converges uniformly in any interval to the function

/ (x) dx -

1 '"

where a ' = -
g (x) dx.

rr
. -JT

The following theorem has been established :

// / (x) be any summable function, periodic, and of period 2rr, then, if
rxt

(xl ,
#2) be any finite interval, f (x) dx is represented by'

,

S an sin nx2 b n cos ra#2l I"-
* an sinnxl - 6n cos nxjl

2. ..... -~ -
fa ^ -|- 2- ~^7~n-l w J L w-1 J

00

which is obtained by integrating the series Ja -f S (aw cos %# + 6W sin nx)
n = l

term by term.

This theorem, which in this general form was given* by Fatou, was a

generalization of an earlier form of the theorem due to Lebesgue. It is

remarkable in view of the fact that the Fourier's series which is integrated
is not necessarily known to converge.

It follows, by letting x = 0, that the series S "
is always convergent.

w = l M

The necessary and sufficient conditions that S -* should be convergent
n-l ^

have been given| by Hardy and Littlewood.

To obtain the converse of the above theorem, let it be assumed that
GO

the series Ja + S (an cos nx + bn sin nx) is such that the series
n*=l

y an sin nx bn cos nx

n~l n

converges in ( TT, TT) everywhere to a function F (x) which is an indefinite

Zrintegral of a summable function. The function F (x) being continuous

and of bounded variation, is representable by a Fourier's series which

converges everywhere to the value of the function. As there cannot be

two distinct trigonometrical series which have this property (see 320),

S, an sin nx bn cos nx . , ^ . , .2 --------- _!t------- 1S the Fourier s series corresponding to F (x).
n-l M
Therefore

^ =
if* ^ (a?) sin natfc, ^ - - i

f

*

^ (a?) cos nxdx, -
f

*

F (x) dx.

* Acta Math. vol. xxx (1906), p. 384.

f Math. Zeitschr. voJ. xix (1924), p. 95.
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Let DF (x), one of the four derivatives of F (x), be denoted by / (#);

we have then, on integration by parts as before,

If 71
"

1 f
ir

an = - / (x) cos nxdx, bn = ~
I f (x) sin nxdx.

TT J - v 7TJ-7T

Therefore |a + S (an cos ra# + bn sin tt#) is the Fourier's series correspond-

ing to the function / (x) + |a or DF (x) + \aQ .

Combining this result with the previous one, the following theorem has

been established* :

The necessary and sufficient condition that the series

+ S (an cos nx + bn sin nx)

.should be a Fourier's series of some function f(x), summable in
( IT, TT), is

that the integrated series

* an sin nx b n cos nx
S -------

n-l n

should converge throughout the interval
( TT, TT) to a function which is the

indefinite L-integral of a summable function. The function f (x) differs by a

null-function from any one of the four derivatives of the L-integral.

361. The theorem of 360 can be applied to shew that two non-

equivalent functions, summable in the interval ( TT, ?r), cannot have one

and the same Fourier's series. For if/ (x), <j> (x) be two summable functions

which have the Fourier's series Ja + S (an cos nx + bn siunx), it follows from

the first theorem of 360 that / (x) dx = < (x) Ax, where A is any

finite interval. Since the integral of/ (x) < (#), taken over every interval,

is zero, it follows (T, 394) that the two functions/ (x), <f> (x) are equivalent.

The following theorem has accordingly been established :

There cannot exist two non-equivalent functions f (x) such tliat

1 f
w If 71

"

f(x) cos nxdx = aw ,

- / (x) sin ?i### = &
,

/or W = 0, 1
, 2, 3, . . .

,
tvhere a ,

ax , 6X ,
#2 ,

62 ,
. . . are given numbers.

362. If /n (x) denote the finite sum

J#o + (
ai cos ^ + ^i sin a?) + ... + (ow cos ^^ + ^ s^n na;)

of the first n + 1 terms of the Fourier's series corresponding to the function

/ (x), the theorem of 360 may be expressed in the form

lim

where (xl9 x2 ) is any finite interval.

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix (1911), p. 423.
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Let it now be assumed that {/ (x)}
2 is summable in the interval ( TT, TT) ;

then

f* r* r
r ~ n

2 h 2 i

J-ir
n

J~ir L r-1
r

J'

I / fa) /n (#)
dx = Jwoo

8 + TT S (ar
2 + V),

J -7T r-1

As I {/ (x) fn (x)}
2 dx is essentially positive, it follows that the series

.' -IT

a 2 + S (ar
2 + 6r

2
) is convergent, and has for its limiting sum a number

r-l

i r*
^ ~

{/ (#)}
2 da?. This result is known* as Bessel's inequality.

We have now I {/ (x) fn (x)}
2 dx K 2

,
for all values of n, where

K is some fixed number, independent of n.

If e be any measurable set of points in
( ?r, TT), we have, by Schwarz's

inequality,
if

f f f )* /
I \J (P) /n \&)s MX -.= \ I ttiC {/ V*^) Jn ()} ^a?r ^XiV??l(6).

I ^ (c) I . (e) . (e) '

Let the set e be enclosed in intervals 8X ,
82 , ... of a set A, of non-overlapping

intervals, such that m (A) m (e) < ; and let F denote the set of points
A e; thus m (F) < e. If Ar be a finite set of the intervals 81? 82 , ...

,
such

that m (A) m (A r ) < , we have

Also

f {f(x)-fn(*)}dx=\t +1 -[ \[f(x)-fn (x)]dx.
J(e) (J(Ar) J(A-^r) J(F))

Since Ar consists of a finite set of intervals,

lim
f {/()-A ()

H^-oo .'(Ar )

for all values of n. It follows that

'()

Since e is arbitrary, we obtain the result

lim
f {/(*)-/*(*)} cfe = 0,

n-oo .'(e)

and thus the integral of / (x) 9 over any measurable set e, is obtained by
* Astron. Nachrichten, vol. vi (1828), pp. 333-348.
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term by term integration, over the set e, of the Fourier's series corre-

sponding tof(x).

In accordance with the definition (201) of complete term by term

integration of a series, the following theorem has been established :

If f (x) be a function of which the square is summable in ( TT, TT), the

Fourier's series corresponding to f (x) is completely integrable term by term,

giving as its sum, when taken over a measurable set of points, the integral of

f (x) over that set.

363. The method of 360 can be applied to prove the following
theorem relating to the integration of a Fourier's D-series corresponding to

a function for which the set of points of non-summability has measure zero.

// / (x) be a function which has a Denjoy integral, and for which the set

of points of non-summability has measure zero, in the interval ( TT, TT), the

rx

Fourier's series corresponding to f (x) dx \a^x is
J IT

^ an sin nx bn cos nx

The class of functions considered here includes those which have an

#jk-integral in ( TT, TT).
rx

In this case the function g (x)
= / (x) dx %aQx is continuous,

J ~7T

although in general not of bounded variation, in ( TT, TT). The Fourier's

series corresponding to g (x) has for coefficients an
f

,
bn ', given by

1 f
lr 1 f*

an
= ~

\ ff (
x

) cos nxdx9 b n
' =

\ g (x) sin nxdx.
TTJ-TT WJ-ir

Since g (x) is of bounded variation in any closed interval which contains

no points of H, the non-dense closed set of points of non-summability of

/ (x), the Fourier's series converges uniformly to g (x) in any interval

interior to an interval contiguous to H, but it cannot be assumed that the

series converges to g (x) at points of H. In any case the Ces&ro sum of the

Fourier's series is everywhere g (x) (see 365). At almost all points of an

interval contiguous to H, g' (x) exists and has the value / (x) a . In

the case here considered, in which H has content zero, this also holds for the

whole interval ( TT, TT). The method of integration by parts being applicable

when one of the functions is a D-integral, and the other is of bounded varia-

tion (i, 474), it follows, as in 360, that an
' = -- bn , bn

' = - an ;
and the

n n
theorem has thus been established.

364. Taking the case in which the closed set H is enumerable, let it now
, T ^i ^ xi -1 aw sin ncc bn cos nx
be assumed that the series \a^x + S --------- ---

n
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the interval ( 77,77-) to a function F (x) which is the //L-integral of a

function which hasH for its sole points of non-summ ability ; except that the

convergence is not assumed to hold at the points of H. In case TT and TT

fcelong to H,F (x) will be defined at these points so as to satisfy the condition

F (TT) F^^+r) = 7ra ; otherwise this condition follows from the periodicity

of the series. If (a, b) be an interval interior to an interval contiguous to

H
,
the series converges everywhere in (a, b) to the continuous function

F (x) which has bounded variation in (a, b). The Fourier's series of

F (x) |a # converges to F (x) \a^x at every point not belonging to H.

Since there cannot be two trigonometrical series both of which converge,

at every point not belonging to an enumerable set, to the same function

/ a j JAV -j. 11 ^i_ j. ^ an snnx n cos nx . ,. ~. . ,

(see 442) it follows that S -
n ~-n - ---- is the Fourier s series

of F (x) %aQx9
and therefore

a 1 f
77 6 1 f

77

-
* = ~

{]F (#) an #} sin tt#d#,
- - *= - {F (x)n 7TJ -TT 72' 7TJ -jr

Since F (x) |a x has almost everywhere a differential coefficient

p
/ (x) Ja ,

where ^ (#)
= / (x) dx, we find, by integration by parts,

J 7T

bn Iff n/ \ i .smttofl* 1 f* .- = -
^ ^{J^

(z)
- K^> - W-J _ +^ J _/ (*)cfa n M>

1 f
71

"

or bn = -
/ (a;) sin 7i#d# ;

^ J -*

l ^n llfET/ \ i ^COSHXl" ,

1 f
77

l
. ,

a
"n
=

7T L
{ (X)

"" ^^
J - ^77

'

-/^ C S^ ^

] l

n

or aw
= - / (x) cos nxdx. Hence the series a + S (an cos nx + b n sin nx)

<7T J _ w

is the Fourier's 7/Zr-series corresponding to / (x).

The following theorem has now been established* :

The necessary and sufficient condition that a trigonometrical series

| + S (an cos nx + bn sin nx) should be the Fourier's HL-series corre-

sponding to a function with only an enumerable set of points of non-sum-

,.,....,.,,., . j . , ^ an sin nx bn cos nx , T T

mobility is that the integrated series $aQx + 2 ------ -
should,

n-l ^

except at an enumerable set of points, converge throughout ( TT, TT) to a

function F (x) which is the HL-integral of a function with only an enumerable

set of points of non-summability. Also, in case IT, TT are points of non-

snmmability, the condition F (TT)
- F ( TT)

= ?ra must be added.

^
- l * See W. H. Young, Proc. Land. Math. Soc. (2), vol. rx (1911), p. 425.
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THE SERIES OF ARITHMETIC MEANS RELATED TO FOURIER'S SERIES

365. If the Fourier's series corresponding to a summable function f(x)
be summed by the method of arithmetic means

( 27) we find, since

the sum sn (x) of the first n terms of the Fourier's series is

9

*

f

*

/ (x') dx' + -"T
1

f

*

/ (*') cos r (x
f -

x) dx',
47TJ-K 77 r i J-^

, the Cesaro's partial sum Sn (x) is given by

from winch it is easily found that

>7r

(sin \n (x' x) \

a
.

/x ,
,

< V, ,

----r r /(# ) dx'.
_

(
sin J (x

f

x) J

J ^ '

If we apply the Theorem I, of 279, to the case in which

/ / \
1 (sin \n (x/ x)\

2

F (x' y x, n) -=
6
- -

.
-
2

- S- -x f >v '
2^77

(
sm J (x x) )

for all values of x for which
\

x' x
\

> p, and J1

(x', x, n) = for all

values of a; for which
|

x' x
\

*
p, where x is in the set G which con-

sists of all the points of the interval
(

77 + p, TT p), it can be verified

that the conditions (1) and (2) of the Theorem I are satisfied.

^ 1 isin \n (x' x)i
2

1 r
i<or -z-

{
.- ,-: ,

-

x
X < -r cosec 2

iu, for all values of n, and of x
2nrr

(
sm (a? ir) )

2^7r
2r

(in 0) such that
|

x' x
\

> p ; and for the other values of x, F (#', #, n) = 0,

for all values of n. Therefore the condition (1) is satisfied.

Also -
;

- ~
J[ dx'

,
where x > 77 + u, does not exceed

J .. w 2^77 (sin | (x
'

#) j

^

- cosec 2
JjLt, and therefore converges to zero, as n ~ co

, uniformly for all

the values of x in G.

( n }
2

sin -

(x'
-

a:) |

Similarly
-

|

-
7-7-7
-- f dx'J

Ism -| (a?'- a?)J

converges to zero, as n ^ QO
, uniformly for all values of x in the interval

rft

(
77 + /, 77 /z) of a?. It follows that F (x'', #, TI) d#' converges uniformly

Ja

to zero, for all values of a; in ( 77 + p, TT p), where (a, /?) is any interval

in
( 77, 77) ; thus the condition (2) of Theorem I is satisfied.

1 f f*-* sm(a; ""

Hence - +
2?i77 (J_ ff

n

converges uniformly to zero.
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The behaviour of S (x) at any interior point x of the interval ( TT, TT),

as regards convergence, divergence, or oscillation, accordingly depends

only upon the limits of

sn

as n ~ oo
,
where /x is so chosen that x /x, a; + /x are interior points of

(77,77); and this expression is equivalent to

where =
/x.

That the behaviour of S (x) at a point x depends only upon the character

of the series in an arbitrarily small neighbourhood of # is a consequence
of the corresponding property of / (x). For, as in 340, / (x) may be

expressed as /x (x) + /2 (x) ;
and since the series for /2 (x) converges to zero

at the point x, the corresponding Ces&ro sum is also zero at x, and S (x)

depends therefore only on the function /x (x).

Taking the case in which/ (x)
=

1, in the interval ( TT, TT), we see that

1 . 1
|

e
/smTZ'ix -,, ,. l i

^ v /sin Tit \ ,

lim
(

eft= lim -
dt,

n-oo^^Jo \ smt / n-oo ^TT Jo \smty

and the expression on the right-hand side is

/i*
lim 2 [J + cos 2^ + cos 4$ + ... + cos 2nf] rf^ = ^TT.
Ti/^-oo J

Therefore lim I

'

^

s~
y^

dt = J,

where < c < TT.

At a point at which/ (# + 2f) + / (# 2<) has a definite limit as 0,

the limit of

-
1
- *>+'-

may be evaluated. For the value of the integral lies between

Ti/r i \
1 f

e
/sin ^A 2 ^ j /x 1 r

e

Jf
( ) --. eft, and m(e)v ;

7i7r Jo

when Jf (c), m (e) are the upper and lower boundaries off(x + 2t) +f(x 2t)

in the interval (0, c).
Tt, follows that S (a:), S (x), the upper and lower limits

of Sn (x), as n ~ QO
,

> interval (|m (c), JJf (e)).

is diminishe )ly, \m (c), JJf (e) have one and the same
f
f (x + x

,
to which 8n (x) must converge.
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In case / (x + e) + / (x *) does not converge to a definite value as

c ~ 0, it will have finite or infinite upper and lower limits

/ (x + 0) + / (x
-

0), /(s + 0)+/(s-0),

which certainly lie in the interval

We have accordingly established the following theorem :

// / (x) be a summable function, periodic and of period 2-rr, the Cesdro

partial sum Sn (x), for the Fourier's series corresponding to f (x), converges

at any point x at which f(x) is continuous, to the value f(x); at any point at

which f (x) has an ordinary discontinuity, to | {/ (x + 0) + / (x 0)}; and

at any point at ivhich f (x + e) + f (x e) fias a definite limit, to

Moreover, at any point x, the upper and lower limits of Sn (x) both lie in the

interval bounded by the finite or infinite upper and lower limits of

This theorem, so far as it applies to points of continuity, or points of

ordinary discontinuity, of / (x), was first established for the case in which

/ (x) is integrable (JB) in the interval
( TT, TT), by* Fejer.

366. It has been shewn in 27 that, if f(x), /(x) denote the upper
and lower sums of the Fourier's series at the point x,

It follows that sn (x) cannot diverge unless Sn (x) diverges, and thus that,

when Sn (x) converges, fn (x) must oscillate and cannot be divergent,

unless it also converges. We have accordingly the following properties of

Fourier's series :

At a point of continuity off (x), or at a point of ordinary discontinuity at

which f (x + 0), / (x 0) are finite, the sum of the Fourier's series is either

f (x) or | { / (x + 0) + / (x 0)} ,
or else it oscillates between finite or infinite

limits so that f (x) or | {/ (x -(- 0) + f (x 0)} lies in the interval bounded by
these limits, but it cannot diverge. It can only diverge if the Cesdro sum 8 (*

is + oo
,
or oo .

Next, let (a, b) be an interv^ 1 *<^~
"

*n ai

(a
-

8, b + 8) in which / (x)
:

for points in (a, b), are gr

* Math. Annalen, vol. Lvm (

vol. cxxxiv (1902), p. 702.
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where e may be taken to be so small that the points a 2e, b + 2e are in

the interval (a 8, 6 + 8) for which / (x) is bounded. The value of the

above expression, for all values of x in (a, b), does not exceed, numerically,

2A f**
1

/sinn\
2

,. . , A ^ ^ * * i */ \ i

( <# or ul, where A is the upper boundary of f (x) in
UTT Jo V sin /

^ ^ IJ v ' '

(a
-

8, b + 8).

The remaining part of Sn (x) has been shewn to converge to zero, as

n ~ oo
, uniformly for all values of x in (a, b), an interval interior to

( TT, TT).

We have accordingly the following theorem :

In any interval (a, b), contained In, an interval (a 8, b + 8) in which

f (x) is bounded,
\

Sn (x) \

is bounded for all values of n, and of x, in (a, 6).

// also all the points of (a, 6) are points of continuity, or of ordinary discon-

tinuity, Sn (x) converges boundedly to f (x) or ^ {f (x + 0) + / (x 0)} .

367. In case / (x) is continuous in (a, b), an interval interior to
( TT, TT),

the continuity at a and 6 being on both sides, e may be so determined

that

\f(x + 2t)-f(x)\, \f(x-2t)-f(x)\
are both < 77,

for all values of x in (a, b) and for t ^ e. We have then

1 f e

Sn (x)-f(x) =^ J o
{/(* + 2f) +/(* - 2t)

-

where W is a number which converges uniformly to zero, for all values of

x in (a, b). From this equation we deduce that

for all values of x in (a, b), provided n is not less than some fixed value

n
n

. It follows that Sn (x) converges uniformly to/ (x) in the interval (a, b).

The condition that (a, b) is interior to ( TT, TT) may be removed by

considering overlapping intervals, each of which by proper choice of the

origin may be made interior to
( TT, TT).

It has thus been established that :

In any interval (a, b), in which f (x) is continuous, the continuity at a and

tying on both sides, the Cesdro sum 8n (x) converges uniformly to the value

V
I

'"*+ rvision of the knowledge we have

Courier's series, as compared
theorem with the corre-

i, we observe that in the

I variation in an interval

ly for the validity of the
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368. A more general theorem than that of 365 has been obtained by
Lebesgue. He has in fact shewn that the Ces&ro sum converges to / (x) at

any point x for which I
| / (x + t) + f (x

-
t)
-

2f (x) \

dt has a differential

coefficient equal to zero, at the point t = 0. This condition will be satisfied

at any point x for which both the functions

JJ/(*
+ *)-/(*) I

#, Jj/(*- *)-/<*) |#

have differential coefficients of value zero, for t = 0. It has been shewn
in i, 432, that these conditions are satisfied almost everywhere in the

interval ( TT, TT), of x. At a point of continuity of / (#), these conditions

are satisfied, and the complete condition is satisfied at any point at which
lim [f (x + t) +f(x t)] has a definite value, provided / (x) is taken to
*~o
have as its value half this limit. Thus Lebesgue's theorem includes the

theorem of 365.

In order to prove the theorem we have to shew that, when the con-

Jtr
|

< (t) |

dt has a differential coefficient of value zero, at the
o

point * = 0, then
*

f* <f> (t) (
sm

^f}
2

dt - o (1), where
</> (t) denotes

ZTITT Jo \ sin %t /

f (x + t) +/(x~- t)- 2f (x), and /* is such that <
//,
^ |TT. Taking

j \
</> (t) dt x (') J

a* a point x, at which the condition is satisfied,
* Jo

X (0)
= 0, and x (*) is continuous in the interval (0, /x).

Since

1 r 6 u) (
sin

***v dt - r^M (*
in
fo^v i

i

2^r Jo
* (

^j
V sin \t )

M ~
[ 2nn ( sin fa ) J 2n*r

it is seen that it is only necessary to shew that

TTT i w i s5Ji*i. o ivv \ % sin 7tv sin. -&ivvWe have ,- -.
2
,
-

)
==

. 9
-
T .
- A. - cos -,

dt \ sin J* / 2 sin2 j sin8

and it will be sufficient to shew that

n
*

,
I % m sin^

.// _ /i\

Jo sin2
j

In order to prove the first of these results it is sufficient to shew that
f -i

-|r>
2 jL<M / /^O^ i-^- ?- vTi

"
satisfies the conditions (1) and (2) of Theorem II of 290,n sin3 %t

\ / \ / 3 >

and also the conditions (a) of 292, and (6') of 293. Since the function is

TT

numerically < - cosec2
J<, in any interval interior to (0, TT), it converges
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uniformly to zero, as n ~ QO
;
therefore the conditions (1), (2) are both

satisfied. In the present case conditions (b') and (a) may be taken

together.

To prove that these conditions are satisfied, we have
* /sin \nt \

2

- -

I f
A

t sin2
\nt cos It ,. TT f

A /sin lnt\ 2
,----^r---* at < - -i. dt

I.I Al
ft sin3 ^ 7&J Al \sini*/

thus the conditions (a), (6') are satisfied. The first part of the result has

accordingly been established.
rt sin nt

To consider the integral I tx (t) .

2 -j,
dt, we apply the method of

J o sin ^^
/ Q1T1 Vrf.

296. The function .
2

, is bounded for all values of n in any interval

(a, j8) which does not include the point t =^ 0, and ^aT* ^> where
. a sin TJ*

< a < j8
^ TT, converges to zero, as ^ ~ oo

,
since / cosec 2

\t is summable
in (a, ft).

Thus the conditions (1) and (2) of the theorem of 290 are satisfied.

To apply the condition (3), of 296, we have to write for tFl (nt), the

expression t sin nt cosec 2
\t.

The maximum M (an ) of t sin nt cosec 2
\t in (0, an )

is less than TT times

the maximum of sin nt cosec \t, and this is less than rr
2n. If we choose

an
= -, we have an M (a n )

< ?r
3

. Again, N (an ) denotes the absolute
n

maximum of
|J

2 sin nt cosec 2
\tdt, for all intervals contained in (an , /x); and

[ . j

since ^
2 sin nt cosec 2

^tdt
==

(j8 cosec J/3)
2 sin n^rf^, where a' is in the

Ja Ja'

interval (a, j8), we see that N (an ) < ; and thus < 2?r. The two
n an

conditions of the theorem of 296 being satisfied, it follows that
'<

,_ x
sinnt

j.

*X (0-^-r,^-o(l).

It has now been proved that :

The Fourier's series corresponding tof (x) is summable by Cesaro's means,
at almost all points of the interval ( TT, 77), the Cesdro sum being f (x). These

rt

points include all points at which
| | / (x + t) + f (x t) 2/ (x)

|

dt has

the differential coefficient zero, for t
~ 0.

369. The theory of the Ces&ro sums may be applied to throw light upon
the convergence of an important class of Fourier's series. If the coefficients

satisfy the conditions an
= O

(

-

) ,
bn = O

(

-
)

, in which case
\n/ \nj

an cos nx + bn sin nx =
(-) ,
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we have a class of Fourier's series which includes the series corresponding
to functions of bounded variation. By Hardy's theorem ( 54), at any
point at which the series is summable (C, 1) it is convergent; therefore the

Fourier's series converges almost everywhere, and in particular, at every

point of continuity or of ordinary discontinuity of the series. Although
the convergence of the Cesaro partial sums is uniform in any interval of

continuity of the function, provided the end-points are points of continuity
on both sides, it does not follow that the convergence of the Fourier's

series itself is uniform in the interval. It has thus been shewn that:

A Fourier's series for which an
= O ( -

)
,
b n -=o(-\ is almost everywhere

convergent; in particular, it converges at every point of continuity, or of

ordinary discontinuity of the function.

The more general theorem has been established* by Hardy and Little-

wood that :

The necessary and sufficient condition that a Fourier's series for which

an (- ],bn
= O( -

)
should converge at a point x is that

\n/ \n/

+ t) \-f(x-t)-2f(x)}dt = o(l).

The theorem will be proved in 414.

370. It will be shewn that :

The Fourier
9

s series for f (x) is summable (<7, 2) at every point x at which
rt

{/ (
x + + / (

x *) 2/ (x)} dt has, for t = 0, a differential coefficient of
Jo
value zero.

This theorem is due| to Lebesgue. The set of points at which the
rx

condition is satisfied includes those for which f(x)dx has a differential
J IT

coefficient equal to / (x), and the set also contains that set of points at
rt

which
| / (a; f t) I- / (x t) 2f (x) \

dt has a differential coefficient at
Jo

the point t --= 0, of value zero. To prove the theorem, we take for Sn (x),

the Cesaro partial sum, of order 1, the expression

2 /sin -w/\ 2

if(* + ) I- /(a
-

2t)
-

2f(x)} dt;

writing u(t)=f(x + 2t) +f(x-2t}- 2/ (x), U (t)
-

f
u (t) dt,

Jo

* Proc. Land. Math. Soc. (2), vol. xvm(1917), p. 229.

t Math. Annalen, vol. LXT (1905), p. 278.

36-2
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and integrating by parts, we have
7T

2 2

d̂t

1
f
*

rr u\ *
sin 2n* ^/-- U(t)co8ect. . at.

TT J o sin

We now form the arithmetic mean -
{S (x) + $2 (x) + ... + Sn (x)} f (x)

'Ylf

for the expression Sn (x) / (x) 9 and consider separately the parts of this

mean corresponding to the three terms on the right-hand side. The first

term converges to zero, as n ~ oo , and therefore also its arithmetic mean

converges to zero, as n ~ oo . At a point at which U (t)/t converges to zero,

the second term converges to zero, as n ~ oo, by the theorem of 365, and

therefore its arithmetic mean does so also. The integral in the third term

can be expressed by

f] ,.

J
M

>

f 2 f"sin (2n +l)t + sin (2n - 1)

J o
X

L sin i

where x (')
^ ^ (0/sin 2^> and for the point t = 0, # W ig continuous and

^ (4- 0)
= 0. Applying the theorem of 365, the arithmetic means of the

expressions

f
2

... sin (2n + 1) t ,_ f
2

/JV sii

X(') qSTT
rf*' X(0

j o sm * ^o

both converge to zero, as n ~ co . It has now been shewn that the sum

(H , 2), and consequently the sum ((7, 2), of the series exists, and has the

value / (x), at a point at which the condition stated in the theorem is

satisfied.

THE PROPERTIES OF A CERTAIN CLASS OF FUNCTIONS

371. For the investigation of the Cesaro sum of order k, not equal to 1,

of a Fourier's series, it is convenient to employ certain functions, of which the

properties have been investigated* by W. H. Young. Only those properties

of the functions which are absolutely necessary for the purpose will be

given here.

The function defined for all finite values of t by

,

where p 0, will be denoted by C^ (t). It will be seen that (7 (t)
= cos t,

C (t)
= sin t, C* (t)=l- cos t, ^ - C9_i (t). Writing tu for t, and

multiplying by (1 t)
q~l

,
where q > 0, since (1 t)

q~l
is summable in the

*
Quarterly Journal, vol. XLUT (1912), p. 161.
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interval (0, 1), and the series which represents CQ (tu) converges uniformly,
we may apply term by term integration, and thus obtain the formula

uq
f
1

CP+Q (
u )
=

rvT \ @9 (tu ) ( 1
"~

*)*~
1 *> ( < #) Giving p the values 0, 1,

1 w) J o

we obtain the formula

O (u) -
U*

* (U)
~
r(a

Q?-l

r
"

OOBltt) rf*' ?> 2 '

It will be shewn that the function Cq (u) is bounded for all values of q
such that ^ q ^ 2, and for all values of u ^ 0.

fiWe have F (q) Cq (u)
= u9 tq

~l cos (1 t) udt, where q > 0; thus
Jo

fi fi
F (q) Cq (u)

= uq tfl~
l cos u cos tudt + uq t?-1 sin u sin tudt

Jo Jo

ru ru
= cos t6 f3

"-1 cos <rf# + sin t6 t*~l sin f d!<

Jo Jo

TT 7T

f f
2

I'

1

*) f f
2

f
U

)= cosi^^ + }
tfl-tcostdt + sin 16-^ + \-tP-

1 dm tdt.

U'O J^rj (JO JTT]

2 2

i*tz r*oQ r^ r*o^i

Also t
q~l

. tdt, when q < 1, is equal to (^7r)
q~ l

. tdt, which is

J^TT
sin -

J^ir siii

7T

r cos
numerically less than 2 (^Tr)*"

1
. The integrals t?~ l

. tdt are both
J o sin

numerically less than -
( )

We have thus

when <
</ < 1. As q increases from to 1, F (q) decreases down to a

minimum M which lies between 1 and 2, hence
p-7~v

^ w > fr/ f\
< ** >

1 / <2T\^"
-

'"' 2
0<q<l, and thus

|

(7a (u) |

<
-g.

f

^ j
(TT + 4) < ^- (TT + 4) ;

since (7 (u) is

also bounded for all values of u, it has now been shewn that
|

Cq (u) |
is

bounded for Q q < I,u^(). In case 2 ^q 1, by employing the formula

fiF (q 1) Cq (u)
= t^"1

<Qf
~1 cos (1 t) udt in a similar manner, it can be

Jo

shewn that
|

Cq (u) |

is bounded for all such values of q, and for u 0.
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If q > 2, we have
*j0-2 f 1

c" (u}
=
rfo^2) Jo

(1
~ ' )9

~3
(1
~ cos tu) dt

[OH. viii

and therefore

hence

Cq (u)

u) |

<
2 , where A is a fixed number.

^4
When ^ q ^ 2, it has been shewn that

|

u~q Cq (u) \

< -
q

.

Since

We have

and

and

(u)}
= - gw*-1

(7C + _, (u),

'
f r

for2< 7 <3,

forg>3,

where P and Q are fixed numbers independent of u.

d

duTherefore, when q > 1, is, for all values of u greater

than 1, less than a fixed multiple of u~2
, or of u~9

, according as q>2,orq 2.

Since the variation of Cq (u) . u~q in the infinite interval (0, QO
)
is given by

d
< i ^ , ^

,- {Ca (u) u~q
} du,du

which integral exists, as the integrand is less than a fixed multiple of u~ 2
,

or of u~q
, it is seen that Cq (u) u~q

is, for q > 1, of bounded variation.

If q > 1, we have

.COS;
n c* (') cos xtdt = r./

.o
"

A (g

1

^ r M ! f

1

si

l)Jo t Jo
sin tu -*

du,

and the order of the successive integrations may, in accordance with the

theorem of 241 (2"), be changed, since (1 u)
q~ 2 is summable in (0, 1), and

sin tu cos x
...... is a bounded function of (t, u) in a rectangle (0, ;

A
,
1

) , whose in-
t

tegral over (0, A ) with respect to t converges boundedly to ----- dt.
i A t

Therefore
1

sin tu cos xt
dt

f i l f i r <m~ Cq (t) cos xtdt = -, _J (1
-

u)
q~* du ,

Jo r A (q 1) Jo Jo t

= WT r. JTT J (1
-

u)
q~2

du, if x 1, and = 0, if x ^ 1.
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Therefore

77
t~ q Cq (t) cos xtdt =-

<vfT7-\ (*
~"~

%)
Q~ l

,
if 1, and = 0, if # S 1,

o ^1 (?)

provided q> 1.

THE SUMMABILITY (C, k) OF FOTJRIER's SERIES

372. It was shewn by M. Riesz*, Chapmanf ,
and W. H. YoungJ that a

Fourier's series is summable (C, k), where k > 0, at any point of continuity
or of ordinary discontinuity of the function. The theorem was extended

by Hardy , who shewed that the summability holds good almost every-
where in the interval

( TT, TT), of x.

GO

Since / (x)
~ |a + S (am cos mx + bm sin mx),m 1

we have

i {/ (x + ') + / (
x ~~

<)}
~

iao + S (am cos mx + bm sin m^) cos mt.

By the theorem of 384, since (o>^)~(
1+fc) Cl+Jc (cot) is of bounded variation

in the whole interval (0, oo
) (see 371), and since it is absolutely summable

in (0, oo
), we have

5 f

*

(orf)-<"
V C^ k (cot) \f(x + t)+f(x- t)] dt

6 .'0

= K r M)""(1 hfc) CW* M) *"
Jo

oo i* co

+ S (am cos mx + bm sin mx) (a)t)-(
l+V Cl+k (cot) cos mtdt.

m 1 JO

Changing o> into /, and using the theorem

where m < co, we have

/ ^\ 7j

f S (1
--

) (am cos m^ + 6W sin mx)
?/Kw \ tt^/

where ^ is any positive number. The expression on the left-hand side is

the partial Riesz's sum of the Fourier's series, of order k (see 45).

*
Comptes Rendus, vol. CXLIX (1909), p. 909.

f Proc. Lond. Math. Soc. (2), vol. ix (1911), p. 390; also Quarterly Journal, vol. XLIII (1911),

p. 26.

% Leipziger Ber. vol. LXIII (1911), p. 377.

Proc. Lond. Math. Soc. (2), vol. xn (1913), p. 3H5.
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Let
<f> (t) denote/ (a; + t)+f(x t)

-
2f(x), then

[OH. vm

(m\^1 --
) (am cos mx + bm sin mx) / (x).

*** I

It will be proved that

lim I" H1**) tf1+fc (*) <f> (-} dt =
w~oo JO \fc>/

r*

for any point x at which I ^ (t) \

dt has a differential coefficient of value
Jo

zero, for t = 0. This is the case for almost all values of x, and in particular
at a point of ordinary discontinuity, provided f(x) = ^{f(x + 0) +f(x 0)}.

Thus the theorem is established when the limit of the above integral has

been shewn to be zero. It will be assumed that < k < 1, because the

summability when k > 1 follows from the summability (C, 1) which has

already been established.

The interval (0, QO
) may be divided into three parts (0, 1), (1, co), and

(a>>
oo

). Considering these separately, we have

since <-<1+*> Gl+k (t) is bounded for t S I. At a point at which

lim) f|^()|* =
0,

*~o * .'o

rt

we have I J> (t) \

dt < et provided t is sufficiently small, thus
Jo

.0

if a) be sufficiently large, or

where e is an arbitrarily chosen positive number, provided oj> a) .

r to / / \

Again ^~(1+fc) Cf

34. fc (t) <f>
f

-J rf, since C'1+fc (<) is bounded for <

numerically less than

B
f
**-( 1 +*) ^ (

*

) I eft, or than 5o>- fc

f

J H 1 -^)
| <f> (t) \ dt\

Jl \co/ I J w-i

1, is

and this is equal to

J

or to

(<) | eft]

1

+ (A + 1) f

X

*-<*+ j f
o Jo,-

1 Jw- (Jo

-* O (1)
- CD**1 <D f-^ + (& + 1) I

*

"(*+ O () Cftl
,

\fcv .'- J

cft
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f
where O (t)

=
| <f> (t)

\

dt. Since Q (t) < ct , for f q; and dividing
Jo

the last integral into parts taken over (a)-
1

, 77), (77, 1), we see that this

expression is numerically less than an arbitrarily chosen positive number ,

provided o> is sufficiently large.

Lastly, r H1+ *> Cl+k (t) <f>(~\ dt, or <*>~
k

\V< l+* C71+lt (orf) ^ (*) eft, is
J w \fcV .' 1

/.GO

numerically less than a fixed multiple of a)~k j-( 1+fc>

| </> (t) \
dt, or than

f* / 1 1 \
co~ fc

I <f> (t) I

d . f
-

l+fc
+

1+fc
+ . . .

)
which is less than a fixed multiple

of a)~k
,
and thus converges to 0, as o> ' oo . The theorem has now been

established that :

A Fourier's series is summable (C, k), where k > 0, almost everywhere in

the interval ( TT, TT), <Ae stm ((7, k) being f (x). At any point of continuity

of the function, the sum (C, k) is f (x), and at any point of ordinary discon-

tinuity it is J {/ (x + 0) + / (x 0)} ;
at any point at which/ (x + t) + f (x t)

has a definite limit, as t ~ 0, the sum (C, k) is | lim {/ (x + t) + f (x t)}.
t~Q

If F (x) denote an indefinite integral of / (#), the theorem, when com-

bined with that of 370, may be stated as follows :

A Fourier's series is summable (C, 2) at any point x at which

F(x + t)-F(x-t)iim
~9/~~~JM)

.has a unique value, and the set L of all such points contains a set, of measure

2-jr, at each point of which the series converges (C, k), where k>0.

373. It is easily seen that, in any interval (a, 6), in which / (x) is

continuous, the continuity at a and 6 being on both sides, the sum ((7, k) is

continuous. For a number 8 can be so determined that
| <f> (t) \

<
77, for

all values of t such that
|

t
\

< 8, and for all values of x in (a, 6). The

integral j

t~^ l+k] (71+7, (t) <f>
(

f

} dt is less than At], for eo- 1 < 8. The integral

f-(i+*) 6f

147, (t) $ (
J
dt converges uniformly in (a, b) to zero, as to ~ GO

,

1 f'

because
| <f> (t) I dt converges to zero, uniformly for all values of x in

t Jo
*>

i \

(a, h). Also H 1**) Cl+k (t) <f>
f

J
dt converges uniformly to 0, as o> ~ oo .

. (o \W/

Thus it has been shewn that :

In any interval (a, b) in which f (x) is continuous, the continuity at a and

b being on both sides, the partial sum (C, k), where k > 0, converges uniformly
to f (x) in (a, 6).
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374. The theorem that a Fourier's series is summable (C, k), for k > 0,

almost everywhere, does not provide necessary and sufficient conditions

that the series should be summable (C, k) at a particular point, and no such

conditions, of a simple character, are known. The question has been

considered by Hardy and Littlewood, of the conditions under which, at

a particular point, the series is summable (C, k), for some value or another

of k. They have obtained* the following theorem :

The necessary and sufficient condition that the Fourier's series correspond-

ing tof (x) should be summable (C, r), for some value or another, of r, at the

point x, is that there should be an integer k such that, if

*(*)=/(* 10 +f(x-t)-2f(x)

and <M') =

then lim
<f>k (t)

= 0.
*~o

The function f (x) may be either summable, or may satisfy a certain more

general condition of integrability.

From this theorem they have deduced that :

/// (x) is bounded in a neighbourhood of the point f ,
the Fourier's series

corresponding to f (x) is, at the point ,
either summable (C, k) for every

positive value of k, or summable for no value of k.

375. At a point x at which the condition

\f(x + t) +f(x -
t)
-

2f(x) |

eft - o (t)

is satisfied, the condition

+ +/(* ~ *)
-

2/(s)} dt = o (t)

is also satisfied, but the converse of this does not hold.

It has been shewnf in 370 that, at any point at which the second

condition is satisfied, the series is summable (C, 2), and it was shewnj by
W. H. Young that the series is summable (C, k), where k > 1.

An example has been given by Hahn of a function which at a particular
ft

point x satisfies the condition {/ (x + t
) + f (x t) 2f (x)} dt o (t),

.0

but at which the series is not summable (O, 1) ;
at this point the condition

Ft

|
\f(x + t)+f(xt)2f(x)\dt = o (t) is of course not satisfied. Ac-

cordingly the first condition, although necessary, is not sufficient, for the

* Math. Zeitschr. vol. xix (1924), p. 70.

t Math. Annalen, vol. LXI (1905), p. 274.

J Proc. Lond. Math. Soc. (2), vol. x (1912), p. 268.

Deutsch. Math. Vereinig. vol. xxv (1916), p. 359.
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convergence ((7, 1) of the Fourier's series. The series is then however

summable (<7, 2).

It has been shewn* by W. H. Young that the series obtained by term

by term differentiation of the Fourier's series corresponding to a function

of bounded variation is summable (<7, k), for k > 0, almost everywhere,
the sum ((7, k) being equal to the differential coefficient of the function.

sin fi/x

For example S cos nx is a series of this kind, since S is the Fourier's
n-i Ti-i n

series of a function of bounded variation
; but sin nx is not such a series,

n = l

COS YLX
since S is not the Fourier's series of a function of bounded variation.

THE CESARO SUMMATION OF A FOURIER-DENJOY SERIES

376. Let / (x) have a D-integral in the interval ( 77, 77), then the nth

Ces&ro sum, of order 1, of the Fourier's Z)-series, corresponding to/ (x), is

2ir
Let (a, b) be an interval interior to an interval contiguous to the set

H, of points of non-summability of the function / (x) ; and let

/(*)=/!(*)+/(*),

where /x (x)
= / (a;) at all points of the interval (a, 6), and let /x (x)

= at

all other points of (- 77, 77). The function /x (x) is summable in the interval

( 77, 77), and consequently (see 368),

converges to / (x) almost everywhere in (a, 6), and in particular at any

point at which {f(x + t) + f (x t)} converges to 2/ (x) as t 0. Also the

convergence to / (x) is uniform in any interval contained in (a, 6) in which

the function is continuous, the continuity at the end-points being assumed

to be on both sides.

We have to examine the convergence of

~
2

-*)
fa'

n
t ' \

sin -
(x x)

sin | (a;' x)

in the interval (a + p, b ^), where /z is an arbitrarily chosen positive

number (<
-

--). The function /2 (#') has the value zero within the
\ /

* Proc. Lond. Math. Soc. (2), vol. xm (1913), p. 23.
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interval (a, 6), and elsewhere it has the values of / (#'). The expression to

be examined is equivalent to

fa
Let us consider / (#') O (x' a:, ft) d#',

, .
, ,

*

x
1 fsin in- (a'

-
a?)1

2

where O (a;' x, n)
== -

. --,-/ -7
--rv ' f

2ft77
[_
sm (#'

-
a;) J

We shall suppose x to be confined to the interval (a + /^, b p) ; so

that, in the integrand, # x' /x, a; x' b ^ + 77 < 2n p, and thus

|
sin J (x' #) |

^ sin /n, for all the values of # and x f

concerned. Applying
fa

the theorem of 287, we see that lim / (x') <E> (x' #, ^) dx' = 0, and
W,' CO J TT

the convergence is uniform for all values of x in (a + p, b /A), provided

(1), O (#', #, ft) is, for each pair of values of x and n, of bounded variation

in
( TT, a), and (2), the condition

9O (x', x, n)

ox
1

< K is satisfied, where K

is independent of # and n, and (3), O (x'', #, n) converges to zero, as w ~ QO

uniformly for all points x, in (a + /z, 6 /*)

It is clear that the condition (1) is satisfied; also

<D (#', a:, n) < ~ cosec 2
J/i,

and therefore (3) is satisfied.

We have also

9$ (x' x, ft) __
1

[""ft

sin ft (x
f

x) _ sin2
\n (x

r

x) cos J (x' x)

dx'~
""

2ft77 [2 sin2
\ (x

f

-x) 2 sin2

(x' x, ft)thus
A 9 ,

,

x 9< T- cosec2 4 u + 7- cosec2

477
^

477

and hence the condition (2) is satisfied.

It has now been proved that

, ft

1 fa

/(*')
2ft77j_/

V '
fa'

sin J (x
f

x)\

converges to zero, as n ~ QO
, uniformly for all points x in the interval

(a + fi, b /A),

In a similar manner the corresponding result can be proved for the

integral whose limits are 6 and 77.

It has now been shewn that, for any interval (a, 6) interior to an interval

contiguous to H, the partial sum (O, 1) of the series converges to f (x)

almost everywhere in the interval (a, 6), converging to

4 Hm {/<* + <
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at a point at which the limit exists. Moreover the convergence is uniform

in an interval interior to (a, 6), in which / (x) is continuous, provided it is-

continuous on both sides at the end-points.

For that class of Denjoy integrals for which m (H) = 0, including the

//Zrintegrals as a sub-class, the series must converge almost everywhere
in ( TT, TT).

The following theorems have accordingly been established* :

// / (x) have a D-integral in
( TT, TT), then, almost everywhere in an

interval contiguous to the set H, of points of non-summability of f (x), the

Cesdro sum (<7, 1) of the corresponding Fourier's D-series exists, and is equal

tof(x).

In case the set H have measure zero, and in particular for all functions
which have an HL-integral in

( TT, TT), the series is summable (C, .1) almost

everywhere in ( TT, TT).

In any interval of continuity of f (x) 9 provided the continuity at the end-

points is on both sides, the Cesdro partial sums converge uniformly to f (x).

The first theorem cannot be improved by taking the Ces&ro sum (<7, 8),

where 8 < 1, instead of (C, 1). For if the series were summable ((7, 8) at

a particular point a, which we may, without loss of generality, take to be

the point x = 0, we should have an = o (n
B

) (see 52). It has been shewn

by Titchmarsh (see 339) that a series of the type in question can be

constructed for which this condition is not satisfied.

A proof has been publishedf by Priwaloff that every Fourier's (D)
series is summable (G, 1 + 8), (8 > 0), almost everywhere, but there is a

part of this proof which appears to need elucidation.

PROPERTIES OF THE FOURIER'S CONSTANTS

377. Let f (x), g (x) be functions such that {/(#)}
2
, {g (#)}

2 are both

summable in the interval
( 77, 77). It will be shewn that

converges to zero, as n ~ QO
; fn (x) denoting the sum of the first 2n + 1

terms of the Fourier's series |a + S (an cos nx + bn sin nx), corresponding
to /(a).

First, let g (x) be a bounded function, then a function g (x) can be

defined (i, 385) which takes only a finite set of values in the interval,.

and is such that \g(x) gc (x) \

< e. We then have

9*
-tr

* See Hobson, Proc. Lond. Math. 8oc. (2), vol. xxir (1924), pp. 420-424.

f Rendiconti d. Palermo, vol. XLT (1916), p. 203.
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where cl5 c2 , ... cr are the values of g (x), and where e8 is the set of points

at which g (x)
= cs .

In virtue of the theorem of 362, the expression on the right-hand side

converges to zero, as n ~ QO .

Thus lim
[* g (x) {/ (a)

- fn (x)} dx - 0.

9i~ao J ~TT

Also

I

"

g(x){J (x)
- fn (*)} dx =

f

"

{g (x)
-

gf (x)} {/ (x)
- / (x)}

J -TT J -IT

+
f" ?(*){/(*) -/.(*)}**
J 7T

The first integral on the right-hand side is numerically less than

I /(*)-/() I**'

dx

or than e
{2*- f

*

{/ (x)
- / (*)}

2 cfel
1

I .' -IT J

which* is less than a fixed multiple of . The second integral converges to

zero, as n ~ x . It follows that

lim
f" 0(3) {/(*)-/*(*)}

.' IT

<**

cannot exceed a fixed multiple of e
;
and since e is arbitrary, it follows that

lim
l'j(x){f(x)-f

n (x)}dx = 0.

Next, let g (x) be unbounded, but such that {g (x)}
2 is summable, and

consequently such that/ (x) g (x) is summable.

Let g (x)
= gl (x) + g2 (x), where gl (x)

- when
| g (x) \

> N, and

9i (
x ) 9 (x )

when
|
g (x) \

^ N
;
where N is an arbitrarily chosen positive

number.

We have

+

the first integral on the right-hand side converges to zero, as n ~ oo
,
since

gl (x) is bounded
;
and the second is numerically less than a fixed multiple

(independent of n) of \\ {g (x)}
2
dx[ ; where E denotes the set of points

(J(E) )

in which \g(x)\>N. For {/(#) /n (x)}
2 dx is less than a fixed number.

J(E)
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Since {g (x)}
2 dx converges to zero, as m (E) converges to zero, which

JOG?)

happens when N is indefinitely increased, it follows that

converges to zero, as n ~ <x> .

The following theorem has now been established :

/// (x) be a function whose square is summable in the interval
( 77,77),

the Fourier's series corresponding to f (x) is integrable term by term over

( TT, TT), when multiplied by any function g (x) whose square is summable,

I'TT / (x) g (x) dx.

It may be observed that the theorem holds when the integration is

taken over any measurable set e in
( 77, 77) ;

for we have only to replace

g (x) by a function which is equal to g (x) in the set e, and to zero in the

complementary set.

378. If the Fourier's series corresponding to g (x) be denoted by

|a
' + S (a n

r

cos nx + bn
'

sin nx),

we obtain the following theorem :

// / (x), g (x) be two functions such that the square of each of them is

summable in ( 77, 77), and their Fourier's constants be denoted respectively by
oo

a , Oj, &13 2 ,
62 ;

a ', a/, &/, a2 ', &2 ', ... the series Ja a
' + S (an an

f + bn bn ')

1 [*
converges to -

f(%)g (%)
77 J -IT

In particular, let g (x)
= / (x) ; we have then the theorem that :

If f (x) be a function such that its square is summable in
( 77, 77), and
00

a
, !,&!,... are its Fourier's constants, the series |a

2
|- S (aw

2 + 6 n
2
)

converges to -

It will be observed that these remarkable theorems express properties

of the Fourier's constants for functions whose squares are summable, and

do not involve any knowledge as to the convergence or non-convergence
of the corresponding Fourier's series. They have been obtained as the

result of a whole series of investigations in which the theorems were proved
for the cases of functions of special classes involving greater restrictions

than the sole condition that the squares of the functions should be sum-

mable, The first theorem is known as Parseval's theorem, in virtue of the

fact that it was first stated* by Parseval, whose proof was valid only

* Sav. Ar. vol. 1(1806).
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subject to very stringent assumptions. For the case in which the function

is integrable (R) 9
the theorems were proved independently of one another

by Hurwitz*, Liapounofff, and de la Vall6e Poussinf . The theorems were

extended by Lebesgue to the case of bounded summable functions, by a

method involving Fejer's theorem relating to arithmetic means. The

theorem, as given above in its complete generality, was obtained by Fatou
||.

It will be shewn in 399 that the theorem may be extended so as to apply
to any two functions / (x), g (x) such that \f(x) \

p
, \g (x) \

q are summable
in the interval

( TT, TT), where p and q are two positive numbers such that

^+
1 -1

P 9

379. Let a + (an cos nx + bn sin nx) denote any trigonometrical
71-1

00

series such that 2 (an
2 + b n

2
) is convergent. Denoting byfv (x) the partial

n=l

sum Ja + 2 (an cos nx + bn sin nx), it is seen that

where q> p, and it follows that

Km

and thus that the sequence /x (x), /2 (x), /3 (x), ... is convergent on the

average (see 170). Consequently, a sequence

can be so determined as to converge almost everywhere to a function / (x)

whose square is summable, and which is such that {/ (x) fn (x)}
2 dx

J rr

converges to 0, as n ~ QO
;
and thus the sequence {fn (x)} converges on the

average to f(x).

It follows, as in 172, that I* {/ (#)}
2 dx = lim I* {fn (x)}*dx, and

J n n~-<X> J IT

therefore - {/ (x)}* dx is the sum of the convergent series
IT J -u

* Math. Annalen, vol. LVII (1903), p. 425, and Comptes Rendus, vol. cxxxn (1901), p. 1473;

see also AnnaJea de V&ole normde sup. (3), vol. xix (1902), p. 357.

f Stekloff states in the Comptes Rendus for Nov. 10, 1903, that the first theorem was com-

municated by Liapounoff to the Kharkow Mathematical Society in 1896.

% Annales de la sac. sci. de Bruxettes, vol. xvi (1893).

Lemons sur les series trigonome'triques, pp. 100-101.

||
Acta Math. vol. xxx (1906), p. 352.
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[*
Since {/ (x) fn (x)} cos mxdx cannot numerically exceed

J IT

I f
ir

it follows that / (x) cos mxdx iram is less than the arbitrarily chosen
I
J -IT

number e, as is seen by taking n sufficiently large.

1 [
w

It follows that am = - / (x) cos mxdx
;
and similarly it can be proved

T* J -IT

that 6. =
1

ra sin mxdx.

Consequently the trigonometrical series is the Fourier's series corre-

sponding to/ (x). It has now been established that:

Any trigonometrical series such that the sum of the squares of its coefficients

is convergent is the Fourier's series of a function f (x), of which the square is

summable in
( TT, TT).

This is the converse of the theorem of 378.

That the function/ (x) is unique, in the sense that every function which

satisfies the condition that its Fourier's series is the given series differs

from / (x) only at points of a set of measure zero, has been established

in 361. It can also be proved as follows: Let /j (x), /2 (x) be two sum-

mable functions to which correspond one and the same Fourier's series.

By the theorem of 368, the Ces&ro sum of the series is almost everywhere

equal both to /x (x) and to /2 (x). Therefore the values of /x (x) and /2 (x)

coincide almost everywhere.

This may be stated in the form that :

IfaQy al9 bl9 a2) b2) ... be a given sequence of numbers such that the sum of
their squares forms a convergent series, there exists a function f (x), and it

is unique except for equivalent functions 9 for which a
,
aly bl9 a2 ,

62 , ... are

the Fourier's constants. Moreover the square of this function is summable.

This theorem is known as the Biesz-Fischer theorem*, for trigonometrical
series. An account of various proofs of the theorem has been givenf by
W. H. and G. C. Young.

A simple proof of the Biesz-Fischer theorem has been obtained, but

not yet published, by Pollard, who proves that, when (f(x)}
2 is not

* See F. Riesz, Comptes Bendus, vol. CXLIV (1907), pp. 615-619 and 734-736; also Oottinger

Nachr. (1907), p. 116 and Comptes Hendus, vol. CXLVIII (1909), pp. 1303-1305. See also Fischer,

Comptes Rendus, vol. CXLIV (1907), pp. 1022-1024.

f Quarterly Journal, vol. XLIV (1912), p. 49.

HII 37
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summable, this implies that Ja
2 + 2 (an

* + bn
2
) is divergent, and who

n=i

proves simply, by means of Ces&ro summability, that

+ 2 (V + &n
2

,
-

f*7Tj~7r

which is the reverse of the inequality of Bessel.

The above theorem may be expressed in the form that, if a , al9 bl9

a2 ,b2 , ... be numbers such that ax
2 + 6X

2 + a2
2 + 62

2 + *s convergent,
the set of equations

1 r */ x.7 * r */ * j /
i f" */ x

- jao
~ /W *&> aw

^ ~
/ W cos nxdx, bn = -

/ (a:) sin nxdx
9

TT J -TT W J -7T 7T J -IT

where n = 1, 2, 3, ... is satisfied only by a single summable function, apart
from equivalent functions, and this unique solution is such that its square
is summable. If the sum of the squares of the numbers is not convergent,
it has not been established that there exists any solution of the equations.

It is thus seen that no summable function F (x) exists which differs

from zero at a set of points of positive measure, such that

[* [* cos
F(x)dx = 0, F (x) . nxdx, for n 1, 2, 3, ....

J -7T J -7T Sin

This may be expressed by the statement that no summable function

exists which is orthogonal to all the orthogonal functions

1
,
cos x 9

sin x 9
cos 2x, sin 2x, . . .

, cos nx, sin nx
9

. . .

the orthogonality having reference to the interval
( TT, TT).

In other words these functions form a complete system of orthogonal
functions for the interval

( TT, TT) (see 489).
GO

A sequence of numbers xl ,
x2 ,

. . . xn ,
. . . such that xn

* is convergent

is said to define a point in Hilbertian space. The above theorem shews

that there is a unique correlation of the points of Hilbertian space with

functions whose square is summable in a given interval, provided equi-

valent functions are regarded as identical.

380. ParsevaFs theorem, given in 378, may be extended to the case

in which one of the functions / (x) is summable, but not necessarily either

{f(x)}
2 or \f(x) |

1+<Jf
,
for any positive value of q, and the other function

g (x) is measurable and bounded ; provided that the series

a a ' + S (anan
f + bn bn ')

is convergent.

It has been shewn in 366 that the partial Ces&ro sum

' + (a/ cos x + &/ sin x) [1
- -

I X + fr'n-x SUl U O-H--)
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converges boundedly, provided g (x) is bounded in
( 77, 77), and that it

converges almost everywhere to g (x). Denoting this partial Ces&ro sum

by Gn (x), we have

If* , , ~ , ,

dx = ,

a ,

(a a
,

b b
,

}

/
t _ 1\

1 *
\ n)

n

the sum on the right-hand side being the nth partial Ces&ro sum of the
CO

series # ^o' + ^ (fln^n + bn bn
f

).

In accordance with the theorem of 305, since On (x) is bounded for
TTT fir

all values of n and #, / (a;) On (x) dx converges to / (x) g (x) dx, and
J IT J -IT

consequently the sum on the right-hand side is convergent. Therefore in

1 f
71

"

any case / (x) g (x) dx is the Ces&ro sum of the series of products of
IT J -IT

the Fourier's constants of the functions / (x), g (x). In case this latter

series is convergent, its sum is equal to the Cesaro sum.

The following theorem has accordingly been established :

If f(x) be summable, and g (x) he measurable and bounded in ( 77,77),
00

and if the series |a ao' + S (anan
f + bn b n ') is convergent, its sum is

n 1

1 [
n

f(x)$ (x )
dx. In any case the Cesdro sum of the series exists, and has

this value.

In the particular case in which g (x) is of bounded variation in the

interval ( 77, 77), it has been shewn in 333, that gn (x) converges boundedly
to g (x) ;

and it therefore follows that

lim / (x) g n (x) dx^\ f(x)g (x) dx,
n~CO J ~7T J ~7T

from which Parseval's theorem follows. It has accordingly been proved
that :

ParsevaVs theorem

If* / (x) g (x) dx = K< + S (anan
' + bnbn ')

TTj-jr n = l

holds for any pair of functions, one of which is summable, and the other of

which is of bounded variation, in ( 77, 77).

381. The theorem can be extended to the case in which the function

/ (x) possesses only an .////-integral in ( 77, 77), the other function g (x)

being of bounded variation.

37-2
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The functions f(x), g(x) will be taken to be periodic, of period 277.

We have g (x)
= lim On (x)

= lim b g (x + z) ( . -\ ) dz, provided
n~oo n~ao ^W77 J -jf \ Sin $Z /

g (x)
= % {g (x + Q) + g (x 0)}, at any point of discontinuity of g (x). It

is known (see 366) that Gn (x) is bounded with respect to (n, x), and it

will be shewn that the total variation of Gn (x) in
( 77, 77) is bounded with

respect to n.

Since g (x) is of bounded variation in
( 277, 2ir), g (x) can be expressed

in the form P(x) N (x), where P(x) and N (x) are bounded and mono-

tone non-diminishing in the interval
( 2?7, 277); and thus

g (x + z)
= P (x + z)

- N (x + z),

where P (x + z), N (x + z) are monotone non-diminishing, for each value

of x
9
in the interval (- TT, 77) of z, provided x is in the interval

( TT, TT).

The function ft
P (x + z) ( .

~
)
dz is a monotone non-diminish-

2mr . _.
x '

V sm \z )

ing function of x, in the interval
( 77, TT), and thus its total variation is

1 f* rr>/ , x r/ , u /Siniraft*
_-- {P (77 + Z)

- P ( 77 -f- Z)} ---V- &,
2^77 J _,

v ' v 7
V sm \z )

which does not exceed a fixed multiple of
(

-
. *.- -

) dz, which =
1,r

2^77 J -^V sin \z I
'

for all values of n] therefore the total variation is bounded with respect

to n. The same argument applies to the case in which jV (x + z) takes the

place of P (n + 2), and therefore the total variation of Gn (x) is bounded

with respect to n.

In accordance with the theorem of 310, since \g(x) Gn (x)\ is

bounded with respect to (n, x), and V T
L nGn (x) is bounded with respect

to n, and Gn (x) converges to g(x), it follows that

f* / (*) 9 (*) dx = lim
f

*

/ (x) Gn (x) dx.
J "IT tt~00 J -7T

Therefore

-
f

*

TT J -
9 (x) dx = lim

71-ao

The following theorem* has therefore been established:

Iff (x)
ĵave an HL-integral in (77,77), and g (x) be of bounded variation

1 f*
in the same interval, then - / (x) g (x) dx is the sum of the series

TT J -IT

S (anan
' + bnbn')9

n~l

* See W. H. Young, Proe. Lond. Math. Soc. vol. ix (1911), p. 458.
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provided this series converges, and it is in any case equal to the Cesdro sum

(C, 1) of this series.

The above theorem may be extended to the case of integration over

any finite interval (a, /?), in which f(x) has an ff/j-integral. If (a, j8) be

contained in (TT, TT), we may take the function which has the value f(x)
in the interval (a, /J), and the value zero in the remainder of ( TT, TT). It

thus follows that

l^/ () 9 () dx = lim
f /(*) 0, (a) <b.

J a n~co J a

In the general case the same result follows by dividing (a, ) into a finite

number of parts, each of which is in an interval (TTT,
r + 27r), where r is

integral. We have therefore

r/3 r r/5

f(x)g (x) dx = lim |-a
'

/ (a;) dx
J a n~<x> L

'

*

r-n-1 / r\ f f/J f/
3 11

+ L (1 ) -ta/ / (a?) cos rarte -I &/ / (a?) sin radaf .

r - 1 \ W/ I J a J a JJ
It may be proved, in a similar manner that, if f(x) have the period ZTT,

and have an //^-integral in ( TT, TT), arid g (x) be any function of bounded

variation in (a, jS), then
ri3 r r/s

/(;r) g (x) dx - lim Ua gr (a;) dx
J a n~~ oo L .'a

r = n~l/ r\ ( eft rf*
1

"I

f 2 (1 )
^ar \ g (x) cosrxdx f 6,. g (x) sin rxdx> .

r-l \ ^/ I J a .'a j J

These results have been extended*, by W. H. Young, to the case in which

j8 is infinite, provided, in the second case, that a 0, and that g (x)
~ 0,

as x oo .

THE SUBSTITUTION OF A JFOUEIEB's SERIES IN AN INTEGRAL

382. Iff(x) be a periodic function, of period 277, and the corresponding
Fourier's series be denoted by ia -(- S (an cos no: + b n sin w#), no assump-
tion being made as to the convergence of the series, it is frequently of

importance to be in possession of sufficient conditions for the validity of

r/s

the process of substituting for/ (x) in an integral f (x) g (x) dx, the terms
J a.

of the series, and of asserting that

fft
QO f r/3 rp

)

Ja g(x)dx+ S \an \ g (x) cos nxdx + bn
\

g (x) sin nxdx\
! a. n=l I Ja Ja )

r/s

converges to / (x) g (x) dx, where (a, j8) is any finite interval. The
Ja

function g (x) need not be supposed to be periodic, but is defined for the

finite interval (a, j8). In case (a, j8) is contained in the interval ( TT, TT),

we may replace g (x) by a function gl (x) which has the same values as

g (x) at all points of (a, /?), and is zero in the intervals ( TT, a), (j8, TT). If

/ (#) 9i (x ) satisfy the conditions of the theorem of 377, by applying that

* Loc. cit. p. 459.
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theorem, we obtain the required justification of the term by term integra-

tion indicated above. In case (a, /?) is not contained in the interval ( 77, 77),

we may suppose it to be contained in an interval (m, SIT), where r and s

are odd integers, positive or negative. The function gl (x) may be taken

to be zero in the intervals (r?r, a) and (STT, j8), and to be equal to g (x) in

the interval (a, j8). If {/ (x)}* is summable in (77,77), and {g (x)}
2

is

summable in (a, j8), {gl (x)}
2 is summable in each of the intervals (7*77, r + 177),

(r + 177, r + 277), ... (s ITT, STT). The theorem may then be applied to the

functions / (x), gl (x) in each of these intervals ; then, by addition, the result

is obtained. We have therefore established the following theorem :

// {/ (x)}
2 be of period 277, and summable in the interval ( 77, 77), and

{g (x)}
2 be summable in the finite interval (a, j8), the integral f (x) g (x) dx

may be obtained by substituting for f (x) its Fourier's series, and applying
term by term integration. No assumption is made as regards the convergence

of the Fourier's series corresponding to f (x).

383. In case / (x) is summable in
( 77, 77), and g (x) is of bounded

variation in the interval (a, j8), or in case / (x) is periodic and of bounded

variation in ( 77, 77), and g (x) is summable in (a, j8), precisely similar

reasoning, assuming the result of 380, establishes the following result:

// the periodic function f (x) be summable in ( 77, 77), and g (x) be of
rft

bounded variation in the finite interval (a, /?), then f (x) g (x) dx may be
J a,

evaluated by substituting for f (x) its Fourier's series, and applying term by
term integration. The same Jiolds in case the periodic functions f (x) is of
bounded variation in ( 77, 77) and g (x) is summable in (a, /3).

By applying the theorem obtained in 380, we have the result that:

If the periodicfunctionf (x) be summable in
( 77, 77), and g (x) be bounded

[ft

in tJie finite interval (a, /?), then the integral f (x) g (x) dx may be evaluated
J a

by substituting for f (x) its Fourier's series and applying term by term

integration, provided the resulting series is convergent; in any case the series

is summable (<7, 1). The same holds iff (x) is bounded in
( TT, TT) and g (x)

is summatile in (a, j8).

From the theorem of 381, we find that:

// the periodic function f (x) have an HL-integral in ( 77, 77), and g (x)
r/3

is of bounded variation in the finite interval (a, jS), then f(x)g (x) dx may
Jo.

be evaluated by substituting for / (x) its Fourier's HL-series, and integrating

term by term, provided the resulting series is convergent; in any case the series

is summable (0, 1). The same Jiolds iff(x) is of bounded variation in ( 77, 77),

and g (x) has an HL-integral in (a, jS).
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384. For the case of integration over an infinite interval (0, oo), the

following theorem, which is of use in the evaluation of integrals over an

infinite interval, will be established :

// / (x) have the period 2ir, and be summable over (0, 27r), and g (x)

satisfies the conditions (a), that it is of bounded variation over the interval
/oo

(0, oo), and (6), that
\ g (x) \

is summable in (0, oo), then f (x) g (x) dx may
Jo

be calculated by substituting for f (x) its Fourier's series, and integrating term

by term. The conditions (a), (6) are satisfied, in particular, if (a)', g (x)

is positive and monotone decreasing, and (&)', g (x) is summable over the

interval (0, oo).

If ao
^ 0, the condition (b), or (by, may be replaced by the condition that

g (x) converges to zero, as x ~ ao.

This theorem was given* by Hardy, who states that it can be obtained

by the collation of results due to W. H. Young.
It will first be shewn that, if g (x) satisfies the conditions (a), (6), the

series g (x) + g (x + 2?r) + g (x + 4?r) + . . . converges, for every positive

value of x 9 to a sum (x) which is summable and of bounded variation in

the interval (0, 277).

r.r+(2ri4-2)ir

Denoting | g (t) dt by vn (x), where ^ #5_ 2?r, we have
oH 2W7T

n =m \~rm \-r r.r-H2+2)r roo

E
| \g(t)\dt&\ \g(t)\dt;

m+l x+'2nir J(2ro+2)ir

thus S
|

vn (x) |

< e, for a sufficiently large value of m, and for all

values of r. It follows that the series Svw (x) is absolutely and uniformly

convergent.

We have also

2770 (x + 27177)
- vn (x)

=
J

*

{g (x + 2wir)
-

g (t)} dt]

and thus
|
277*7 (x + 2n7r) vn (x) \

is not greater than 277Fw , where Vn is

the total variation of g (t) in the interval (x + 2n7r, x + 2n + 177). It follows

that S {277<7 (x + Znrr) vn (x)} converges absolutely and uniformly; and

consequently S g (x + 2nrr) is absolutely and uniformly convergent in

(0, 277). Denoting its sum, in that interval, by G (x), we have
oo

n-0
r 2?r r ao

thus \0 (x)\ is summable in (0, 277), and
|
G (x) \

dx -^ I g (x) \

dx.
Jo Jo

Further, if xl9 x2 be any two points in the interval (0, 277), we have

G (x,)
- G (x2) \*\g (xl + 2^177)

-
g (x2

n-O

Messenger of Math. vol. LT (1922), p. 186.*
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It follows that the total variation of (x) in (0, 2?r) cannot exceed the total

variation of g (x) in (0, oo).

If we multiply the partial sum/w (x) of the Fourier's series corresponding

to / (x) by g (x), and integrate over the interval (0, oo), we have for
/CO

fn (x) 9 (
x

)
dx the expression

" sin (
n +*)(*-)* /M 1*

- f(t]dt >

ail** /<>j j
i\

|'>* _. /I

and since the integrand g(x)f(t) \
l J- IT is absolutely sum-

sin \x t)

mable over the domain (0, 0; oo, 277), the order of integration may be re-

versed, and becomes

A I I Sill ( 'Ylj "4"" 75" ) (X ~~~ v I
I f //\ /// I n /'Y*\ j * /7 /y*

TT I I if) ttfr I (/ (X) ; ^ ; T? (JvJb

277 J Jo
'

sin %(x-t)

or / (t) Gn (t) dt
;

Jo

where Gn (t) is the sum of the first 2^+1 terms of the Fourier's series

corresponding to the function G (t), defined in the interval (0, 2?7).

Since G (t) is of bounded variation, Gn (t) converges boundedly to G (t) ;

hence, applying the theorem of 380, we have

lim I

2

V (t) Gn (t) dt = f

2

"/ (*) G (t) dt.

n~oo Jo Jo

It follows that

Urn 1 fn (x) g (x) dx - f

*

f(t) G (t) dt= I f(t)g (t) dt;
n-ooJo Jo Jo

and thus the first part of the theorem has been established.

Let it next be assumed that a = 0, and that the condition that

g (oo)
= takes the place of the condition (6).

Let y (x)
= g (Zmrr), where 2m77 ^ x < (2m + 1) 77; and let

g(x) = y (x)
-

g (x).

It is clear that y (x), and consequently g (x), is of bounded variation in

(0, oo). Also, we have

f
00 - _

therefore the integral | g (x) \

dx exists. Since g (x) satisfies the conditions
o

which g (x) satisfied in the first part of the theorem, we can apply to the

Fourier's series for f (x), term by term integration over (0, oo), after

f
00

_
multiplication by g (x), and the result converges to / (x) g (x) dx.

Jo
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Since

/*> f(2n-h2)7r oo r2tr

f(x)y(x)dx= S /(a?)y(a?)&:= S 0(2ra7r) /(a?)ifo
= 0;

JO n-OJ2nir n = JO
/OO iOQ

and similarly y (x) cos nxdx = 0, y (a;) sin Tizate == 0,
Jo Jo

it is seen that the second part of the theorem is satisfied.

THE FORMAL MULTIPLICATION OF TRIGONOMETRICAL SERIES

385. If two trigonometrical series

| + (ax cos x + b
l sin x) + ... + (an cos nx + bn sin nx) + ... (1),

o + (
ai cos & + Pi sin #) + ... + (an cos nx + j8w sin no:) + ... (2)

be multiplied together, as if the series were finite, and the result be

arranged as a trigonometrical series, we obtain the series

%AQ + (Ai cos x + BI sin x) + ... + (A n cos nx + Bn sin nx) + ... (3),

where

| 2 (aw n + 6w n ),
71 1

where it is assumed that _fc
= ak , j3_ 7(

.
=

/3k .

In this expression, the numbers a
,
aw ,

bn and
,
aw , j8w may be inter-

changed.

The series (3) is said to be the formal product of the series (1) and (2).

In case the series S \an
\

9
S \bn \>

^
I

an
\
> 2

| j8w |

are all absolutely
n =1 n I n 1 n - 1

convergent, the series (1), (2) converge absolutely and uniformly to con-

tinuous sum-functions/! (#),/2 (x). In that case the Cauchy-multiplication
of the series (1) and (2) yields an absolutely and uniformly convergent
series of which the sum-function is the product fl (x)f2 (x). The series may
then be arranged in the form (3) without altering the character of its

convergence; and therefore the series (3) converges to/x (x)f2 (x).

In general, since the process of obtaining (3) from (1) and (2) is purely

formal, it is a subject for investigation what relation there may be between

the sum-functions of the three series, in case they exist, or between any
conventional sums of those series that may exist at particular points or

in an interval.

Let the series (1) be the Fourier's series corresponding to a function

/ (x), summable in the interval (77,71). It will be shewn that the formal

product of the series (1) into a finite trigonometrical series is the Fourier's

series corresponding to the function which is the product of / (x) and the



586 Trigonometrical Series [OH. vm

function which is represented by the finite series. It is clearly sufficient

to consider the cases in which the finite series consists of a single term

cos kx, or sin kx, where k is a positive integer. Let an = 0, except when
n = k, when ak = 1, and let j8n

~ 0, for all values of n\ the system of

equations (K) then becomes

A =
*, An

= I (ak+n + ak_n ) 9 Bn = \ (bk+n
- bk_n ).

We have now

1 [* 1 I""
1

= -
f(x)coxkxdx, A n

= -

7T J -7T ^ J -

i f*

^w == - / (#) cos
IT ./-fl-

it follows that the formal product is the Fourier's series corresponding to

/ (x) cos kx. Similarly, it is seen that, when we take sin kx, the formal

product is the Fourier's series corresponding to / (x) sin kx.

Next, let (1) and (2) be the Fourier's series which correspond to two

summable functions/ (x), g (x) which are such that either (1), { / (x)}
2

, {y (x)}*

are both summable in the interval ( TT, 77), or (2), one of the functions

g (x) is of bounded variation in ( 77, TT). In either case, ParsevaFs theorem

cos kx
is applicable to the two functions / (x) . ,

, g (x), where k denotes a
sin KX

positive integer. We have accordingly

1 f
n -

- f(x)g (x) cos kxdx - ^A^ + S (A n an + Bn pn ),
7T J -w

where 4
,
An ,

Bn are the Fourier's constants corresponding to the function

/ (x) cos Tex. The expression on the right-hand side is

faak + JSK K+n + *-n) + ftn (
bk+n

~
&*-n)} ,

Or Ak ,

where A k is the coefficient of cos kx in the formal product of the series

(1) and (2). It thus appears that Ak is the coefficient of cos kx in the

Fourier's series corresponding to the function f(x)g(x). Similarly, it

may be shewn that Bk is the coefficient of sin Tex in the Fourier's series

corresponding to f(x)g(x). The following theorem has now been

established :

// either (1), {/ (#)}
2

, {g (x)}
2 are both summable in the interval

( TT, TT),

or (2), one of the functions f (x), g (x) is summable, and the other of bounded

variation, in the interval (77,77), the formal product, of which the coefficients

are given by (K), is the Fourier's series corresponding to the productf (x) g (x).

This theorem was given* by Hurwitz for the case in which the two

functions are both integrable (R) in the interval (77,77); and byt Lebesgue
in the case in which they are both summable and bounded. The theorem

* Math. Annalen, vol. LVII (1903), p. 45, and vol. LIX (1904), p. 553.

f Lemons sur les series trigonomdtriques, p. 101.
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may be extended to the case in which
| / (x) \

k
,

|
g (x) |

fc/ are summable in

( TT, 77), where k and k' are positive numbers such that -+ + v, = 1

(see 399).

386. The theory of formal multiplication has been applied by Rajch-
man* and by Zygmundf to more general classes of trigonometrical series.

It has been proved by Bajchman that:

If i#o + 22 (an cos nx + bn sin nx), \a$ + S (an cos nx + j8w sin nx) be two

trigonometrical series such that an = o (1), bn = o (1), r&
3an

= o (1), ft
3
/?w o (1),

<Aew fAe convergence to zero, of the second series, at the point XQ , involves the

convergence to zero, at XQ , of the formal product of the two series.

If, at xQ , the second series converges to a value different from zero, the

convergence, or the summability (O, r), or the summability by Poisson's

method
( 411), or by Riemann's method ( 420), of the formal product of the

two series is the necessary and sufficient condition for the convergence, or for
the summability by the same procedure, of the first series, at the point XQ .

This theorem has been extended by Zygmund, who proved that :

// the two trigonometrical series are such that, for some value of y (S 0),

n^an = o (1), n~vbn = o (1), n^+ '

3an
= o (1), n**+*pn

- o (1), andfurther (G)

the sum-function of the second series, and its first k differential coefficients,

where k < y + I, all vanish at the point XQ ,
then (I), the formal product of the

two series has its sum (C, y) equal to zero; (2), the series conjugate to
( 400)

the formal product series is summable (G, y) with the sum (G, y) in general

different from zero; (3), the series obtained by differentiating the formal

product p times is, at x ,
summable (C, y + p), with its sum (G, y + p) equal

to zero, provided the sum-function of the series possesses a sufficient number

of differential coefficients which vanish at XQ , with an analogous result for the

conjugate series; (4), if the conditions (C) are fulfilled in a closed set of

points E, the summability is uniform in E.

Further, analogous results hold when y is negative, but not integral, the

second of the conditions (C) then disappearing.

AN EXTENSION OF THE THEOREM OF ARITHMETIC MEANS

387. It has been shewn in 368 that, almost everywhere in ( TT, TT),

the arithmetic mean of the partial sums of a Fourier's series converges to

the value of the function. This may be stated in the form

{/o (*)
- / (*)} + {/i (x)

- f (^} -I- ... + {/ (*)
- / (*)}

= o (n)

ft
at each point x at which \f(x + t)+f(xt)2f (x) \dx = o (t).

Jo
*
Compte* Bendus, vol. CLXXVII (1923), p. 491.

f Ibid. vol. CLXXVII (1923), pp. 521, 576, 804. Zygmund has developed the method in Math.

Zeitschr. vol. xxrv (1925), p. 47.
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For the case in which {/(%)}* is summable, the more precise theorem

has been given* by Hardy and Littlewood that :

At almost every point in the interval ( TT, TT), and in particular at every

point at which f (x + t) + f (x t) is convergent as t ~ 0, and f (x) is half

the limit, the relations

\f*(*)-f(*)\ + \fi(*)-f(*)\ + - + l/n (*)-/(*) |
=o(n)

{/o (a)
- / (*)>

2 + {/i (*)
- / (*))

2 + ..+{/ (a)
- / (*)}

2 - o (n)

are satisfied^ provided {f (x)}
2 is summable in the interval ( TT, TT).

It is clear that, if the second of these relations holds good, then the

first holds also ;
this follows from the known inequality

n n

It is therefore sufficient to prove the second relation. The first relation

shews that, in the case of a function whose square is summable, the

average of the numbers fr (x) / (x) tends to zero because the number of
n

terms in S {fr (x) f(x)} which are not themselves small is small compared
o

with n, and not merely on account of the cancelling of positive and negative
terms.

Denoting / (x + t) +/ (x
-

t)
-

2f (x) by <j> (t), we have

1 f
71

"

fm (#) / (*0
= -

< (t) sin (m + %)t cosec \tdt
TT JO

1 t* 1 f
71

"

= -
<i> (t) sinw cot \tdt +- <h(t)cosmtdt

TT J 77 J

am ~r pm -f- ym ,

1 f
6

[
n

where am = -
<f> (t) sin m< cot %tdt, j8m = ^ (^) sin mt cot

7T Jo Je

1 ["
and yw = -

<f> (t) cos mtdt;
Tf Jo

and denotes a fixed number in the interval (0, TT).

Employing an inequality given in i, 435, we have

S |j8ro
\m = / \rn-0

and we can estimate the values of the three expressions on the right-hand
side separately.

We have
|
sin mt cot \t |

< m
|

t cot \t |

< Am, whereA is themaximum

of
|

t cot \t |

in (0, TT) ; therefore am < Am I
| (f> (t)

|

d. It follows that
Jo

(m = n
)

j
S

I m |

2
h is (Sw2

)2 o (c), or n$ o (e), if a; is a point at which
(m = )

=
(6).

*
Comptes Rendus, vol. CLVI (1913), p. 1307.
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Again, 2ym is the coefficient of cos mt in the Fourier's cosine series which

represents the function
<f> (t), the square of which is summable; it therefore

follows from Parseval's theorem that S
| ym |

2 =
(1).

m-O
oo

We have next to evaluate
| j8w |

2
. By integration by parts we find

that
1 1 f

ff

f$m = cot ^ .
iffm (c) + ^r I

*fjm (t) cosec
2
-^tdty

7T ATTje

ft
where

if/m (t) denotes I
<f> (t) sin mtdt.

Jo

It follows, by employing the same inequality as before, that

I vn 1 I TT I <ii 1 I

+ ^ pi
Now

fir

)2 Cir
fn

if/m (t) cosec
2

%tdt\ ^ cosec 2
%t {ifjm (t)}

2 dt I cosec 2
\tdt

j J 6 J

Hence we have

tm-n

1^ 1 rm n
S

| fim |

2
|

^ ~" co^ i6 ^ tym (
6

)

m 1 J ^ Lwi-1

1 r rir

2
m-n

^
~U

TrVe LJ w- = l

^
J

The Fourier's sine series of the odd function which has the value
(f>

in the interval (0, e), and the value zero in the interval (e, TT), is

2 QO r

- 2 sin m .
<f> (t) sin wrf

TT?/I=I Jo

2
or S

/rm (e) sin m<.
7T

It follows by Parseval's theorem that

- 2 {^m ()}=f{^W}eft,^m-l JO

and this can be shewn to be o (e), almost everywhere. For we have

^ 2 {/( + *)-/(**< + 2
o Jo o

and



590 Trigonometrical Series [OH. vm

now x
O

'

and I f(x + t)dt = cf(x) + o() 9

J o

almost everywhere, since (i, 432) for any summable function < (x'),

{<f> (x') <f> (x)} dx' has a differential coefficient equal to zero for almost
J X
all values of x, and we may put x' = x + t, and/ (x), or {/ (#)}

2
, for

<f> (x).

Hence

for almost all values of x\ similarly

almost everywhere, and therefore

J^tf
(<)>** = o(c),

for almost all values of x.

In particular this relation holds at every point at which

is convergent, in which case -the limit is 2f (x), by adjustment if necessary,
of the value of / (x).

We now have

U--
.0

where k
y
k' are fixed numbers.

Let c = n~l
9
the right-hand side is then o (n).

We now have, for almost every value of x
9

Lro-O
m

J

and the theorem has thus been established.

The foregoing proof is founded upon the proof given* by Carleman of

the following more general theorem :

//, at a particular point x, the relations

/:

o

* Proc. Lond. Math. Soc. (2), vol. xxi (1923), p. 484. See also Sutton.
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I m-n
hold good, then lim - - S

| /m (x) / (x) \

k = 0, /or every positive value
n~w W + 1 9H-0

o/fc.

It has been shewn above that, if {/(a;)}
2 is a summable function, the

second relation holds for almost all values of x, O (e) being in that case o (c) ;

but in the theorem it need only be assumed that {f (x)}
2 is summable in

a neighbourhood of the point x.

EXTENSION AND GENERALIZATION OF PARSEVAI/S THEOREM

388. Some caution is requisite in the employment of Parseval's theorem

in particular cases
;
it is always necessary to make sure that the conditions

of one or other of the theorems given above are actually satisfied. It has not
fn

been proved that the existence of the integral I f(x) g (x) dx is by itself
J -7T

sufficient for the validity of the theorem. For example, if f (x) has the

value zero at all points of a measurable set E, contained in ( TT, TT), and

g (x) has the value zero at all points of the set which is complementary to

firE relatively to ( TT, TT), the integral I f (x) g (x) dx exists, and has the
J -77

value zero; but, unless f (x), g (x) satisfy further conditions, it cannot be

inferred that the series ^J ao' + S (ana n
f + bn bn

f

) converges to zero. In
n-l

the particular case however in which the set E consists of a finite set of

intervals, it can be shewn that, subject to a certain condition, Parseval's

theorem is still valid. The following theorem will be established:

// the summable functions f (x), g (x) are such tJiat f (x) lias the value zero

at the points of a finite set of intervals contained in ( TT, TT), and if g (x) has

the value zero at all points not in these intervals, and has bounded variation

in sufficiently small neighbourhoods of the end-points of the intervals of the set,

then |a a
' + 2 (a nan

r + bn bn ') converges to zero.
n~I

It will be sufficient to take the case in which there is a single interval

(a, j8), for which the conditions of the theorem are satisfied. There exist

intervals (a h, a + h), (j8 h', j8 + h') in which g (x) has bounded

variation, and we may assume that in intervals ( TT, a + ), (j8 , TT),

where is less than both h and h'
',
the convergence of gn (x) to g (x) is

bounded (see 341), so that
| gn (x) \

< A^. Let be so chosen that
f f/3+

I / (
x

) I

dx < , I / (x) I

dx < 6, where e is a positive number,
Ja- J&
chosen arbitrarily. We have

f

"

f(x) gn (x) dx^T f (x) gn (x) dx+T f (x) gn (x) dx
J-r J -n J a~

C*

(x)9n(x)dx+ I f(x)gn (x)dx\
J
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in the intervals ( TT, a ) and (j8 + , TT), </w (a?) converges uniformly to

zero, since the intervals are interior to intervals in which g (x) is of bounded

variation, therefore the first and fourth integrals on the right-hand side are

each numerically less than e
| / (x) \ dx, provided n is not less than some

J -IT

integer n . Also gn (x) converges boundedly to its limit in the intervals

(a , a), (/?, j8 + ), and thus the second and third integrals on the right-

hand side are numerically less than A$, for all values of n. We now have

I f
v

f
77

I / (x) gn (x) dx < 2e
j / (x) \

dx + 2eA^, for n ^ n ; and thus, since
\J 7T J -IT

is arbitrary, and A$ is independent of e, it has been shewn that

lim
I

f(x)gn (x)dx = 0,
71~00 J ir

which is equivalent to the result stated in the theorem.

From this theorem the following extension of ParsevaPs theorem may
be deduced, which is capable of application in certain cases:

/// (
x)> {ff (

x)}
2 are summable in the interval

( TT, TT), and if the further

conditions are satisfied that (1), in some neighbourhood of a point c in the

interval, {/ (x)}
2 is summable, and (2), g (x) is of bounded variation in ( TT, TT),

when a neighbourhood of the point c is excluded from the interval, then

Parseval's theorem holds good for f(%)g (x) dx.
J n

It can easily be seen that the theorem can be extended to cases in

which there are a finite number of such points c.

To prove the theorem, let / (x)
=

fa (x) + /2 (x), where fa (x)
= in the

interval (c 8, c + S), and/2 (x)
= outside this interval

; thus/! (x)
= / (x)

outside the interval, and /2 (x)
= f (x) in the interval. The interval can be

so chosen that {/2 (x)}
2 is summable in

( TT, TT).

Let g (x) be expressed in a precisely similar manner as the sum of two

functions gl (x) and
</2 (#). Any Fourier's coefficient for / (x) or g (x) is

the sum of the corresponding Fourier's coefficients for/! (x) and/2 (x), or

for grx (x) and g2 (x).

Parseval's theorem holds for f (x) gl (x) dx, because /x (x) is sum-
J IT

mable and gl (x) is of bounded variation. It holds for /2 (x) g% (x) dx
J IT

because both /2 (x) and g.2 (x) have their squares summable. It holds for

/2 (x) (7i (x) dx, since {/2 (x)}
2
, {gl (x)}

2 are summable. By the last
J --if

theorem it holds for /j (x) g2 (x) dx, since fa (x)
= in the interval

J IT

(c 8, c + 8), and
</2 (x) is zero at all points not in that interval, and has
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bounded variation in neighbourhoods of the points c 8, c + 8. It now

follows, by addition, that ia a ' + (anan + bn bn
f

) converges to

~\[j(x)g(x)dx.

389. The following theorem is an extension of the first theorem of

388:

// the summable functions f (x), g (x) are such that f (x) has the value zero

at the points of a finite set of non-abutting intervals A, contained in ( TT, TT),

and if g (x) has the value zero at all points not in those intervals, and is bounded

in the neighbourhood of the end-points of the intervals, then the sum ((7, 1) of
GO

the series \a^a^ + 2 (anan
' + bnbn') is zero; and consequently, if the series

n~\
is convergent, it converges to zero.

We may say that Parseval's theorem holds (G 9 1) for the two functions.

If (ar , ft.) be one of the intervals of A, the points ar , ft. have neighbour-
hoods in which g (x) is bounded. Let On (x) be the nth Cesaro partial sum
of the Fourier's series corresponding to g (x). It is known

( 366) that,

in any interval interior to an interval in which g (x) is bounded, Gn (x) is

bounded with respect to (n, x). The integral of / (x) Gn (x) over
( TT, TT)

may be expressed as the sum of integrals over the intervals

(- 7T, Oi
-

), (! - L <*l), (ft , ft + 0, (ft + C, 0.
- 0> (* - , l),

...(& + ,")

We may choose so small that
|

Gn (x) \

is bounded in the intervals

(! - , %), (ft, ft + )> (2 > 2)> >
and thus

|

#w (#) |

is less than a

fixed number A, through these intervals.

If be an arbitrarily chosen positive number, may be so chosen, by
diminishing it, if necessary, that the integral of

| / (x) \
over each of these

intervals is < e.

/fl-

it follows that / (x) Gn (x) dx is numerically less than
J -7T

*

+ f(x) Gn (x) dx + ...f(x) Gn (x) dx

fx-Now lim / (x) Gn (x) dx = 0, since ( TT, a )
is interior to an

ft^oo J rr

interval in which g (x) is bounded, and Gn (x), gn (x) converge to zero. A
similar statement applies to each of the other integrals. It follows that,

if n is ^ an integer n ,

f(x)0n (x)dx < e (1 + 2rA)

an 38
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and, since e is arbitrary, lim T f (x) On (x) dx = 0; thus the theorem is

ft~00 J IT

established.

Prom the above theorem the following theorem may be deduced :

(x)> {$ (
X)Y

2 are wmmable in (- TT, TT), and the closed set H of points

of infinite discontinuity of g (x) is such that no point ofH is a point of

summability of {f (x)}*, then ParsevaVs theorem holds (C, I) for f (x) g (x).

In case the series is convergent, ParsevaVs theorem holds in its original form.

The closed set H may be enclosed in the interior of the intervals of

a finite set A, so that A contains no point of non-summability of {/ (#)}
2

;

for the set of all such points is closed, and therefore has a finite distance

from the set H. Each end-point of an interval of A has a neighbourhood

in which g (x) is bounded.

Let f(x) =/! (x) + /2 (x), where /t (x)
= in A, /2 (x)

- outside A,

and g (x)
= gl (x) + g2 (x), where gl (x)

= in A, g2 (x)
= outside A; it

follows that {/2 (x)}
2 is summable in the interval (~ TT, TT).

For/x (x) (ft (x),fl (x) is summable, and gl (x) is bounded; thus Parseval's

theorem holds (C, 1) for /x (x)gl (x).

For /2 (x) g2 (x), {/2 (a;)}
2 and {g2 (x)}

2 are both summable, and thus

Parseval's theorem holds for/2 (x) g* (x).

Similarly Parseval's theorem holds for/2 (x) gl (x).

For/j (x) 2 (#), we have fa (x)
- in A, g2 (x) is zero outside A, and is

bounded in neighbourhoods of the end-points of the intervals of A
;
there-

fore, by the last theorem, Parseval's theorem holds ((7, 1) for/x (x) g2 (x).

The truth of the theorem now follows by addition.

390. We can now establish the following general theorem :

/// (x), g (x) are both summable in ( TT, TT), and the set of points of non-

summability of the functions (f(x)}*, {g (x)}* be Kly K2 respectively; which

are contained respectively in H^ ,
H2 the closed sets of points of infinite dis-

continuity off(x), g (x) ; then, ifHl
have no point in common withK2 ,

andH2

no point in common with Kv ,
ParsevaVs theorem holds (C. 1) for f (x) g (x).

In accordance with the assumption made in this statement there is no

point which is a point of non-summability both of {f(x)}
2 and {g (x)}

2
,

and at each point of non-summability of either function, the other function

is bounded in the neighbourhood of the point.

Let H2 be enclosed in the interior of intervals of a finite set A; then

g (x) is bounded in the neighbourhoods of the end-points of the intervals

of A.
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Let/ (x)
=

/! (x) + /2 (x), whereA (x) - in A, and/2 (x)
= outside A,

and let g (x)
= gl (x) + gr2 (x), where & (x)

= in A, and
gr2 (or)

= outside

A; {/2 (#)}
2 is summable, because A can be so chosen as to contain no

points of the closed set K .

Since /x (x) is summable, and gl (x) is bounded, Parseval's theorem
holds (C, 1) for /x (a) gI (x). Since {/2 (#)}

2
, g2 (x) are summable, and no

point of infinite discontinuity of /2 (a;) is a point of non-summability of

{& (#)}
2

> by the last theorem, Parseval's theorem holds (C, 1) for/2 (x) g2 (x).

Since /2 (a;) is summable and gl (x) is bounded, Parseval's theorem holds

(<7, 1) for /2 (x) g^ (#). Since fa (x), g2 (x) are summable, and g2 (x) is

bounded in the neighbourhoods of the end-points of the intervals A,
Parseval's theorem holds (C, 1) for f (x) g2 (x). It now follows that
Parseval's theorem holds (C, 1) for /(#)</ (x).

The above theorems and those of 389 are capable of generalization

by taking into account M. Riesz' theorem given in 399, in which powers
f

I / (
x

) I

other than the square are taken into account.

fir
391 . It has been shewn, in 230, that f(x + t)g (t) dt is a continuous

J 7T

function of x if, either (1), / (t) is summable and g(t) is bounded, or (2),

\f(t)\
p and \g(t)\" are summable, where p and q are both positive,

and such that - + - = 1
; (2) includes the case in which p = q = 2. The

functions / (t), g (t) are here supposed to be defined for all values of t so

that they are periodic, with period 277.

Let a + 2 (an cos nt + bn sin nt), |a
' + (a/ cos nt + bn

'

sin nt)n 1 n=l
be the Fourier's series corresponding to the periodic functions / (t), g (t).

1 t*
Let us consider the function [/ (t + x) + f (t

-
x)\ g (t) dt which

" ^ 7T

is an even periodic and continuous function of x, when one of the above
conditions is satisfied. The coefficient of cos nx in its Fourier's series is

1 f
w

f"

^~2
cosnxdxl [f(t + x)+f(t-x)]g(t)dt.ATT J ir J IT

The same conditions that are satisfied by/ (t), g (t) are satisfied by j / (t) \
,

\g(t)\, and thus, by the theorem of 230, when the same conditions are
TTT Trr

satisfied \f(t + x)g(t)\dtf \ \f(t-x)g (t) \

dt are continuous func-
J -7T J IT

tions of x, and therefore the repeated integral

\QOBnx\dxT \f(t + x)+f(t-x)\\g(t)\dt
T J -7T

exists.

38-2
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In accordance with the theorem of 237, cos nx [/ (t + x) + f (t x)] g (t)

is therefore summable in the domain of (t, x), and its repeated integrals

are equal to one another. Therefore the coefficient of cos nx in the Fourier's

series is

1 t*
and this is equal to -I g (t) (an cos nt + bn sin nt) dt or to an an

' + bn bn '.

77 J _.

In a precisely similar manner it can be shewn that the coefficient of

sin nx in the Fourier's series corresponding to the continuous odd function

i f*

[/ (t + x)
- / (t

-
x)] g (t) dt is - an bn

f + bnan '. We have now ob-
ZTT J - v

tained the following theorem* :

/// (t), g (t) be periodic summable functions, with period 2ir, and (an ,
bn ),

(an ', bn ') be the Fourier's constants in the Fourier's series corresponding to

them, then

Ja a
' + S (anan

' + bnbn ') cos nxnl
and S (bnan

f - an bn ') sin nx
n~l

are the Fourier's series corresponding to the continuous functions

respectively, provided either (l),g (t) is bounded, or (2), | f(t) |*, | g (t) \

Q are

summable, where p, q are positive numbers such that -
-f

- = 1.

As regards the convergence of the Fourier's series in this theorem the

following statements may be made :

If either (!),/() issummable and g(t) is ofbounded variation, or (2), (f(t)}
2

and {g (t)}
2 are both summable, the series

fa a ' + S (anan
' + bn bn ') cos nx,

n**l

S (bnan
' -an bn')sinnx

w-l

converge everywhere to the continuous functions which they represent.

If (
3 )> |/(0 \

p
>

I ff (0 \

9 are summable, where p> l,q>l,- + -=l,the

Cesaro sums (C, I) of the two series are everywhere equal to the functions

which the series represent, and for any value of x at which one of the series is

convergent, that series converges to the value of the function.

To prove the statement (1), we see by a change of variables that

f [/(* + *) /(*-a)]0(0#= T fo(* + *) ?(*-*)]/(')<;
J -* J -if

* W. H. Young, Proc. Roy. Soc. vol. LXXXV (1911), p. 110.
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if now g (t) be of bounded variation, so also is g (t + x) g (t x), con-

sidered as a function of x, and this property is preserved after multiplication

by / (t) and integration, since the property is clearly so preserved in the

case of a monotone function. Therefore, when g (t) is of bounded variation,

the continuous functions of x which the Fourier's series represent are of

bounded variation, and consequently the series converge everywhere to

the values of those functions.

To prove the statement (2), we observe that the general term of either

series does not exceed numerically J (an
2 + bn

2 + an
' 2 + 6n

' 2
), which is

the general term of a convergent series. This is seen from 378, or by

observing that if / (x)
= g (x), and x = 0, the series 2 (an

2 + bn
2
)

is con-

vergent, since it cannot oscillate. It follows that both series are abso-

lutely convergent, and that the convergence is uniform, and they therefore

converge to the values of the corresponding functions.

In case (3), the Cesaro sum of the series always exists and has the value

of the function, since the functions are both everywhere continuous; and

when either series converges, its sum is equal to the sum (C, 1).

If we consider the point x = 0, we obtain the following extension of

Fatou's form of Parseval's theorem (see 378) :

If\f(x)\ p>\9 (
x

) \

q are both snmmable in the interval ( TT, TT), where

# and a are positive numbers such that I

= 1, the series* p q

|a a '+ 2 (anan
' + bn bn')

1 t*

converges (G, 1) to the value - f (x) g (x) dx, and if the series be convergent,
77 J _.

its sum has this value.

These theorems were given* by W. H. Young. An indication will be

given in 399 of a proof, due to M. Riesz, that the series in the last theorem

is necessarily convergent, and thus that \a^a^ 2 -f- (anan
' + bn bn') con-

verges, in the case specified, to - I

*

/ (x) g (x) dx\ the extension of Fatou's

theorem being accordingly complete.

EXAMPLES

(1) The Fourier's coefficients corresponding to f(x) being aw , 6n , shew that

oo L i rtr rx 1*0

2 **=*-[ dx f(x)dx- f(x)dx.
n = l n 2n J -* j -it J -V

In 360 it has been shewn that fa'+V^1^-*^
nGOB *

converges uniformly to

* Proc. Land. Math. Soc. (2), vol. xi (1912), p. 88.
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/x
b f

f (x) dx - fax. Taking the point x = 0, a ' -2-5 converges to
/ / (x) dx ; therefore

-IT n-l ft / -*

A ro
2 -2 converges to a

' -I f(x) dx, which is

n-l n J -it

~TT W IT

or
i t* fx f*

dx f(x)dx- f(x)dx.
AIT J IT J -IT J IT

(2*) If <q <1, then, provided / (a) has bounded variation in the neighbourhood of the

point x=Q,

s

00

a*-Vi (a) rf* = r (?) sin &* 2
n =

where fl (*)
=

J [/(a?) +/( -*)] >-
^C/

(*) +/( -

Shew that, if 4<g<l, the result still holds if {/(a;)}
2
is summable in the neighbourhood of

the point x =0.

(3*) Prove that, provided {/ (a?)}
2 is suinmable in some neighbourhood of the point x =0,

1 f
n a-

I i lg (i cosec2 #)/ (a?) efa
~ 2 n

. The Fourier's scries corresponding to
TT J

- n-1 w

is 2
cosnx

. The function J log (J cosec2 ^o;) has its square summable in the interval
n = l n

(
- n, TT), and it is of bounded variation, except in a neighbourhood of x =0. Thus, since f(x)

has its square summable in some neighbourhood of x =0, the conditions of the second theorem

in 388 are satisfied. Hence the result is obtained by applying ParsevaPs theorem to

the two functions f(x), g (x). The necessary and sufficient conditions that, for any summable

function, 2 --* should be convergent have been givenf by Hardy and Littlewood.
n-i n

(4*) Obtain expressions for

S^S&ns^S^S-^sJ^Ls a" 2 6^
n -in*' n-in* n^ n

f

n~l^3
'

*-m*H' n-in^1
' n-m' n -l w>

where 0<q<l.

f (^\ f ( x)
(5*) jf LL_i -Li- is summable in an interval which contains the point x ~0, then

* See W. H. Young, Proc. Roy. Soc. (A), vol. LXXXV (1911), pp. 14-24, see also p. 415. There

is an hiatus in the proof given (p. 19) of the result in Ex. 3, as the necessity for employing a

theorem such as that in 388 appears to have been overlooked. When the interval (
-

TT, TT) is

divided into two parts, there are four separate products to consider; and one of these requires the

extension of ParsevaPs theorem given in 388.

t Math. Zeitschr. vol. xix (1924), p. 95.
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392. We proceed to establish two theorems, the first of which may be

regarded as a generalization of Parseval's theorem, and the second as a

generalization of the Riesz-Fischer theorem ( 379).

i+
I. If p be a number ^ 1, and the function f (x) be such that

\ f (x) \

p is

integrable (L) in the interval ( TT, TT), and the Fourier's series corresponding

to f (x) be denoted by Ja + (an cos nx + bn sin nx), then the series
ra-l

l+p ooa

V2
is convergent, and its sum is

II. //, for the trigonometrical series |a + Z (an cosnx + bn sin nx), the

sum

l+> s
.i-*-

1

,, ,i+\
V* W^ 1

P + lbnl ^
v ^S n^-i

is convergent, for a value of p that is S 1, then the trigonometrical series is a

Fourier's series corresponding to a function f (x), such that \f(x) \

l+p is

summable in ( TT, rr); and the sum of the series of powers of the coefficients is

In case p = 1, the two theorems reduce to the equality

which is equivalent to Parseval's theorem. In this case, II is equivalent

to the Riesz-Fischer theorem.

A slightly less general theorem than I is :

I'. // | / (x) \

q is integrable (L), where 1 < q ^ 2, then the series

is convergent.

This follows from I by taking account of the inequality

S
"

2

It follows from II, by taking account of the inequality

(^ + b
l\

lq
> I

a
I*
9 iM*9

V "2" /
=

2

that:
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00

II'. // the series S (aw
2 + bn*)*

q is convergent, where 1 < q 2, then
n-l

Q.

an ,
bn are the Fourier's coefficients of a function f (x) such that

\ f (x) \

q ~ l is

integrable (L).

The Theorems I, II were first established* by W. H. Young, for the

case in which p is an odd integer. They were extended to the general casef

by Hausdorff; and by F. RieszJ they were established, in the general case,

by a method applicable to a bounded set of orthogonal functions in

general. The proofs given below are substantially those of F. Riesz.

The. numbers p and - cannot in either theorem be interchanged. In

the case of Theorem I, it has been shewn by Carleman that a continuous

function, of which all powers are consequently integrable (L), exists for

which S
(|
an

\

l+J> +
\

b n
\

l+p
) diverges when p < 1. It has been shewn

71-1

by Hardy and Littlewood||, by means of an example, that when

S (\an f
+
>+\bn f+')

n~l

converges for a value of p that is < 1, the coefficients are not necessarily

Fourier constants. A case of a function which illustrates this matter has

also been given^ by Titchmarsh. This is the odd function / (x) which has

the value log n cos (xn* log n) in each interval =
-

-.
- - < x ^ ,

-

,& \ & / + i) log ft'

where n = 3, 4, 5, ..., and which has the value zero elsewhere in the

interval (0, TT), and is such that f (x)
= /( x). It can be shewn that

| f (x) |

is not summable in (0, TT), and thus that the series corresponding
to it is not a Fourier's series, although the Fourier coefficients exist as

non-absolutely convergent integrals. But bn = Q{n~* (logri)
2
}, therefore

S
|

bn
|

2+* is convergent if k > 0.

It is convenient to replace the functions 1, cos#, sin x, . . . cos nx
9

, 1 cos x sin x cos nx sin nx , . , j , i
sin nx, ... by -==-, ^ ,

-~
, ...

-

--,.. ,
-7=

,
...

,
which are said to be

V 2<rr VTT VTT VTT VTT

normal functions, because the integral of the square of any one of them
over

( TT, TT) has the value 1.

If we denote these latter functions by <f>i(x), < 2 (#)>> we have

* See Comptes Rendus, vol. OLV
( 1912), pp. 30 and 472 ; also Proc. Roy. #oc. vol. LXXXVII ( 1912),

p. 331, and Proc. Loud. Math. Soc. (2), vol. xn (1912), p. 71.

t Math. Zeitechr. vol. xvi (1923), p. 163.

J Ibid. vol. xvin (1923), p. 117.

Acta Math. vol. XLI (1916), p. 378; see also Landau, Math. Zeitschr. vol. v (1919), p. 147.

||
Acta Math. vol. xxxvn (1914), p. 237.

U Proc. Lond. Math. Soc. (2), vol. xxn (1923), Records, p. xxi.
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{<f>n (#)}
2 dx = 1, for n = 0, 1, 2, 3, ... and the Fourier's series corre-

r

sponding to a summable function may be denoted by
C
1<I>1 (

X ) + C
2<t>2 0*0 + + Cn<f>n (#) +

(Q
\ 1+p oo

-JL\ + S
{|
an

|

1+p +
|

bn
\

l+} will be equivalent to
V 2' n^l

7T
*

and the same statement holds good if p is changed in -
.

Consider* first the first r functions ^ (x), ^2 (x), ... < r (#), and the first

r constants cl9 c29 ...cr corresponding to a function f (x) such that

1 4-

I / (
x

) I

p is summable, for a value of p > 1.

We subject the constants cl9 c2 , ... cr to the condition
|

cw
|

1+J) =
1,

n-l

n-
and proceed to shew that a function/ (x), for which

| / (x) \

v is summable,

f
71

"

i-f
1
-

exists such that
| / (x) \

p dx has a minimum value when f(x) =/ (x),

for all functions of the given type such that the r constants q ,
c2 , ... cr

satisfy the imposed condition.

n T r ir i _L_
If 2

|

c w
|

1+p =
1, it is clear that |/(#)|

p dx has a lower
n 1 J - TT

boundary S 0, which cannot be an isolated point of the set of all values

of the integral. If L denote this lower boundary, there exists a sequence
of functions {fn (x)}, for which

f i+
l

lim I I / (x\ I
'^

cf'
f
jc

' L *

all the functions fn (x) being such that their first r constants cl3 c2 , ... cr

satisfy the condition S
|

cn
\

l+p = 1.

In accordance with the theorem given in 176, a sub-sequence {/M (x)}

of the sequence {fn (x)} exists which converges weakly, with exponent

1 +
i - r

6 r6 -

-, to a function/ (a?); so that lim /<
n>

(x) g (x) dx = I / (x) g (x) dx,
P n~<x> J a Ja

for every function g (x) of type [Z/]
1+J)

; also, as has been shewn in 175,

we have

lim ^ !/(> (x) \

l^dx^ L.

* A modification of F. Riesz' procedure is made. He took the set of normal functions to

ibe in the first instance finite.
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Let g (x)
=

<f>n (x), then (' f (x) <f>n (x) dx - lim f* /<> (a?) ^n (a?) <te, for
j TT n^-oo J irTT ^- ir

n = 1, 2, 3, ... r; and it follows that, for the function /(#), the r constants
n~r

cn satisfy the condition S
|

cn
|

1+l> = 1
;
hence we have

nl

r i/(*)i
i+
ifesi;.

J IT

fir . 1 + i

From the two inequalities we find that
| / (x) \

*>dx == L, and/ (x}
J IT

is a function whose r constants cl5 c2 , ... cr satisfy the condition

and thus /(a?) cannot be a null-function, and we have consequently L > 0.

The existence of the minimal functionf (x) having been established, it

is clear that it is the minimal function for

f

J

p

-IT / ln-1

n=r
when the condition

|

cn
\

l+J> = I is no longer imposed. For if f(x) could

be such that this ratio were < L, writing

.i./~\.- ./

we should have, for the constants cn
'
of

\jj (x),

n

%\ cn
'

\*+
=

1, and
f

*

| iff (x) |

1+
dx < L,

n-l J -TT

which is impossible.

Let / (x)
= f(x) + Xh (x), cn = cn + \\

1 -4 - {It \

where h (x) is any chosen function, of type [L #], and cn are the constants

corresponding to h (x). The ratio must then satisfy the necessary condition

that A = makes it a minimum, namely, that its differential coefficient

with respect to A vanishes when A = 0; we thus have

f |/(*)|
5l Bign[/(*)]*(*)^=r \f(x)\

l+
*dx*X\cn \*.c signal,

J -ir J -TT n**l

where sign (z)
=

1, 1, or 0, according as z is positive, negative, or zero.

If we give h (x) the special values
<f>n (x), where n = 1, 2, 3, ... r, succes-

sively, we obtain the values of the r constants Cn corresponding to the

function

|i sign
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which we may denote by F (x) ; the value of Cn is thus

I /(a)
'

l

If we assign to h (x) the value of a function which is orthogonal to all

the functions fa (x), fa (x), ...
<f>r (x); and for which therefore cn = 0, for

n = 1, 2, 3, ... r, we see that this function is also orthogonal to F (x).

Therefore all the Fourier constants, after the first r, corresponding to

the function F (x) vanish, and thus the Fourier's series for F (x) con-

verges everywhere, being a finite trigonometrical polynomial. It follows

that, almost everywhere,

- - f- - n-
1

- n ~ r

J TT n 1

and from this we have

./

Pi

we have then

/ - 1+-
1

I I / \x )
Pl dx =

J -n

i I I / (
x

) I ill I / 0*0 r d%\
(J -7T ) (J -7T J

/
_ 2

On substitution of the value of I
| / (x) \

p dx, obtained above, we have
J -7T

f T 1+-
f f*

- 1+
I / \

X
f

P X = S I \J (X)
Pl

J -7T (J -IT

the expression on the right-hand side is not less than the minimum of

I 5. |+ ;

) I (n**l )

for all functions for which the first r constants satisfy the condition

f 7T J^l
Denoting the minimum of

| / (x) \

p dx, for all functions for which
J -IT

the first r constants cn satisfy the condition S
|

cn \

l+p =
1, by u9 , we have

PI
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Similarly it appears that

p*

,
... uV9 Upf'+

l
i where p8

= 2p8^ - 1.

1 f
w

The constants cn , for a function /(#), are numerically ^ -/= I
| / (a?) |

dte,

VTT J -a-

which is

JP
i r fir -1 . L }#

*T-| !/(*)! **
VTT IJ -

J

and if / (#) be chosen to be the minimal function for all the functions of

the prescribed type whose coefficients^cw satisfy the condition

Y
|

Cn |H* -
1,nl

1 L_ P*

we have cn ^ -p (27r)
p'+1

VTT

nr
From this we have 1= S

|

cn |I+P- s 2rrrtQir
2

Now ps increases indefinitely with
,
hence if u^/Vrr were less than 1, for

sufficiently large values of s, this inequality would be impossible. It follows

that Uj,t VTT, for all values of s
; and we have

for every value of 5, where P8 denotes ---
\'n \ IT i'

^ can

Urnrn ,

thus be inferred that iep = (V7r)
s^

, assuming that the formation of the

sequence {ps} is continued indefinitely.

Now

hence Km
?

-

-(ft... P.

X -A
and thus we have ^ S 7r

2 2
#; therefore

(n~l J

where cw are the first r constants, corresponding to/ (x).

If the constants cn are expressed in terms of the ordinary Fourier's

constants an and 6n , we obtain an or 6n by multiplying cn by I/VTT, except
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that a -*y. We have therefore, since the above inequality holds

for every value of r, the result of Theorem I, that

(a*

converges to a value -^
\ \f (x) \

I+
P\ .

TT* U-ir j

393. In order to prove Theorem II, let a , a^ ,
6X , . . . be such that the series

i

\ P QO 1

for a value of p 2 1, is convergent; and let/r (x) denote the sum

n-l
(an cos nx + bn sin r&#).

(A~^
is-

convergent, which will, in accordance with Theorem I, be the case if

AQ ,
Al} BI9 ... are the Fourier's constants corresponding to a function

<f> (x),.

.1+
such that

| <f> (x) \

p is summable. We have then

(anA n + bnBn )

.

A/2

1 + J

P
an

li+p
\
/

\V2> n~l
l n{ l

*

Employing Theorem I, the expression in the second bracket on the-

right-hand side is

[ii
Assigning to

<f> (x) the value
| fr (x) \

p
sign {fr (x)}, we obtain

77-1+P

Thus
| fr (x) I

p+1 do? is, for all values of r, less than a fixed positive
J -n

number. Accordingly the sequence (fr (x)} contains a sequence which
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converges weakly, for the exponent p + 1 (see 175), to a function

which is such that

f*

J-,

,., x cos , *["*, .cosra j a
fix) . rxdx = lim L (x) . dx=

1 ' '

rr
.

= . =,.
sin r-ooJ-Tr 'smr# br

Therefore a ,
a1? 615 ... are the Fourier's constants corresponding to the

function/ (x) ;
and in accordance with the properties of weak convergence,

we have

\fr (x)\
l+*dx.fJ

It follows that

.

or

i

which is the result stated in Theorem II.

394. The following Lemma was (loc. cit.) established by W. H. Young:

// g (x) is summable in the linear interval (a, 6), and f (x) is summable

fb
in every finite interval, I / (x + t) g (t) dt is a function of x which exists for

J a

-almost all values of x in any finite interval, and is summable in such interval.

Since each of the functions/ (t), g (t) can be expressed as the difference

of two non-negative functions, it is clearly sufficient to prove the theorem

for non-negative functions, / (x + t), g (t).

rb rx

The repeated integral dt I f (t + u) g (t) du is equal to
J a J a

r b

Ja

which exists, since F (x + t), F (a + t) are continuous functions of t, where
rx

F (x) denotes / (x) dx. It follows, by applying a theorem in i, 429, that
J a

J (t + u) g (t) is summable in the domain [a ^. u x, a ^ t *-

b] ; conse-
rve

fb
quently the repeated integral is equal to I du f (t + u) g (t) dt. It follows

J a J a'

fb
that / (t + u) g (t) dt exists for almost all values of u in a finite interval,

Ja

and that it is a summable function of u.

395. To apply the above Lemma, let/ (x), g (x) be summable periodic

functions, of period 27r, and let an ,
bn and an ', bn

' be respectively their sets
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of Fourier's coefficients. We have then, since the Fourier's series corre-

sponding to F (t + x) a (t + x) is

n , v an sin n (t + x) bn cos n (t + x)O + 2j ------ -- - ------

n=i n

1 f
ff

XTF
TTJ-TT

v n # + n sn nx ,S -2--- 6W
tt-1 W

# n sin nx bn cos
"T"

The series on the right-hand side being the Fourier's series of an integral
in x, we see that the differentiated series

n -- 1
(anan

f + bn bn ') cos nx - S (aw&/ - an 'hn ) sin

1 f
v

is the Fourier's series corresponding to the function - / (x + t) g (t),
IT J -7i

and the Theorem I, of 392, may be applied to this function. We have
the known inequality

rb ( [b
l

}a (
rb 1

\ft t /& l
}y

\ut>w\dt*\\ \u\*dt\ \\ \v\*dt\ \w\ydt\,
Ja (Ja ) (Ja ) (J a )

where a I- jS I y 1, a > 0, j8
> 0, y> 0. Let a = 1 - -

1

-, p = l-\
H A

y = T + I* where A > 1
,
u > 1

; and let 1^1 =
1 a

|

Aa
,

I t; I = I v \t#A p
i i i i

'
i i i i

5

j
^

|

=
|

u |i-
Aa

|

y
|i-i*-8;

the inequality then becomes

-S
|

6

|ttS |cft^(f

6

| u|
A

|

u |*cfti

A M

J ( .' a )

I- 1

where A > 1, /z > 1, ^
H----- 1 > 0.

Now let it be assumed that |/(a?) |

1+3J
,

| gr (^) |i+ are summable, for

1 i- p = A, 1 + q - /x,
y-p-^

+
][

-

+
- > 1

; if we put b - TT, a - -
TT,

t< = / (x + ), y =
gr (t), we have
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The expression on the right-hand side is a summable function of x, by
applying the Lemma to the first factor; it follows that

l~pq

I ('/(a
+ 00(0*

is summable, provided pq < 1, p > 0, q > 0.

Applying the Theorem I, of 392, we have then the following extension

of Parseval's theorem :

If P> 9 be positive numbers such that pq < 1
,

^

* ^' ^ 2, the series
i T?(/

V2

converges to a sum

k =

1-1
anan

' + bn bn
'

pq

<*>nbn
' - bnan

'

^k^k

~-
, provided summable, and-
,

the constants an ,
b n are the Fourier's coefficients for f (x), and an ', bn

'
those

for g (x).

In case k = 1, the relation is that of equality; thus for example, if

I / (x ) 1*5 I 9 (
x

) I*
are kth summable, the series

K2 +M (an
' 2 + 6/ 2

)+

converges to -
I dx \l f(x + t)g (t) dt

396. The following theorem has been given* by F. Riesz :

The necessary and sufficient condition that the trigonometrical series

+ (an cos nx + bn sin nx)

is the Fourier's series of a functionf (x) such that \f(x) \

p is summable, where

p is a positive number > l,is tJiat a positive numberM should exist such that,

for every value of n,

' +
r

2(arar
' +

r-l
^M

where a
x

, a/, &/, ... is an arbitrarily chosen set of constants. The constant

M is independent of n, a '> a/, 6/, ...
,
and gn (x) denotes the sum

r-n 1 1
' + 2 (a,.' cos rx + &/ sin rx), and - + - = l.

rl ? P
* Jfaft. ^wnafew, vol. LXIX (1910), pp. 469-474.
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It may be observed that the method of proof is such that the theorem

holds good when any bounded set of normal orthogonal functions
\<f>n (x)}

is substituted for the special set11 1 .

._
,

-=. cos x, pr sin x,
V27T A/77 VTT

That the condition stated in the theorem is necessary follows at once

from the inequality

f(x)gn (x)dx
If

In order to prove the sufficiency of the theorem, let

r-l

be denoted by Un , and let the constants a ', a/, &/, ... an ', bn
'

9 be subjected
/ XT

to the condition
| gn (x) \

q dx = 1. We proceed to determine the
J 7T

maximum value of
|

Un \
for all values of the constants a ', a/, ... 6n

'
such

fir

that
| grn (a?)-|cte

= 1. This maximum value must then satisfy the
J 7T

1

condition
|

Un
\

^ M*. We equate to zero the partial differential coefficients

with respect to a/, of

I ff*|-A (' \gH (x)\*dx;
1 -IT

we have then
fir

ar .
|

Un j^-^sign Un
- A cosro;

| gn (x) l^.signg^ (x) dx = 0,
.' IT

A similar equation holds for br . Taking these equations for r = 0, 1
, 2, . . . n

;

multiplying them by a/, &/ and adding, we find that
|

Un \

A 0.

We thus find that
TTT

ar
= Un \ cos rx

\ gn (x) |

" 1
. sign gn (x) dx,

.' 7T

br = Un
\

sin ra;
| gn (x) \

"-1
. sign gn (x) dx.

J IT

Let/w (x) denote 7rUn .
\ gn (x) |

ff
-1

.sigiigrw (x); we have then

I"* \fn(x)\dx~7T\Un \r \gn (x)\'dx
J TT J rr

If" If 71
"

Also ar
= ~ /w (a;) cos ra^rfa:, br = - /w (a;) si

TrJ~n I* J -TT

Assuming that n may have all integral values, the sequence {/n (#)}

converges weakly, with exponent p, to a function/ (x), such that
| / (x) \

p

is summable in the interval ( TT, rr).

HIT 39
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We have also

1 f* i xCos
f(x) .

7rJ../
v 'sin

ar
.

= -
n . .

sin Wn-oJ-V sin V
therefore a

,
al5 6l5 ... are the Fourier's constants for the function/ (a?) .

The sufficiency of the theorem has now been established.

A proof of the Riesz-Fischer theorem ( 379) may be obtained from the

above theorem.

Taking p = q = J , we have,

+ ^Vr
2 +

&r')] [W
2 + [SV

2 + V 2

)]

rW
+ 6r

2
) I"

| srw (a?) |

2 dx.

5S

r-1

It follows that the condition in the above theorem is satisfied if

r 1

is convergent ;
and therefore a function / (x) exists such that

| / (x) |

2 is

summable, and such that its Fourier constants are the numbers a
,
aL ,

6
X ,

M. RIESZ* EXTENSION OF PARSEVAI/S THEOREM
TTT

397. It will be shewn that the condition that \fn (x) \

p dx is a
J ~7T

bounded function of n, wherefn (x) denotes Ja + 2 (ar cos rx + br sin rx),

and p is a number > 1
,
is a sufficient condition that the series

+ S (an cos nx + bn sin nx)

should be the Fourier's series corresponding to a function f (x), such that

\f(x) \

p ig summable in the interval (77,77-).

In accordance with the theorem of 1 76, a subsequence { fnr (x)} of

{ fn (x)} exists, which converges weakly with exponent p to a function / (x)

such that
| / (x) \

p is summable. We have then

f / (a) g (x) dx - lim
I

fnr (x) g (x) dx,
J 7T r"-OQ J V

where gr (#) is any function such that
| g (x) \<*

is summable.

Let g (x)
= . mx, then

sin

ifTrj-j sin
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and thus/ (x) is such that its Fourier constants are a
,
al , b^ ,

. . . . Therefore

the sufficiency of the condition has been established.

It is however possible to shew that the condition stated is necessary,
and thus that :

The necessary and sufficient condition that aQ,al ,bl ,a2 ,b2 , ... are the

Fourier constants corresponding to a function f(x), such that \f(x) \

p is

summable in
( TT, TT), where p is a number > 1, is that \fn (x) \

p dx
J -7T

should be a bounded function of n; where fn (x) denotes

+ S (ar cos rx + br sin rx).
r = l

We have

f (x} ~ l rJn (x)
-

277 J _

1 j'TT
_ ^ If 71

"

^ o~ / (0 S*n U (*
""

^) C t o-~ ^ + o / (0 COS n ('
~~~ x

)
ATT J -n * ATT]-*

1 f
71

"

hence /w (x) s
- / (f) cos ?^ (^ x) dt

ZTT J .

may be expressed in the form

t _ XJ rn
t X \ [

v

cos nx f (t) sin nt cot 5 (It sin 7^0; / (<) cos n< cot
JTT J _.. Z ZTT J-.^

where the integrals / (t) . nt cot ft
rf^6 J./ w sin 2

are taken to denote

T ff*"'^/^ COS
,. ^.^"^7,1 f" ^/a\ COS ^ ^'""^Jj)lim \\ f(t). nt cot -^~ dt + f(t)- nt cot dt}- 9

e^o (J -n
J V ;

sin 2 J^/ v ; sm 2
J

and are not necessarily Z-integrals.

In connection with the theory of the series allied with a Fourier's series,

an outline of a proof has been given* by M. Riesz that, if \f(x) \

p is

summable, for a value of p, > 1, and if/ (x) denotes

then
| f (x) I" is summable, and

\f(x)\'dx,
J

where M is independent of the particular function / (x) and depends

only on p. This theorem will be assumed here. Applying it to the two

functions / (x) cos nx, f (x) sin nx, we have

\fn (x)\<k+\fl (x)\ + \j\(x) |,

*
Comptes Rendus, vol. CLXXVI (1924), p. 1464; and Proc. Lond. Math. Soc. (2), vol. xxn

(1924), Records, p. iv.

39-2
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1 fir
_

where k = ^- I / (<) |
dt, and where /j (a?), /a (a;) denote respectively the

ZTT J -^

integrals
1 [* ^ /j\ ,< # cos . ,.

H- /W'cot JT- . nJeft.
27T J _/ v ' 2 sm

It follows that
| /w (#) |

p dx does not exceed a fixed multiple of
j n

2dfe+f
ir

| /,(a:)|d+ T |/2 () I'***.
J -w J ~w

Employing M. Riesz' theorem, and the fact that kp does not exceed a

fir
fixed multiple of

| / (x) \

v dx, it is now seen that
J 7T

T \fn (z)\'dx*xt' \f(x)\dx,
J -IT J -IT

where A depends only upon p. It has now been established that the

condition in the theorem is necessary, as well as sufficient.

An earlier theorem, of a similar kind, in which Sn (x) the nth Ces&ro

sum ((7, 1) was employed, instead of fn (x), has been given* by W. H. and
G. C. Young.

398. The following theorem, statedf by M. Riesz, will now be estab-

lished :

^/ I / (
x

) \

p dx has a finite value, for a value of p (> 1), then
J ir

lirnf |/(*)-/ (x) |*(fe
= 0,

n^oo J -TT

where fn (x) denotes a partial sum of the Fourier's series for f (x).

The proof of this theorem given here is due substantially to Littlewood.

We have (see 365)

8n (x)-f(x)= I

W

{f(x + t)-f(x)} Xn (t)dt,
J IT

where Xn (0 satisfies the conditions

Xn (t) ^ 0,
f

"

Xn (t) dt=l, lim
{ [* Xn (t) dt - f Xn (*) *}

- 0.
J TT n^co {J TT J -5 )

Employing Holder's inequality, we have

*
Quarterly Journal, vol. XLIV (1913), p. 57; see also W. H. Young, Proc. Lond. Math. Soc,. (2)v

vol. xl (1912), p. 89.

t Comptes Bendus, vol. CLXXVI (1924), p. 1464.
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or

hence
f

'

|
Sn (x) ~f(x) |

dx s
f

*

O (t) x* (0 <&,
J -IT '

.' -7T

TIT

where <1> () denotes
| / (x + t)

- f (x) \

*
dx,

J IT

which is a bounded function of t.

In order to prove the theorem, we can divide the integral on the right-

hand side into three parts, over the intervals ( 8, 8), ( TT, 8), (8, TT).

Since O (t) is bounded, and the limit of the integral xn (*) over the intervals

( TT, 8), (8, TT) is zero, as n '

oo, we have only to consider

f
J 5

f
5

this is less than M vn (t) dt, where M is the maximum of O (t) in the
J -6

interval ( 8, 8), and thus the integral is less than M. It can be shewn

that, by choosing 8 sufficiently small, M becomes arbitrarily small.

We have in fact to prove that

lim \f(x + t)f(x)\ p dx = Q;
~0 J "7T

and this has been shewn in i, 433, to hold in the case p 2. For general
values of p (> 1), it has been shewn in 173 that a continuous function

<f> (x) can be so determined that

I"TT

TIT

| / (x + t) <f> (x + t) \

p dx < 6, and
| / (x) <f> (x) \

p <
;

. 7T J TT

and since

TTT rn

J 7T J IT

f* . f
71

"

. o .

+ 3*" 1
rf (a? + )

- i (a?)
p

efa? + 3*-1
| <f> (x) /(a?) I*,

J-7T J -7T

/TT

we have \f(x + t) f(x) \*dx 2e.3 1)
-1 + ,

J 7T

provided is sufficiently small. Therefore O (<) converges to zero with t,

and consequently M is arbitrarily small, if 8 be properly chosen. It has

now been shewn that

lim I"* \8n (x)-f(x)\*dx = 0.

n~00 .' -7T

If now yw (x) denotes the sum of the first 2n f 1 terms of the Fourier's

series tor f (x) S
ni (x), where n is such that

r*
|

Sn (x) f(x) \

p
dx<ri, for

J 7T
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we have 1
1 W (x) \

p dx< Ay, where A depends only on p. But, for n > nl9

we have/w (x)
= S

ni (x) + if*n (x); hence

Since
rj

is arbitrary, it follows that lim \f (
x

) ~fn (
x

) \

p dx = 0. It
n^oo J TT

follows from the theorem that, if \f(x) |* is summable in ( TT, TT), then

lim
[* \fm (x)-fn (x)\'dx = 0.

m^oo, n~oo J TT

Kolmogoroff has shewn* that, for any summable function/ (x),

where < c < 1.

399. The theorem of 398 may now be employed to prove that:

V \f(x}\*> \9 (
x

) \

9 are both summable in
( TT, TT), where p, q are

positive numbers such that - + - = 1, then ParsevaVs theorem
P q

or the pair offunctions f (x), g (x).

This result may be proved as follows. Since
i

f(x){g(x)-gn (x)}dx &\\ \f(x)\fa\\\ \ g (x) -gn (x) |r,
7T \y n ) U ~* )

we see from 398 that
i

I r (fT ]P

I J -IT
n

(J -7T )

provided n is sufficiently large. Since
TJ

is arbitrary, we have

fir ^ fir
I f (T\ rt f^y\ ctnc liin I f (v\ n f /v*\ /7/w
I J \'

c
) & v*'/ ^^ IAJI1

I / \f) vn \^) V''*')

J IT n~oo J TT

which is equivalent to Parseval's theorem.

SYSTEMS OF FOURIER'S CONSTANTS

400, If {An} be a sequence of numbers, the question has been investi-

gated what conditions the sequence {Aw} must satisfy in order that the

series

+ L An (an cos nx + bn sin nx)

may be a Fourier's series whenever the series

a + S (an cos nx + 6n sin n#)
n-l

* Fundamenta Math. vol. vn (1925), p. 28,
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is a Fourier's series. An account of these investigations will be given here ;

and it will be seen that an answer which contains a characterization of the

sequences has been obtained (see 405) to the question, which may be

stated as that of the determination of all sequences {Xn} , each one of which

has the property of converting every set a , al5 61? a2 ,
62 , ... of Fourier

constants, by multiplication, into another set Aoao> \ai> ^i^i> AgG^, ^2^2*

of Fourier constants.

In connection with this matter, properties of certain trigonometrical
series said to be allied with Fourier's series present themselves. If

Ja + S (an cos nx + bn sin nx)
n-l

be a trigonometrical series, the series S (an sin nx bn cos nx) is said to
nl

be the trigonometrical series allied with, or conjugate to, the first series.

The series allied with a Fourier's series is not itself necessarily a

Fourier's series. For example, it will be shewn later that the series

^ Gosnx . -r, . , . ,, . , . ~ sinw# . ,2
,

is a Fourier s series; the allied series 2 . is however
n-2logft ^ 2 logtt

not a Fourier's series. This is seen from the fact that the integrated
f*fm *w '/*

series 2 V is divergent at the point x = 0, and cannot therefore
n^nlogn

6 r

converge to an integral (see 360).

It has been proved in 395, that, if

Ja + 2 (an cos nx + bn sin nx), \a + 2 (an
f

cos nx + b n
'

sin nx)
n=*l n -< 1

be any two Fourier's series, then

JooOo' + 2 {(anan
f + bn bn ') cos nx - (an bn

f - aw'6w ) sin nx}
n-l

is also a Fourier's series. Taking an
'

\n ,
b n

f = 0, we have the following

property :

// A! cos x + A2 cos 2x + . . . + Aw cos nx + ... be a Fourier's series, the

coefficients form a sequence {Aw} which has the property of converting by

multiplication of the terms any set whatever al ,bl ,a2 ,b2 ,
... of Fourier con-

stants into a new set \al , \b^, A2a2 , A2 62 , ... of Fourier constants.

If we take a n
'
=- 0, bn

' = An ,
it is seen that S Xn (an sin nx bn cos nx)

n = l

is a Fourier's series
; we thus obtain the following result :

// S Aw sin nx is a Fourier's series, the series
w-l

S (an sin nx bn cos nx)
n-l

allied with a Fourier's series 2 (an cos nx + bn sin nx) is converted by
n = l

multiplication of the terms by An into a Fourier's series

2 Xn (an sin nx bn cos nx),
n=l

whether or not the allied series be a Fourier's series.
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W. H. Young, to whom the above theorems are due, has combined

them* into the following statement :

// S (an cos nx + bn sin nx) be the Fourier's series for a summable
n-l

function f (x), and {an'}, {bn'} be the coefficients in any other Fourier 's series,

then

S an
'

(an cos nx + bn sin nx), S bn
'

(an sin nx bn cos nx)
n-l n~l

are both Fourier's series, whether the allied series is a Fourier's series or not.

401. With a view to the generalization of the result contained in 400,

the following Lemma, which is a generalization of the Lemma given in

394, will be required :

/// (x) be summable in every finite interval, and g (x) be a function which

has bounded variation in the interval (a, b), the Lebesgue-Stieltjes integral

I f (x + t) dg (t) taken over the interval (a, 6), of t, exists for almost all values

of x in (a, 6), and is a summable function of x.

This theoremf was given by W. H. Young.

Since the function / (x) may be expressed as the difference of two non-

negative summable functions, and g (t) may be expressed as the difference

of two positive monotone non-diminishing functions, it is clearly sufficient

to prove the theorem for the case in which / (x + t) 5 and g (t) is a

positive monotone non-diminishing function.

As in i, 445, let have the value of g (t) at any point t at which g (t)

is continuous, and let it have the set of values in the interval

(a (t
-

o), g (t + 0))

at a point t at which g (t) is discontinuous.

rx

Denoting I / (x) dx by F (x), let F (x + t)
= <D (x, ft, and

f(x + t)
= +(x,f);

we then have

f

*

[F (x + t)
- F (a + t)] dg (t)

= I

*

[O (x, ft
- <D (a, ft] df ,

J a J a

[ft
rx

where a = g (a), j8
= g (6). These integrals are equal to d$ I

<f> (u, ft du,
J a J a

which therefore exists for every value of x, since the first integral exists,

as F (x + t), F (a + t) are continuous. Since
<f> (u, )

is a non-negative
function it follows, from a theorem given in i, 429, that

<f> (u, ft is summable
over the domain of (u, ft, and therefore the order of integration may be

reversed without changing the value of the repeated integral. It follows

* Proc. Lond. Math. Soc. (2), vol. x (1911), p. 351, where another proof of this theorem is given,

t Proc. Roy. Soc. vol. Lxxxvm (1913), p. 563.
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rx r/3 rb

that
\
du \

(f> (u y ) dg exists and is equal to [F (x + t)
- F (a + t)] dg (t) ;

J a J a J a
rfi r*>

hence I
<f> (u, ) dg, or I / (u, t) dg (t), exists for almost all values of u, and

J a J a

is a summable function of u.

402. In order to apply the theorem, let the Fourier's series which

converges to the function g (t), of bounded variation, be

i * an siunt
j8w cos nt

i^o + ^ --- - - -

>

n**l n

of which the differentiated series is 2 (an cosnt + pn ainnt). We assume
n = l

that g (t) is periodic, of period 27r, so that g(ir)
=

<7(-7r). Let / (x) be a

summable function, to which corresponds the Fourier's series

+ S (an cos nx + bn sin nx) ;

and let \A^ + (A n cos nx + Bn sin nx)

I t*
be the Fourier's series corresponding to the function -

f(% + t)dg (t), or
T J if

I (P-
\ $ (

x
> ) dg. We have then

7T Ja

i /""" /^ iff
^w = 2 I

cos nx
I <t> (

x
> b ) dg* Bn

= ~o si*1 ^^ < (#> ) df 5

TT J -IT Ja IT J -it Ja

-and since <
(a;, |) is summable over the domain of (x, g), it follows that

(f> (x, g) cos nx, and
<f> (x, g) sin nx are both summable over that domain.

We have therefore

1 f
ft f"A n

=
g

I dg I </>(x,g) cos ra&cZz
;

7T J a J -ir

and since

If*/. 1 f
71

"

-I J (
x + t) cos raeete = - cos nx {aw cos n (x + t) + bn sin n (x + 1)} dx

1TJ IT IT J IT nl
= TT (an cos nf + bn sin n<),

1 f*we have A n = -
I (an cos n + 6W sin nt) dg (t)

= -
I 72, (aw sin w< 6 W cos nt) g (t) dt

7TJ -

Similarly, we have Bn
=

(aw j8n 6w aw ); and thus the following

generalization of the theorem of 400 has been obtained :

// g (x) be a function of bounded variation such that the series obtained by

differentiating the Fourier's series corresponding to g (x) is

S (an cos nx + j8n sin nx),
n-l



618 Trigonometrical Series [OH. vnr

then, if \a$ + S (an cos nx + bn sin nx) be any Fourier's series whatever, the

series 2 {(anan + bn j8n ) cos nx + (an j8w bn an ) sin nx} is a Fourier's series.
-l

It may be observed that the coefficients an , j8w can be simply expressed
as Stieltjes integrals with regard to the function g (x).

a If*We have = -
I g (x) sinnxdx, then remembering that g (TT)

= g ( rr),n 7T J -ir

since g (x), sin nx are both of bounded variation, we find by integration
1 f

n

by parts (see i, 376) that an = -I cos raardj/ (#). Similarly it can be
TrJ-jr

1 f
w

shewn that j8w
= - sin n#dgr (#).

7T J-7T

If we take g (x) to be an odd function, we have j8w
=

; and thus :

.A ^11 Tl *MT
If the constants Aw are such that the series S - is a Fourier's

n~l n

series corresponding to a function of bounded variation, then if

+ S (an cos nx + bn sin nx)

is a Fourier's series, the series S Aw (an cos nx + bn sin nx) is a Fourier's
n-l

series.

If, on the other hand, we take g (x) to be an even function, we have

an = 0; and thus:

// the constants Xn are such iliat S n
is the Fourier's seriesJ

-i n

corresponding to a function of bounded variation, and the series

2 (an sin nx bn cos nx)
n = l

is allied with a Fourier's series, the series

S Aw (an sin rw; 6W cos nx)
n = l

is a Fourier's series, whether S (an sin nx bn cos nx) is a Fourier's series
n 1

or not.

403. The following theorem will be established :

// {AJ 6e a sequence such that AAn > 0, A 2AW > 0, for n = 0, 1, 2, 3, . . .
,
am?

lim Aw == 0, the series ^AQ + 2 Aw cos nx is the Fourier's series of a non-
n~oo n=l

negative summable function.

The series converges uniformly in any interval (e, X ), where

< < X < 27T,
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rX

(see 24 Ex.) to a value /(#). Hence f(x)dx is the sum of the series

JAo (X c) + 2 -*
(sin flJT sin m). It is known that 2 ~n sin n# con-

Ti-l ^ nl ^
71 "" .2V Cll Tl 72/ilt

verges uniformly in the interval
( TT, TT), since 2 is bounded, and

therefore its sum-function is continuous.

rX
It follows that lim / (x) dx exists, and is the sum of the series, for

-0.

We have

(
m

\
2 sin \x ( ^A + 2 Aw cos nx 1

= sin \x . AAo + sin %x . AAj + . . .

\ i /

. 2m - 1 A x x . 2m + 1

+ sin - x . AAw_j + Am sm - x ;

hence

4 sin2
\x (\\ + 2 \n cos wa;

)
=

(1
- cos x) A 2A + (1

- cos 2x)
\ 71-1 /

+ ... + (1 cosm 1#) A 2Am_2 + (1 cosm^r) AAm_t

+ (cos x cos m + 1 a?) Am .

The expression on the right-hand side is greater than

(1 cos mx) AAm _! + (cos x cosm ?f- Ix) Am ,

and this converges to zero, as m ~ <x>
;
it follows that |A + S Aw cos nx

71=1

f-^
converges to a non-negative value. Since / (x) ^ 0, / (x) dx is an

Jo

absolutely convergent integral, that is / (x) is summable in the interval
n

(o, X ), and the series 2 Aw cos T&O; is such that the integrated series converges
i

to an integral, therefore the series is a Fourier's series.

These theorems are due* to W. H. Young, who has further given the

following theorem :

// AAn ^ 0, lim Aw = 0, and the series 2 is convergent, then the series
n~oo 7i~l ^

2AW sin nx is the Fourier's series corresponding to a function which, for

positive values of x, has a finite lower boundary, and far negative values of x

a finite upper boundary.

This theorem may be proved in a manner similar to that given above

for the case of the cosine series.

It follows from this theorem and the last theorem in 402, that :

// {Aw} be such that AAW ^ 0, lim An = 0, and 2 is convergent,
n~oo n=*l ^

* Proc. Lond. Math. Soc. (2), vol. xn (1912), p. 41.
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then the series I! (an sin nx bn cos nx) allied with any Fourier's series
n-l

GO

S (an cos nx + bn sin nx) is converted by means of the factors {An} into a
n-l
Fourier's series S An (an sin n# bn cos

n-i
~ , _, an sin nx 6W cos no; , _ . T, . ,

For example 2 ^- ^
---

,
where e > 0, is a Fourier s series.r

n-2
1**

It has been shewn* by Szidon that the conditions AAW > 0, lim An =
n^OQ

are not sufficient to ensure that the series JAo + S An cos na; is a Fourier's
n-l

series. He has also shewn that the series is necessarily a Fourier's

series if the series S
|

AAn log n \

is convergent, but that in this result
n-l

log n cannot be replaced by a number cn ,
for which A2cn < 0, and

lim .
Cw - 0.

n^ log n
n

It follows that Ao + S \n cos nx is a Fourier's series provided An
i

converges monotonely to zero, and S - is convergent. Also, if S \n sin nx,
n~l n n-l

where An converges monotonely to zero, is a Fourier's series, so also is

+ S An cos nx.

EXAMPLES

(1) The series 2 9 2
sm
_^, where fc>0, are both Fourier's series. The series

n ^l nk n = i n"

2 5-_ .
_, 2 iy-p converge to functions which are indefinite L-integrals, and conse-

^-l nk+l n ~i nk+l

quently are of bounded variation.

If xn = * , we have lim Xw =0, and AAW >0; also since the function ^diminishes

as y increases, we have AXn >AXW , 19 or A2XW >0. Further, 2 -? is convergent. Thus Xw satisfies

the conditions of both the theorems. Therefore 2 . ,2 ^
- are both Fourier's series;

W* nfc

and the integrated series 2 k+1 , 2 ^.^ represent functions which are integrals.

(2f) If 2 (an cos nx+bn sin TW;) is a Fourier's series, then
n~l

2 ~v(aw cos?w;-f6n sinna;), 2 -v (an sin na; - bn cos no;)

are also Fourier's series, where k >0.

This follows from the theorem of 402, employing the result of Ex. 1.

* Math. Zeitechr. vol. x (1921), p. 126.

t See W. H. Young, Proc. Roy. Soc. vol. LXXXV (1911), p. 417, where applications and ex-

tensions of this theorem will be found.
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(3) If 2 (an cos nx +bn sin nx) is a Fourier's series, so also is

n-l
an cos nx + 6n sin n#

n ~2 logw
'

and also 2 *~+*~.
n ~ 2 log n (log log n)

If Xn =,-- , we have A\w > 0. If n =,
, r. , we find that -,- <0, for y > I ;

logft
n

log y log(i/ + l)' dy
y

hence u diminishes as y increases, and therefore A2
, >0. It follows that the seriesy
log n

2
coanx

is a Fourier's series. Applying the theorem of 400, wo see that
n 2 log ra

an cos nx + bn sin rac . ^ . ,

2 -*-^- is a Fourier s series.

n = 2 logn
The second result stated can be proved in a similar manner.

404. In view of the theorem of 402, it is desirable to possess a criterion

which will decide the question whether a given trigonometrical series is

obtainable by differentiation term by term of the Fourier's series corre-

sponding to a function of bounded variation. This criterion is supplied by
the following theorem* due to W. H. Young:

The necessary and sufficient condition t/wt the trigonometrical series

S (an cos nx + bn sin nx) should be the series obtained by term by term
n-l

differentiation of the Fourier's series of a function of bounded variation is

that
\

Sn (x) \

dx should be bounded, where Sn (x) denotes the arithmetic
J TP

mean of the first n partial sums of the given series.

First, it will be proved that the condition is sufficient. Both

I

X

[8n (z] \dxand f {(
8n (x) \

+ Sn (x)} dx
J 7T J IF

are bounded functions of (n, x), and the integrands are non-negative. To
each of them the theorem given in 223 may therefore be applied. A
sequence of integers can be so determined that for this sequence the first

integral describes a convergent sequence. In this sequence another sequence
is contained for which the second integral describes a convergent sequence.

Therefore a sequence {np} of integers exists such that both the integrals,
rx

and therefore their difference Sn (x) dx, describes a convergent sequence.
J 7T

By the theorem in 223, the limits of both integrals are functions of

J'X
&np (x ) dx is a function

7T

g (x), of bounded variation. We thus have

fa (I-WP / i _ 1\ )

g (x)
= lim f 1 ----

) (at cos ix + 6 t sin t,x)
/

P~<X> J -TT ll~l \ W-J) / J

r
l=

vVi 6
~~ 1

\
/

lim 2u I l - -
l (

p-oo t~l \ ftp / \

dx
J

~~ 1 /at sin ix 6t cos

* Proc. Roy. Soc. vol. LXXXVIII (1913), p. 572.
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n-
l n̂p/\ ft 1\ fa, sin ix 6 t cos t# + ( 1) 6*\ . p , ^ i j

Since 2(1 --
)
------- - is a function bounded

c-A n9 J\ i J

in (p, x), we may integrate term by term after multiplication by cos mx,
"IT

the result being equal to g (x) cos mxdx\ thus
J rr

g (x) cosmxdx = Km - 1 +
~

^'
p^\ n m m

In a similar manner we find that -
g (x) smmxdx =

;
hence the

IT J -IF Wl

bm cosmx_ .
,

. . ^ -
Fourier s series corresponding to g (x) is C + 2

m = i

and thus the differentiated series is S (am cos w# + bm sin mx). Hence
nl

the condition has been proved to be sufficient.

To prove that the condition is necessary, we assume that

I! (an cos nx + bn sin nx)
n-i

is the differentiated series of the Fourier's series corresponding to a function

g (x), of bounded variation. Since g (x) is the difference of two monotone

increasing functions, and the Cesaro mean Sn (x) may be expressed as the

difference of two corresponding Cesaro means, it is sufficient to prove the

necessity of the condition for the case in which g (x) is monotone increasing.
1 i" 1 f ff *

In this case, we have, since an = cos ntdg (t) and bn = - sin ntdg (t),
^J-TT TT.'-Tr

J'TT

fir

I
$n (

x ) \dx= \ Sn (x) dx.
-7T .' -IT

rn

Hence we have Sn (x) dx - Tn (x)
- Tn (- ?r), where yn (#) is the

J -7T

Cesaro partial sum of the Fourier's series from which the given series is

obtained by differentiating term by term. Since Tn (x) is bounded, with

I ["
respect to (n, x), it follows that Sn (x) dx is bounded; and thus the

necessity of the condition has been proved.

The following theorem is also of interest :

The necessary and sufficient condition that a given trigonometrical series

should be the Fourier's series of a bounded function is that
\

Sn (x) \

should

be bounded with respect to (n, x).

Since 8. (x)
-^ \W f W*

fixed number, when / (*) is bounded. Therefore the condition is necessary.
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If 8n (x) is bounded with respect to (n, x), the partial Ces&ro sums of

the integrated series form a sequence which oscillates continuously and

homogeneously. Hence a sequence of these partial Cesaro sums can be

found which converges to an integral (see 222). Thus
rx rx

f (x) dx = lim S (x) dx,
J If p~-CQ J IT

where/ (x) is a bounded function. Multiplying both sides by cos mx, or by
sin mx, and integrating term by term, it is seen that the integrated series

fx
is a Fourier's series having / (x) dx for its corresponding function, that

J - 7T

is, the integrated series is the Fourier's series of the integral of a bounded

function, from which the sufficiency of the condition follows.

405. If, in the theorem of 492, we suppose the function g (x), of

bounded variation, to be an odd function, we see that, if S sin nx is

the Fourier's series which represents g (x), then, if

OQ + S (an cos nx + bn sin nx)
n-l

be any Fourier's series whatever, the series S An (an cos nx + bn sin nx) is

also a Fourier's series. It has been shewn by* Szidon that all sequences

{\n} which have this property must be such that 2 sin nx is the

Fourier's series of a function with bounded variation.

The general theorem may be stated as follows :

It is necessary and sufficient, in order that a sequence {Aw} of numbers may
have the property that S \n (an cos nx + bn sin nx) is a Fourier's series,

provided an ,
bn are any set of numbers whatever such tliat

2 (an cos nx + bn sin nx)
71-1

is a Fourier's series, that 2 Aw cos nx is the series obtained by differentiating

the Fourier's series which represents an odd function of bounded variation.

CONVERGENCE FACTORS FOR FOURIER'S SERIES

406. The existence of certain factors {Aw} which have the property of

converting, by multiplication, any Fourier's series 2 (an cos nx + bn sin nx)
71 = 1

into a series S An (an cos nx + bn sin nx) which is almost everywhere con-

vergent will now be considered. A system of factors which have this

property may be termed a set of convergence factors.

* Math. Zeitschr. vol. x (1921), p. 121. Sec also Steinhaus, ibid. vol. v (1919), p. 186.
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It was first established by W. H. Young that

A _ _1_ A __
1____

An "
(log n)*+*

' An ~
log n (log log w)*~

'

where 8 > 0, are examples of such factors; thus, for example, that the

^, an cos nx + bn sin nx
i j. i.

senes xl ro
-~------- converges almost everywhere.2+ 6 J

It was afterwards proved* by W. H. Young that the factors

1 1 1_ _
ns '

(log n)*+
8 '

log n (log log n)
l+8 '

are such convergence factors, and that they are also convergence factors

for the allied series S (an sin nx bn cos nx) ; both series becoming, on
w = l

the introduction of the factors, Fourier's series.

Lastly, it was proved by G. H. Hardyf that ,
- is a convergence factor

n -ci 5 j xi. ^ 2. ^ an os nx + bn sin nx
for all Fourier s senes, and thus that S - -

-,
- converges

n=2 log ft

almost everywhere.

It was shewn by Hardy (toe. cit.) that i/ sn (x) be a partial sum of the

Fourier's series Ja + S (an cos nx + bn sin ft#), then sn (x)
= o (log n), for

almost every value of x.

If $ (t) denote/ (x + t)+f(x t)2<f> (t), it is only necessary to shew
rv) siii TT//

that, 7) being some positive number, <t> (t)
--- dt = o (log n). First,

Jo t

i

rn sin 7^^
consider the integral < (<) eft, that is numerically less than

Jo
*

i

rn

n \
| <f> (t) |

dt, which is o (1) almost everywhere, that is, at every point x

1
|*

A

at which ,
| <f> (t) \

dt converges to zero, as A does so. Next consider the
A J o

integral <f> (t)
-

dt, which is numerically less than I

' ^ ^ '

dt, which
Ji * Ji t

n n

becomes, on integration by parts,
- O

(rj)
- 72,0

^-^
+ T .JJ ^^ where O (<)

n

denotes
| ^ (0 I

^- This is equal almost everywhere to

where \An (rl)\<K('r)), for all values of n(>l/rj), and K(rj) converges

with
T)
to zero. Therefore, we have lim

log n
K

(T?) ; and consequently

n (x) = o (logn), for almost all values of x.

*
Comptea Rendus, vol. CLV (1912), p. 1480. See also Proc. Roy. Soc. vol. LXXXVIH (1912), p. 179.

t Proc. Lond. Math. Soc. (2), vol. xn (1913), p. 365.
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407. If {an} is a monotone sequence of positive numbers which con-

verges to zero, and satisfies the two conditions that an = O (
^

---
)
and

Vlog nj
that the series S Aan . log n is convergent, then the series

S an (an cos nx + bn sin nx)

is convergent almost everywhere. For
n r~n-I
S an (an cos nx + bn sin nx) = sr (x) Aar + sn (x) an ,

1 r = l

and since
|

sn (x) an
\

= ( .

j
o (log w) = o (1), almost everywhere, we

see that the series S aw (an cos nx + 6n sin nx) converges almost every
-

71-2

where.

The condition is satisfied by any of the values

an = n \i .* 3 n = T
-

n
-

1
---

TTTi > > where 8 > 0.n 5
log 7i (log log n)

1+8 '

Therefore these values of an provided sets of convergence factors for any
Fourier's series. That the new series so formed are Fourier's series follows

,, , ,, , ,, . ^ coxnx ^ cosnx
from the tact that the series ST.- X1 ,,, S f

------
/f f

------
-XTTX?-" &re

(log n)
l+*

log 72, (log log n)
l+d

Fourier's series (see 403).

408. It will now be proved that:

If 2ao + S (an cos 7&# + bn sin nx) be any Fourier's series, the series

_, an cos nx + bn sin wa: . -^ > -L L ?
1.

*-
^
---- is a Courier s series which converqes almost every-

n~2 log
y

where.

T , , , , . . A0 ^ ,, , ^ an cos nx + bn sin nx .

It has been shewn in 403, Ex. 3, that S -T

n-- is a

Fourier's series, and consequently it is summable (C, 1) almost every-
where. The condition that, for a value of x for which it is summable

/^t \ * u i j i 4. *i~
v^n a cos vx + ^^ sin va;

/ x

(6, L), it should be convergent is that S v .
------- - = o (n),

see Ex. 6, 6. To shew that this condition is satisfied, we have, when
sn (x) -o(logrc),

",n ay cos vo; + 6,, sin i/a;
!/ ^-i n5 (^)S v .

---------
,-
------------ - = S * (a?) A 1

-----h T
----.

i' -2 log 1" ^ = 2 logy logw
The series on the right-hand side is numerically less than A + ne,

where is arbitrary, and A depends only on e. This is seen by taking
the summation in (2, m 1) and (w, n 1) separately. Therefore
v^n av cos vx + bv sin vx , ,1,1 j.,. ^i ,* = o (n), and consequently the condition that

, , . aw cos wo; + 6n sin wa; , , , , .

the senes S --
^
- --- should be convergent is satisfied

n ii 40
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for almost all values of x. The corresponding theorem that the factors ,
--

converts the associated series 2 (an sin nx bn cos nx) into a series which
n = 2

converges almost everywhere is also known* to hold good.

409. It is.not known whether the preceding theorem is the best of its

kind; that is whether there exists a set of convergence factors {An} such

that An log n diverges as n ~ <x> . But if we restrict the Fourier's series to

be such as correspond to functions of which the squares are summable,

the factors An = ,-----
u+~' where p is any positive number, are con-

vergence factors, and thus, if Ja + 2 (an cos nx + bn sin nx) be any
n-i

Fourier's series for which 2 (an
2 + 6n

2
) is convergent, the series

71 = 1

y an cos nx + bn sin nx .

H.,
'

"(log 70*^
"' (P > >

converges almost everywhere. This is a consequence of the following

theorem duef to A. Kolmogoroff and G. Seliverstoff :

// 2 (an
2 + bn

2
) (log n)

l+
(e > 0) is convergent, then

n-2
2 (an cos nx + bn sin nx)
n = 2

converges almost everywhere.

pn
Let 2 (av cos px + b p sin px) be denoted by Sn (x), and let

P-I
p = \(x)
2 (ap cos px + bp sin px)
P-I

be denoted by 8^(x) (x), where A (x) is any measurable function which takes

only the set of values 1, 2, 3, ... n. It will first be shewn that

where C is an absolute constant.

We have

I fr 1 fir TTT p~\(x\
S* (x} (x) dx = - Sn (x') dx' 2 cos p (x

-
x') dx'

I J -It I* J -7T .' -7T p - 1

{I

f ir f"* f f 71
" P M A(a') "12 )

- {^n (a;')}
2 &?' J 2 cos p (x

-
*') dx\ dx'

nJ-ir J^ff |_J_7r p~l J J

by employing Schwarz's inequality.

* See Plessner's tract, "Zur Theorie der konjugierten trigonometrischen Reihen" (1923),

Giessen, p. 33.

"f Comptes Rendua, vol. OLXxVni (1924), p t 303.
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Now
fir

[~
I"*

1

Ate) "12

2 cos p(x x') dx dx'
J ir L J ir p 1 J

fir fw fir jp**A(ic) P A(j/)= da?' cos p (a? x') . S cos p (y #') cforfy

TT fir P-A(#,y)
fir=

\

dx I dy 2 cos p (# a;') cos p (y #') dx',
J _ir J -ir 3?

- 1 J -ir

where A (a:, y) denotes the smaller of the two integers A (#), A (y)\ and the

expression on the right-hand side is equal to

TT \ dx \ S cos p (x y) dy,
J _7T J 7T 2? 1

as is seen by carrying out the integration with respect to x'.

We have further

P-A(#,2/)rir ri

dx
J-7T J

cos p (x y) dy

r . 2A (a?, y) + 1
7 ,sm -m^- -

(a:
-

y)
- 1

P
^

[_ sin 4 (a?
-

y)

the second part of this double integral is 2rr2 . Let A be the part of the

rectangle ( TT, TT; TT, TT) for which J |

x y \

is < ^ y
or > TT -r

,

and let B denote the remaining part. The portion of the double integral of

sin
^
^ (

x y) /sin J (# y), taken over .4, is less than (2n + 1)

area of A, and this = O (1). The double integral taken over B is less than

J(

cosec
y

2
t __ i /r _b 2 V'*'

is less than a fixed multiple of

d (x, y), and this, on changing the variables to

cosec

or of [log tan J] 7r

w
, which is - J log tan, ^ >

2 , \y
or

2n+l
^ '

It has now been proved that

flfA(j) (x) dx < \0 (log n) .YW + 6,")]*.
L P-I J

Let {t6 (n)} be a sequence of increasing positive numbers such that

S u (n) (an
2 + 6n

2
) converges to a sum A, and that S r-r converges

n-l n-l ww (^)

40-2
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to N. Let 8f t (x)= S (a, cos qx + bq sin qx), where 2 2" < I* 22" fl
;
we

9=2*"

then have, from what has been proved above,

li:
< {Clog 2 2"+lA$ < C' (2M,)*,

where A ^ denotes
~

S (aq
2 + bQ

2
), and I (x) is a measurable function having

only integral values 2 2" + 1, 2 2P + 2, ... 22?+1
. Let I (x) be so chosen that,

at each point x,
\

Spt l (x) (x) \

has the maximum value, that is the value

of the partial remainder R%&fm ,
of the Fourier's series, which has the

numerically greatest value, for m =
1, 2, 3, ..., 2*

H "1

2 2P
;
and let O^ (x)

be the value of SPt l (x) ,
when I (x) is so chosen ;

we have then

n: (x) dx

It can be shewn that the series S
P-I

2* ?=

is convergent; for

from which we have

2 2

Also
u(2*)

<2 S
,

It foUows that 22 (2M,)* < 8JV + 2A, and thus the series S (2M P)& is
-

QO 2

convergent. Let us choose p so large that 2 (2
mAm)* < ~, ,

then we have

<6 2
.

If we denote by ifiVt P, (x) the maximum, for each value of x, of the

absolute values of the partial remainders of the series

S (an cos nx + bn sin nx), Rtf>, m i
f r w =

1, 2, 3, ... 2 T/ 2 P
,

we have ^j,, ^ (x) dx < e2 . It follows that, in a set of points of measure
J IT

> 277 6, we have 0^ ^ (x) < e. Let there be assigned to e the values

j, 29 3, ... in a, diminishing sequence of numbers, such that 2 cr con-
r-l

verges to an assigned positive number TJ.
Let pl> p2 , p3 ,

... be the values
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of p corresponding to el , e2 ,
. . .

; when p = p ,
we take p'

= p2 5
when

P =
ft, we take p' = ft, and so on. We then see that in a set of points of

measure > 2?r
77,

which is the set common to all the sets of measures

> 27T j, 2?r 62 , ..., employed in the above reasoning, we have

I ^2 Pl ,m (
x ) |

<
??>

f r all values pl + 1, pl + 2, ... of m. Denote this set of

points by E Pl ,
where m (E^) is > 2?r

77. By assigning to
77
a set of values

oo

*?i 9 % which are diminishing, and such that S ^ =
,
where is an

w=i

arbitrarily chosen number, we see that there exists a set F^ 9
of measure

> 2?r
,
such that in this set

| R^, m (x) \

<
T)I} \

R2 p*tm (x) \

< rj2 , ... for

all values of m > 2 Pi
,
> 2*>2

,
....

It follows that in the set F$ the series is uniformly convergent; and

since is arbitrary, it follows that the series S (an cos nx + bn sin nx) is

71-1

almost everywhere convergent.

The condition that 2 --
, x should be convergent is satisfied by

n^nu(n)
&

u (71)
=

(log ^)
1+% where e > 0. Thus the theorem stated above is estab-

lished.

We might also take u (n)
= log n (log log ^)

1H 'e
,
in which case it appears

that, if 2 log n (log log n)
l+

(an
* + bn

2
)
is convergent for a value of that

w = 4

is > 0, the series S (an cos 7i# + & sin nx) converges almost everywhere.
n = 4

By continuing this scale we have a series of theorems of which the one

stated above is the first.

r / ^ / 9 L ox j. *L ^ an cos nx + bn sin nx .

Thus %j S (an
2 + 6n

2
)
^5 convergent^ the series L

7^ rr-^ j ^rrr: is
J v n n ' y '

(log ft,)* (log log w)^+^

convergent almost everywhere, when k > 0.

POISSON'S METHOD OF SUMMATION

410. One of the most important, both intrinsically and historically, of

the conventional sums of a Fourier's series is that which was first employed

by Poisson.

If ia + S (an cos nx + bn sin nx) be a Fourier's series, let the sum
n-l

r = n

\aQ + S An (an cos /&# + 6n sin nx), where |

h
\
< 1, be denoted byP (x, n, h).

r- 1

If lim lim P (x, n, h) exists, it may be defined to be the Poisson sum
7*~1 w~oo

of the Fourier's series. The ordinary sum, when it exists, is

lim lim P (x, n, h) ;

n~o> ft~l

and in accordance with the general mode of introducing conventional sums,
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referred to in 44-46, the Poisson sum is such a conventional sum. The
Poisson sum of the series is accordingly defined to be

lim I Aa + (an cos nx + bn sin nx) h
n

,

h~l L -l J

whenever the limit exists.

The condition of consistency mast be established, that, when both the

Poisson sum and the ordinary sum exist, they have the same value. Since

|

an cos nx + bn sin nx
\

is bounded, the limit lim P (x, n, h) exists for every value of h such that
tt~oo

I

h
|

< 1. In accordance with Abel's theorem
( 126), when, for a particular

value of x, the Fourier's theorem is convergent, the Poisson sum

lim lim P (x, n, h)
h~l n~oo

exists, and has the value to which the Fourier's series converges. It was
however assumed by Poisson and by many subsequent writers that the

converse of this always holds good. Thus, by Poisson and his followers,

a proof of the convergence of Fourier's series which is now regarded as

wanting in rigour was given, which depended upon the ascertainment of

the Poisson sum, and the assumption that the Fourier's series necessarily

converges to the same limit.

An important application of the theory of the Cesaro summation of

Fourier's series may be made in this connection. It has been shewn in

368 that a Fourier's series is summable (C 9 1) almost everywhere in the

interval ( TT, TT), and that in particular its Cesaro sum isf(x) at any point
of continuity of f(x), and is i {f(x + 0) + f (x 0)} at any point of

ordinary discontinuity. If we now apply the theorem of Frobenius
( 128),

we see that, for any value of x for which the Fourier's series is summable

(C, 1), the limit, as h ~ 1, of the sum of the corresponding power-series,

in powers of h, exists, and has the same value as the sum ((7, 1) of the

Fourier's series. It thus follows that, for any such value of x, the Poisson

sum exists, and is equal to the Cesaro sum (<7, 1) of the Fourier's series.

It has accordingly been established that :

For any Fourier's series, the Poisson sum exists almost everywhere, and
has the value f (x) ; and it is equal to f (x) 9 or to \ {/ (x + 0) + / (x 0)} at

a point of continuity or of ordinary discontinuity of the function.

If we consider the class of Fourier's series for which an = (
-

} ,w
bn = (-), Littlewood's theorem ( 132) may be applied to prove that

\n/

the Fourier's series converges to the Poisson sum, wherever the latter
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exists
; this has been shewn above to be the case almost everywhere, and

in particular at every point of continuity or of ordinary discontinuity of

the function. It follows that the series converges to / (x) almost every-

where, and that, at a point of ordinary discontinuity, it converges to

*{/(* + <>) +/(*-<>)}.
Another proof of this result will be given in 414.

If we shew, by means of any independent investigation, that in case

a n
=

(

-
} ,

bn = O
(
-

) ,
the Poisson sum exists almost everywhere, Little-

\YlJ \ft'J

wood's theorem
( 132) enables us to infer the convergence of the Fourier's

series at every point at which the Poisson sum exists. Such an independent

investigation, in the case an = o ( -
1

,
bn = o ( -

J
,
was given* by Fatou,

who also shewed that, in this case, the Fourier's series converges almost

everywhere.

If/ (x) have bounded variation in
( TT, TT), then an ~ O ( }

,
bn = O ( -

J
,

and the Poisson sum exists everywhere. It follows then, by applying
Littlewood's theorem, that the Fourier's series converges everywhere to

the value i {f (x + 0) + f (x 0)}. Thus, in the case of such functions,

the hiatus in the older proofs of convergence of Fourier's series by means
of Poisson's sum is filled up.

Interesting properties of the Poisson sum have been given| by Gross.

411. The definition of the Poisson sum is applicable to the case of any

trigonometrical series, which is not necessarily a Fourier's series, provided
the series |a + S (an cos nx + bn sin nx) hn is convergent when

j

h
|
< 1 .

Applying the extension of the theorem of Frobenius, given in 128 (3),

we see that, such a trigonometrical series, when it is summable (C* r) for

some value of r (^ 0), at a point x, is also summable by Poisson's method,
at the same point. That this is the case was first provedj by Holder, in

the case in which r is a positive integer.

It thus appears that Poisson summation is at least as general as Ces&ro

summation of a trigonometrical series.

If / (x) be not summable in ( TT, TT), but have a Denjoy integral in

that interval, it has been shewn
( 376) that the corresponding generalized

Fourier's series is summable almost everywhere in each integral con-

tiguous to the set H, of points of non-summability of/ (x). In case the set

H has measure zero, and in particular when it has an flX-integral, the

series is summable ((7, 1) almost everywhere in
( TT, TT), and it is almost

* Ada Math. vol. xxx (1906), p. 379.

t Wien. Ber. vol. cxxiv, Abt. Ha (1915), p. 1024.

{ Math. Annalen, vol. xxxm (1882), p. 246.
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everywhere equal to / (x) ;
we have thus the following extension of the

above result :

Iff (x ) have a D-integral, the Poisson sum of the corresponding generalized

Fourier's series exists, and is equal to f (x), almost everywhere in each interval

contiguous to the set H, of points ofnon-summability off (x). Whenm (H) = 0,

as is the case when f (x) has an HL-integral, the Poisson sum exists, and is

equal tof(x), almost everywhere in the interval. In either case it exists every-

where in an interval of continuity off (x), provided the continuity at the end-

points is on both sides.

412. The limit of the sum P (x, n, h), as n ~ oo, is equivalent to

OT t0
2^r J_/ v

"
' r^2Fco"s (x'- x) +P '

Thus the Poisson sum, when it exists, is given by
1 .. f 1-fc2

fl ,*, ,Irm I (Xt (IXC\ J.M.JLM-J. I -. rt7 / f \i7O/ \*f I UvU .

ZTT h^i J . 1 2h cos (x x) + h*

The value of this limit was studied* by Schwarz in two memoirs. He
considered the case, more general than that with which we are here con-

cerned, in which x varies as well as A; he confined his attention however

to the case in which / (x) is either continuous, or else has only a finite set

of discontinuities. A more complete discussion of questions connected with

Poisson's integral has been givenf by Fatou. An evaluation of the limit

will be given here, by an application of the general method developed in

Chapter VI.

Let x be any point of the interval ( TT + e, TT e) ;
this will be taken

as the set G to which x belongs. If /x < 6, the positive function

__
1 - h2

r"-~2A" cos (x'~x)~+~A
2

is less than ;

or than -TT- cosec 2
^, provided |

a?' a?
| /x,

1 > h > h l9 where p is a
i

positive number < e. In order to apply the theorem of 290, we may
suppose n = (I h)~

l
, so that n ~ oo

,
as h ~ 1. The first condition of the

general convergence theorem of 279 is accordingly satisfied. To shew

that the second condition is satisfied, we have

f
ftl

_*JI
^2

_ _ ,/-' ^ 1 ~ ^2

(Q _ \

J ai
1 - 2h cos (x' -x) + h*

^
(1
-

A)
2 + 4A sin2

J/i
(Pl lh

* Math. Abhandlungen, vol. n, pp. 144, 175.

f Acta Math. vol. xxx (1906). See also Plessner's tract quoted on p. 626.
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where (al9 &) is any interval in ( TT, TT), provided x is not interior to the

interval (al /*, ax + ^), and belongs to G. This converges to zero,

uniformly for all such intervals, as h ~ 1
; thus the second condition

vfJC-f* 1 ___ L2
is satisfied; and therefore ^ 7-, r r9 f(x')dx', and the

J-^ 1 2^ cos (a; x) + h* J v '

similar integral with the limits x + //,, TT, converge to zero uniformly for all

values of x belonging to G.

We have also

iim i r l - h
dx>

,^00 2?r J _ M 1 2hn cos (x' x) + An
3

1 A 2

27T ., r="2A
It follows, from the theorem of 292, that the limit of Poisson's integral is

at any point of ordinary discontinuity. Also it converges uniformly in any
interval in which / (x) is continuous, the continuity at the end-points of

the interval being assumed to be on both sides.

In order to apply the theorem of 295, we observe that

Iim ,
----J

~ h
\

-

7
-

2
- 0, for t 0;

t + Jln
2 ^

1 h 2

also t .
--^-~ ~

2 has, in the interval (0, p) the total variation
1 ~iln COS t ~\~ Flft

t . 2hn sin t

which is less than

- 2hn cost + hn
*

(1
- 2hn cos t + Aw

2
)

2
dt

- l ~ h -dt- ^
1 - 2AW COS + 7*n

2 1 ~ 2

or than 2??, which is independent of n. It thus appears that the integral
rt

converges to / (x) at every point at which {/ (x + t) +f(xt) 2f (x)} dt
Jo

has, at t = 0, a differential coefficient of value zero. It has thus been shewn
that :

The Poisson sum of the Fourier's series corresponding to the summable

function f (x) is f (x) at every point at which

Iim 1
)' {f(x + t) +f(x -t)- 2f(x)} dt - 0;

*~o * Jo

and this is the case almost everywhere in the interval ( TT, TT). The Poisson

sum is \ {/ (x + 0) + / (x 0)} at any point of ordinary discontinuity. The

Poisson summation converges uniformly in any interval in which the function
is continuous, the continuity at the end-points being assumed to be on both

.sides.
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413. The following theorem, which is due to Fatou, is of importance
in the general theory:

// the summable function f (x) has, at a point a, a finite differential

coefficient, and F' (x, h) denote the sum of the series

GO

S n ( an sin nx + bn cos nx) hn
, (h < 1),

w-O

then at the point a, lim F' (a, h) = f (a).
7i~l

Without loss of generality we may take a = 0. If f (x)
=

1, in the

interval ( 77, 77), the theorem is obviously true, since all the coefficients

of the Fourier's series vanish, except a . The theorem is also easily verified

at the point for the function / (x)
= x. Writing

cf>(x)=f(x)-xf(o)-/(o),
we have

(f> (0)
= 0, <f>' (0)

= 0, and it is sufficient to prove the theorem for

this function
<f> (x).

We have since
1 f* 1 A 2

* <* A> - s,L r

T TV/ 7v IT r (1 A2
) 2& sin

, /m ?/lhm *' (o, /,)
- ^ hm

j^
A-

2l
J

g f+
__

2}2
^ W^

and it is sufficient to shew that this limit has the value 0, that of
<f>' (o).

1 h2

Writing H for 1 ^- A- r9 ,
we have6

1 - 2&cos0 + h29

sine
U-t/.

r _J L-
/*

2
)
2

0-

S
-
n
TY-a <f> (0) d8

i /n\ i //i\ /
//|\

Since lim ,^ t
. = 2 lim ^4-^ = 0, the function , -~rn is summable -in

tan J0 tan |0

(77,77), and it has the limit at = 0; therefore, by 412,

The other integral may be written in the form

I"
(i-hY +(

J _, 1 - 2A cos + A2 tan

and this is numerically less than

H dB.
tan|0

This has the limit 0, as h ~ 1, for a reason similar to the case already dis-

cussed. The theorem has now been established.
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414. The following theorem will be established :

If an = ( -
j

,
bn = ( -

j
,
the necessary and sufficient condition that the

series Ja + 2 (an cos nx + bn sin nx) sfiould converge at the point x to the
n~l

value f (x) is that the sum of the series

i , / , i *sinnh
|a + S (an cos w# + bn sin n;r) j--

n,-l ^
should converge, as h ~ 0, to / (#).

The given series is a Fourier's series, since S (aw
2 + 6W

2
)
is convergent.

n-l
i f**'

The condition in the theorem may be stated in the form that =- / (t) dt
^.'x-e

should converge to f (x). This condition is satisfied for almost all values

of x (see i, 432).

The theorem was given* by Hardy and Littlewood ; it is a generaliza-
tion of an earlier theorem duef to Fatou, which applies to the case in

which

In order to prove that the condition in the theorem is sufficient, it is

seen from Lebesgue's theorem in 370 that, when the condition is satisfied

at the point x
9 the Fourier's series is, at that point, summable ((7, 2).

Consequently, since nan , nbn are bounded, it follows at once, by employing
the theorem of 54, that the series is convergent at the point.

In order to prove that the condition is necessary, denoting

an cos nx + bn sin nx

by A n ,
we may assume, without loss of generality, that f (x)

= 0, A Q
= 0,

|

nA n
|

< 1. Assuming that the Fourier's series converges to zero at the

point x, we write

ris

n
vM

A suinA n-m smnh *
. sinnh , . .

<P= S ^ w -T- + S -4W v-- + S ^n
- T- sOj + Og + OB.

^-1 nh n-m

Having assigned a positive integer k (> 2), let m and ^ be such that

k 1 < mh ^ k,

1 1 1
then I O3 I < f S <

and therefore
|

O3 |

<
j-.

If the terms of 2 p- be grouped, their
7i *= i nit/

order being preserved, so that all the terms in any one group are of the

same sign, opposite to the sign of the terms in the neighbouring groups,

* Proc. Lond. Math. Soc. (2), vol. xvm (1919), p. 228. A simplification of the proof, due to

M. Riesz, is given in Proc. Lond. Math. Soc. (2), vol. xxn (1924), Records, p. xviii.

t Acta Math. vol. xxx (1906), pp. 345, 385.
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the number of groups depends only on the value of mh, and does not

exceed a number K (k), since, for a fixed value of k, the number remains

less than a fixed number, whatever be the values of m and h. Let e be an

arbitrarily chosen positive number, and let p be so chosen that

6
S A S A,

for all values of v and v' such that /x ^ v < v .

We now see that
|

O2 |

is less than J^TT\ multiplied by the number of
K (K)

n * sin nh , , , . . .. , , A ^

groups in
^ ,

and this is less than e. Also
n-w + l ^^

|Oi|< % A n +e<2e,
n 1

provided < h ^ 7?a ,
where h depends on p and e. We now have

|

<I>
|

<
y~
+ 3e, for < h 5 Ax ;

2
and since T and e are both arbitrarily small, we have lim O = 0. The

rC h^Q

necessity of the condition has now been established.

The theorem established may be stated as follows :

If nan ,
nbn are bounded, the necessary and sufficient condition that the

series a + (an cos nx + bn sin nx) converges for a given value of x is
-

J7 ^ . , x 7 ,? 7 i S an sin nx bn cos nx , 7/ 7
that the function g (x) defined as %aQx + S ~ shall have a

n - 1 n

differential coefficient g' (x) at the given point; and then g' (x) is the sum to

which the given series converges.

If an ,
bn be changed into nbn ,

nan ,
the theorem may be stated as

follows :

Ifan ^Q( .,
)

,
bn = ( ^ ) ,

the necessary and sufficient condition ftiat the
\n~/ \ n /

series 2 n
(

an sin nx + bn cos r^o;) converges for a given value of x is that the
n~l

function g (x) defined as S (an cos nx + bn sin nx) shall Jiave a differential
n = l

coefficient g
1

(x) at the given point; and then g' (x) is the sum to which the

given series converges.

APPROXIMATE REPRESENTATION OF FUNCTIONS BY FINITE

TRIGONOMETRICAL SERIES

415. If the function f (x), defined for the interval (77,77), be con-

tinuous in the interval (a, j8), contained in
( TT, TT), including the end-

points a, j8, it has been seen, in 412, that Poisson's integral converges to

the value/ (x), uniformly in the interval (a, /?), as h converges to the value 1.
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Therefore, a value /^ ,
of h, may be chosen, corresponding to an arbitrarily

fixed positive number e, so that / (x) differs from the sum of the con-

vergent series

o~ I

*

f (
x/

) dx/ + S V* jcos
nx .

-
1

"

f (x') cos nx'dx'

sin nx .
- / (#') sin nx' dx'
77 .! _,/

+

by less than Je, for all values of x in (a, /?). Since the series converges

uniformly for all values of x, an integer m may be so fixed that the re-

mainder of the series after the mth term is numerically less than Je, for

all values of x. In this manner we obtain* a finite trigonometrical series

\AQ + (A cos x + jSj sin x) + ... + (Am cos mx + Bm sin mx),

the sum of which differs from f (x) by less than e, for every value of x in the

interval (, j8) in which f (x) is continuous.

This mode of approximate representation of/ (x), in the interval (, /3),

is clearly not unique, because the values of the function in that part of

( 77, 77) which is not in (, /?) may be altered in any manner, subject only
to the integrability of / (x) in

( 77, 77), and the continuity of / (x) at the

points a, )8.

In the above finite series, each of the circular functions can be expanded
in powers of x

9
and the result rearranged as a power-series, of which the

sum consequently differs from / (x) by less than e, for all values of x in

(, j8). Since the power-series is uniformly convergent, we thus obtain a

proof of Weierstrass' theorem, already established in 159, that a finite

polynomial P (x) can be determined, such that
| / (x) P (x) \

< 2e, for

all values of x in (a, jS) ;
the number e being arbitrarily chosen.

Another methodf, not involving the use of Poisson's integral, may be

employed to determine an approximate representation of a function/ (x),

continuous in (a, jS), by means of finite trigonometrical series. Choose I,

so that I < a < j3 < 1. As in 159, a continuous polygonal line can be

constructed, such that its ordinate, for each point x in (a, /?), differs from

/ (x) by less than |e. The polygonal line may be extended to the whole

interval ( I, /), so as to be a continuous polygonal line for the whole

interval, and to be such that its ordinates at the points x = /, I are equal
to one another. In virtue of Dirichlet's theory of Fourier's series, the

polygonal line may be represented, for the whole interval (1,1), by a

Fourier's series

, / nnx , . W77o;\
|a + S

(
aw cos --= h bn sm T- ;

n-i\ ^ * /

* See Picard's TraM $Analyse, 2nd ed. vol. i, p. 275.

t Volterra, Rendiconti del Circolo mat. di Palermo, vol. xi (1897), p. 83.
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and, by the theorem of 333, this series converges uniformly in
( I, I) to

the value of the polygonal function. The sum of the Fourier's series differs

from / (x) by less than e, at every point of (a, j8). The integerm may be so

chosen that the sum of the terms for n > m is less than Jc, for all values of x

in (a, /?), on account of the uniform convergence. Therefore the finite series

n-w/
S (an

ra~l \

UlTX m

cos -j- + bn sm

has the required property, that its sum differs from / (x) by less than e, for

all values of x in (a, j8). This method may be applied, in the same manner

as in the case of the preceding one, to prove Weierstrass' theorem relating

to the approximate representation of a continuous function by a finite

polynomial.

416. Let/ (x) be a function such that both f(x) and {f(x)}
2
possess

Lebesgue integrals in the interval ( TT, TT) ; and let sm (x) denote the sum
of a finite trigonometrical series

%AQ + 2 (An cos mx + Bn sin mx).
n=l

Let us consider the integral

We find that

"If If )
2

ol4>-- f(x)dx\

n~m ( 1 rw ]2
n~m ( J TTT

^ 2~|

+ S x-4n f(x)cosnxdxy + S x.Bw f(x)smnxdx[
ri-l I

^ J-TT ) n-l I
7T J^w j J

i ( FIT V2 i n "m rr r^ ) 2

-^U /()&[
-i S /()ooBfwifo^^ IJ-w j ^nl LIJ-* )

+
] f(x)smnxdxl .

IJ-ir J J
If Im be regarded as a quadratic function of

AQ, Al9 HI ... ^4m ,
x>m ,

it is clear that the value of Im will be least, when

1 f
1f 1 f"

1

^4 = - / (a:) rfa;, An
= - / (a;) cos nxdx,

TT ] -ir TT J -ir

1 f"
J?w = - / (x) sin roacfc,

^r J-.IT

for n ==
1, 2, 3, ... m; i.e. when -4

,
-4W ,

Bn are the Fourier's coefficients

corresponding to the function /(#). These values of A ,
An ,

Bn &*e there-

fore such that the finite trigonometrical series gives the best approximation
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to the value of/ (x), in accordance with the standard of the method of least

squares. The following theorem has been now established :

//* / (x) be defined far the interval ( TT, TT), and be such that both the

function itself, and its square, possess Lebesgue integrals in the interval, then

the values of the 2m +1 constants A
, A^ , Bl ,

. . . Am ,
Bm , which are such that

Cir r n =m
~|2

\f(x) \A$ (Am cos mx + Bm sin mx) dx
J-7rL tl-1 J

has the smallest value, are the Fourier's coefficients corresponding to the

function f (x).

The minimum value of the integral Im is

J"ir

r 11 =m
{f(x)}*dx-TT\%a

* + S (an
* + bn

- L n-l

where a ,an ,
bn denote the Fourier's constants corresponding to the function

/ (a?). It follows that this difference is essentially positive, whatever valuem
00

may have, and therefore the series a 2 + S (aw
2 + 6n

2
) is necessarily con-

n = l

vergent. It has been shewn, in 378, that the series converges to the value

}*dx. An attempt was made by Harnackf to establish this
1 [*

TT J n

fact directly, and to found thereon a theory of the convergence of Fourier's

series.
00 n

It follows, from the above result, that the series S an
2

,
S bn

2 are both
1 i

convergent, and therefore that lim an = 0, liin bn 0, which has already
n=oo 71^=00

been established in 334, independently of the assumption here made, that

}
2 is integrable in

( TT, TT).

THE DIFFERENTIATION OF FOURIER'S SERIES

417. In general, the series obtained by differentiating a convergent
Fourier's series is not convergent, as may, for example, be seen in the case

00 J
of the series 2 sin nx\ neither is the series so obtained necessarily the

x n
Fourier's series corresponding to/' (x).

Let / (x) be a bounded function, continuous except for a finite number
of ordinary discontinuities ; let it also be assumed that /' (x) has a Lebesgue

integral in ( TT, TT), and that, if it have points of infinite discontinuity,

such points form a reducible set. This is consistent with there being a set

of points of zero measure at which /
'

(x) has no definite value. At the

* This theorem was given by Toepler, in a somewhat less general form, see Wiener Anzeigen,

vol. xm (1876).

t See two articles in the Math. Annalen, vol. xvn (1880), p. 123, and vol. xix
( 1882), pp. 254,526.
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points of discontinuity of /(#), we may regard /' (x) as undefined. We
have then

-
I / (x) cos nxdx=; - - / (x) sin nx\ /

'

(x) sin nxdx
TT J * [nTT J _. UTT J _.

1 1 I"= - -
[

S {/(a + 0) f(a 0)} sinna] /' (x) sinnxdx,

the summation S referring to the finite number of points a of ordinary

discontinuity oif(x) in the interior of ( TT, TT). In a similar manner, we
find that

= - [(- !)"{/(- TT + 0) -./> - 0)} + S {/(a + 0) -/( -
0)} cosna]

71/77

1 f*
H-- /' (x) cos nxdx.

Also

If then, the Fourier's coefficients for the functions / (x), f
'

(x) be

denoted by a ,
an ,

bn ,
and a ', an ', 6n

7

respectively, we have

bn --nan
- - 2{/( + 0) -/(a- 0)}sinna.

7T

In particular, iff(x) be continuous in the interval ( TT, 77), so that the

function obtained by extending / (x) beyond the interval, in accordance

with the rule f (x)
= / (x 2rr), is continuous except at the points 77, ?r,

we have

6n
' = nan . Unless /(TT) =/( TT), the Fourier's series corresponding to

/' (#) is not obtained by term by term differentiation of the Fourier's

series for f (x). Even when this condition is satisfied, no assertion can in

general be made as to the convergence of the Fourier's series for /' (x).

We have, thus obtained the following theorem :

Iff (
x)

be continuous in ( TT, TT), and if f ( TT)
= / (TT), and /' (#) have

a Lebesgue integral, and have at most a reducible set of points of infinite

discontinuity, the Fourier's series for f
'

(x), whether it converge or not, is

obtained by the term by term differentiation of that corresponding to f (x).
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If it be known that /' (x) has limited derivatives at any point, or if

lim *
'

(X + h}
- -/

'

(*_ )

,
iim f'(x-h)-J"(*-0)

A-+O A '

fc+o h

are definite, or are indeterminate between finite limits of indeterminacy,

then, in accordance with Theorem (a), of 342, the Fourier's series for

/
'

(x) converges at the point x.

418. In case the function/ (x) have derivatives/
'

(#),/" (x), ... of any
number of orders, and /(#),/' (#),/" (#)> are all bounded and continuous

in
( TT, TT), except at a finite number of points at which they have ordinary

discontinuities, the coefficients an ,
bn may be expressed in a form which

exhibits these discontinuities.

At a point a, of discontinuity of/ (x), the function/
7

(x) may be regarded
as undefined, the values of /' (a + O),/' (a 0) being

,im / <_
+ *)

- / (_+ 0)
f Um / (

-
A)
- / (

-
0)

respectively. A similar remark applies to the higher differential coefficients.

We find, by integrating twice by parts,

a n
- - ~

{/( + 0) -/( - 0)}sinna
I Ir'ii

~ ,S{/' (ft + 0) -/' OS- 0)}cosn)8- -J-- f'y (

6B = ^ S {/ ( + 0)
- / (a

-
0)} cos na

- ~
2rr
2 {/

'

(j8 + 0)
- /

'

(j3
-

0)} sin njS
-
J

-
f^/

'
(x) sin

where TT is now included among the points a of discontinuity of/ (#), and

amongst /?, the points of discontinuity of /
'

(x). The points a in general
occur amongst the points /?.

We may proceed, by further* integration by parts, to express an and
bn in a series proceeding by powers of 1/n, the coefficients of which involve

the measures of discontinuity of the functions at the points a, j8, ....

Conversely, if the Fourier's coefficients for / (x) are given in the form tt

an = - "LA sin na + 2
SJB cos nfi + . . . ,

Tb 1fc

bn ^= -- 5L4 cosna + 9 2BsinnB ...,n n*

* See Stokes,
" On the critical values of the sums of periodic series," Math, and Phys. Papers,

vol. I, where this investigation is carried out in detail, and the resulting formulae for the differentia-

tion of Fourier's series are applied to physical problems.

HII 41
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so that the Fourier's series has for its general term

4 sin n (a x) H x j5 cos n (j8 x) + . . . ,

n n
we have

/( + 0) -/( -
0) ~ -

7T.4, /' (0 + 0) -/' (0
-

0) = -
TTJS, ....

Thus the points of discontinuity, and the measures of discontinuity, of

f(x )> /' (
x)> > are determined when an ,

bn are exhibited as series pro-

ceeding according to powers of 1/n.

419. The following further theorems* relating to the differentiation of

trigonometrical series will be stated :

// the trigonometrical series

00

|a + I! (an cos nx + bn sin nx)
n^I

converge for a particular value c of x, and if the series

OO

(
nan sin nx + nbn cos nx),

n~l

obtained by term by term differentiation, converge uniformly in an interval

(a, j8) which contains the point c in its interior, then the original series

converges uniformly in (a, jS), and the function f (x) represented by it has,

throughout the interval, a differential coefficient represented by the derived

series.
00

// the series S (an cos nx I- bn sin nx)nl
converge for a particular value c of x, which is not zero or a multiple of TT,

and if lim an = 0, lim bn = 0, then throughout an interval (a, /?) which
?l-QO 71 = 00

contains the point c in its interior, but does not include the point 0, or kn,

where k is any integer, the series converges uniformly, and the function f (x)

represented by it will have a differential coefficient /' (x) given by
00

2 sin x ./
'

(x) S {[(n 1) an_^ (n + 1) an+l\ cos nx
w~0

+ [fa
-

1) &n-i
- (n+l) bn+l ] sin no:} ,

where a_x
=- 6^ = a = 6 = 0, provided this last series converges uniformly

in the interval (a, j8).

For a function / (#) which possesses differential coefficients of all orders

in the interval ( TT, TT), it is not in general possible to obtain repre-

sentations of all these differential coefficients by means of successive

term by term differentiation of the Fourier's series which represents/ (x).

* See Bdcher's "Introduction to the theory of Fourier's series," Annals of Math. (2), vol. vii

(1906), p. 120. The second theorem is substantially due to Lerch, Annales sc. de Vfaole normal?

(3), vol. xii (1896), p/361.
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The following theorem, due to Borel*, gives the means of obtaining the

requisite representation of such functions :

Having given a function f (x) which has differential coefficients of all

orders throughout the interval
( TT,TT), the function can be represented by

means of a series of the type

00

(Anx
n + an cos nx + bn sin nx) ;

r?,=

and the differential coefficients of f (x), of all orders, are represented by the

series obtained by successive term by term differentiation of this series. All the

series so obtained converge uniformly in the interval
( TT, TT).

GENERAL EXAMPLES

(
1

)
The trigonometrical series

6X siii x -h&2 sin 2# + ... +bn sin nx + ...

is uniformly convergent in any interval not containing the point #=0, or any point
QO

x = 2kir, (k integral), if lim bn =0, and if also 2
|

bn -6W+1 1

be convergent. For
n -* co n --= 1

n-1
2 sin

-|a?
. sn (x) = &! cos \x

- 2 (br
- br+1 ) cos (2r -f 1 )

x - bn cos (2n + l)x,
r-l

whence the result follows. It sufficesf for the convergence of the series that Iim6w =0, and
n oo

that also bn ^.bn+lf for all values of n greater than some fixed value m; the convergence is

then as before uniform in any interval which does not contain x or x = 2kir, for any
integral value of k.

The series ja 4 a
x cos x + 2 c s 2# + ... may similarly be shewn to converge uniformly

in any interval not containing #=0, or any point 2k7r, if liman =0, and if also
W = oo

00

2
|

ow -flrw+i |

be convergent. If lim an =0, and w #+!> for n>m, the seriesf con-
n-l ?i-oo

verges as before for all values of x, except or 2kir.

(2) Let /(#)J be a function, of period 2?r, bounded and measurable in any interval which

does not contain the point #0, or any point x~2kir; but let f (x) not satisfy these

conditions in the neighbourhood of x~Q. Let it be assumed, (1), that !/(#)+/( -x) |

is

integrablc, in (0, TT), (2), that lim {xf (x)} =0, and (3), that xf (x) has its Fourier's series
5C =

convergent at the point x~0. The coefficients ant bn , for the function f (x), then

exist, and Urn an =0. Also it follows from (3) that lirn bn -0. For this last condition is

W--QO n oo

equivalent to

lira f
n-ooy-ir

which holds if /(a:) tan^a; have its Fourier's series convergent at #=0; and f (x) tan

may clearly be replaced by #/ (x).

* See the Lemons sur les functions de variables rddles, p. 68, where this theorem is proved,

f Schlomilch, Compendium d. hoheren Analysis, vol. i, 40.

J See Fatou, Comptes Rendus, vol. OXLII (1906), p. 765.

41-2
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It can now be seen easily that

has the limit 0, when n is indefinitely increased, on condition that the integral is inter-

preted as having its Cauchy principal value in the neighbourhood of jc'=0. When the

conditions (1), (2), (3) are satisfied, the necessary and sufficient condition that the series

should converge to f(x) is that that function which =/(#) in the neighbourhood of the

point x, and is elsewhere zero, should be representable by a Fourier's series.

. 7T
sin

x
Let /(ar)=- j, where Q<x<a<e~e

,

x log
-
log log ^

and let f(x)+f(- x) -0. This function satisfies conditions (1), (2), (3), and is represent
-

able by a series

. TTX . 2nx
f-....

(t

| f(x) |

is not integrable, although f(x) is so; thus the series is a generalized Fourier's

series.

00
ctjn rnff

(3) The convergent series* 2 - represents a function which is not integrable
n ~2 log n

* COS H
(L) or (D), in an interval containing the point #=0. The series 2- is not

n - 2 n log n

convergent.

CO

(4) In the series 2 sin (n \ irx), the coefficients do not become indefinitely small, and
1

therefore the series is not a Fourier's series. The series converges, however, for all rational

values of x; it also converges for an infinite number of irrational values, for example,

for #=sin 1, cos 1, 2/e, and for multiples of these values; also for odd multiples of e.

This example is due to Riomann, and the series has been considered in detail by Genocchij.

00 00

(5) Consider the series 2 cn cosn
zx9 2 en sinn

2x9 where c , cl9 c2 , ... are positive
TI-O n I

00

numbers, and such that lim cn ^0, but such that 2 cn is divergent. The points of con-
w=oo n = l

vergence, and the points of divergence, of these series both form everywhere-dense sets.

These series have been treatedj in detail by Hardy and Littlewood.

00
J

(6) The function f(x) = 2 - (nx), where (iwc) denotes the excess of nx over the nearest
n=\n

integer, and where (nx) =0 when nx is half an odd integer, is not integrable in accordance-

with Biemann's definition. Riemann has however given the series

as representing / (x); where the summation Sg
refers to all the factors 0, of n.

* See Fatou, Comptes Rendus, vol. CXLIT (1906), p. 767.

f Atti di Torino, vol. x (1875), p. 985.

} Acta Math. vol. xxxvn (1914), p. 222.
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RIEMANN'S THEORY OF TRIGONOMETRICAL SERIES

420. After the fundamental investigation of Dirichlet, in which sufficient

conditions were obtained for the convergence of the Fourier's series corre-

sponding to a given function, the next great advance in the theory was

made by Biemann*, in his celebrated memoir on the representation of a

function by means of trigonometrical series. This memoir formed the point
of departure, on which much of the subsequent development of the theory

depended. An account of Riemann's theory, in a modified form, with some
later developments, will be given here.

Denoting the series |a + S (an cos nx + bn siri nx) by

A (x) + A, (x) + A2 (x) + ... + An (x) + ... ,

where AQ (x)
= Ja ,

A n (x)
= an cos nx + bn sin nx,

it is assumed in general that lim (an cos nx + bn sin nx) = 0, for each value of
n^-oo

x in a given interval. It was proved later by Cantor that this assumption

implies that lim an = 0, and lim bn = 0. In some parts of Riemann's
Tfc-^-OQ Tt^-OQ

investigations it is sufficient to make the wider assumption that

|

an cos nx + bn sin nx
\

is bounded for all values of n, and of x in some prescribed interval. It is

not assumed that the coefficients necessarily have the form of the co-

efficients in a Fourier's series; so that the theory refers primarily to

trigonometrical series in general.

Riemann's method of investigation depends essentially upon his intro-

duction of a special method of treatment of the series, which leads to a

conventional definition of the sum of the trigonometrical series. This con-

ventional sum of the series, which may be spoken of as its sum (H), is

equal to the ordinary sum of the series at any point x at which the latter

exists, but the sum (J?) may exist for a point x for which the series is not

convergent.

If we take the series

4 / x At x
sin/A 2 /sin2/A 2

A, (x) + A, (.r)

where
|

A n (x) \

< k, for all values of n and x, and denote its sum-function

at the point x by S (x, h), this sum-function having a unique value, for

I
A (x) \

each value of h (> 0), since the series 2 '
n

\
is convergent, then if

n
lim S (x, h) = S (x), the function S (x) may be termed the Riemann sum-
ft~0

* "Ueber die Darstellbarkeit einer Function durch eine trigonometrische Reihe." This

memoir, originally written in 1854 as a thesis, was published in the Abhandlungen d. K. Ges. d.

Wissensch. zu Gottingen, vol. xm. See also Riemann's Gesammelte Werke, 2nd ed. p. 227.
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function of the series A (x) + Al (x) + . . . . This function S (x) may, at a

particular point x, have a definite value, or it may have an upper value

S (x), and a lower value S (x) ;
where

S (x)
= ]imS (x, h), S (x)

= Hm (x, h).

A~0 7i~0

Thus S (x) is the repeated limit

i- T- [A / \ , A i v/sin&N 2
, , A i x/sinw/u

2
]Inn hm AQ (x) + A^ (x) -=} + ... + A n (x) -^-) ,

fc~o n-oo L \ n J \ nh ]
j

whereas the ordinary sum-function of the series is

T T [ A / \ * A / v/sinM 2
.

x /sin^A\
2 lhm hm AQ (x) + Al (x) (-

- + ... + An (x)
--

.

n~oo fc~0 L \ n / \ nil J J

It is in accordance with a frequent mode of procedure in defining a con-

ventional value of a repeated limit, to regard it as the repeated limit

when the order of the successive limits is reversed (see 46).

Riemann introduced the continuous function F (x) represented by the

series

which certainly exists when
|

A n (x) |

is bounded for all values of n and
of x, in a given interval. For if

|

A n (x) |

< k, the series

A (X) + 22^2 (*) + + ~2
An (X) + ...

converges uniformly in the given interval, and thus has its sum-function

continuous. This is in particular the case, in any interval whatever, when
lim an = lim bn = 0. It is easily seen by substitution that, for the function
7l~OO 9t~OO

F (x) so defined, we have

F (x + 2h) +F (x
-

2h)
- 2F (x) A A /sin h\ 2 /sin nh\ 2

= A A -" - A -

It is convenient to define the generalized second differential coefficient

x- / / x 4. T <f>(x + h) + <f>(x-h)-2<f> (x) mi .

of a function
<f> (x) at a point x, as hm 7^ +----^~ J~- ~-\-i

. This
7?-0 ^

may have a definite value &*(f> (x), or it may have upper and lower values

It thus appears that the Riemann sum-function of the series

AQ (x) + A l (x) + A 2 (x) + ...

is @2F (x), where F (x) denotes the continuous function
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It has been shewn* by Rajchman, that if an = o (1), bn = o (1), and

the trigonometrical series is summable (R) 9 at a point x, it is also summable

(C, 3), at the same point.

Rajchman has also givenf the following relations between the upper
and lower Riemann and Poisson sums of a trigonometrical series for which

an = o (1), bn -= o (1) ;
and P (r, x) denotes

00 ._.

+ S (an cos nx + bn sin nx) rn
, & 2F (x) lim P (r, x),

/i-l
~

r-l

lim P (r, x) &*F (x).

This theorem is stated by ZygmundJ to hold provided only F (x) is every-
where continuous. Rajchman and Zygmund have considered the relation

of the Ces&ro summation with a generalization of Riemann summation.

421. Riemann's first theorem, in a generalized form, consists of three

parts, and may be stated as follows :

Theorem I. Having given the trigonometrical series A + S An (x),
n = l

where A n (x) denotes an cosnx + bn $mnx, and AQ denotes |a , for which

an
= o (1), hn =- o (1), there exists a continuous function defined by

F (x)
- C + C'x + \A x* - L 1 An (x),

n~l'b

which has the following properties:

(1) For any value of x for which the given series

A + Al (x) + A 2 (x) + ... + A n (x) + ...

converges to the value f (x), &2F (x) fias the definite value f (x). Moreover if,

at the point x, the given series has upper and lower sum-functions f (x), f (x),

both 0$ 2F (x) and &*F (x) lie in the interval formed by the two numbers

}

where A is some fixed number.

This property holds also if it is only assumed that A n (x) is bounded with

respect to (n, x) in some neighbour/wod of the 'point x, and thus that F (x)

exists in such neighbourhood.

The second part of the statement was first given substantially by
Du Bois-Reymond.

(2) For any value of x whatever

F(x + 2h) + F(x- 2h)
- 2F (x) _hm ^ - 0.

It is unnecessary tfuzt the given trigonometrical series should converge at

the point x.
*
Comptes Rendus de la soc. des sciences de Varsovie, vol. xi (1918), p. 116. See also Fundamenta

Math. vol. in (1922), p. 287.

t Prace Maf.em.-fiz. vol. xxx (1919), and Comptes Rendus, vol. CLXXVII (1923), p. 492.

t Comptes Rendus, vol. CLXXVII (1923), p. 523. Bulletin de VAcad. Polonaise (1925), p. 69.
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This has as its consequence that, at each point x, F (x) has its derivatives

symmetrical as regards the right and left of the point, so that

D+ F (x) =--D-F (x), D+ F (x)
= D__F (x).

(3) // (6, c) be any interval, and if A (x) and its differential coefficient

A' (x) are continuous in (6, c), and vanish at b and c, and if A" (x) be sum-

f
c

mable and everywhere finite in (6, c), then
//,

2 F (x) A (x) cos
//, (x a) dx

'b

converges to zero, as p ~ QO
, uniformly for all values of a. It is here necessary

that an = o(l), bn ^o(l).

Riemann himself restricted A" (x) to be a continuous function possessing

only a finite set of maxima and minima in the interval, and he does not

mention the uniform convergence for all values of a.

In the above statement it is not absolutely necessary that A" (x) should

everywhere exist and be finite ; more generally it is sufficient that A" (x)

should be summable and that A' (x) should satisfy the condition of being
an indefinite ^/-integral.

422. The part 1(1) of the theorem has already been established in

157.

In order to prove I (2), that, whether the series 2L4 n (x) converges or

^ /,\

not, so long as \imAn (x)
= 0, for each fixed x,

v

^, converges to zero,

GO / Q| yi iy\
7i \ 2

as ^ ~ 0. we divide the terms of the series A + 2 ^4 n (#) (7 )
into

three parts.
nr'm /sin nh\~

The first part is AQ + S ^4 W (x) f ,

J
, where m is a fixed number

so chosen that
|

A n (x) |

<
,
for n > m. The limit of this sum, which we

m
denote by 2, is the finite number A + 2 A n (x), when h ~ 0.

s /sin nh\ ^

The second part is taken to be 2 A n (x) (

"

) , where
m+1 \ nfi I

the sum of these terms is numerically less than -=- . The third part

2 A (x)(
sinnhY

a+i
" ( H"^A /

is numerically less than T-2 2
2 ,

or than
^ 2

.

n/ fl-4-l W' Sri

We have now

84-1

(X)

2h
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Since sh converges to TT, SA is a finite number, and is arbitrary, we have

) A= 0.

With a view to proving Riemann's theorem I (3), let O (x) denote the
oo

1

periodic function F (x) C C'x ^Ax2
,
or

^
^4n (a;). The follow-

n = l^
ing theorem, somewhat more general than is necessary for the special

purpose, will be first established :

// \fj (x) be such that it has a continuous differential coefficient $' (x) in

the interval (6, c), and ifj (x) 9 $' (x) both vanish at b and c, and if also $" (x)

is summable in (6, c) and is such that $' (x) is its indefinite integral, then

[C

fji

2
iff (x) <J> (x + t) cos p, (x a) dx

Jb

converges to zero, as
//,
~ QO

, uniformly for all values of a and t.

It is easily seen that
GO

J
CO J

q)(x + t)
= 2

2
A n (t)cosnx S -

2
Bn (t) sin nx,

n = l n n~in*

where Bn (t) denotes bn cos nt an sin nt. Denoting Van
2 + bn

2
by cw ,

where lim cn
= 0, we may write cn cos (nt /?n ), cn sin (nt j8n ), for

7*^-00

A n (t) and En (t) respectively, and thus

0>
(
x + t)

= - 2 -
2
cos (nx + nt~ W ).

n-l n

Since this series converges uniformly, we have to consider the expression
00 c
2 ~. (#) cos (nx + nt /3n )

cos p (x a) dx.

We find by two integrations by parts, which are valid since
if/ (x) 9 $' (x)

are indefinite integrals of ^' (x), if*" (x) respectively, that

;c 1 re

ifj (x) cos (kx ak )
dx = 7^

7/

(x) cos (kx a
fr ) rfa;,

Jb * J b

where k is any number, and ak may depend upon k, and upon any other

parameters. The absolute value of the expression on the right-hand side

may be written in the form v^ rjk , where, in accordance with the theorem

of 334, rjk converges to zero, as k QO
, uniformly for all values of the

parameters upon which ak depends. Also
7]k

*
vj, for all values of A% where

^ is a fixed number.

We have now to consider the expression

(x) cos {(/* + n)x- Pn'} dx
.' b

"

*) cos {0*
-

n) x - &*} cte,2 J2 f

"

n-l n .'6
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where j8n ', j8n
"
depend upon a, /i, n, and . The absolute value of this ex-

pression is less than

2

If m be so chosen that
| rjm+n \

< 8, for n =
1, 2, 3, ...

;
and such value of

m may be chosen independently of the values of a and t, it appears that
00

I c I

the first part of this expression is less than J8 S '

^-'-,
or than PS, where

11- i n
P is some fixed number independent of 8.

Denoting by [/i], M the integers next less than
J//,, p, respectively, the

expression J/z
2 S '-

*
'

^
"~"

U may ^e divided into four parts. The first

part contains those terms of the series for which n is taken from 1 to \\\L\.

This part is less than 2 S ' -
n

2

~n
;
and

//, may be taken so great that
n - 1 ^

17*.
< 8, for fc S n [J/^]; it then follows that this expression is less than

P'8, where -P' is some fixed number independent of 8 and /x.

The second part contains those terms of the series for which n is taken

from [J/x] + 1 to [ju j
1

;
we may assume that /z is taken so great that

cn < 8, for n ^ [|/x] + 1. This part is now seen to be numerically less than
rr oo 1

|8/z
2
rl^r2

^
2'

or than P"8, where P" is a fixed number independent of
Lf/^J w-i 72'

8 and /z.

We next take the two terms for which n has the values [//,], [jn] + 1,

both of which are fixed multiples of 8. In case /z is an integer, the term

corresponding to \L
= n may be omitted in the original expression, the

corresponding term being CM (x) cos ftp" dx , which is less than a fixed
.'6

multiple of 8. In any case the two terms together are less than P"'S,

where P" 7

is independent of 8 and p.

The last part to consider contains those terms for which n has all values

> M + I-

77 1
This part is numerically less than i8u2

r

'

99 or than Piv
S, whereM 2

n in 2

Plv is independent of 8 and
/JL.

It has now been shewn that the whole expression is, for sufficiently

large values of /*, less than a fixed multiple of 8. Since 8 is arbitrary, the

theorem has been established.

It will next be shewn that

/x
2

I ^ (x) {C + C' (x + t) + i^ (x + I)*} cos ^ (x
-

a) dx
J b

converges to zero, as n ~ oo
, uniformly for all values of a, and uniformly
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for all values of t in a finite interval, the function (x) satisfying the same,

conditions as before. The expression C + C" (x + t) + %A (x + t)
2 may be

rearranged in the form a t + $t% + %A x2
, where a t and j$ t

are quadratic
functions of t, and therefore are bounded for all values of t in a finite

interval. We have then to consider

re

fji

2
ifj (x) (a t + fitx + $AQ x*) cos p (x a) dx.

J 6

It can be verified that

jit

2
(a t + f$ t

x + %A x2
) cos fji(x a)

hence, on integrating twice by parts, the expression takes the form

cos (a;
-

a) if>" (x) \ dx.

rc COS
Since the integrals \ f (x) . /z (x a) dx, where / (x) is any summable

function, are numerically arbitrarily small, provided p has a sufficiently

large value, and since
| f} t

\
,

|

a
t

\

are less than fixed numbers independent
of the particular value of t, it follows that the integral converges to zero,

uniformly for all values of t in a fixed finite interval, and uniformly for all

values of a.

Combining this result with the theorem already established, we obtain

the following theorem, which contains Riemann's theorem I (3) as the

particular case which arises when t has the single value zero :

// (
x

)
be such that it lias a continuous differential coefficient $' (x) in

the interval (b, c), and
tfj (x), $' (x) both vanish at b and c, and if also if*"

'

(x)

is summable in (ft, c) and has $' (x) for its indefinite integral, then

rc

/z
2 F (x + t) (x) cos /x (x a) dx

.' 7>

converges to 0, as
JJL
~ oo

, uniformly for all values oft in a finite interval, and

uniformly for all values of a.

423. Riemann's second theorem is concerned with conditions under

which a trigonometrical series may exist of which the sum (E) shall have

the values of a prescribed function. The theorem may be stated as follows :

Theorem II. /// (x) be a function, of period 27r, defined for every value

of x 9 necessary and sufficient conditions that a trigonometrical series

+ E (an cos nx + bn sin nx),
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.such that an = o (1), bn = o (1) mste, o/ which/ (x) is the sum (E), and which,
at every point of convergence, converges to the value f (x), are the following :

(
1

) That a continuous function F (x) should exist, such that, for all values

(2) That, if b, c be any two numbers, .

re

ju,

2 F (x) cos p, (x a) A (x) dx
Jb

should converge to the limit zero, as /x is indefinitely increased, where A (x) is

any function such that A' (x) exists in (b, c) and A" (x) exists and is summable,
with A' (x) for its indefinite integral, and such that A (x), A' (x) both vanish at

b and c.

It will be observed that the theorem makes no assertion as to the

convergence of the trigonometrical series at any particular point, neither

does it assert that the series is a Fourier's series.

That (1) and (2) are necessary conditions has been already established;
it therefore remains to prove their sufficiency.

Let
<f> (x) denote F (x + ZTT)

- F (x), then, from the condition (1), it

follows that Z>2
< (x)

- 0, for all values of x.

Applying Schwarz's theorem (i, 272) to the function
cf> (x) in any

finite interval, it follows that
c/> (x) must be a linear function of x. It thus

appears that A and C' can be so determined that F (x)
- C'x - \A^ is

periodic, and of period 2n.

The condition (2) holds, not only for F (x), by hypothesis, but also if

F (x) be replaced by C'x + %A x2
, as has been proved in 422. Denoting

by iff (x) the periodic function F (x)
- C'x - \A^, it follows that

re

lim ju
2

iff (x) cos
jit (x

-
a) A (x) dx = 0.

M^-OO J &

Writing x' instead of a, taking h < -
TT, c> TT, and also taking A (x)

- 1 in

the interval (- rr, TT), we have

lim L 2
I $(x)v<&ii(x-x')dx + ii* I

*

(x) A (x) cos 11 (x
- x f

) dx
A*~*> L J- * Jb

re -i

+ jLt

2
iff (x) A (x) cos

IJL (x
-

x') dx - 0.
.'IT J

Taking /n to have the integral value n, we have then

lim n* $ (x) cos n(x- x') dx + n 2
f iff (x) Ax (x) cos n (x

-
x') dx] =0;

tt~coL J-IT J 6+2ir J
where Aj (x) - A (x) in the interval (TT, c), and Ax (x)

- A (#
-

27r) in the
interval (b + 2-rr, TT) of x. The function Aj (#) satisfies the conditions in (2),
for the interval (6 + ZTT, c); hence we have

lim n2

n~-oo .!

iff (x) A! (x) cos n (x
- x f

) dx = 0,
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and therefore also

lim n2
iff (x) cos n (x x r

) dx = 0.
w~oo .'

Now let

If* a I f
w b I ["C = IT- J/(x)dx, ?=- w(x)cosnxdx, = -

A (#) sin nxdx+
"IT J _ if n* 7T J __n /& 7T .'_,!

^4 te') 1 f
71

"

so that
n

2
-

^f (x) cos n (# a;') efo,

where An (x') denotes an cos nx' + bn sin nx'. It has been shewn that

lim A n (#')
= 0; and it follows that the Fourier's series

C - ^ (x
'

} - A * (x- ] - ... -^ (x/}

is uniformly convergent, and therefore converges to the sum-function
if/ (#').

The series ^AQ + AI (x) + A 2 (x) + ..., where Al9 A 2 ,
... have been

determined as above, is the required trigonometrical series. Its sum (E)

is the function/ (#), and if at any point x it is convergent, its ordinary sum
at that point is f (x). It will be observed that the theorem provides a

method of determining the series, when/ (x) is prescribed, and is such that

the function F (x) satisfying the conditions (1) and (2) exists and can be

determined. The Fourier's series corresponding to F (x) can be then deter-

mined, and the required series is found by differentiation of that series

twice.

Generalizations of Riemann's Theorems I and II have been given*,
with an indication of the proofs, by Kogbetliantz.

424. Biemann's third theorem, which is here given in a simplified form,

expresses a necessary and sufficient condition that a trigonometrical series

Ja f 2 (an cos nx + bn sin nx), for which an 0, bn ~ 0, as n ~ oo , should

be convergent at a particular point x. The theorem may be stated as follows :

Theorem III. Let e be an arbitrarily chosen positive number less than \TT,

and let p (t) be a function defined in the interval
( 2e, 2e) of t, which has

a bounded third differential coefficient p" (t). Let p (t) have the value 1 in

the whole interval ( e, e), and the value at the points 2e, 2e. Then the

necessary and sufficient condition that the series |a + S (an cos nx + bn sin nx),

such that an ~ 0, bn ~ 0, as n ~ oo
, may be convergent at the point x is tJiat

' -
2e <V sin i (2n+ l)t ,.

sJwuld converge to a definite limit, as n ~ oo .

Let p (t) be continued, by the rules that it is periodic, of period 27r, and

that it vanishes in the two intervals ( TT, 26), (2 5 rr).

*
Comptes Rendus, vol. CLXXVII (1923), p. 074.
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It will be observed that p (
2

)
= p ( 2c) = p" (

2
)
= and that

p ( )
=

i, p' ( )
= p" (-j- e)

= 0, in virtue of the conditions to which

p (t) has been subjected.

Denoting the periodic function F (t) C't %A t* by $ (t), we have
1 TTT n

Al (x) + A 2 (x) + ...+An (x)^-\ $ (x + t) S (- 7i
2 cos nt)

TT J-ir 1

dt

where p denotes J (2w +1). Let A (t) denote 1 p (t), then A (t) has

similar properties as regards its differential coefficients to those of p (t).

The expression on the right-hand side may be put in the form

The second of these integrals may be written as

T- f

'

V (# + ) A! (t) sinptdt + ^
\ $ (x + t) \2 (t) cosutdt

47T J e 7T J e

fZ
2 d

where Ax (^) = A (t) -,--
a
cosec J^, A2 (/)

= A (t) -T. cosec |^,

and A3 (^)
= A () cosec %t.

Since cosec \t does not vanish in the interval (e, 2ir e), it is clear that

AI (t), Ag (<), A3 (^) all satisfy the conditions to which
ifj (x) is subjected in the

theorem of 422. It follows that the whole expression converges to zero, as

1^ is indefinitely increased. Hence the necessary and sufficient condition

for the convergence of the series at the point x is that

To shew that

we observe that by two partial integrations the integral is found to be

equal to

' + ) + M. + ]* ;

and since
/> (t), p' (t), tp (t), p" (t), tp" (t), t*p" (t) are all summable functions

in the interval
( 2e, 2e) and all vanish in the remainder of the interval

( 77, TT) and have bounded differential coefficients, they are all represented

by convergent Fourier's series in the interval ( 2e, 2c). It follows that

the integral converges to a definite limit, dependent on a?, as n ~ oo
; and

it is seen at once that this convergence is uniform for all values of x in

.a prescribed finite interval, since p (0)
=

I, p' (0)
== O,// (0)

= 0.
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It has now been shewn that the series

a + 2 (aw cos nx + bn sin nx)
n=l

converges to a definite limit at the point x, if

does so, and that this condition is a necessary one.

Biemann himself assumed that the function p (t) had the value 1 only
at the single point 0. The definition of p (t) as having the value 1 in a whole

interval ( , c) introduces a simplification into the proof of the theorem,

and a less degree of restriction on the function p (t) is requisite. This

simplification was suggested* by Neder, who gave the theorem in a form

very similar to the above formulation. He employed the function -

--y-

. , T
- sin A (2n + 1) t . _ ox

instead ot
2-\ - - ,7

f

(see 323).smU
It is seen from the theorem of 422, and an examination of the fore-

going proof, that the theorem may be extended to express the necessary
and sufficient condition that the series should converge uniformly in a

prescribed interval of x. This condition is that

1 f 2t

27T J - 2 at* sin %t

should converge uniformly to a limit s (x) for all values of x in the pre-

scribed interval. This extension was also given by Neder.

425. From the above theorems the following consequences at once

follow :

The convergence of a series Ja + 2 (an cos nx [ bn sin nx), for which

a n
= o (1), bn = o (1), at a point x, depends only on the nature of the series

as represented by the Riemann sum in an arbitrarily small neighbourhood

(x 2e, x I- 2e) of the point x, where < e < JTT.

The uniform convergence of the series in an interval (a, b) depends only
on the behaviour of the series, as represented by the Riemann sum in an

interval (a 2e, b I- 2e), where e is arbitrary, subject to < e < JTT. In

case the given series is the Fourier's series corresponding to a function

f (x), snmmable in the interval
( ?r, TT), it has been shewn in 360, that

f
x

( f x ) A. (x)

\
I f (x) dx\ dx differs from the sum of the series %A x2 S n

-\
;_. (J-V J

n
rx ( rx

i

by a linear function, and thus F (x) I -! I / (x) dx\ dx is a linear
J _7T ( J -7T )

function. From this it is seen that the theorems of 341 follow from the

above.
* Math. Annalen* vol. LXXXIV (1921), p. 119.
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426. For a Fourier's series corresponding to/ (x) the sum (R) is almost

, / / x T^ - ^ an sin nx bn cos nx .
1

everywhere /(#). For, since 2 converges uniformly
~n

rx rx

to a continuous function f(x) dx + C', we have F' (x)
= / (x) dx + C",

J -IT. .'a

ra;

at every point, and since f(x) dx has a differential coefficient equal to
.' 7T

/ (x) almost everywhere, it is seen that F" (x)
= / (#) almost everywhere.

This result also holds good* when the series is a Fourier's (D) series.

TZI .I * ^, an sin no; - 6W cos nx , .. ..

For, in that case 2 converges to a continuous function,
Yl

Jx f(x) dx has a differential coefficient /(#), almost everywhere (see i,

470).'

INVESTIGATIONS SUBSEQUENT TO THOSE OF RIEMANN

427. The important discovery of the fundamental distinction between

series which converge uniformly, and those which converge non-uniformly
in a prescribed interval, remained for a long time without influence upon
the development of the theory of series in general, and in particular of

trigonometrical series. It was shewn by Weierstrass that the legitimacy
of term by term integration of a convergent series follows from the uniform

convergence of the series; by previous writers no such restriction upon the

universal validity of the process had been recognized. It was first pointed
out by Heinef that a full recognition of the consequences of the theory of

uniformity of convergence made it necessary to undertake a re-examination

of the foundations of the theory of trigonometrical series. The investigations
of Dirichlet and others had established that a function which satisfies

certain conditions can be represented by means of a trigonometrical series

in which the coefficients have the form given by Fourier
;
unless however it

be assumed that a series so obtained converges uniformly, it cannot be

immediately proved that it is the only trigonometrical series by which the

function can be represented. The customary proof that a function is

capable only of a single representation by means of a trigonometrical series

was based upon the assumption that, if a convergent series

+ 2 (an cos nx + bn sin nx)

converge to zero for all values of x in the interval
( TT, TT), it is legitimate

to multiply the series by cos nx or sin nx, and then to integrate term by
term, between the limits TT, TT; thus shewing that an = 0, bn = 0, for

every value of n. If however it is not known that the series converges

* See Priwaloff, Rendiconti di Palermo, vol. XLI (1916), p. 203.

| Crdie's Journal, vol. LXXI (1870), p. 353; see also Kugelfunctionen, vol. I, p. 55.
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uniformly, or at all events boundedly, the process of term by term in-

tegration is not necessarily legitimate, and thus the proof is invalid, fn

fact it is conceivable that a non-uniformly convergent series might exist

whose sum is zero for every value of the variable. It thus appeared that,

when a Fourier's series exists which represents a function / (x), it cannot

be immediately inferred that no other trigonometrical series exists which

represents the same function.

A Fourier's series that represents a function / (x) which has discon-

tinuities is certainly non-uniformly convergent in the neighbourhood of

such continuities, and in default of proof to the contrary, it may also be

non-uniformly convergent in the neighbourhood of points at which/ (x) is

continuous. Thus, for example, if / (x) is continuous in its whole domain,
and is representable by a Fourier's series, it cannot be assumed that the

series is uniformly convergent (see 324). The value of the representation
of a function / (x) by a series |a + (an cos nx + bn sin nx) would be

seriously impaired, if it were not known that the series was, at all events

in general, uniformly convergent. For it could not be assumed that, if
ifj (x)

rb

denotes a continuous function, the integral I / (x) i/j (x) dx would be repre-
J a

sented by the series

rb rb

|a I
i/j (x) dx + 2 I (an cos nx + bn sin nx) if* (x) dx ;

J a n -*> 1 J a

the employment of Fourier's series in physical and other investigations

would consequently be much restricted.

These considerations gave rise to a series of investigations with the view

of establishing the uniqueness of the representation of a function by means
of a trigonometrical series, and of investigating whether the coefficients in

the series are necessarily expressible in the Fourier form. The two main

questions which arise in this connection are (1), whether a trigonometrical

series can exist, with coefficients not all zero, which represents the number
zero? and (2), under what conditions is a trigonometrical series which

represents a function the Fourier's series corresponding to that function?

Heine* proved that the Fourier's series which represents a bounded function

that satisfies the conditions known as Dirichlet's, viz. that it has only a

finite number of discontinuities and is in general monotone, is uniformly

convergent in the portions of the interval ( TT, TT) which remain when

arbitrarily small neighbourhoods of the points of discontinuity are removed

from the interval. This property of the series, of being in general uniformly

convergent, suffices to remove, in the case of a most important class of

functions, the restriction which has been above mentioned relating to those

applications of Fourier's series which involve a term by term integration.

* Crete's Journal, vol. LXXI (1870), p. 353.

nil 42
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It having thus been shewn that a function satisfying Dirichlet's conditions

is representable by a series which converges in general uniformly, Heine

proved that, if a function is representable at all by a series which converges
in general uniformly, there can exist only one such series. This is equivalent
to the theorem that, if a series converges in general uniformly in the interval

( TT, TT), and represents zero, then all the coefficients vanish, and the sum
of the series is therefore zero for all values of the variable. Heine proved
further that this theorem holds even when, for a finite number of values of

the variable, the seriefc is not known to converge, or when it is at least not

assumed that its sum is zero for such values of the variable. The possibility

remained, however, that when a function is thus uniquely represented by
means of a series which is in general uniformly convergent, other series

not possessing this property of uniform convergence may exist, which also

represent the same function. It should be remarked that uniform con-

vergence is at the present time of less relative importance than would

appear from these investigations ;
for bounded convergence is now known

to suffice for many purposes for which uniform convergence was formerly

employed.

It was next proved by G. Cantor* that, if the expression

an cos nx + bn sin nx

be such that, for every value of x in a given interval (a, /?), the limit

lim (an cos nx + bn sin nx) is zero, then an ,bn converge to zero, as n is

n=oo

indefinitely increased, and hence that the series

Ja + S (an cos nx + bn sin nx)

can only converge for all values of x in (a, /?) if an ,
bn have the limit zero, as

n is increased indefinitely. This theorem is independent of any assumption
that the convergence is uniform. Cantorf then deduced that, if a trigo-

nometrical series Ja + (an cos nx + bn sin nx) converges to zero, for

every value of x with the exception of a finite number of values, for which

it is unknown whether the series converges, all the coefficients an ,
bn must

vanish. Kroneckerf shewed that this theorem can be proved without as-

suming the previous one. These proofs depend upon the use of Schwarz's

theorem that, if F (x) denotes a function which is such that

F(x + )-2F(x) + F(x- )__tan ?
- 0,

then F (x) must be a linear function of x.

The next stepj was made by G. Cantor, in extending the proof of the

uniqueness of the representation of a function by means of a trigonometrical
series to the case in which the function may have an indefinitely great

* CrdUs Journal, vol. LXXII (1870), p. 130, also in a simplified form in Math. Annalen,
vol. iv (1871), p. 139.

t Crdle's Journal, vol. LXXUI (1871), p. 294. f Math. Annalen, vol. v (1872), p. 123.
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number of points of discontinuity, these points forming a set of the first

species. Starting with Weierstrass' theorem, that an infinite set of points

possesses at least one limiting point, Cantor developed the theory of the suc-

cessive derivatives of a set of points, and proved that, if a limited function

has discontinuities which form a set, one of whose derivatives contains only
a finite number of points, then, if the function is representable by a

trigonometric series at all, there can be only one such series. In this

connection the theory of sets of points was first considered, and thus the

whole development of this subject, and of the more abstract theory of

transfinite numbers, arose historically from the requirements of the theory
of trigonometrical series. Proofs were given by Dini* and Ascoli| that, for

restricted classes of functions, a series which represents such functions must
be a Fourier's series.

An important advance in the theory was made by Du Bois-ReymondJ,
who proved that a series

|a + X (an cos nx + bn sin nx),

which is such that an ,
b n have the limit zero, as n is indefinitely increased,

has/ (,#) for its sum-function, the coefficients must always have the form

I [n I fn I fn
ao

" f(K)dx, an
=^ f(x)cosnxdx, bn = -I f(x)smnxdx,

7T J _7T TTJ-TT 77J-1T

whenever these expressions exist as JR-integrals. The function / (x) is not

necessarily everywhere single-valued, and the theorem is extended to cases

in which / (x) may have infinite discontinuities at a finite set of points.

This theorem includes the theorem as to the uniqueness of the representa-

tion of bounded functions, integrable (R).

The most general formulations of the theorems as to the uniqueness of

the representation of a function by a trigonometrical series are due to

Harnaek, Holder, de la Vallee Poussin, W. H. Young, and others; an

account of their results will be given later. Important extensions of

Du Bois-Beyiuoud's results were given by M. Riesz.

THE LIMITS OF THE COEFFICIENTS IN A TRIGONOMETRICAL SERIES

428. The following theorem, due to Harnaek
||, yields a sufficient con-

dition that the coefficients in a trigonometrical series converge to zero:

QO

//, in a given interval (a, /?), the series a + 2 (an cos nx + bn sin nx) be
n-l

such that, for each number 8 (> 0), an interval in (a, j8) exists such that, at

*
Sopra la serie di Fourier. Pisa, 1872, p. 247.

f Annali di Matematica (2), vol. vi (1875), p. 252, also Math. Annalen, vol. vi (1873), p. 231.

% Abhandlungen der bayerischen Akademie, vol. xn (1875), p. 119.

Math. Annalen, vol. LXXT (1912), p. 54.

j|
Bulletin des sciences math. (2), vol. vi (1882), also Math. Annalen, vol. xix (1882), p. 250.
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point of it, the difference f (x) / (x), of the upper and lower sum-

functions of the series, is < 8, then an = o (1), bn = o (1).

In particular, if the points at which/ (x) / (x) ^ 8 form, for each value

of S, a non-dense set, the condition of the theorem holds good.

Harnack's theorem is a generalization of the theorem of Cantor* that :

If the series is convergent at every point ofan interval (a, /?), then an = o (1),

6, = o(l).

It follows from Harnack's theorem that, if the trigonometrical series

converge at all points of a set which is everywhere dense in (a, )8), and be

such that an ,
bn do not converge to zero, then, for some value of 8, the set

of points at which f (x) f (x) ^ 8 must be everywhere dense.

No assumption is made as to the form of the coefficients an) b n .

That, in the case of a Fourier's series, an and bn converge to zero

has been established in 334.

In order to prove Harnack's theorem, we observe that, for each point
x at which/ (x) / (x) < 8, there is a value m, of n, such that

|

an cos nx + bn sin nx
\

< 38, for n S m\
we suppose an interval to exist, at each point of which this condition is

satisfied. If x be any fixed point within this interval, a neighbourhood

(x T),
x + T?)

of x can be so determined that

|

an cos n (x rj) + bn sin n (x T?) |

< 38, for n ^ m
n ;

the value of m^ will depend in general upon 77.
We deduce at once that

| (an cos nx + bn sin nx) cos nrj \

< 68,
| (an sin nx bn cos nx) sin nrj |

< 68
;

on multiplication by cos nx sin ny, sin nx cos ny, and addition of the two

expressions in the inequalities, we have
|

an sin 2nr) |

< 68, for n m
n ;
and

similarly it is seen that
|

bn sin 2nrj \

< 68, for n S m^. These inequalities

hold for all small enough values of
77,

the value of m^ depending on
77.

Let 68 = 8', 2rj
= a, then, for each value of a in a certain interval (a, b),

a value of n can be determined, such that

|

an sinna |, |

aw41 sin^ + la
|,

...
|

an+8 sinn + sa
|,

...

are all < 8'.

Let us suppose that, if possible, a sequence a
ni , anz ,

a
%3 , ... exists, all

of whose terms are numerically S 8", where 8" > 8'. It will then be proved
that there exists a certain value of a, in (a, b), such that the sequence
a
ni

sin n^a, a
nz

sin n2 a, aW3
sin %a, ... contains one infinite set of terms each

of which is numerically 8'. This being contrary to the hypothesis that,

for each value of a, in (a, b),
\

an sin na
\

< 8', for all sufficiently great
values of n, leads to a contradiction; and thus it is impossible that such

a sequence as a
ni ,

a
n2 ,

a
na ,

... can exist.

* Crelle's Journal, vol. LXXII (1870), p. 130, also in a simplified form in Math. Annalen,

vol. IV (1871), p. 139.
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To establish this, it will be shewn that the sequence ani ,
a
n2 ,

...

a sequence a
Wl ,, aW2,, ans/ , ... such that, for a certain value a, of a, in (a, 6)

the numbers n^a, n2'd, %'a, ... all differ from an odd multiple of \n by less

than an arbitrarily chosen positive number />.

-p<na< \vyi + p, then
i p < a <

7^1 +A Now let it

be assumed that a < 1
6 > which is equivalent to the

w /i
^

2 2
assumption that - (wa + P) < 2/i < -

(nb p). There exists a value of yl
TT IT

which is an odd integer, satisfying this condition, provided

(n (b
-

a)
-

2p} > 2,
7T

that is if n?:-
b a

Taking for n^ the least of the numbers %, n29 n.3 , ... which is r b~a '

a corresponding odd integer yl can be determined, and we take a to lie

within the interval (a', 6'), where

this interval (a', 6') lies within (a, 6), and is of length

Next, an odd integer ?/2 can be so determined that

2 2-
(tt2V + />) < y2 < -

(^2'6'
-

p),
7T 7T

i Q t rt

provided ?2 2

' =
/ / t = ~o ^i'* '^^ie numl)er n% can be chosen from the
o ~ a p

sequence nl9 n2 , ... so as to satisfy this condition, if lies in the interval

(a", b"), where a" = (%iry* />)M2 '? ^
r/ =

(i77^ + p)ln^\ and thus (a
/x

,
6

/7

)
is

within (a', 6'), and is of length 2p/n%.

Proceeding in this manner, a sequence n^n^, ... of numbers all be-

longing to the sequence n ,
n2 ,

. . . is determined, such that if a be the point
which lies within all the intervals (a, 6), (a

7

, 6'), (a", 6"), ..., the numbers

w/a, K/cr, ^3
'

a, ... all differ by less than p from odd multiples of |TT.

Since p can be chosen arbitrarily, w/, n2 ', ... can be so determined that

|

a
ni , sin w/d |

,
|

a
W2 , sin w2'a |

,
... are all 2 S', and this is contrary to the

hypothesis that
|

an sin no.
\
is, for all sufficiently large values of n, < 8'.

Therefore no sequence a
ni ,

a
na ,

a
na ,

... exists, all of whose terms are

numerically S 8"; and if 8" be first chosen, 8' may be chosen afterwards.

Therefore, from and after some value of n,
\

an
\

must be < S"; and since

this holds for every value of 8", it follows that lim an = 0. In a similar
ra~co

manner it is seen that lim bn = 0.
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429. It follows from Harnack's theorem that, if the trigonometrical

series is non-convergent only at points of a set of the first category, then

an = o (1), bn = o (1). For, let {Wn (x)}, {wn (x)} be the monotone sequences
associated with / (x) (see 112), the first of which is non-increasing and

converges to /(#), and the second of which is non-diminishing and con-

verges to / (x). Since Wn (x) is an Z-function, and wn (x) is a ^-function,

Wn (#)
~ wn (

x) is an ^-function, which converges to / (x) / (x) ;
and the

sequence {Wn (x) wn (x)} is non-increasing. A point x, at which

/ (a) -/(*)> 8

belongs to the set of points at which Wn (x) wn (x) > 8, and that set is

(see 191) an open set. Every point for which Wn^ (x) wn+l (x) > 8

belongs to the set of points for which Wn (x) wn (x) > 8. Thus the set

of points at which f(x) /(#)> 8 is contained in the inner limiting set of

a sequence of open sets, each of which contains the next, that is, it is an

ordinary inner limiting set. It follows (i, 100) that, if the points at which

/ (a?) / (x) > 8, are everywhere-dense in any interval, they form in that

interval a set of the second category; and therefore the set at which

/ (x) / (x) ^ 8 is of the second category. By hypothesis this is not the

case
;
and therefore the set of points at which / (x) / (x) > 8 is non-dense

in any interval, and this for each value of 8
;
therefore the set for which

/ (x )
~ / (

x
) = 8 is non-dense in every interval. Consequently, any interval

contains another interval in which / (x) / (x) < 8
; and therefore, by

Harnack's theorem, an = o (1), bn = o (I).

It has thus been established* that :

// the trigonometrical series %a + 2 (an cos nx + bn sin nx) converges
n~l

everywhere in an interval (a, /?) except at points belonging to a set of the first

category, then an = o (1), bn = o (1).

430. The following general theorem will be established :

//, in any interval (a, j8), it is known that an cosnx + bn sinnx converges

to zero at every point of a set G, of positive measure, as n ~ oo
, then an and bn

converge to zero, and thus an cos nx + bn sin nx converges everywhere to zero.

Writing an cos nx + bn sin nx in the form kn sin n (x yj, where

kn = (
an2 + 6n

2
)*; if kn does not converge to zero, there must be a sequence

nl9 n29 ... of values of n, and a positive number e, such that k
ni ,

kn^
, . . . are

all greater than e. If
|

sin n (x yn ) \

^ sin
77,

where 0<r)<-,n(x yn )
JL

must lie between rn
77,

where r is an integer (positive, negative, or zero) ;

or x must lie between ~ + yn -
,
the length of each of which intervals is

n n
* See W. H. Young, Messenger of Math. vol. xxxvm (1909), p. 44.
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77
. The number of values of r such that x may lie in a given interval

cannot exceed a fixed multiple of n, independent of
77,

and therefore the

measure of the set of values of x in (a, /?) such that
|

sin n (x yn )
\

< sin
77

cannot exceed a fixed multiple of
77, say 577, which is arbitrarily small, since

77
is arbitrarily chosen. It follows that, in a set of points of measure

^ j8 a 577, the condition
|

sin n (x yn )
\

> sin
77

is satisfied. Con-

sidering now the sequence % ,
n2 ,

... of values of n, there is a set of points
Enr of measure ^ /? a $77, for which k

nr \

sin nr (x ynr) |

> sin
77.

There

must exist a set E, of points, each of which belongs to Enr for an in-

definitely great set of values of r, and this set has measure S /? a 577

which is >8 a m(G), if
77

be chosen small enough. At any point of

this set, kn sin n (x yn ) cannot converge to 0, because it is numerically
> e sin

77
for an infinite set of values of n. This is contrary to the

hypothesis in the theorem.

It follows from the theorem that, if an ,
bn do not converge to zero,

an cos nx + bn sin nx can only converge to zero at points of a set of measure

zero. It is hence seen that a series 4a + 2 (an cos nx + bn sin nx) can be

convergent only at points of a set of measure zero, in case an) bn do not

converge to zero.

431. The more general theorem has been established* by Steinhaus

that:

Almost everywhere in the interval
( TT, TT),

lim
|

an cos nx + bn sin nx
\

= Km (an
2

\- 6W
2
)^.

n~oo rt~oo

This includes the preceding theorem; for if an cos nx + bn sin nx con-

verges to zero at points in a set of measure greater then zero, it follows that

lim (an
2 + bn

2
)%
= 0, or an = o (1), bn = o (1). In case, for a given trigono-

metrical series, an and b n do not converge to zero, it follows from Steinhaus'

theorem that, almost everywhere the series is non-convergent. This has

been proved directlyf by Lebesgue, as follows :

When kn does not converge to zero, as n ~ oo
,
a sequence of integers {n v}

can be determined such that fcn is, for every value of p, greater than some

positive number
77.

If e is an arbitrarily chosen positive number, <
77,

|

kn sin n v (x ynp )
\

> e, except for points x 9
of the interval

( TT, TT), which

form a set of measure 4 sin" 1 -
. It then follows that the measure of the

*?

set of points of convergence is ^ 4 sin- 1
. Since is arbitrarily small, it

follows that the set of points of convergence has measure zero.

* Wiadomosci Alatomatycyne, vol. xxiv (1920), p. 197. A proof has also been given by Rajch-

man, Fundamenta Math. vol. m (1922), p. 301.

f Lemons sur lea series trigonomdtriques (1906), p. 110.
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432. In* a series a + S (an cos nx + bn sin nx), the upper and lower

sums of the series cannot be finite in any interval, except in the points of a set

of measure zero, unless an = o (1) and bn = o (1).

The series may be written in the form

Ja + S &n cos ft (#
- yw ),

where kn = (an
* + 6W

2
)*.

Since kn cos n (a;
-

yw )
- sw (a?)

-
n-1 (a?),

lim
|

&w cos n (x yn) |

lim
|

sw (x) \
h Urn

|

sn^ (a;) |

2 lim
|

#n (x) \
,

n~oo

hence, if sw (x) has finite upper and lower limits,
|

kn cos n (x yw ) |

must

be bounded for all values of n, when x is fixed.

It will be shewn that, unless kn is bounded for all values of n,

|

kn cos n (x
- yj |

,

for a fixed value of x, cannot be bounded, except for fixed values of x

belonging to a set of measure zero. If kn is not bounded, a monotone

increasing sequence of values of kn can be extracted.

Let En be the set of points for which kn
\

cos n (x yj |

> kn *, or

|

cos n (x yw ) |

> - ~r. Asn and kn increase indefinitely, m (En )
tends to

fan

the measure of the interval. If x belongs to an infinite number of the sets

El9 E2 , ... En ,
...

,
kn cos n (x yn ) cannot be bounded. But the set of all

such points x has measure equal to that of the whole interval, and there-

fore only at a point x of a set of measure zero can kn cos n (x yn )
be

bounded for all the values of n.

It follows from the theorem thatf if, in any interval, the upper and lower

sum-functions are everywhere finite, an and bn are bounded.

PROPERTIES OF THE GENERALIZED SECOND DERIVATIVE OF A FUNCTION

433. If a continuous function < (x) has a maximum in the interval

(a, 6), at such a point x, <f> (x + h) </> (x), <f> (x h) <j> (x) are both 0,

for all sufficiently small values of h
;
and therefore $2

<f> (x) ^ 0, at a maxi-

mum (see i, 256).

If it be known that, at a maximum, there exists at least one sym-
metrical derivative, it is clear, since D+(f> (x) 0, /)-</> (x) ^ 0, that

D+<f> (x)
-

D~<f> (x)
- 0,

the single symmetrical derivative having the value zero.

The following theorem is of importance in the theory :

// a continuous function has its upper generalized second derivative

* See de la Vailed Poussin, Bulletin de Vacad. roy. de Bdgique (1913), p. 10.

t See W. H. Young, Proc. Lond. Math. Soc. (2)> vol. ix, p. 427.
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positive (> 0) at every point of the open interval (a, 6), then, at every point

of the open interval,

F (x) < F (a) +
X

b
~~ [F(b)-F(a)}.

For if the function

<t> (x)
= F (x) -F(a)- *=- {F (b)

- F (a)}

has positive values, or is zero, within the interval, there must be such a

value that is a maximum of
<f> (x), and at such a point i$2

<f> (x), and conse-

quently S)*F (#), must be ^ 0, which is contrary to the condition which

<$*F (x) satisfies.

A similar statement is that if &2F (x) < 0, in the open interval (a, 6),

then

434. // F (x) be continuous in the closed interval of definition (a, 6), and

have, at each point of the open interval (a, 6), at least one symmetrical derivative^

then, if there are values of x in the interval at which

there exists a set of points E at which the upper and lower generalized second

derivatives are both negative (< 0), and such that E contains a perfect set.

A similar statement holds ivhen there are points at ivhich

F(x)<F(a} + l~
a
n {F(b)-F(a)}>u a

in that case the set E consists of points at which @>*F (x), & 2F (x) are both

positive (> 0).

This theorem and the preceding one are due to de la Vallee Poussin*.

Let fa (x)
~ F (x)

- F (a)
- K (x

-
a), where K - F (6

^-^-^l. Since
o a

4>K (#) vanishes at a and 6, and has positive values, there exists a point or

a closed set of points at which <f>^ (x) has an absolute maximum
;
let XK be

the upper extreme of all such points, then we have

V*F (XK )
= i^K (XK )

-
0,

and also fa (x) has at the point XK a symmetrical derivative of value zero.

This point XK therefore belongs to the set El9 of all points at which

<3)*F (x) ^0. If k have a value > K, and such that k K is sufficiently

small, it is easily seen that the function
<f>k (x)

= F (x) F (a) k (x a)

has positive values. Let > be the greatest value of x at which
(f>k (x)

~
0,

F (&)
- F (a)

thus
*-*

* Bulletin de Vacademie royale de Bekjique (1912), pp. 701-707
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Considering the function
<f>k (x) in the interval (a, f), as before, there

exists a point xk at which
<j>k (x) has an absolute maximum, and which is

the greatest value of x at which this is the case. The point xk belongs to

Elf and
<f>k (x) has a single symmetrical derivative of value zero;, at this

point F (x) has a single symmetrical derivative of value k. To each value

of k in some interval (K, K^), where K > K, there corresponds a point xk
which belongs to El , and it is impossible that xk have equal values for two

such values of k, since the single symmetrical derivative of F (x) has

different values. To the points of the interval (K, K^) there correspond

points xk belonging to a set having the cardinal number of the continuum.

If
jfc,
< k2 , then x^ > x^i for, if possible let us suppose that x

kt
> x

kl
.

Since
<f>kl (xkl ) > <f>kl (xk2 ), we have

<K (**J
-

(&2
-

&i) a% > &! (**J
-

(*2
~

*i)% > 0*iW ^
(^2

~
*i) **,

or <fc2 (#Aj )
>

</>fc2 (#A'2 )> which is impossible, since x
kz gives an absolute

maximum of
<f>k2 (x).

It follows that, if k have the values of an increasing sequence contained

in the interval (K , KJ which converges to k, the corresponding points xk

form a diminishing sequence which converges to x
k ,

a point of Elt A
similar remark applies to a diminishing sequence of values of k, and it thus

follows that E! contains a closed set which, since it is unenumerable, con-

tains a perfect set.

Applying the result which has been obtained to the function

O (x) = F (x) + (x
-

a)
2

which, for all sufficiently small values of e, must at certain points be

greater than O (a) H--~------(x a), it follows that the set of
u a

points at which @PF (x) + 2e < contains a perfect set. Since e is arbi-

trarily small, it follows that the set of points at which & 2F (x) < contains

a perfect set.

In a similar manner it can be shewn that the set of points at which

(x) > must contain a perfect set, in case there are values of x at

which F (x) F (a)
---

'-^JT
'?/

(x a) is negative.

435. The following generalization of Schwarz's theorem given in i, 272,

may be deduced at once from de la Vall6e Poussin's theorem. This is a more

complete generalization than that given in I, 273 :

If a function F (x), continuous in the closed interval (a, 6), be known to

have a generalized second differential coefficient of value zero, except at 'points

of a set O which contains no perfect set, and if further it have everywhere
in the open interval (a, 6) at least' one symmetrical (first) derivative, then the

function F (x) must be linear in the whole interval.
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It will be observed that the condition <2)
2F (x)

= 0, at a point x, include^
the condition that, at such a point, there is a symmetrical first derivative;

in fact all the derivatives are symmetrical. For if

F(x + h) + F(x-h)-2F(x)lim ----
~~7~5~

- = u.

A~0 &
it follows that

+ h)-F(x) F(x-h)-F(x))_
JLJIIl -\

------
7 7 r \J

*~o I
A - h

j

and thus all the derivatives on one side must correspond to equal deriva-

tives on the other side, so that

D+F (a?).= D-F (x), and D+F (x)
- DJ1

(x).

The theorem follows from the fact that

can have neither positive nor negative values in the interval, because the

two perfect sets in which @)*F (x) < 0, and <3>*F (x) > 0, respectively, are

both non-existent.

436. // a function F (x) has, in an interval to which x is interior, a con-

tinuous differential coefficient F' (x), its upper and lower generalized second

derivatives cannot exceed the greatest of the four derivatives of F' (x), and

cannot be less than the smallest of them.

By the theorem of I, 264 it is seen that the limits of

F (x + h) + F_ (x- h) -_2F_ (x)

"~ti*~

both lie in the interval formed by the limits of

F'
(
x + ft)

- F' (x
-

h)

2A
'

or Qf
1 \F'(x + h)-F'(x) F'(x - A)- *'_
2

(
h h

and therefore in the interval defined by

i {D+Ff

(x) + D_ F' (x)} and } {D+F' (x) + D~F' (x)}

or in the interval contained by the greater of the two numbers D+F' (x),

DJ?" (x) and the greater of the two numbers D+F' (x), D~F' (x).

437. The following theorem, due to Holder*, will prove useful in the

later theory :

// F (x) be continuous in an interval (a, b) to which the interval

fa a, xI + a) is interior, and if in (x^ a 9
xl + a) the generalized upper

* Math. Annalen, vol. xxiv (1884), p. 183. The theorem has also been established otherwise

by Lebesgue, for the case in which &D*F (x) is definite at each point; see Annales sc. de Vdcole

normaU sup. (3) (1903), vol. xx, p. 458.
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>qnd lower second differential coefficients @)*F (x), <j$*F (x) are both bounded,

being both, at every point, in the interval (L, U), then

F(xl + a) + F (a?!- a)
- 2F (x^

is in the interval (L, U).

Let

+ \C (x
- xl + a) (x + a - x),

where C is a constant. It is seen that

F (xl + a) + F fa - a)
- 2F (x

thus * fa) is S 0, according as C ^
F

(^+ a
> + F

-^~
) -J**>i).

Let C be so chosen that
<f> (x^ > 0. Since

<f> (x) is continuous in the interval

(xl a, #! + a), and vanishes at the points xl a, xl + a, there must be

in the interval at least one point z at which
<j> (x) has a maximum, and is

positive.

Since

</>(z + h) + <f>(z-h)- 2<f> (z) F (z + h) + F_(z
-

h) -^2^(z) _
h*

~~ ""

~"""1
and since, for all sufficiently small values of A,

< (z + h) + t(z- h)
-

2<f> (z) <
A 2

it follows that @ZF (z) ty*F (z)
< (7. Since L < 2^ (z), C7 ^ ^^ (z), it

follows that L <
(7; and this holds for every value of (7 that is consistent

with the condition
<f> (x^ > 0. It has thus been shewn that

In a similar manner, by choosing C so that
<f> (x^) is negative, and con-

sidering a minimum of
<j6 (x), it can be shewn that

The following theorem follows at once from the above theorem :

// F (x) be continuous in an interval (a, 6), and if, in an interval (al9 bj
interior to (a, 6), the upper and lower generalized differential coefficients

<l*F (x), @)2F (x) are in an interval (L, U), then, far all points x in (al ,
6X ),

F(x + h) + F (x-h)- 2F (x)~
A

lies in the interval (L, U), provided h be such that x + h, x h are in the

interval (a, 6).
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438. /// (x) be any function that is summable in the interval (a, b), and
which is therefore finite almost everywhere in

%
that interval, and if rj

be4t,

prescribed positive number, a continuous function fa (x) can be constructed,
ex

such tJiat it exceeds I f (x) dx by less than
77,

whatever value x may Jiave in
J a

the interval (a, b), and such that, at every point at which f(x) is finite, its four
derivatives all exceed f (x).

Similarly, a continuous function fa (x) can be constructed which is every-

fxf(x) dx by less than
rj,

and of which the four derivatives are
* a

all less than f (x), at each point at which f (x) is finite.

The functions fa (x), fa (x) have been denominated by de la Vallee

Poussin, to whom this result is due, as majorante and minorante respectively,

relatively to the function / (x). In 262 they have been termed major
and minor functions associated with f (x).

First, let/(#) be everywhere ^ in the interval (a, b). Consider the

numbers 0, e, 2e, ... ne, ...
;
let en be the set of points x, at which

then

oo

S
rb oo rb

en)i f(x)dx< 2 (n H)em(eJ<
J a /*-=() J a

Let all the points of en be enclosed within intervals of a set {S^} which

do not overlap, and are such that

m(en)<
r 1

where the numbers {en} are so chosen that the series 21 (n + 1) n converges
n 1

to a value less than unity.

If S* (x) denote the sum of all the intervals and portions of intervals

of the set {8^
}

} that lie in the interval (a, x), let <h(x)= E (n+l) . S(

J
l}

(x) ;

/&=o

it will be shewn that fa (x) satisfies the prescribed conditions in relation

to the non-negative function/ (x).

We see at once that

!

b

f(x) dx < fa (b) < Ff(x) dx + t(b-a) +
J a J a

and a fortiori that

f

X

f(x) dx < fa (x) < \*f(x) + (b-a) + e;
J a J a

the number e can be so chosen that e (b a) + e ^
77.
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Let # be a point of en , and therefore interior to an interval S<
n
>, of the

set{8<
n)

}. We have then

fa (x + h)
-

fa (x)
= S (n + 1) [SCO (x + h)

- S<"> (a?)] ;

n-O

and all the terms of the series are positive when h > 0, and do not

diminish as h increases. It follows that, if h be so small that x + h is in the

interval S<n>, then fa (x + h) fa (#) S (n + 1) e&, for all positive values

of h that are sufficiently small. It is clear that, if h be negative, the in-

equality S must be replaced by ^. Hence, if
|

h
\

be sufficiently small,

> n + e ,

/&

and therefore the four derivatives of fa (#) are all , (n + 1)6, and conse-

quently > / (x).

Next, let / (x) be unrestricted as regards its sign. If N be a positive

number, let fa (x)
= / (#), when / (x) > N, and let fa (#) -W, when

/ (a:) N. If be a positive number < 77,
a function $ (x) can be so

determined as to satisfy the conditions that

f [/N (x) + N]dx<t(x)<r)- + rUN (x) + N] dx,
J a J a

and that all the derivatives of (x) are greater than fa (x) + N, at any

point at which fa (x) is finite. The number N can be so chosen that

ex rx

fa (x) dx- f (x) dx
J a J a

is < . Let fa (x) be defined by fa (x)
= $ (x) N (x a), then

\*f (x) dx < I*fa (x) dxf>l (x)<r,-+ (

X

fa (x) dx<7,+ t*f (x) dx,
J a J a / a Jo,

and all the derivatives of fa (x) are greater than fa (x), or than / (x), at

any point at which/ (x) is finite. Hence the required function <f>i(x) has

been constructed.

In order to construct the function < 2 (#)> we observe that, if $(x) be

a major function relatively to / (x), the function
*// (x) is the required

minor function relatively tof(x).

It is easily seen that a monotone non-increasing sequence of major

functions, associated with/ (x) }
can be constructed, and similarly a mono-

tone non-diminishing sequence of minor functions. For, if ^ (x), </> x (x)

correspond to the values of
rjl9 7/2,

where
r/1 >7;2 ,

in any interval in

which fa (x) is S ^i (x), <f>[

*

(#) can be replaced by fa (x), and then

$1 (x) <j6i

1}

(x) everywhere. A sequence {^ (x)} thus formed must

[X
-converge to / (x) dx.

J a
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439. // F (x) be continuous in the interval (a, b), and there exists a finite

summable function f (x) such that !$2F (x) ^ / (x) S &*F (x) at every point t>f

rx rx

(a, 6), then F (x) dx I f (x) dx is a linear function of x in (a, 6).
J a /.

The theorem also holds if the summable function f (x) lias infinite values

in a set of points E ivhich contains no perfect set, provided that, at all points

of E, the function F (x) has at least one symmetrical derivative.

Let fa (x), fa (x) be the major and the minor functions associated with

/ (x), constructed in accordance with 438.

rx

The two functions fa (x)
= F (x) fa (a?),

Ja

rx rx

and the function $ (x)
= F (x) I dx I f(x) dx

J a ' a

are such that fa (x) > tfj (x) > fa (x), and that fa (x) fa (x) < 2 (b a) TJ.

The three functions have all the same value at the point a.

We have ~SP* fa (x) > <y*F (x)
- f (x) >

and &* fa (x) < &*F (x)
- f (x) <

at all points at which/ (x) has a finite value.

In virtue of the theorem of 434 it follows that

and

& (a) < F (a) +
b _-- {& (6)

- & (a)}

when or > a. it now follows that (x) is between these two linear functions

which differ from one another by less than 2tj (x a). Taking a monotone

non-diminishing sequence of major functions, and a monotone non-in-

creasing sequence of minor functions, constructed as in 438, corresponding
to the values of

TJ
in a sequence {rjn } which converges to zero, we see that

\fj (x) lies, for every value of n, between the values of two linear functions

A nx + jBw ,
A n'x + J?/, where A n ,

A n
' have the same limit A, as n oo,

and Bn ,
Bn

' have the same limit B\ it then follows that
iff (x) is the linear

function Ax + B.

It follows from the above theorem that, in case .F (x) satisfies the

conditions of the theorem, it has everywhere a continuous differential

rx

coefficient I / (x) dx + p, where px + q is the linear function. Moreover,
J a

it will almost everywhere have the second differential coefficient /(#).
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THE CONVERGENCE OF A TRIGONOMETRICAL SERIES AT A POINT

440. If the trigonometrical series a + S (an cos nx + bn sin nx) con-
w = l

verge at a point x, and if the sum-function of the series have definite limits

/ (x + 0), / (x
-

0), on the right, and on the left, at the point x, it does

not follow that the series necessarily converges at points in a neighbour-
hood of the point x at which the series converges. From the existence of

/ (x + O),/ (x 0), it follows however that, corresponding to an arbitrarily

chosen positive number S, a neighbourhood of the point x can be deter-

mined, such that/ (x) / (x) < 8, for all points x in that neighbourhood.
From Harnack's theorem, given in 428, it now follows that an = o (1),

bn = o (1).
oo 1

If F (x) denotes Ja #2 S (an cos nx + bn sin nx), it has been shewn
n=l^"

in 421 that

-0 ^

at the given point # of convergence of the series.

We now have

.. (F(x + 2)-2F(x + e) + F(x) F(x)-2F(x-e)urn <
---- -+ -----

In accordance with the theorem of 437,

F_(x + 2e)
- 2J7

(a; + e) + F (x)
2

lies between the extreme values of

for a; S 2 S a; + 2e. It has been shewn in 437 that, for each value of z,

this limit lies between values which depend on the upper and lower values

of / (z). It follows that, for an assigned positive number 8, the positive
number e can be so determined that

<f(x + 0) +
a~0

for every value of z such that # ^ 2; ^ a: + 2e.

We thus see that lim^>Ml^^_l^) =/ (C + o).
-0 ^

Similarly, it can be shewn that
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It has now been proved that / (x)
= | {/ (x + 0) +/ (x 0)} .

The following theorem has been established :

// a trigonometrical series converge at a point, then the value to which it

converges is the mean of the limits of the sum-function, on the right, and on
the left, at the point, provided those limits exist as definite numbers.

This theorem holds for every trigonometrical series, whether it be a

Fourier's series, or not.

THE UNIQUENESS OF A TRIGONOMETRICAL SERIES WHICH
REPRESENTS A FUNCTION

441. In order to establish the uniqueness of a trigonometrical series

which, in an assigned sense (not necessarily in the sense that the series

converges to the value of the function almost everywhere), represents
a given function, it is sufficient to establish, first that the series is a

Fourier's series, and secondly, that there cannot exist two distinct

Fourier's series, both of which have the given relation with the given
function. The latter is equivalent to proving that, if two such Fourier's

series exist, the Fourier's series which is the difference of the two must
have all its coefficients zero. In case the mode of representation of

the function is postulated to be such that the series converges almost

everywhere to the values of a single-valued function which is taken

to be summable in
( TT, TT), then it is clear that there cannot be two

Fourier's series both of which represent the function. It has been shewn
in 361 that there cannot be two non-equivalent summable functions

which have one and the same Fourier's series.

442. In the case which will be given first, the uniqueness of a trigono-

metrical series can be established without shewing that it is a Fourier's

series.

Let it be assumed that the series ^aQ + 2 (an cos nx + bn sin nx)
n-l

converges to zero at every point of the interval ( TT, 77) with the exception
of an enumerable set of points E, at which it is not assumed that the series

converges. Since an enumerable set is of the first category, it follows from

the theorem of 429 that an and bn converge to zero. Accordingly, Rie-

, 10 ^ an cos nx + bn sin. nx
mann s function Ja #2 S --

^
- exists as a continuous

n

function, and &*F (x)
=* 0, for every point at which the series converges

to zero; also by Riemann's second theorem, F (x) has symmetrical de-

rivatives at every point. It follows, in accordance with the extension of

Schwarz's theorem given in 435, that F (x) is linear in any interval

( mTT, m); thus F (x)
= ax + b, in any interval ( mrr, m-rr). It is thus

nn 43
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seen that, in an interval ( WTT, WITT), Ja #2
(ax + b) is represented by

,, . ,. . ~ an cos nx + bn sin nx , ,

the penodic series S -----
tj

-
,
and therefore

must be a periodic function, which can only be the case if a = 0, a -=-- 0.

Since the series converges uniformly to 6, we can multiply by cos nx,

or by sin nx, and integrate term by term between the limits 77, 77; it is

thus seen that an = 0, bn = 0, and therefore all the coefficients of the given
series vanish identically. By considering the difference of two series, the

following theorem can be established:

No two distinct trigonometrical series can exist which converge to the same

valuefor all points of the interval
( 77,77), with the exception of an enumerable

set of points at which the series are not known to converge to the same sum, or

to converge at all.

This theorem, which is due to W. H. Young, is an extension of the older

theorem of Cantor, in which the exceptional set of points is restricted to

be a reducible set. It is also an extension of the still earlier theorem of

Cantor* that a trigonometrical series is the unique representation of a

function which has an indefinitely great number of points of discontinuity

which form a set of the first species.

443. // the Riemann function F (x), corres'ponding to a trigonometrical

series

+ S (an cos nx + bn sin nx),

such that an ,
bn converge to zero, as n ~ o>, is of the form

[x fx

F(x)=*\ dx f(x)dx + px + q,
J __TT J TT

where p, q are constants, and f (x) is a function summable in
( 77, 77), then

the series is tlie Fourier's series corresponding to f (x).

We have F' (77)
=

f

*

f(x) dx + p, F' (- 77) p;
J IF

and thus
f

*

/ (x) dx = F' (a)
- F' (- it)

= a 7r,
J TT

and hence aQ -- a
,
where \a^ + S (an cos %# + f$n sin wa?) denotes the

n-l

Fourier's series corresponding to / (x).
-_ /-\

CL m Tl 'YtOi* -"- it C*C\Q W '

By the theorem of 360 the series S iSi when a

constant is added to it, the Fourier's series which converges uniformly to

/x
B a

f (x) dx %OQX. Thus ,

-- are the Fourier's constants correspond-

ing to the function F' (x) \a^x p,or to F' (x) \OQX.

* See Crelle's Journal, vol. LXXII (1870), p. 130, and Math. Anndlen, vol. v (1872), p. ll>3.
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a 1 f
71

"

Now - * = -
{ia #2 F (x)} cosn TT J _n

1 f*^ - -
-, I

and similarly we see that -n

2
=

--J.
Therefore n

= an , fin bn \
and it has

% 72

been shewn that <r a
,
which establishes the theorem.

This theorem, taken in conjunction with the theorem of 439, yields the

following result:

// the series Ja + (an cos nx + bn sin nx), for which an ,
bn converge

n 1

to zero, be such that its upper and lower sum-functions are summable in
( TT, TT) ,

and such that both of them are finite at every point, with the possible exception

of points belonging to a set E which contains no perfect component, then the

given series is the Fourier's series corresponding to either the upper or the

lower sum-function of the series, and consequently to either ty*F (x) or fy*f(x).

This theorem is theoretically more general than that of 442, as the

exceptional set of points is not necessarily enumerable, but may be an

unenumerable set which contains no perfect set, if such a set exists.

From the theorem of 436, the upper and lower generalized second

differential coefficients of F (x) are both finite except at the points of E.

If / (x) denote either the upper or the lower sum-function of the series,
rx rx

then F (x) I dx f (x) dx is linear in the interval (a, b), and con-
J _7T J TT

sequently the given series is the Fourier's series corresponding to / (x).

It follows that, when the conditions of the theorem are satisfied, the upper
and lower sum-functions must be equal almost everywhere, and therefore

the Fourier's series is convergent almost everywhere.

A particular case of the above theorem is that* :

// the series Ja + 2 (an cos nx + bn sin nx) has its upper and lower sum-

functions bounded, it is a Fourier's series.

It is unnecessary in this theorem to include in the statement the con-

dition that an ,
bn converge to zero, as n ~ oo, because it can be shewn that

this is necessarily the case if the upper and lower sum-functions are

bounded in the interval (see 432). This was the first theorem obtained

which referred to the upper and lower sum-functions of the series.

A particular case of the general theorem is the following theorem of

Lebesguef :

There is only a single trigonometrical series which converges everywhere to

a given bounded function; viz. the Fourier's series corresponding to the

* See W. H. Young, Proc. Land. Math. Soc. (2), vol. ix, p. 427.

I See Lemons sur les stries trigonom&riques (1906), p. 122, also Annales sc. deTecolenormale (3),

vol. xx (1903), p. 467.

43-2
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function. There may be a reducible set of points at which the series is not

known to converge.

There exist series which converge everywhere, and of which the sum-

function is unbounded, which are not Fourier's series. For example, the
* sin nx . , , , , .. . , .

,

senes 2 -,
----- is everywhere convergent, but it is not a Fourier s series,

n J
.

5

. , . ^ cos nx . , . , A
since the senes 2 ^ is not convergent when x = 0.

The above general theorem* may be replaced by the following:

Every trigonometrical series for which the Riemann sum everywhere exists

eitJier as a single finite number, or as indeterminate between finite upper and

lower boundaries, and is such that the function <j> (x) which is at each point

equal to the numerically smaller of the upper and lower Riemann functions is

ummable, is the Fourier's series corresponding to < (x).

It will be observed that it is unnecessary to assume a priori that an
and bn converge to zero. But when there is an exceptional set of points at

which the limits of indetermination are not finite, we have the following

statement :

The above theorem holds for a trigonometrical series such that an ,
bn con-

verge to zero, as n ~ oo
,
even when there is a set E, of points at which the

function <f> (x) is not finite, provided E contains no perfect component, and

provided the function <f> (x) is summable.

As regards the existence of sets of points which are unenumerable and

which do not contain a perfect set, it has been shewnf by Alexandroff that

such a set cannot be measurable (B) ;
that in fact every unenumerable set

that is measurable (B) contains a perfect set.

444. If |a + 2 (an cos nx + bn sin nx) be the Fourier's series corre-

sponding to a given summable function/ (x), we have (see 360)

f
x

/ / x 7 r\ , 1 , v aw sin w# 6W cos nx
J (x) dx = C + la^x + 2 tt - -

,

.' -7T M
rx

and since the function I / (x) dx is of bounded variation, we have
J -IT

x
/

an cosnx + bn sinnx'(
x

j (
x

ft \ i ^/ , n ,dx (/ (x) dx = C' + Cx +
J - rr J -IT

^ n- 2

rx
fx

and thus the function F (x) differs from I dx I f (x) dx by a linear
J _ J ~TT

rx

function. At every point x we have F' (x)
= I / (x) dx, and almost

J -7T

everywhere F" (x) f(x).

* See de la Vallee Poussin, Bulletin de Vacad. roy. de Bdgique, 1912, p. 717.

t Comptea Rendus, voJ. CLXH (1916), p. 323; see also Hausdorff, Math. Annalen, vol. LXXVTJ

(1916), p. 436.
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Therefore the Riemann sum of the Fourier's series exists everywhere,
and is almost everywhere equal to/ (x).

If another trigonometrical series exists besides the Fourier's series, and

is also summable by Riemann's procedure almost everywhere, having F (x)

almost everywhere for the Riemann sum, it would appear that the difference

of the two series would have a Riemann sum almost everywhere, and it

would be equal to zero. If such a series, with coefficients not all zero, exists,

its Riemann sum must be infinite at points of some set which contains a

perfect set. To define such a series, let H be a non-dense perfect set of

measure zero, in ( TT, TT). Let the intervals contiguous to H be placed in

correspondence with the rational numbers of the interval (0, 1) taken in

ascending order. Let
</> (x) have the value, at any point within one of

the contiguous intervals, of the rational number to which the interval

corresponds ;
and at any point not interior to such an interval, let

<f> (x) be

defined so as to be continuous. Then
<f>' (x) exists at all points of C (H), and

has the value zero. The continuous function
<f> (x) is monotone, and thus it

is representable as the sum of a uniformly convergent Fotirier's series

. an sin nx bn cos nx
<f>(x)^ |a + 2,

^
.

rni >- L7 , x ^ >n COS UX + bn SU1 UX
The function F (x)

= S -

2

has
cf> (x) \a^ for its differential coefficient, everywhere, and it has a

second differential coefficient equal to zero almost everywhere. Thus the

series S (an cos nx + bn sin nx) is summable by Riemann's procedure
n-l

almost everywhere, and has zero for the value of that sum. It has been

shewn by de la Vall6e Poussin, to whom this construction is due, that the

Cesaro sum of the series is almost everywhere zero, like the Riemann sum.

445. It has been shewn in 443 that:

// the trigonometrical series |a + 2 (an cos nx h bn sin nx) converges
n-i

almost everywhere to the values of a function f (x) which is summable in

( TT, TT), and the set of points at which it does not converge, or oscillate between

finite limits, contains no perfect component, then the series is a Fourier
9

s

series, and it is the unique trigonometrical series which satisfies the prescribed

conditions.

It is unnecessary to assume in the statement of the theorem that

an = o (1), bn = o (1), because these relations follow from the convergence
almost everywhere, of the series (see 430).

It follows that, if a trigonometrical series converges to zero everywhere

except at the points of a set E which contains no perfect component, then

all the coefficients of the series vanish. It has been proved* by Rajchman
* See Prace Mathwnatyczno-fizyczne, vol. xxx (1919), p. 30.
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that the same result holds if, instead of ordinary convergence, the Poisson

of the series be taken.

An example has been given by* Menchoff of a trigonometrical series

which converges to zero at all points except those of a certain perfect set

of measure zero, such that the coefficients do not vanish.

It has however been shewnf by Rajchman that there exist closed

sets of measure zero, unenumerable, and therefore containing perfect sets,

of a certain type firstj considered by Hardy and Littlewood, such that

the coefficients all vanish if the trigonometrical series converges everywhere
to zero except at the points of a closed set of this special type. Thus
the condition of the above theorem can be replaced by a less stringent

condition. Moreover this result also holds when, instead of ordinary

convergence, the Poisson sum is zero except in the exceptional set of points,
00

so that if |a -(- lim S (an cos nx + bn sin nx) hn = 0, everywhere except
ft~l n-l

in a perfect set of the special type, then an = 0, for n = 0, 1, 2, 3, ... , and

bn = 0, torn -
1, 2, 3, ....

The following theorem has been established by Rajchman:

// the trigonometrical series Ja + 2 (an GO^2mrx + bn sin 2n7rx), such
n-l

that an = o (1), bn = o (1), converges everywhere to zero, except possibly at

the points of a closed set of type (H) ; or more generally if, except at the points

of tlwt closed set,
oo

i<* + lim (an cos 2nirx + bn sin 2n7rx) rn 0,
r~l n- \

then a = 0, an = bn =-- 0.

It has been stated
|| by Rajchman that the fact of the existence of

perfect sets which have the above property, in relation to the uniqueness
of a trigonometrical series, had been demonstrated, but not published,

by Mile Nina Bary ,
in 192 1

,
in the Mathematical Seminary of the University

of Moscow. Rajchman's independent result relating to the sets of type (H)
has been later generalized^} by Mile Bary, who shewed that a set of points

M(HI9 H29 ...), where {Hn} is a sequence of sets, all of type (//), has the

same property, in relation to the uniqueness of a trigonometrical series,

as a single set of type (H).

The closed sets introduced by Hardy and Littlewood, and considered

further by Steinhaus, and explicitly defined by Rajchman, who terms

them sets of type (H), can be defined as follows:

*
Comptes Rendus, vol. CLXIII (1916), p. 433.

t Fundamenta Math. vol. in (1922), p. 287. J Ada Math. vol. xxxvii (1914), p. 155.

Fundamenta Math. vol. m (1922), p. 287.
11

Ibid. vol. iv (1923), p. 367.

^ Comptes Rendus, vol. CLXXVII (1923), p. 1195. Rajchman has given another proof of his

result, dependent on the theory of formal multiplication, Comptes Rendus, vol. CLXXVII (1923),

p. 493. Some further results are given by Zygmund, in the same volume, p. 576. See also

Zygmund, Math. Zeitechr. vol. xxiv (1925), p. 40.
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Let G be a closed set contained in the interval (0, 1). In case either

or 1 is a point of O, it will be assumed that both of these points ace

points of G. Let a point P (x), whose.polar coordinates are r = 1,0 = ZTTX,

be made to correspond to oach point x, of G. To the closed set G, in the

interval (0, 1), there will correspond a closed set G, of points on the circum-

ference of the circle with radius unity. If k be a positive integer, and

P (kx) be the point whose polar coordinates are r 1, 9 = 2iTkx, it is clear

that P (kx) = P (kx Ekx), where Ekx denotes the greatest integer ^ kx.

Let Gk denote the set of points P (kx), where x has all the values in G.

In order that a point P (/), where -< y < 1, may not belong to Gk ,
it is

necessary and sufficient that the k numbers

y y + \ y
f

.

2
y. + ^.zJ!

/v H." K A/ i\.i K K

do not belong to G.

We take the set Gk to be the set in (0, 1) which corresponds to Gk ,
so

that, if y is a point of Gk ,
r ~ 1, = 2rry is a point of Qk . Let 2rrdk be the

length of the greatest arc of the circle which does not contain in its interior

any point of Gk ;
and thus the length of the greatest arc contiguous to Qk .

We have, for each value of k, 5 dk n 1, and thus lim dk > 0, unless Jim <lk
/C~oo fr^oo

exists, and has the value zero.

The closed set G will be said to be of type (//), provided lim dk > 0.

&~oo

In the case of Cantor's perfect set (i, 118), we have rf3
^=

J, for

li 1, 2, 3, ...
;
therefore this set is of type (H).

446. With a view to the extension of the theorems of 443, 445,

relating to a trigonometrical series Ja + 2 (an cos nx 4- bn sin nx), it will be

sufficient to leave out the coefficient a and to consider the series S An +

n-l
where A n denotes an cos nx + bn sin nx.

A A
Let F

(} (x) denote -- S | ,
F2 (a:) the series S -~

,
and generally let

W.-1 ^ ?ll ??

^4
-P2r () denote ( l)

r+1 S 3^2- It will be assumed that either an ,
b n are

bounded, or more generally that 1^ , "jr^,
where (0 < p ^ 1), are bounded.

^
In either case the series S ~ is uniformly convergent.

Let # (A)
- JF (a: + h) + F (x

-
h)
- 2F (x),

K2 (h)
= F2 (x + h) + F2 (x- h)

- 2F2 (x)
- h*FQ (x),

etc.,
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and generally

X (h)
= Fzr (x + h) + F2r (sc-h)- 2F2r (x)

- h*FZr_z (x)

- F (x).

These functions are formed by the rule

K2 (h)
-

f dh f

h

K (h) dh, K2r (h)
-

f

*

dh
f
K2r^ (h) dh.

JO JO Jo JO

I 2h2r+2

Denoting by Gr (h) the expression K2r (A)/ /0 ~\ . ,
it will be shewn,

/ (
Zr + J) !

by employing the theorem of 158, that the lim Gr (h) and lim G> (A) are

_ _ _ /l~ *~~

given by \ (Cr + Cr ) |A (Cr Cr ), where 6V and
j r are the upper and

lower sums (C, r) of the series 2J n ; where these Cesaro sums are assumed

to be finite, and A is a fixed number.

00

We have Gr (h)
= 2 A n <f> (nh), where

<f> (nh) is given by

n*h*- f
4!

Writing t for nA, we have

from which it follows that lim ^ (^)
--

1, and that t*<l> (t) is bounded for all
*~o

positive values of t.

In order to apply the theorem of 158, we shall shew that <^
r+1 )

(t) t
r+*

is bounded for all values of t. Since

""
T\\r~/o o\ t

consists of the term in
~r-3

,
a number of terms of higher

( 1) (Zr + 2) !

negative powers, and of terms containing one of the factors cos / or sin t

and as the other factor a power of t which is 2r 2, 2r 3, . . . , 3r 3.

It follows that t
r+3

<^
r+1)

(t) consists of a constant term and of terms con-

taining negative powers of
;
hence 7+3

<^^
r+1)

(t) is bounded for all values of

t > c> 0. Applying the theorem of 158, taking k = 2, it follows that the

upper and lower limits of Gr (h), as h ~ 0, lie in an interval
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The following theorem has now been established :

I/Fzr (x) denote the series (- 1 )(* S
"-j ,

and the series F (x)
= - S ^-J

n - 1 ^ n - 1 ^

be assumed to be convergent, and if

K2r (h)
= F2r (x + h) + F2r (x-h)- 2F2r (x)

- h*F2r _z (x)

2h* 2A2r

~
4 1

^2r-4()--
(2r ) j

^ 0*0

rfe rfc

is the function defined by K2r (h)
=

\ dh I K2r_2 (h) dh, and G, (h) denote
Jo Jo

then the upper and lower limits of Gr (A), as h ~ 0, are given by

m_h r)d-|A(a-f7r),

when A ia afixed number, and Cr , Cr are the upper and lower Cesdro sums (C, r)

of the series 2 A n , assumed to be finite.
n 1

447. By repeated application of the theorem given in I, 264, it is

seen that the upper and lower limits of OT (h), as ///
~ 0, lie in the interval

i A i v, .u ^i r -4. t
Fo (

x 'I- '0 + ^o (^
-

*)
- 2^o (x )bounded by the upper and lower limits 01 - --------' ~- -

,

where F
(} (x) is identical with Riemann's function F (x).

When a n
- O (n

1
*), hn = O (n

l
~v), where < p ^ 1, the function F (x)

is continuous, and any limit of Gr (h), as h ~ 0, is also a limit of

F (x +_h) +_F(x- h) -ja^O
^ .

Let it now be assumed that, at every point of the interval
( TT, TT),

CM, C_W are both finite, and that they are summable in the interval
;
it then

follows that a function exists which is summable in (~ TT, TT), finite at

every point, and is at each point x in the interval formed by <$2
F(x),

f^ 2F (x). Applying the theorem of 443, it now follows that the series S^4 n

is a Fourier's series.

The following theorem has now been established :

If -?* *, are bounded, where k is some number such that ^ k < 1, andJ
n k

-n
k

if the series 2 (an cos nx + bn sin nx) is such that its upper and lower Cesdro

sums of integral order r are finite at each point of ( TT, TT), and summable

in that interval, then the series is a Fourier's series.

In the particular case r = 1, if it be assumed that the upper and

lower Cesaro sums of order k, where k is such that ^ k < 1, are every-

where finite, it follows that ?,
"

are bounded and that the Cesaro sum
n k nk
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of order 1 is bounded. We have then the following theorem which has been

given by W. H. Young*:

// the upper and lower Cesaro sums of order Jc, where ^ k < 1, of the

series (an cos nx + bn sin nx) are everywhere finite, and define summable

functions in the interval ( TT, TT), the series is a Fourier's series.

If the more stringent assumption be made that an ,
bn converge to zero,

as n ~oo, the function F (x) has at each point symmetrical derivatives;

and we obtain the following theorem :

Ifan ,
hn converge to 0, as n ~ oo

, and if the series (an cos nx + hn sinnx)
is such that the upper and lower Cesaro sums, of integral order r, are summable

in ( TT, TT), and finite at every point which does not belong to a set E which

contains no perfect component, then the series is a Fourier's series.

This theorem was also given, for the case r = 1, by W. H. Young (loc.

cit.). The mode of proof given above is a modification of this proof. A more

complicated proof of the general theorem has been givenf by A. Rajchman.

448. The following theorem relating to Ces&ro sumifaation of any order

k, positive but not necessarily integral, may be deduced from de la Vallee

Poussin's theorem (432):

// the series Ja + (an cos nx + bn sin nx) has, in any interval, its upper
and lower Cesaro sums (C, k), where k > 0, finite at each point whi-ch does not

belong to a set of measure zero, then
,

*
are bounded.

n K rn K

It follows from the condition of the theorem that the upper and lower

r ,, v an cos nx + bn sin nx i ,1 /> ., i nsums of the series L --------
,

------ are both finite at almost all
nk

points of the interval, and therefore -?,
*
are bounded.

nk
n>*

The following theorem may be deduced from that of 430 :

// the series \aQ + (an cos nx + bn sin nx) is summable (C, k), where

k > 0, at all points of a set H of positive measure, then -n
]f

,

~
converge to zero

m n
as n ~ oo .

For it is known that at any point at which the series is summable
m i\ n x + n sn nx . _. , . ,, . ,

(U, K),
-

A;

--
converges to zero. This being the case at pointsn

of a set 11
'

, of positive measure, the result follows from 430.

A particular case of this theorem was givenj by M. Riesz, that if the

series J + (an cos nx + hn sin nx) is summable (C, 1) in an interval, then
an bn

, converge to zero.
n n 6

* Proc. Hoy. Soc. (A), vol. LXXXIX (1914), p. 150.

t Monateheftefiir Math. u. Physik, vol. xxvi (1915), p. 263.

% Math. Annalen, vol. LXXI (1912), p. 58.
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449. The general theorem of 443 includes the condition that the upper
and lower sum-functions of the given series are summable in

( TT, TT) whether

they be bounded or not. It is however convenient to possess tests that a

given trigonometrical series is a Fourier's series that do not involve this

condition, but instead depend upon whether these upper and lower

functions are bounded in the whole or in a part of the interval. It has been

i o rt ^rv ,1 A < ,1 ^ . i \^^n sin nx bn cos nx
shewn in 360 that, if the integrated senes S - *L_ con-

fb

verges to an integral, then the given series is a Fourier's series; but in

practice it is difficult in any particular case to ascertain whether this

condition is satisfied or not.

It is accordingly convenient to possess tests in which a lesser know-

ledge of the properties of this integrated series is involved. With a view

to remedying as far as possible these practical defects of the theorems of

442, the following theorem will be established :

// a trigonometrical series has its upper and lower sum-functions bounded,

except in the neighbourJiood of points belonging to a closed enumerable set E, and

*.-,.. . 7 . an ^n nx bn cos nx , , ,
7

,

ij the integrated series L converges ooundedly (or in
ti=i n

particular uniformly) in the whole interval ( TT, TT) to a continuous function,
then the trigonometrical series is either a Fourier's series or a Fourier HL-
series.

In accordance with the theorem of 432, since X (an cos nx + bn sin nx)

is bounded in an interval, an and bn are bounded, and thus the series

~ an cos nx + bn sin nx . P , . . . t_ 2 converges uniformly in
( TT, TT) to a continuous

function F (x). Denoting by O (x) the sum-function of the series

* an sin nx bn cos nx

,^i n

since this series by hypothesis converges boundedly, term by term integra-
rx

tion may be applied to it, and thus I <D (x) dx F (x) F
( TT). It

.' -tr

follows that F' (x) exists everywhere in
( TT, TT), and is continuous, being

equal to <D (x).

Consider an interval (a, b) interior to an interval contiguous to E\ then

the upper and lower sum-functions of the series S (an cos nx + bn sin nx)
n-*l

are bounded in (a, b). It follows from the theorems of 421, 437 that, if

, , _ . xl F (x + h) + F (x
-

h)
- 2F (x) . , , ,

h be sufficiently small, >-- is bounded as a
ii

function of (x, h), for all such values of A, and all values of x in (a, b).
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f x

Denoting I F (x) dx by Fl (x) 9 and employing the second theorem given
J ~-ir

in 221, it is seen that the upper and lower limits, as h ~ 0, of

Fl (x + h) + Fl (x-k)-2Fl (x)

/?2

are ^-integrals in (a, 6), since they are both upper and lower semi-

integrals. Since Fl (x) possesses everywhere in (a, 6) a second differential

coefficient F' (x), both these upper and lower limits coincide with F' (x),

which is therefore an integral in (a, b) and consequently has, almost

everywhere in (a, 6), a differential coefficient F" (x).

If (a, j8) be the interval, contiguous to E, in which (a, 6) is contained,
(b

we have F" (x) dx = F' (b) F' (a) ;
F" (x) existing at almost all points

.'

of (a, 6) (see I, 406, last theorem). Since F' (x) is continuous, we have,

as a, b converge to
, j8 respectively,

lim F" (x) dx = F' (j8)
- F' (a),

&~/3, a~aJ a

[ft

and therefore I F" (x) dx exists, either as an L-integral, or else as an
J a.

///^-integral . Since (a, /3) is any one of the intervals contiguous to E 9
all

the abutting intervals may be amalgamated, and we see that, if (^ , &) be

any interval contiguous to the first derivative E', of E, the integral of

F" (x) exists in any interval interior to (a , &), and is equal to the difference

of the values of F' (x) at the ends of the interval. Proceeding to the limit

/ft
as before, we see that I F" (x) dx exists, as either an JD-integral or as an

J at

jHX-integral, and its value is F' (&) F' (%). Proceeding in this manner,

//Sn
it is seen that I F" (x) dx exists in any interval (an , j3n ) contiguous to EW 9

J an

the nth derivative of E. If (aw , j8w )
is contiguous to EM , the first trans-

finite derivative of E (if it exists), the integral of F" (x) exists in any
interval interior to (aw , j8J, and consequently as before in

( w , j8J, and is

equal to F' (/?w ) F' (aj. Proceeding in this manner, the set E will be

exhausted, since E is enumerable, before some transfinite derivative is

reached. Hence, in the interval
( TT, TT), F" (x) exists almost everywhere,

[r
and I F" (x) dx exists as an ^-integral, or else as an jBX-integral. Thus

J a

the function O (x) exists as an JD-integral, or else as an flX-integral, and

. . . , , .. ,t .' ^ an sin nx bn cos nx ^
it is the sum-function of the series ------ -----

. It follows,n
accordance with 360, 364, that the given trigonometrical series is a

Fourier's series or a Fourier's #L-series, according as F' (x) is an

L-integral or an JHX-integral.
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EXAMPLES
QO t 00 1

(1) Consider the series 2 -. smnx, 2 T cos nx, where 0<&<1. Since the series
n = \nk n = ink

00 00

2 sin nx, 2 cos nx oscillate boundedly, except in the second case in the neighbourhood
n-l n-l

GQ sin nx ^ oos wx
of the point x =0, by the theorem of 24, the series 2 ---,-, 2 . are convergent

n-l n* n-i rc*

boundedly, except that the second does not converge at #=0. Since the integrated series
oo rQg ft-jfi

^ sin nx
2 xr-> 2 -+?- converge uniformly in

( -TT, TT), it follows by the above theorem
n ^l n^1 n = i nK^
that both the series considered are either Fourier's series or else Fourier's HL-aeries. If

k > ^, it follows from the Riesz-Fischer theorem that both series are Fourier's series.

(2) Consider the series 2 -=
----

. The integrated series 2 .
--- is divergent at the point

log ft n log n
& r

x=0, and thus the series cannot (see 360, 364) be a Fourier's series or a Fourier's (HL)

series. On the other hand the series 2 ,, .,.,, where k >0, is such that the integrated series
(log tt)

1**

2 _! - - converges uniformly in the interval (
-

?r, TT). Hence the series is either a
n (log n)

l+k

Fourier's series or a Fourier's //.L-series.

*i-/* T n ^ (>AAK\ j-- ^i A. \n an s^n nx ~* bn COS UX
450. In the theorem of 449 the condition that S w

w

converges boundedly to a continuous sum-function may be relaxed; simple

convergence to a continuous sum-function O (x) being sufficient. For, by
Fatou's theorem ( 413), applied to the summable function F (x), it is seen

that (x) is equal to F' (x) wherever F' (x) exists, which is the case almost

u / i\ * i- v- / w sin w#- 6n cosw#\ f
, .

v

everywhere in (a, ft); for lim L -------
)A

n =Ote), since
7*'1*1\ ^ /

To;

an ,
6W are bounded (see 133). If F<2 (x) denote I F

3 (x) dx, it is seen
J 7T

as before that the upper and lower limits, as h ~ 0, of

F2 (x + h)+_X\ (x
-

h)
- 2F2 (x)_.

^
are integrals in (a, ft). Since F2 (x) possesses everywhere a second

differential coefficient F (x), these upper and lower limits coincide with

F (x), and therefore F (x) is an integral, and consequently

F (x)
- F (- TT)

- I* F f

(x) dx - f

*

<D (x) dx.
J -IT J 7T

Since O (x) is continuous, it follows that F' (x) exists everywhere, and

is equal to $ (x). From this point onwards, the procedure is as before.

Consequently the following theorem is established :

// a trigonometrical series be such ttiat the upper and lower sum-functions
are bounded, except in the neighbourhood of points belonging to a closed

L? * j ^ - * j. j an sinnx bn cos nx
enumerable set, and if the integrated series S ------- - -

converges
/i-i M

to a continuous function in the whole interval
( TT, TT), then the trigono-

metrical series is either a Fourier's series or a Fourier's HL-series.
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This theorem was given* by W. H. Young, whose proof, however,

wbuld appear to require some addition to make it complete.

RESTRICTED FOtTRIEJEl's SERIES

451. The properties of a certain kind of trigonometrical series of the

form ia + S (an cos nx + bn sin nx), which are in general not Fourier's
n = l

series, have been investigated! by W. H. Young; to series of this class he

has given the name restricted Fourier's series. We shall in the first instance

give an account of a specially interesting sub-class of restricted Fourier's

series called ordinary restricted Fourier's series, which may be characterized

as follows :

00

A trigonometrical series X (an cos nx + bn sin nx) is said to be an ordinary
n = l

restricted Fourier's series, or ORF-series, if it satisfies the conditions

(1), a n
= o (1), bn o (1), and (2), the integrated series

S (an sin nx hn cos nx)
n=l n

converges in an open interval (a, /?) contained in ( TT, TT), or in each of a set

of such open intervals, to afunction F (x) which is an L-integral. The function

~j > defined almost everywhere in (a, /?), is then said to be the functionax
associated with the ORF-series in the open interval a < x < /?.

It should be observed that, from condition (I), the convergence of the

Ia \
2

fb \ 2

series Z( )
,

( )
follows, and then, employing the JRiesz-Fischer

\ n / \ n /

theorem ( 379), it follows that the integrated series is a Fourier's series;

thus the function F (x) is the function corresponding to a Fourier's series,

although it is an jL-integral only within the interval or intervals of re-

striction. The interest of these O^F-series arises from the fact, which will

be established, that, in an interval of restriction, they possess many of the

cardinal properties of Fourier's series; they may accordingly, within such

an interval, be employed in Analysis in like manner as a Fourier's series.

The following theorem, which is the analogue of Riemann's property
of Fourier's series, will be established :

The upper and lower functions of an ORF-series at a point x, interior to

an interval of restriction, depend only on the cfiaracter of the associated

Junction in an arbitrarily small neighbourhood of the point x.

* Proc. Land. Math. Soc. ser. (2), vol. ix, p. 430. It seems here to bo assumed without sufficient

justification that the sum of the integrated series is equal to F' (a-). The continuity of the sum of

the integrated series is by itself not sufficient to justify this.

t See Proc. Lond. Math. Soc. (2), vol. xvn (1918), pp. 196-236; also ibid. pp. 353-366; and

Proc. Roy. Soc. (A), vol. xoin (1917), pp. 276-292. See also Bulletin de la soc. mat. de France,

vol. JLII (1924), p. 585.
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Let 2 (an cos nx + bn sin nx) be the OJf^-series, and let / (x) be the
n-l

function associated with it in the open interval (a, j8); where an = o (1),

6W = o (1). Let F (x) be the function corresponding to the Fourier's series

^ an sin nx bn cos nx ^ . -n / \ n / x f
*

n / v 7 *S- n-- ---- -
;

then we have jP (a:)
- F (a)

= / (x) dx 9 for
^ Ja

a < x < j3 (see I, 406). The nth partial sum of the O^F-series is given by

*n 0*0
-= o- ^ 1^ (F (

x \-t) + F(x- t)} sin (n + J) t cosec Udt,
Tf (tX J o

at an interior point of the interval (a, /?). If (x e, # + e) be an interval

interior to (a, /3), the integral in the expression for sn (x) may be divided

into two parts, the first taken from to e, and the second from c to TT.

The value of the first of these integrals depends only on the properties of

/ (x) in the interval (x e, x -f e). In order to prove the theorem, it is

sufficient to shew that

r ^ [F (x + t) + F (x
-

t)\ sin (n + J) t coscc U dt
dx J e

converges to zero, as n ~ oo . The expression may be written in the form

~ ^ [F (x H- *) + F (x
-

t)] sin nt cot \tdt -h kn ,

where kn - &_w - ^ J"
[JP

1

(;r f 1) + F (x
-

<) ]
cos nidi.

We have

kn --= ^ fdx J o

rfo;
' + ""' cofl

the first expression on the right-hand side is equal to

d an sin nx bn cos ?md (an- - /

rf#\

or to TT (a n cos ?wr -f bn sin /^),

which converges to zero, as n oo. In the second expression the differen-

tiation can be carried out under the sign of integration, since

F (x + t) + F (x
-

/), cos nt

are both ^-integrals in the interval (0, e) (see 249, Ex. (6)) ;
it is therefore

equal to I [/ (x + t) \- f (x t)] cos nt dt, which converges to zero, as

n ~ oo, since/ (x f t) + f (x t) is summable in the interval (0, e). It has

accordingly been proved that kn = o (1).

d ["
In order to deal with -, [F (x f t) -f F (x t)] sin nt cot \tdt, let

dx J e

<f> (t) be defined as an odd function of t in the interval ( n, TT), such
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that
<f> (0)

= 0, <f> (t)
= cot \t in the interval (e, TT), and let it be con-

tinuous at t =
,
and such that

<f>' (t) 9 <f>" (t) exist and are bounded in

the interval (0, c). The function
<f> (t) is the integral of an integral, and its

Fourier's series S c^sinpt converges uniformly. The differentiated series
P-I

also converges uniformly to $ (t), and Cj>
=

(

-
)

; thus S
|

cp \ converges
\jP / p = i

to a number C. If it were necessary, <f> (t) could be so defined as to have

any number of its derivatives bounded.

We now consider

+ t) + F(x- t)} <f> (t) sin ntdt
;

by integration by parts we have

j^
{F(x + t) + F(x- t)} <f> (t) sin ntdt

- - {0 (x -I )
- G (x

-
e)} cf> (e) sin ne

- n r {G (x + t)-Q(x- t)} <f> (t) cosntdt

- [
n

{G (x + t)~G(x- t)} $ (t) sin ntdt ;

f
x

where G (x)
=-

\ F (x) dx. The function F (x) is the differential coefficient
J -7T

of G (x) almost everywhere, and at every point of (x e, x + e) ;
we have

thus, remembering that G (x + t) G (x t), <f> (t) cos nt, <f>' (t) sin nt are

integrals in (e, TT) (see 249, Ex. (6)), for

{F(z + t) + F(x- t)} cf> (t) sin ntdt,

the expression
- {F (x + e)

- F (x
-

e)} <f> (e) sin )i

- n r {F (x + t)
- F (x

-
t)} cf> (t) cos ntdt

- {F (x + t)~- F (x
-

t)} (f>

f

(t) sin ntdt.

Since the Fourier's series for
<f> (t), </>' (t) both converge uniformly, we may

substitute them in the integrals, and integrate term by term. We can then

transform back the coefficients of each factor c p ,
where sin.pt takes the

place of
<f> (t), and we thus obtain the expression

S c 9 -7- [

"

{F (x + t) + F (x
-

t)} sin pt sin ntdt
;

p . 1 ftX J

hence we have

j- f

"

{F (x + 1) + F (x
-

t)} <f> (t) sin ntdt = 2 c, (kp_n
- kp+n ).ax j c p . i
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If
77
be an arbitrarily chosen positive number, since kn = o (1), we have

I

kn
|

< 77, for |

n
|

S m." It follows that

00

To estimate cpkp_n ,
we have

P-I

< 77(7, provided n m.

p I

n
s

The first expression on the right-hand side is less than
77

S
|

c p |
,
or

p=*n- in

than (777 ; the second is less than
77

2
|

c p |
,
or than Cfy ; the third is less

P = I
n

than M S
|

c p |
, where Jtf is the maximum of the numbers

| k^ \
,

p nm-\ 1

| A?j_ |
,

. . .
,

|

A:w-i |
,
and this converges to zero, as n ~ oo

, when m is kept
n+m-l QO

fixed
; the fourth expression is less thanM 2

|

cp \
,
or than M S

|

cp \
,

which converges to zero, as n ~ oo. It has now been shewn that

Km S

oo

and since
77

is arbitrary, lim c p (kp n kv+n )
= 0. It has now been shewn

d f
w

that lim -, [J
7

(x + t) + F (x t)] 6 (t) sin ntdt = 0, and the theorem has

thus been established.

It can be shewn that, if x is confined to a closed interval interior to

(, /3), the convergence of

A
dx j

[F (x + t) + F (x
-

t)] sin (n+\)t cosec \tclt"

to zero is uniform in the specified interval of x.

Since

d [
n

j l^
7

(
x + *) + f (x t)] cos fttfeft TT (aw cos na; + bn sin 7^0;),

the expression on the left-hand side is numerically less than TT
(|
an

\
+-

\

bn \ ),

and it therefore converges to zero, as n ~ oo
, uniformly with respect to x.

It is also known (see 334) that [/ (x + t) + f (x t)] cos ntdt con-
' A

verges to zero uniformly for all values of x in a closed interval interior to

(a, /?). Hence kn converges to zero uniformly for all such values of x.

HII 44
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rse-fe

i. Since
|

kn (x) \

^ TT
(|
an

\
+

\

bn \) + \ \f(t) \
dt, and is so chosen

J X~

that (x , x + c) is in a closed interval (A, B) interior to (a, j8), we see

n - ?7i r J?

that, if Jf = TT S
(|
aw

[
+

|

&n |) + m\ I / () |
dt, none of the numbers

n-O .L-l

&o (#)> &i (
x)> > ^w-i (#) can numerically exceedM , for any of the values of

x. Thus the uniform convergence is established.

452. It appears from the theorem proved in 251 that, at any point
x in the open interval (a, /?) of restriction, the ORF-series is convergent
if the Fourier's series of the function which has the value of / (x) in the

interval (x e, x h c), and has elsewhere the value zero, is convergent
at x. Moreover, if ( x , fa) is any closed interval contained in (a, /?), the

0-RF-series converges uniformly in (a1? fa) if the Fourier's series of the

summable function which has the value / (x) when x is in ( 1? fa), and

which elsewhere has the value of some summable function, is Tiniformly

convergent. The general result may be stated as follows :

Sufficient conditions for the convergence of an ORF-series in the open
interval (a, /3) of restriction, at a point x in (a, /?), and also sufficient conditions

for the uniform convergence of the series in a closed interval (al , fa) contained,

in (, j8), are identical with the corresponding sufficient conditions for the

Fourier's series corresponding to the summable function which agrees with

f (x) in a neighbourhood of the point x, or in an interval contained in (a, /?),

and which has elsewhere the value zero, or the value of some summablefunction.

It is thus seen that, in any closed interval contained in an interval of

restriction, an ORF-series may be employed like a Fourier's series; for

example, it may, subject to the same conditions as in the case of a Fourier's

series, be substituted in the integrand of any integral whose limits are

within the interval of restriction, the integration being then carried out

term by term.

453. The trigonometrical series 2 (an cos nx + bn sin nx), correspond-

ing to a function / (x) which has a Denjoy integral, or in particular a

Harnack-Lebesgue integral, in the interval
( TT, TT), is in general not such

that the conditions an = o (1), bn = o (1) are satisfied. But in any such

i ,t , - o -, , i ^ an sin nx bn cos nx . ^ . ,

case when they are satisfied, the series L is a Fourier s
n

series which corresponds to a function F (x) which is an indefinite D-

integral, but not an //-integral, and is consequently a continuous function.

But in each open interval that is contiguous to the set H, of points of non-

summability of / (x) 9
F (x) is an //-integral, to the values of which the

Fourier's series converges ; thus the Fourier's D-series is an <9JR.F-series, to

which the results of 452 are applicable.
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In case the conditions an = o (1), bn = o (1) are not satisfied, there msty
be values of x for which lim (aw cos nx + bn sin nx) = 0. If be a point

n~co
within one of the intervals contiguous to the set H of points of non-sum-

inability of the function/ (x), and for which lim (an cos ng + bn sin ng)
= 0,

n~oo
the result of 452 is applicable to the neighbourhood of the point ,

be-

cause in the proof in 451, no use has been made of the conditions

an = o (1), bn = o (1), the conditions having alone been employed that the

TI 9 ^an smnx bn cos nx . . -
,
.

,

Fourier s series S exists, and that
n

lim (aw cos nx + bn sin %#) = 0,
7fc~ao

at the particular point x. The Fourier's D-series may be convergent at a

point x at which this limit has the value zero, but the set of points of

convergence cannot have a measure greater than zero, unless an = o (1),

bn = o (1), because, as has been shewn in 430, if an cos nx + bn sin nx

converges to zero at all points of a set of positive measure, it then follows

that an = o (1), bn = o (I).

We have accordingly obtained the following properties of a Fourier's

D-series :

A Fourier's D-series, or in particular a Fourier's HL-series,

% (an cos nx + bn sin nx),
w-l

corresponding to a function f (x), and for which an -= o (1), bn = o (1), be-

liaves, in any closed interval interior to an interval contiguous to the set II, of

points of non-summability of f (x), in exactly the same manner, as regards

convergence, uniform convergence, or oscillation, as the Fourier's series

corresponding to the summable function which, in the closed interval, has the

same values as f (x), and outside that interval has the value zero. The series

may be employed in that closed interval in the same manner, and subject to

the same conditions, as the Fourier's series.

In case the conditions an -- o (1), bn -- o (1) are not satisfied, the points

of convergence of the Fourier's D-series, in the intervals contiguous to H,form
at most a set of points of measure zero. At any point interior to an interval

contiguous to H, at which an cos nx + bn sin nx converges to zero, as n ~ oo
,

the series behaves, as regards convergence or oscillation, in the same manner

as the Fourier's series corresponding to the summable function which Jias in

a neighbourhood (x 8, x f S) of the point x the same values as f (x), and
has everyivhere else the value zero.

454. The more general class of restricted Fourier's series may be

defined as follows :

The series obtained by differentiating p times the Fourier's series corre-

sponding to a summable function F (x) is said to be a restricted Fourier's

44-2
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series of the pth class, and to be restricted to one or more open intervals (a, j8),

if, in each such open interval, F (x) is a pth indefinite L-integral. The pth

differential coefficient of F (x), which exists almost everywhere in (a, j8), is

said to be the function associated with the restricted Fourier's series.

It is easily seen that an OJW-series belongs to the first class of re-

stricted Fourier's series.

The theorem in 341 that the convergence, or the nature of the upper
and lower sum-functions, of a Fourier's series at a particular point depends
only on the values of the function to which the series corresponds in an

arbitrarily small neighbourhood of the point has been extended to the case

of the pih derived series, when summation (<7, p) takes the place of ordinary
summation. W. H. Young has in fact established* the following theorem :

The upper and lower sums (G, p) of the pth derived series of a Fourier's

series corresponding to f (x) at a particular point depend only on the values of

f (x) in an arbitrarily small neighbourhood of the point.

It has also been shewnf by W. H. Young that:

The derived series of a Fourier's series corresponding to a function of
bounded variation in

( 17,77) converges (C, k), where k > 0, almost every-
where to the differential coefficient of the function.

By employing both of the last theorems, the following theorem can
be obtained:

Vf(x ) be> in a certain interval (a, b), of bounded variation, the first derived

series of the Fourier's series of f (x) converges (C, 1), almost everywhere in

(a, b), to the differential coefficient of the function f (x).

For the convergence (C, 1) at an interior point of (a, b), of the derived

series, does not depend upon the nature of /(#) outside (a, />), and is there-

fore the same as if f (x) were of bounded variation in (- TT, 77). In that
case the series converges (C, 1) almost everywhere in (a, b) 9 to the value

/'(*)-

CONVERGENCE AND SUMMABILITY OF THE SERIES ALLIED WITH A
FOURIER'S SERIES

455. The series allied with a Fourier's series

a + S (an cos nx + bn sin x), corresponding to the function / (x),n^l

has been defined in 400 to be the series S (an sin nx - bn cos nx). We
w]

proceed to consider the question of the convergence of the allied series at

a particular point.

* Proc. Lond. Math. Soc. (2), vol. xvn (1915), pp. 212-217.

t Ibid. (2), vol. xm (1913), pp. 21-23.



464, 455] The Series Allied with a Fourier's Series 693

We have
n 1 n fir

S (an sin nx bn cos nx) = - S / (a;') sin ^ (# #') da;
7

1 .
I* 1 J -1T

+ 1
sm o

<*'>
.- sn *-*)

and thus the partial sum on the left-hand side can be expressed in the form

1 r f '\ r *
x ~~ x/

'\
x ~~~ x/ '

'\i //
*

27rJ_ 7r [
2 2 J

fir
Since /(#') sin ^ (x a/) rfa;' converges to zero, as n ~ oo, uniformly

J TP

for all values of x, the limits of the partial sum depend upon those of

|^ |*7T
/

.
f f

o~ / (
x/

) co^ (1 cos ^ (#
~ ^0} ^'j

or, writing x' ~ x + t, upon those of

1 f ir

^r- f(x + t) cot }{ (1 cos
^7r./-7r

or of -
['(/(^ -0 -,/> + *)} cot i*(l

-
An J o

It follows that the allied series converges at a point a? to the value

provided this expression has a definite meaning, and provided further the

condition

lim \{f(x-t)-f (x + t)} cot \t cos ntdt -
W-~QO J

is satisfied.

2
Since cot \t

- is bounded and measurable in the interval (0, TT), it
T

follows from the theorem of Riemann-Lebesgue that

lim \* {f(x -t) ~f(x \-t)}(cott-
n^ Jo \

hence the second condition is equivalent to

^ //^.
_ A _ ^ //^

i

f\
Tn case J ------ -- ;

is summable in an interval which contains
V

the point t = 0, both the conditions of convergence of the series at the

point x are satisfied, since

-
) -/( + 0) cot \t

-

exists as an //-integral.
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T 11- / fa
-

<) / (3 + *) . , I , , - i

In general however - ------ ---- ---- - is not summable in the neigh
-

t

bourhood of the point t = 0, but

may exist as a non-absolutely convergent integral, denoting

~ lim f

*

{} (x
-

t)
-

f (x + t)} cot U dt.

^e~0./e

The result has now been established that :

The allied series converges at a point x to the value

provided this expression has a definite meaning, and provided further that

n~><*> .'

the integrals in these two conditions being in general non-absolutely con-

vergent at t = 0.

This resultwas obtained* byPringsheim, who was the first to investigate

the convergence of the series in a rigorous manner.

It is easily seen that, / (x) being a periodic function,

1 f f(x t) f (x + t) ,

is equivalent to - -- '
- dt.

77 J o t

456. The case in which / (x) is a function of bounded variation in the

interval ( 77, 77) was investigatedt by W. H. Young. For the convergence
at a point x, of continuity of the function, we can however consider the

more general case in which the function is only of bounded variation in

some neighbourhood (x S, x + S), of the point x.

We have then to consider the expression

1 f
5

9"- [f(x t)f(x + t)]cot \t (1 vosnt)dt,

since, when the limits of the integral are (8, 77), the expression converges,

as n ~ oo
,
to the definite value

-t) -f(x + t)]cot%tdt.

*
Sitzungsber. d. Munch. Akad. (1900), p. 87.

t Ibid. (1911), p. 361.
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We have, when n is so large that 8 > n/n,

.o
iff (t) cot \t (1 -cosnt)dt -cosnt)\dt

(
n

.'0

sin

where
iff (t) denotes / (x t) f (x + t), and en is the maximum of

| iff (t) \

in the interval (0, 7r/n). If n be sufficiently large, we have
7T

[*V (t) cot \t (1
- cos nt) dt < 77,

where
77

is an arbitrarily chosen positive number.

The function
iff (t) may be expressed as P (t) Q (t), where P (t), Q (t)

are monotone and non-increasing in the interval (0, 8) ;
we have then

P (t) cot - cos ntdt = cot~ P (
-

]
cos ntdt,

Jir 2 2tt U/Jir
Ti- n

where 8' is in the interval
(

-
,
8

j
;
hence the integral on the left-hand side

is numerically less than -cot^-Pl-); a similar result holds for theJ n 2n W
function Q. Since P

f-j, Q (-]
both converge to zero, as n~ oo, we see

that
If 5

t

o~ (f(x ~
') f(x + t)}cot p

cos ntdt

if n be sufficiently large. It now follows that

s~ I ( / (^
~~

')
"~ / (x + ')} co* \t (1 cos n<) eft

t I v / \ / t/ V ' /^ \ /
^7T Jo

differs from ^- \ {f(x-t)-f(x + t)} cot \ttit
ZiTT J

n

by less than 277, if n be sufficiently large. If now

exists, we have

Km ^ f {/(^-<) ~/(a; + <)}co
tt~> ^77 J o

=
<r I {/(-')-/(* + f)> cot
^TTJo
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The following theorem has now been established :

1

//, at a point of continuity x, of the function f (x), the function be of

bounded variation in some neighbourJiood of x, the allied series converges at

x to the value

^-lim ^ {f(x
-

8) ~f(x + 8)} cot \tdt,

provided this limit has a definite value.

The following analogue of de la Vallee Poussin's condition ( 346) for

the convergence of Fourier's series has been obtained* by W. H. Young:

If - {/ (x t) f (x + t)} dt is of bounded variation, as a function

of u, the allied series converges to

1 A I 11 J(j v I
~~~

I \Ju
~

I
V I 7 .

lim - -

/
r̂ >

n

provided this limit has a definite value.

457. As regards the summability of the allied series, the first step was

taken by W. tf. Young, who proved that the series is summable (C, 1) if

the integral
' * '

')
" / (x + ')} co*

~

which will be denoted by 7, exists, at least as a noii-absolutely con-

vergent integral, provided also

The latter condition is certainly satisfied at a point x at which
| / (x)

- C
\

is the differential coefficient of its indefinite integral, whatever value C

may have. The set of points at which this condition is satisfied contains

almost every point of the interval (77,77) (see T, 432), and may be termed

the JD-set. In order to shew that the allied series is summable (<7, 1) almost

everywhere, it is accordingly necessary to shew that the integral

o

exists almost everywhere.

It was provedf by Plessner that, if

00

V (h, x)
= 2 (an sin nx bn cos nx) hn ,

n = l

* Lor,, cit. p. 368. See also Pror. Lend. Math. Soc. (2), vol. x (1911), pp. 266, 271, whore

various theorems relating to the allied series are given.

f Zur The&rie der konjugierten trigonometrischen Reihen, Mittheilungen des Math. Seminars der

Univ. Giessen, No. x, 1923
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where
| h\ < 1, then

lim \V(h,x)
- ~

l'{f(x
-

t) -f(x + *)}oot|dl
= 0,

fe~i L &n Jo, * J

where a ---- sin"1
(1 h), provided

it follows that in the L-set, the integral / exists at a point at which the

Poisson sum exists. The particular case of this theorem in which # is a

point of continuity of / (x) had been obtained earlier* by Fatou. It was

further proved by Plessner that the Poisson sum exists almost everywhere,
and it then follows that / exists almost everywhere. Taken in conjunction
with the theorem of Young, referred to above, it follows that the allied

series converges (C, 1) almost everywhere.

The suminability (C, k), for k > 0, has been considered in a memoirf
of Hardy and Littlewood, which contains an account of the development
of the theory of the summability of the series. It is there shewn that, in

the -set, the allied series is either summable (C, k) for every value of

k (> 0), or not summable (C, k) for any value of k, nor by Poisson's method.

This result combined with that of Plessner leads to the extension of the

property of Fourier's series to the allied series
;

The allied series is summable (C, k), for k > 0, almost everywhere.

An extension is also given in this memoir of the theorem stated in

374, relating to the conditions that, at a particular point, the series

should be summable (C 9 k) for some value of k.

458. In case/ (x) is a function whose square is summable in ( TT, TT),

it follows from the Riesz-Fischer theorem that the allied series is the

Fourier's series of a function of which the square is summable.

The following theorem was givenJ by Lusiii : .

}
2 summable in (0, 1), the integral

Jo *

lias a definite value almost everywhere, and represents a function <f> (x) such

that
{<f> (x)}

2 is summable in the interval.

A proof of this theorem has been given by Besikovitch, who shewed

that

o o

* Ada Math. vol. xxx (1906), p. 360.

t Proc. Lond. Math. 8oc. (2), vol. xxiv (1925), p. 211.

f Comptes Rendus, vol. CLVT (1913), p. 1655.

Fundamenta Math. vol. iv (1923), p. 172.
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The more general case of a function/ (x) such that

| / (x) \

is summable
in (- 77, 77), for some value of p (> 1) has been studied by* M. Riesz (see

397) who has given an indication of his proof that :

V \f(x ) \

p be summable in (77,77), where p tias some value > 1, then

the series allied to the Fourier's series of f (x) is the Fourier's series of a

function <f> (x) such that
\ <f> (x) |

is summable in (- 77, 77).

"Detailed proofs of this theorem, with a development of its consequences,
will appear in forthcoming memoirs by M. Riesz, and by Titchmarsh.

DOUBLE FOURIER'S SERIES

459. The theory of double Fourier's series has been investigated by
Ascolif, PicardJ, Cerni, Krause||, Hardy^T, Vergerio**, W. H. Youngft,
C. N. MooreJJ, Kiistermann, and Titchmarsh

||||.
A detailed account of

many of these investigations, with some further developments, has been

given by Geiringer^ffl. Those respects in which multiple Fourier's series

differ from single Fourier's series are sufficiently represented by the case of

the double series; for simplicity of statement, only the case of Fourier's

double series will accordingly be dealt with here.

If/ (a?W, xW) be a function of (a;*
1
), x&), periodic with respect to a;*

1
) and

with respect to #< 2
), in each case with period 77, and summable in the

rectangle ( 77, 77; 77, 77); let us consider the series

(n<i>, n<*> cos nWxM cos n&x& + 6wd) w (2) cos nMx^ sin n& ,r<->

tt(1 >= 0, 7l<
2>=

+ cwd), w(2) sin nMxM cos n^xW f rfw(i>
f nw sin n^x sin w^.^ 2

)),

where ana> f w (
^

2 [
/ (#

(1)
,
#(2)

)
cos n^x^ cos n^xW d

for nw > 0, n& > 0,

and aw<i),
- -

f '/(z
(1

>, x^) coswWaW d
^IT ^(A)

f A
* Proc. Loud. Math. Soc. (2), voJ. xxn, Records, Jan. 17, 1924, p. iv, also Comptes

vol. CLXXVIII (1924), p. 1464.

t Rendiconti Lomb. (2), vol. xx, p. 543.

% Traitdd:Analyse, 2nd ed. (1901), p. 294. Rend. Lombard, vol. xxxiv (1901), p. 921.

H Leipz. Ber. (1903), pp. 164, 239. ^ Quarterly Journ. vol. xxxvn (1906), p. 53.
** Oior. di Batalgini, vol. XLIX (1911), p. 181.

ft Proc. Lond. Math. Soc. (2), vol. xi (1912), p. 133.

JJ Trans. Amer. Math. Soc. vol. xiv (1913), p. 73; Bull. Amer. Math. Soc. vols. xvn, xvni;

Comptes Rendus, vol. CLV (1912), p. 126; Math. Annalen, vol. LXXIV (1913), p. 555.

"Inaugural dissertation," Ueber Fourier'sche Doppelreichen und das Poisson'schc Doppel-
integral, Munich, 1913.

III!
Proc. Roy. Soc. vol. cvi (1924), p. 299.

HI Monatshefte f. Math. u. Physik, vol. xxix (1918), p. 65.
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with similar expressions for bn < tnM 9 cn <i>fW<i>, dw<D, w<a>; where A denotes the

fundamental rectangle ( TT, TT; TT, TT). This series is said to be the double

Fourier's series corresponding to the summable function/ (xW, x^). It i&

clear (see 237) that each of the integrals which express the coefficients

may be replaced by the corresponding repeated integral. We may denote

the correspondence of the series with the function by

n<i) cos

+ 6n<i>, n < cos n^xW sin n^x^ -f cn<i>, n(i) sin

+ dnd\ n(2) sin nWxW sin w^a^ 2
>).

It is clear that the formal expression of the series may be obtained by ex-

pressing / (xW, x(

)
as a single Fourier's series of cosines and sines of

multiples of xM, and then each coefficient in that series as aJEoucugr's series

of cosines and sines of multiples of x^.

If we denote by Kn(D9nw the sum of the four terms corresponding to

n), n<

, and by #nw, nw the sum S /Tn(i), ww), we have
o, o

2 + cos (<*)
-

aKD) |- ... + cos< ^ ~
f"

7T J _

rr

- cos (W xW) + . .. + cos nW

sin (2n(
1) -hi)- ~^~- sin (2n^ + 1)

/;

sn sn -

I

where m^ - 2nW + 1, m( 2
) - 2^( 2

) + 1, and J1

(W, t^) denotes

f 2< 1

>, a;(
2
) -h 2<(

2
)) +/(x(

1 ) - 2^), .r(
2) f

the function/ (xW, x^) being taken to be periodic with respect to x^ and
to

The investigation of the properties of the double Fourier's series, as

regards convergence, divergence, or oscillation, at a point (xW, x&) depends

upon a discussion of the nature of the double limit

lim -\ I
"
\", (.., ., *?!%W<~,m<~'n

'

Jo Jo sin<( l)s



700 Trigonometrical Series [OH. vni

It can easily be shewn that, for this double limit,

Hm A r r r <*,
~*,m<~ao*r JO JO

may be substituted. For -- --
.-

(1)
.

.^
is bounded and suminable

over the cell (0, 0; JTT, |TT), and when multiplied by the summable function

F (Jd), <<)) the product is summable. Since sinra^W1 ) sin w<2W a> is bounded,

and since the integral of it taken over any cell contained in (0, 0; |TT, JTT)

converges to zero, as nM ~ oo
,
n^ ~ oo , it follows from the general

convergence theorem of 279 that

lim f**

^
F (fl

l
\

>~
> wi<~x ^ -'(0,0)

from which the result follows.

460. If the general convergence Theorem I, of 279, be applied

to any of the integrals [ f (x^xW)* n^xW* n^xW d (x(,xW) the
J(A) sin sm v

double limit as n^ ~ oo
,

tt(2) ~ oo
, will have the value zero, provided the

conditions (1) and (2) of the theorem are satisfied by
COS

raWsW
C S nWxW - O (a?W, o;(

2
)).

sin sin

Since
|

O
|

^ 1, the condition (1) is satisfied; also the integral of <t> over

4
any rectangle contained in A is numerically less than ^ (2j,

which con-

verges to zero, as n (l\ nW become indefinitely great; thus the condition (2)

is satisfied.

It follows that the, double limits of the four Fourier's coefficients amn ,
6wn /

cmn > d'rnn as m ~
.
n ~ are <*% ZWO.

fir PO^
If we denote / (x, x&) n^x^dx^ by </> (xW,

( 2
>), this function

J _TT sm
is equivalent, for each value of n (2)

,
to a function which is summable in

rif sin
the interval ( TT, TT) with respect to a?W, and ^ (xW, nW)

k

n^ajWflteW
./ 7T COS

converges to zero as nM~ao, the number ?i^
2) remaining fixed. Conse-

quently it has been shewn that :

The coefficients aw<i>>w<2>, 6w<i)fW<, cn(i)fW ), rfw(i), w(a), m a double Fourier's

series, converge to zero, as one of the numbers n^\ n^ diverges to oo
,
the other

number remaining fixed.

461. It has been shewn that, at any point (x^, #< 2)
), which we may

take to be interior to the cell ( TT, TT; TT, TT), the behaviour of the double
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Fourier's series, as regards convergence, divergence, or oscillation, depends

upon the limit as n^ ~ oo
,
n^ ~ oo

, of the integral of

(2) _?
sin (2n + 1) sn

/ (f > ) (i)

sn sn

over the cell ( TT, TT; rr, TT).

Let us now consider the function O (fW
- &W, f()

- s<) ;
w <i), n<2)>

which has the value
(2) - x(2)

2sn '

2

fU) _
sn - - sin

2 2

when both
|
fW x^

| /*, | ^
(2) - a? (2)

|

^
/>t,

where /x is a positive number

such that x(1) and xW are both in the interval (
TT H- JLI,

TT /x). Let the

function < have the value zero, when either of these conditions is not

satisfied, or when neither of them is satisfied. We have
|

O
|

< cosec 2
J^,

and thus the condition (1) of Theorem I, in 279, is satisfied by O. Again
the integral of <P over any cell contained in

( TT, TT
; TT, TT) is the integral

over a cell, for no point of which
|

W - #(1)
|

< /z,
or

|

<2> - d
\

< p ;
or

it is the sum of the integrals over at most four cells, all of which satisfy

this condition. If we consider the integral of O over one such cell, its

value is

/
0(D 0U) /"' #(2) 0< 2)

sin (2nM + 1)
~- cosec~ d6^ . I

^

sin (2n +l)~2
~ cosec - dO,

where cosec is numerically S cosec ~, and is monotone; the sg^iie con-

dition holding for cosec ^- . Applying to these integrals the second mean
2i

value theorem, we see that they are less than fixed multiples of (2nW f- l)~
l
,

(2nW I- I)"
1
respectively. Therefore the integral converges to zero, as

nM oo
,
n^ oo

;
and accordingly the condition (2) of Theorem I, of 279,

is satisfied.

It follows that the behaviour of tfwu>, w <i> at the point (x^\ x(2)
) depends

only on that of the integral *

sin (2nW + 1) ^
cosec - - sin i

cosec

taken over the cross-neighbourhood (see 291) of the point (x^, x

defined as the set of points for which either
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or where both these conditions are satisfied; the point (#
(1)

, #< 2)
) being at

a .distance > n from the boundary of the cell. Moreover, the convergence
to zero of

(-rr, -IT)

as >i<l) ~ oo, tt(2) oo, is uniform for all points (fw, |(
2
))
in a closed set that

is interior to A, when p is taken sufficiently small.

A main point in which double, or multiple, Fourier's series differ from

single Fourier's series depends upon the fact that the behaviour of the

former, as regards convergence, divergence, or oscillation, at a point, does

not, as in the latter case, depend only upon the nature of the function in

a neighbourhood of the point, but upon its nature in a cross-neighbourhood
of the point.

FUNCTIONS OF BOUNDED VARIATION

462. Nearly all the writers on the subject of double Fourier's series have

considered the convergence of the double series corresponding to functions

which satisfy the condition of being of bounded variation in accordance

with the definition of functions of bounded variation given by Hardy and

Krause (see I, 254). The more general definition given by Arzela (i, 253)

will be employed here in an extended form. As a preliminary, some remarks

as to the scope of this definition are requisite. In the cell (aP\ a< a
>; & ll)

, bW),

the. definition of a function of bounded variation, given by Arzela, depends

upon the consideration of the family of monotone curves joining the two
corners (a*

1
*, a<2

>)
and (&W, &< 2

>)
of the cell. It was shewn in I, 253, that

the necessary and sufficient condition that a function should be of bounded
variation in the cell is that the function should be expressible as the

difference of two bounded monotone functions, these two functions being
either both non-diminishing with respect to both x^ and x&\ or else non-

increasing with respect to both those variables.

Arzela's definition may however be extended to apply to the case in

which the monotone curves employed in it are curves joining the other

pair of opposite corners of the cell, viz. (W
l
\ a(2)

) and (a
(1

>, bM). It thus

appears that there exists a second species of functions of bounded variation,

such that a function of this species is expressible as the difference of two

functions, each of which is monotone non-diminishing with respect to xM
9

and monotone non-increasing with respect to # (2)
;
or else in each case the

reverse.

Both species of functions will be regarded as included in the definition

of functions of bounded variation. It is clear that if/ (x^\ x (

*>) is of bounded

variation, of the first species, and if (x
(1\ xW) be the optical image of

the point (x
(l\ x(2)

) in the straight line through the centre of the cell
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parallel to the o^-axis, and if /(a*
1
), a?W) has the value, at (xW 9 xW), of

the function/ at the point #W, %W, that is/(#W, #< 2
>'), then the function

/ (xl
l
\ #( 2)

) is of bounded variation, of the second species.

A function which is expressible as the difference of two monotone

functions, which are both monotone in the same sense, is said to be

monotonoid. When the function is the difference of two functions, each of

which is monotone non-increasing with respect to one variable x, and
monotone non-diminishing with respect to the other x&\ then the function

may be said to be quasi-monotonoid.

Thus a function of bounded variation is cither monotonoid or else

quasi-monotonoid.

It was shewn in i, 307, that, for a monotone function
<f> (x^, #< 2)

),

defined iu the cell (a^, a< 2
>; 6, # 2

>),
the functional limit < (a*

1 ) + 0, x& + 0)

which represents the double limit of
</ (a*

1 * + h,M, xW + W$), as hM and h&

converge to zero from positive values, has a definite value. Also the double

limit
</> (xW 0, xt 0) has a definite value. But the double limits

cf> (x& I- 0, Jc( *} -
0), </> (xM

-
0, xW + 0) do not necessarily exist as definite

numbers (see the correction to i, 307, at the end of the present volume).
But the limit

lim lim
<f> (x^ + M l

\ x^ + hW), or lim
<f> (x^ + 0, x& - + 0),

where ^ > 0, necessarily exists. For
<f> (xW + 0, #< 2)

^ + 0) exists, and
is clearly monotone with respect to . Similarly lim

<f> (x
(V + 0, x^ 0)

*

~o
exists. Whenever

<f> (xW + 0, x^ 0) exists, we have

+ 0, x& -
0)
= lim (a?W I- 0, x -

J + 0)

- lim
<f> (xW + J

-
0, xM - 0).

For, when
<f> (x

(l)
|- 0, x^ ~

0) exists, we have

| cf> (xW + AW, xW - W) - $ (xM + 0, x& -
0) |

< 6,

provided Ml
\ h^ are both less than some number 77; if be sufficiently

small, it is then clear that < (x
(V + 0, xW ~ + 0) differs from

<f> (a?vD + 0, #( 2) ~
0)

by not more than 6, hence, since e is arbitrary, we have

6 (xM + 0, xW - 0)
- lim ^6 (a^

1 ) + 0, x& -
{ + 0).

Similarly, lim d> (xM - + 0, x& + 0) and lim
<f> (x

-
0, x + C

-
0)

-0 ~0
both exist, and in case ^ (#

(1)
0, o;(2) + 0) exists, all the three have the

same value.

For example, let
</> (x, x) = (x + 1) (x + 1), for x < -

a:*
1
*, and

2) (x& + 2)
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for zW S # (1)
. In the cell

( 1, 1
; 1, 1), <f> (#

(1)
, x^) is monotone, since

four factors are all positive. At the point (0, 0),

Km <

do not exist. But lim 6 ( + 0, + 0) and the other similar limits exist.

<r~o

It is clear that these remarks apply not only to a monotone function

but also to one which is monotonoid, since the latter is the difference of

two monotone functions.

It has been shewn* by R. C. Young that, in the case of a quasi-monotone
function of any one of the four classes specified in I, 255, all four double

limits
<f> (x

(v
0, x^ 0) exist as definite numbers (see the correction

referred to above).

463. As regards a function which is monotone with respect to the

variables in opposite senses, the following theorem may be established^ :

It is a sufficient condition that a /unction <f> (x^, x^) which is monotone

with respect to x^ and to x^\ but in opposite senses, should be monotonoid is

that either (1), one of the four partial derivatives of <f> (x
(l\ xW) with respect

to xM should be bounded in the cell, or (2), that one of thefour partial derivatives

of <f> (x^\ xW) with respect to x^ sJiould be bounded in the cell.

We need only consider the case in which
<f> (x^\ x^) is monotone 11011-

diminishing with respect to x^ l
\ and monotone non-increasing with respect

to #( 2)
. Let it be assumed that one of the four partial derivatives, say

Dx(i) <f> (x(
l
\ #( 2

)), which is necessarily ^ 0, is bounded in the cell A, and let

A be its upper boundary.

In a straight line parallel to the o^-axis, all four derivatives of
<f>
with

respect to #(1) have one and the same upper boundary; therefore A is the

upper boundary in A, of any one of these four derivatives.

. , ,. ,

-
, . . A , .^Ihe incrementary ratio -

j-^~
-L-^-- has A tor its

upper boundary, when all pairs of points (xW |- M l
\ xW), (x^\ x^), in A,

are taken into account (see i, 280). The function

is such that
/r (^ + A<, x&) -

ifj (x^, x^) 0, for A( 1)>0; therefore

is monotone non-diminishing with respect to x^: and it is so

*
ISenseignement Math. vol. xxcv (1925), p. 79.

t It is asserted by Geiringer (loc. cit. p. 109) that Kiistermann had proved (loc. cit. p. 28) that

in all cases in which (#
(l)

, #(2)
)
is monotone non-diminishing with respect to aj(1) , and monotone

non-increasing with respect to #(2)
, or the reverse, (#

(1)
, #(2)

) is monotonoid. This assertion is

however not correct. Kustcrmann proved only that it holds good when has everywhere a

partial differential coefficient with respect to one of the variables, which is bounded in the cell,

the existence of a finite second partial differential coefficient being also assumed. This condition

is much more stringent than that which is given above.
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also with respect to #< 2)
;
and therefore it is a monotone function. Thus

^ (xfi\ x() is expressible as the difference of the two monotone nan-

diminishing functions AxM, Ax^ <f> (xW, xW). The other cases may be

treated in a similar manner.

When one of the conditions in the theorem is satisfied, the four double

limits of
<f) (x^ + M l

\ xW + /&< 2)
), as U l

\ hM converge to zero, from values

that are either both positive, both negative, or one positive and the other

negative, all exist.

THE CONVERGENCE OF THE DOUBLE SERIES

464. We proceed to consider the value of the double limit of that part
of the integral with respect to (tf

1
), # 2)

) representing *w<i>
f n < (#(1)

> #(2)
)> which

is taken over a cross-neighbourhood of the point (x^\ xW). Using the

notation of 459, this integral is

where F (tf
1
), tf *)) denotes

the integration being taken over the three cells (0, 0; e, e), (0, e; e, c) y

(e, 0; c, e), where JTT ^ c> .

(1) Let us consider

0, 0)

where
iff (tl

l
\ tW) is taken to be monotone, non-increasing, and bounded,

in the cell (0, 0; e, e). The integral may be written in the form

where ^ (/
(1)

,
tf<

2)
) denotes the monotone non-increasing function

^ (#, t&)
-

A (e
-

0, e - 0).

The first part of the expression is equal to

<2> sin e

As m(1)
,
m^ 2) increase indefinitely, the integrals both converge to ?r; also

| if/ (e 0, 0) (+ 0, + 0) |

is arbitrarily small, if be sufficiently

small. Hence the expression differs from J7r
2
^r (+ 0, + 0) by less than the

arbitrarily chosen positive number ,
if , and ra^, m( 2) are both ^ an

integer dependent on and e .

HII 45
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The integral

f

"

J (0,

dT \~ 7
-

/ .11 I I M XI

0)

can be divided into parts taken over the cells

/ ITT ITT i + ITT if + ITT\

where t has the values 0, 1, 2, ... *W, and i has the values 0, 1, 2, 3, ... s(2)
;

the integers 6'W, 5(2) being such that ^ < e -
(1j- ,

and

ITT

It is convenient to take
<f> (t^ 9 1&) - 0, whenW > e or t^ > e; the integra-

tion can then be taken over the whole of the cells for which t = s^ or i = s^.

1-8 t'8(2)

The integral can be expressed in the form (
-

l)
t+t

'

u (t, i) y

i-O i'-0

where

'"'

It is seen that u (i, if) is positive, and monotone decreasing with respect

to i and if.

If C7t -^(t, 6)-'fc(t, c+ i) + fi(i,ft + 2)-... H- (- l)i+
(%(

and

Ft
- - u (i + 1, t) + i* (i + 2, t)

- ^ (1 + 3, i) + ... + (- l)
l +su) ?t ((, t),

it is easily seen that the integral can be expressed as

(/o + PO) + (^i + Fx ) + ... + (Z/rfu + K.).

We have u (t, t) > Ut > u (t, i) ti (i, t -f 1)

-w(c+ 1,0 + (* + 2,0 > ^c> -(t+ 1,0;

and hence we have

Xu (t,
- S {ti (i + 1,

- * (i + 2, 0} > S
(
tft + F.)

> E {^ (t,
- u (t, t + 1)}

- 2U (t + 1, 0},

and therefore S ^ (t, t) > S (7t + Ft )
> - S u (t, t) ;

t0 i-O t-O

and thus
|

S (C7t + Ft ) |

< S ^ (t, t).
t-O t-O

The numerical value of the integral to be estimated is accordingly less than

u (0, 0) + u (1, 1) + ...+u (, W).
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Now

w(0,0) =

which is less than ir2
{if/ (+ 0, + 0) \ft (e 0, e 0)}, and this is < ,

provided e is chosen to be not greater than some value l .

The sum S u (t, t) is less than < (+ 0, + 0) S -, or is less than a fixed
t -i t-i*

multiple of {^ (+ 0, + 0) (e 0, e 0)}, and this is < , provided e

is less than some value e2 .

It has now been shewn that the integral under consideration differs
t>

from
iff (+ 0, + 0) by less than 3, provided is not greater than the

smallest of the numbers , e1? e2 , for all values of m(1
>, m(2) which are not

less than an integer dependent on e.

(2) We proceed to consider the integral

The integral may be divided into parts taken over the cells

/ ITT ITT L 4- ITT t' + l?r\

Vm^'mT2)' "w?1"' m<*> /'

where t = 0, 1, 2, ... ^(1)
,
s(1) being determined by the condition

and we may assume that $ (^
(1)

, ^(2)
)
= 0, when (1) >

,
so that the integra-

tion may be taken over the whole of the cells for which t == s^. The integer
i has the values p 9 p + 1, p + 2, ... s<

2
), where p is such that

TT jp + ITT

and s(2> is such that ~<c *--
(f > an(^ we may assume

= o, when ^ 2) > c. _
The part of the integral taken over the cells for which e ^ J(2) ^ -

/0,

w
is& 2

46-2



708 Trigonometrical Series [OH. vm

and this is numerically less than

in 6 I

*1* sin 6

As w(2) is indefinitely increased, p is so also, hence the expression converges

to zero, as w< 2> ~oo. It is accordingly numerically < , provided m(2) is

sufficiently large. The remaining part of the integral may be denoted by
t =*<l> tW*>
S ( l)

l+t
'

w (t, i')> where ^ (i, t') denotes
i-O t'-

r> > /
<(2)

tVx sinmUXd) rininW*
rf

7(0,0)
r

\ m(1) m< 2
>; 1

l7r
(0,0) 1

h

We see that u (t, t') is positive and monotone decreasing with respect to

i and (.' .

Let

C7, = u(i,p + t+ 1) ~u(i,p + i + 2) + u(i,p + t-f- 3)
-

...,

Ft
= -tt(t+ l,p + t + 1) +u(t + 2,p + i f 1)

_ w
(
t + 3,p + t-f- 1) +....

c-8<

As in case (1) it then appears that the integral is equal to S (U, + T\),
i-O

and that this is less in absolute value than

u(0,p+ l)+u(l,p + 2)+ ... +

This is less than

The first integral is less than
iff (+ 0, + 0) f

*
S1

J
6
d8 f

*

a

dS

J Jo^ilf+l) 77
"

79 + 2
or than a fixed multiple of log

"-
,
which converges to zero, as w< 2) oo .

Thus the integral is numerically less than ,
if m^ is sufficiently great.

1 t-A
The series S ------- is < S

Choosing A so that 2 - < |, we see that, when A has been so fixed,

t-A

2 < |^, provided ^p is sufficiently large. Thus the integral is

numerically less than
, when m< 2> is sufficiently large.
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It has now been shewn that

is numerically < 2
, provided m(2) is sufficiently large. The integral over

(c, 0; |TT, e) may be estimated in precisely the same manner.

It has now been proved that the integral

over the three cells (0, 0; e, e), (0, e; e, c), (, 0; c, e) differs from

>, -I- 0)

by less than an arbitrarily chosen positive number, provided e be chosen

sufficiently small, and m^, mW sufficiently large. Choosing such a fixed

value of
,
the upper and lower double limits of the integral both differ

2

from -
ifj (+ 0, + 0) by less than an arbitrarily chosen positive number.

It can be shewn that

converges to zero, as m^ ~oo, m< 2> ~oo. For
</r (

(I)
,

(2)
)
cosec t^ cosec t^ is

summable in the cell (e, e; c, c), when c < JTT; and the result then follows

as in 460.

It thus appears that, when < c ^TT, the upper and lower double limits

of the integral over (0, 0; c, c) both differ from -
if/ (+ 0, + 0) by less than

an arbitrarily chosen positive number, and therefore the limit has a unique
value. It follows that, for a fixed value of e, the double limit of the integral

2

over the three cells (0, 0; e, e), (0, e; c, c), (e, 0; c, e) is
-j- t/r (+ 0, + 0).

465. If the function F (t^, #
2
>) which denotes

+ (x + 2*, .e
2 - 2* 2

) +( - 2, 2 + 2* 2
)

is bounded and monotonoid in the area which constitutes a cross-neigh-

bourhood of the point (#
(1)

,
*-(2) ), so that

F (<<, *<
2
>)
= fj (*<,

< 2
))
- .P2 (W, ( 2

>),

where jfj, J'g are monotone bounded functions in the domain under con-

sideration, F1 and Fz can be so defined that they are monotone in

TT TT.(0, 0, \TT, ITT)

Thus the integral
'" ^(0, 0) ,

'''~

converges to JJ
7

(+ 0, H- 0), as m(1) ~ oo
,
ra< 2) ~ oo .
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We have accordingly the following theorem :

If f (x^\ #(2
>), a periodic function, with periods ZTT, be summable in the

cell
( TT, TT; TT, TT), the Fourier's series corresponding to it converges at the

point (xM, x&) interior to the cell, to the value F (+ 0, + 0), where F (t, #*>)

denotes the function S/ (x^ 2tW, x^ 2tW), if the condition is satisfied

that F (t^, t^) is bounded and monotonoid in some cross-neighbourhood of

the point (#
(1)

,
#(2)

). At a point of continuity of the function f (#
(1)

,
#(2)

)
it

converges to f (#
(1)

,
#(2)

), if the condition is satisfied.

If /(#(1)
, #(2)

) is of bounded variation in a cross-neighbourhood of the

point (xW,xW), two of the four functions f (x& 2*M, x& 2t) are

monotonoid, and the other two are quasi-monotonoid ( 462) for values

of (JM, 2(2) ), in the cross-neighbourhood of (a^
1
), x^). In case the two quasi-

monotonoidal functions are monotonoid, which is certainly the case (see

463) if / (#
(1)

, x(

*>) has its derivatives with respect to one of the variables

bounded in the cross-neighbourhood, then the function F (<
(1)

,
^ 2)

)
is

monotonoid, and the four double limits / (x^ 0, x^ 0) all exist. We
have accordingly the following theorem :

If f (x(l) >
x(2)

)
be periodic, of periods 2-rr, and it be summable in the cell

( TT, TT; TT, TT), and if the conditions are satisfied (1), that f (#
(1)

,
#(2)

)
is of

bounded variation in some cross-neighbourhood of the point (x^, x^), and

(2), that, in that cross-neighbourJiood, the partial derivatives of f(xW, #< 2)
)

with respect to one of the variables are bounded, whether they have everywhere

unique values or not, then the double Fourier's series corresponding to

converges at (^ 1)
,
^ 2)

)
to the value

0, x& + 0) +f(xW -
0, x& -

0) +f(xW + 0, x( 2) -
0)

or tof (#
(1)

,
x(

), in case the function is continuous at the point.

In case the function f (x^, x^) is of bounded variation in the whole cell

( TT, 77
; 77, TT), and the condition is satisfied that one of its partial de-

rivatives (whether a partial differential coefficient everywhere or not) is bounded

in the cell, then the double Fourier's series is everywhere convergent in the cell.

A scrutiny of the foregoing investigations suffices to establish the

following theorem :

Ifthefunctionf(x(V, #
(2

>) is ofbounded variation in the cell(7r, TT; TT, TT),

and one of the partial derivatives is bounded in the cell, then the double Fourier's

series converges uniformly tof(xW, #(2)
) at the points of a closed set in all the

points of which the function is continuous. In case the closed set has points

on the boundary of the cell, at such points the periodic function obtained by
extension to the outside of the cell must be continuous.
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466. The following criterion of convergence at a point will be sufficient

in many cases, and is simple in application :

The double Fourier
9

s series is convergent at a point (M, < 2)
) if

all exist, and are bounded in some cross-neighbourhood of (
(1)

, f(2)
); the

functionf (x
(1)

, xW) being assumed to be summable in the cell ( TT, TT; TT, TT).

We may consider the cell (&V, < 2
>;

<*> + %&, f(2) + 2<<
2
>); in this cell

the integral

exists, and is monotonoid (see i, 418) with respect to (tf
1
), #

2
>) ;

its value is

which is accordingly monotonoid. Since / (W, < 2> + 2^ 2
)) is an indefinite

integral with respect to t(*\ it is monotonoid with respect to # 2)
; similarly

-f 2JW, f<
2
>) is monotonoid with respect to t^. It follows that

-h 2tf
1
>,

*> + 2U>) is monotonoid with respect to (<<'>, ^). In a

precisely similar manner it can be shewn that /( (1) f 2fW, ^(2) 5$) is

monotonoid with respect to (t^ 9 ^(2)
).
Thus all four functions

>

are monotonoid in each of the cells which constitute the cross-neighbour-

hood of (
(1)

,
(2)

); the convergence of the double series at the point

(
(1)

, f(2)
)
then follows from the first theorem of 465.

An investigation has been given by Kustermann (toe. cit.) of the con-

ditions of convergence of the double Fourier's series when it is summed

diagonally (see 33).

EXAMPLE

Let/(#
(1)

, x^) be defined in
(
- w, - TT ; TT, TT) by

f(x
(l >

9 x
( )^x-ir, for

tt),*(a)
)
= ir-a:<1

>, for

The Fourier's series is found to be

12 cos7i(1)
a;

(1) 12 cos?i(2)
a;

(2) 8 v cos n(l)x(l} cos w(2 2 '

"
*

"" " " +

The series is not convergent at the point (0, 0), but the two repeated limits

Urn lim sn(, nw (0, 0), lim lim *n<u v n( (09 0)
^(D^oo n(2)~oo n^v^oo nW^oo

exist, and have the values - w, + TT respectively. Thus the series converges when summed

by rows and columns successively, in either order, but the sums in the two cases are

different. There is no analogy in the case of single Fourier's series with this phenomenon.
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This example was given by Hardy*, in a slightly different form, and was related by

Titchmarshf with a general discussion of double Fourier's series for functions which are

discontinuous along a line.

THE INTEGRATED SERIES

467. The function /(a*
1
), x&) being summable in the cell (- TT,

-
TT; 77, TT),

let us suppose the function to be such that a
, ,

an<i>,o> ao,n<a>> ^W2>> <Vl>,o

are all zero. Let F (x^, x^) denote the indefinite integral
f

3
(-*, -T)

then the function F (a*
1

), xW) is continuous and monotonoid.

The function F ($M + 2t, fW + 2t) - F (W, M) is equal to

d
(-IT, <2>)

r(^
1)+ 2/(1>,^

2)
)

+
"

r(+ 2*
1

,

2)+ 2*<
2>

) r (
(l)

,

/(oW, *< 2
>) d (at**, x&) +

J
(

(1>
,

(2>
)

'

^ (-IT,
<

r(^
1)+ 2/(1

"

J (f
(1)

, -IT)

The second integral is monotonoid with respect to 2(2) ,
and the third is

monotonoid with respect to (1)
,
therefore the first integral is monotonoid

with respect to (fl
l)

, fl), since the sum of the three is so. Similarly, it is

seen that the integral over (W, f<
2
>; fW - 2w, W + 2*<

2
>) is monotonoid

with respect to (fl
l
\ t^). Hence also the integrals over the cells

are monotonoid. The continuous periodic function F (#
(1)

,
#< 2)

)
is accord-

ingly representable by a double Fourier's series which converges uniformly
in every finite cell. Tf

n(2) , (l (2) , nil\ w(2)n n , nf n , n n , n w

are the typical coefficients in this series, we have

-

*'*
F a* 1

), xM cos ^D^D cos n^x dn n

The expressions for the other coefficients are obtained by changing one or

both of the cosines into sines.

Writing 7rM n<i>, w<2) in the form

T cosn< 1>a* 1
><fo<

1>f
r

F(af*) 9 xW)coanW*f*datV 9

J -IT J 7T

we have
fir \ Cw ?)F

j
F (xt, &*) cos nM x<$d^ = -^ J ^ sin n< 2) x dx,

where, in accordance with i, 419, ^ (

-
2T exists for almost all values of

except when #(1) belongs to an enumerable set of points in the linear

Interval ( TT, TT).

* Loc. cit. p. 68. t Loc* f. p. 309.
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We now have for 7r
2-4n<i>, w<2> the expression

- -~ T sin nW z< 2> efo(
2> f j^ cos n ^ dx

;n(2> J J_,r9#()

g2jp
on integration by parts with respect to x^, and remembering that

^ (1)
,

(2j

exists (i, 419) almost everywhere in the cell, and is equal to

we have

or

It can be shewn that ^4
,

(2> ^ ^> an(l *hat ^ (1),o
^ 0, in a similar manner,

it being assumed that the Fourier's series for / (x
(l\ x^) has no terms which

involve one variable only.

The relations

with the corresponding relations, when n^ or n(2) is zero, can be obtained

by the same method.

It has thus been shewn that the series obtained by integrating twice

each term of such a Fourier's series converges uniformly to an indefinite

integral.

Conversely, the series obtained by differentiating twice the Fourier's

double series which converges uniformly to an indefinite integral is a

Fourier's series.

For, if

F xW, *<*) cos n aW cos n^ x^ d

where F (o;
(1)

, x^) is an indefinite integral, it can be shewn as before, by
two integrations by parts, that

1 /(",
=

9
TT & J (_w

where
^-7$* (2)

exists almost everywhere. The function / (&W, x^) being

defined to have the values of n -, lT~--75. almost everywhere, it is seen that
OX\ L) OX\*'
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The other corresponding results for the other coefficients

5n<i), n<2>, C7n(i>fntt), DnCO.nW

may be obtained in a similar manner. .

We have thus the following theorem, corresponding to the theorem of

360:

The necessary and sufficient condition that a double trigonometrical series,

without a constant term, and without terms which contain one variable only,

shall be a Fourier's double series is that the series obtained by integrating

each term with respect to both variables shall converge uniformly to an indefinite

integral.

In case the double Fourier's series for / (x^, ^) contains the terms

involving a constant and multiples of cos n^x, smn^x, GOSU^X, si

we see that the single Fourier's series corresponding to

which exists for almost all values of x^, and is summable with respect to

, is

a0>0 + S (an<D cos n^x(^ + CW<D

and the single Fourier's series corresponding to /(#(1)
>
#(2)

)
dW 1* is

^7T J __n

#00 + S (a , w(a) ,
cos n^ 2) #( 2) + b

0t n<2> sin %($ x^).

Hence the double Fourier's series corresponding to the function

If* 1
[
n

*+"}_ r r
47T2 J -7r J _

consists of the same terms as that corresponding to/ (a^
1
), x(

), except that

the constant term, and the terms involving one of the variable only, are

omitted. The integral of this expression over
( TT, TT; x^\ x(<

>) is an

indefinite integral of /(#(1)
,
a^ 2)

). Applying the theorem last obtained to

this function, we see that the Fourier's series corresponding to

r(x
(1\x(z)

) f%(2) _j_ n \ rx(1)
rir

is the series S -^r ^ Z/W(D w (2> ,
where Ln ( n(2> denotes

)

~ b(\ <2> sin

cw(D, w<2) cos n(V^ . sin n^x^ + dnd\ nw
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If we apply the known theorem for single Fourier's series ( 360), we-

see that the series S --,r. LB<i> is uniformly convergent, its sum being

r* f,
'

(few / (a,
J -. J _ir

TT

A similar result holds for the series S L > . We now find that

r(a.a)
f (tf, z<2>) d (zM, a;<

2
>)
-

(at* + ir) (^ + it) a0)
J (_, _)

is the sum of the series

+ TT 1 ( + 77 1 , 1

the expression converging uniformly.

If we take any cell Al3 we find that

I {/ (#
(1)

,
*(2)

)
- <V n<

/(Ax)

converges to zero, as n^, nW become indefinitely great.

This is the analogue of the theorem given in 362 for single Fourier's

series.

THE CESlRO SUMMATION OF A DOUBLE FOURIER'S SERIES

468. If the partial summation of a double Fourier's series be taken in

accordance with Cesaro's method (C, 1), both with respect to n^ and with

respect to n^, we obtain the partial Cesaro sum which may be denoted by
have as the expression for this partial sum

X

which is equal to

-i n(i) _ s

,V
n(t)-l(2)_

1 /(-)
fsin IroQ) (M -

jK)) Jain jnO (^<
2' - a* 2

*))

nW'7r J ,_.. ..., | 8inTO~ "^y") (~sin f(prr^))- J

and this may be expressed in the form

>\ /sin 7i<
2)( 2>

V ( sin^r

where
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The integral

/sn

(tit)

>
--

where
\fj (

(1)
, # 2)

), whether it be bounded or not, is summable in the cell

(e, e; JTT, JTT), can be seen by means of the general theorem of 279 to

converge to zero, uniformly for all points (#
(1)

, #(2)
)
at a distance not less

than 2e from the boundary of A, as n(1) ~ oo, n(2) ~ oo. For the conditions

* * * *i> * 1 /sinnWrfV /sinrWV . , , , . ,,
lfare satisfied that T̂ -r^ (

-. -;m (

-
ir*\- 1S bounded in the cell

72,(i)ft(2)\ smr 1) / V sm (2) /

(e, e; JTT, TT), and that its integral over that rectangle converges to zero,

as nW, nW become indefinitely great.

We consider next the integral over the cell (0, e; e, |TT). Let it be

assumed that
iff (J

(1)
,
<(2)

)
is bounded in the cell (0, 0; JTT, |TT), and that U

is the upper boundary of its absolute value
; then the integral is numerically

not greater than

the first integral converges to ^, and the second to zero (see 365), as

are indefinitely increased. Therefore the integral under considera-

tion converges to zero. The integral over the cell (e, 0; |TT, 0) may be

considered in the same manner.

Lastly, we take

If the function/ (o^, a;(
2
)) is continuous at the point (o^, o;(2) ), can be so

chosen that
if/ (t

(l\ t(2) )
differs from 4/ (x

n
\ x^) by less than an arbitrarily

prescribed positive number
77; therefore the limit of the integral differs

from / (#
(1

>, #(2
>) by not more than jTr

2
^, which is arbitrarily small. It

follows that, in these circumstances, the Cesaro sum ^ c c)
(x) is/ (xP>, x^).

If the function is not continuous at (#
(1)

,
#(2)

), but if
iff (

(1)
,
# 2)

)
has a

definite limit, which will in particular be the case if the four limits

/ (xW + 0, xW + 0), / (a*
1) -

0, z< 2> -
0), / (x& + 0, x& - 0),f(xW

-
0, x& + 0)

all exist, it is seen as before that the sum < c c) (x^ 9
x(2)

) exists, and has

the value J0 (+ 0, + 0).

We have now obtained the following result :

///(a;*
1
), xW) be a doubly periodicfunction, ofperiods 2?r, and be summable

in the cell ( TT, TT; TT, TT), the double Fourier's series , corresponding to

), converges to f (xW, rt%) at any point at which the function is con-
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tinuous, provided the point has a cross-neighbourhood in which the function

is bounded. Subject to the same condition, the series converges to

lim

provided this double limit exists.

It is easily seen that the following theorem holds good as regards

uniform convergence :

// the function be continuous at every point of a closed set, and be every-

where bounded, the partial Cesaro sum
*Ju>

c

n<a) converges in the closed set

uniformly to the value of the function.

The convergence of the Cesaro sum of double Fourier's series has been

investigated by W. H. Young, Kustermann, and C. N. Moore; the last of

these has dealt explicitly with cases in which there are lines of discontinuity

of the function. The convergence of the sums *n<i) n<) > *Ju) n< ,
in which the

summation with respect to one of the variables is taken in the ordinary

manner, and that with regard to the other variable in the Cesaro manner,

has been considered by W. H. Young (foe. cit.).

THE POISSON SUM OF THE DOUBLE SERIES

469. The Poisson method of summation may be applied to the double

Fourier's series. The partial sum of the series

a
,
+ 2 JiM^hW** (awdU (2) cos n^xW cos n&xW + 6w<i> w < cos nMxW sin

+ cw (i)>n<2) sin n^xW cos n^xW + rfn<i), n<w sin n^x^ sin

where
|

7*^)
|

< 1,
|

h^
\

< 1, may be expressed in the form

O 1 _ /?,(i)2

Pw(i), n ) (a?'
1

), xW) - s cos > -

1

The limit of this integral may be investigated by a method similar to

that which has been applied to the Cesaro sum. This has been carried out

by Gross* and by Kiistermann (loc. cit.). A theorem analogous to that of

410, that the Poisson sum of a single Fourier's series is convergent

almost everywhere, has been given by Geiririger (loc. cit. p. 135) for the

Poisson double sum.

*
tiitzungsber. d. k. Acad. Wien, vol. cxxiv (1915), p. 1017.
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PARSEVAL'S THEOREM FOR THE DOUBLE SERIES

470. It has been shewn in 467 that, if Ax denote any cell,

lim f {/ (aW, a) -
vi>, n<> (#

(1)
>
#(2)

)} d (aW, #< 2
>)
- 0.

n(1)~oo,n(2) ~oo./(Ai)

Let it now be assumed that {/(#W, #< 2
))}

2 is summable over the cell

( TT,
--

?r; TT, TT); it is then seen, precisely as in 362, that the series

CO CO o o o o

S (anu> nw f &,<!>, nw + cn(w f n( -h dn(1)
. n(2)

)>

n(1) -0n(2) -o

where = 1 when nW > 0, n^ > 0, and = 2 when one of the numbers
(2) is Zero, and = 4 when both are zero, converges to a sum

= A f

"'"

(/(^(i)
>
^(2)

)}
2 ^ (#

(i)
> ^(2)

)-wj (-1ff _w)

It can then be proved, exactly as in 362, that

lim I {/ (x&, xW) - *nci> nw (a^
1

), x< 2
))} rf (a*

1
*, aK) = 0,

where e is any measurable set of points.

As in 377, it can then be proved that, if g (#W, x^) be any function

whose square is summable in ( TT, TT; ?r, TT),

f

^'^
fir (*

(1)
,
^(2)

) {/ (#
(1)

,
^ 2

>)
-

6yi) n(2> (aK
1
), ^ 2

>)} rf (aK
1
), x&) - 0.

J(-W,-W )

This is equivalent to the following theorem :

tf $ (
x(l}

>
^(2)

)> 9 (
x(l)

>
^(2)

)
be functions whose squares are summable over

the cell
( TT, ?r; TT, TT),

to \^ f (vP\
-rr* J (

_7r> _w)
-converges to v x) g-*

= 1 if ri^ > 0, n(2) > 0, araif == 2 i/

1

one o/ fAe numbers n^, nM is

zero, and = 4 wforc 6oiA are zero. The constants A, B, G, D have reference

to the function g

Also the series

S
w(a) -0

Converges to \ f

"'^

TT J (_ff, ,r)
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There is no difficulty in extending the Ricsz-Fischer theorem ( 379) to

the case of double sequences of constants

{an<D, n(2)}, {6wd), n(a)}, {cwa), w(2)}, {dn<n, n(2>}.

For we find that the double limit of

fJ (( TT, IT)

as p~ao, q~ao, has the value zero; where snw
9 nw (xM, xM) is that

partial sum of the double series for which n ^ np . n ^ np .

The theory of the average convergence of a sequence, given in

171, is now applicable. It follows that, having given a double set of

numbers a
, ,

aw<D, w(2), &n<i>, w(2>, cn<D, w <2), rfn <i>, n<2>, a*function / (xW, xW) whose

square is summable exists, and is unique (except for equivalent functions),

such that the given set of numbers, which are assumed to be such that

the series of their squares is convergent, are the coefficients in the double

Fourier's series corresponding to the function. The detailed proof is similar

to that in 379 for the case of the single Fourier's series.



CHAPTER IX

THE REPRESENTATION OF FUNCTIONS BY FOURIER'S INTEGRALS

FOURIER'S SINGLE INTEGRAL

471 . It has been shewn in the course of the investigation of conditions

for the convergence of Fourier's series at a point, or in an interval, that

1 [* sin mz , ,. ,

converges to the value \ {/ (x + 0) +/ (x 0)},

when the positive number ra, which is not necessarily integral, is indefinitely

increased, either through a sequence of values, or as a continuous variable
;

provided /(#) is summable in the interval
( TT, TT), and satisfies one of a

group of sufficient conditions in the neighbourhood of the point x, at which

the existence of / (x + 0), / (x 0) is assumed. The number is such that

< ITT.

This is equivalent to the statement that

lim ~ f
U~<X> " J a

=
k {/(* + 0) +/(* --

0)},

where x TT ^ a < x < /?^ x + TT. If x, x' be changed into irx/l, TTX'/L and

u be changed into TTU/I, and the function / (nxjl) be replaced by / (x), we
see that the inequality holds for points x within the interval (1,1),
where , j8 now satisfy the conditions x l^a<x<ft^x + l. When
x has the value a, or /?, the value of the limit is J/ (a + 0), or J/Q8 0),

provided the function is such that the limit exists, and also satisfies one

of the sufficient conditions already referred to. For a given point x, and
for given values of a and j8, the number / can always be so chosen that

the conditions x l^a<x</3^x + l are satisfied.

Moreover, in a given interval contained within (a, /?), in which / (x) is

continuous, the continuity being on both sides at the ends of the interval,

,, 1 f * /, f ,. sin u (x' x) j , , . .
,

. ...

the convergence of -I / (x )
~ ax to the value/ (x) is uniform,

TT J a X X

provided / (x) is of bounded variation in an interval which contains the

given interval. Sufficient conditions will now be investigated that, in the

integral, we may substitute oo and oo for /? and a respectively.

(1) Let it be assumed that f (x) is summable in every finite interval,

r-^ f(x\
dx both exist, where A is any positive

f f lx\ fy-^
cfe,

J A % .'

and that
_ x

number.
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We have
x' -x dx' A-x

|

x
I

< A
y
A' > A. Now A can be so chosen that A -

721

dx', provided

dx' < 77,
x

for all values of A' (> A), where
77

is an arbitrarily chosen number.

Similarly a negative number B can be so chosen that

B'

where B' < B, and
|

x
\

<
\

B
|.

If u is not less than some number u
n ,
we have

?A sin u (x' x)

I/;

where x is within the interval (JB, A), and one of the sufficient conditions

is satisfied by / (x) in the neighbourhood of the point x.

It follows that, when u^un9

,
B' <B\ or

sin u (x
f

x)

for u un .

X X

Hence we have

0) +/(* - 0)},Km i r f(x')
^-UJ

X'

I
X) dx'^

U^-oo ** J -GO **

subject to the conditions already stated.

Moreover, if / (x) be continuous in a finite interval, the continuity at

the end-points being on both sides, and the finite interval is contained in

an interval in which / (x) is of bounded variation, the convergence to / (x)

is uniform in the finite interval.

It should be observed that the conditions that / (x) is summable in

every finite interval, and that f(x)
x

is summable in (A, oo) and in

(00, A), where A > 0, are both satisfied, in particular, if / (x) is

absolutely summable in the whole infinite interval ( oo, oo).

(2) Let it be assumed that / (x) is summable in every finite interval,

and that a positive number A exists such that, in (A, oo
)
and in

(
oo , A),

f (x]J- is of bounded variation, or in particular monotone and bounded.

f(x'\
Let

<f> (x') denote -^ ,
then we have to consider the limit of

x x

i r
30

-
I

(f> (x') si
TT J _oo

sin u (x
/

x) dx'.

HII 46
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Since, in (A, A'), the function 7
T is of bounded variation, it can be ex-
x

pressed as the difference fa (x') fa (x') of two non-increasing functions,

such that the total variation in (A, A') is

{fa (A) - fa (A')} + {fa (A) - fa (A')}.

Since this total variation has a finite limit, as A'~ao, we may, by
taking ^(oo), A2 () both * *>e zero

>
take fa (A), fa (A) to be finite

f (x')
positive numbers independent of A'. Thus fa (x')

~
fa (x')

= J~-
f , in

x
x f

(-4,oo); and, since diminishes as x' increases, we may write
x x

$ (x')
=

fa (x') fa (x'), for (A, oo ), where fa (x')> fa (x') are positive

monotone diminishing functions. We have

(A* fa

1 fa (x') sin u (x' x) dx' = fa (A) sin u (x' #) dx'
',

J A JA

by using Bonnet's form of the second mean value theorem (i, 422), where

a is in the interval (A, A'). The expression on the right-hand side is numeric -

2
ally not greater than

-
fa (A), and this is independent of A', and convergesu

to zero, as u ~ oo .

/CO

Thus lim I fa (x') sin u (x' #) d#' = 0; and we may substitute fa (x')
H~oo J .4

r f (#')
for fa (x'); therefore lim /

~ gin u (x' x) dx' = 0; and the same
ie~oo J j4_

X X
holds for the limits A, oo, as is seen in a similar manner. It is easily

seen that the convergence is uniform for all values of x in an interval

interior to ( A, A) ; for the values of fa (A), fa (A), as x varies in such an

interval, will lie between fixed multiples of fa (A), fa (A). The sufficiency

of the conditions has now been established that

lim ^
/(*') .felzf!) dx' - * {/(* + 0) +f(x - 0)},

it being assumed that a sufficient condition is satisfied by / (x) in the

neighbourhood of the point x.

(3) Let/ (x) have in (A } oo) and in
( oo, A) a differential coefficient

/' (x), such that its indefinite integral in either interval is / (x), and such

that - is summable in the intervals, where A is some positive number.
x

It will be shewn that this is a special case of (2) ; it is however of some-

what simpler application in particular cases.

r(x)
If dx exists, for some positive value of A, it can be shewn that

x

dx also exists ; that this is the case was proved* by Hardy.
x

* See Pringsheim, Math. Annalen, vol. LXXI (1911-12), p. 294.
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We have, by integration by parts,

It will be shewn that

lim
jr-f

i
I j \xj I ax ^

;

1 M' 1 M" 1 M'
we have -^ |/' (a;) |

dx = -p |/
/

()|*+ ./ |/
7

()!&?,
<&- J A SI J A -ft J A"

where ^4 < A" < A'
\
also

A"
1 M' 1 FA"

hence
1 M' 1 FA" [A' I /x (T\ I

!J |/'(x)|^<A \f(x)\dx+ ^f)l dx.
si JA s J A j A" %

Let A'~ oo, we have then

i rA' r I f (T\ I

lim
'

f \f(x)\dx& 1'p'dfc,.4'-oo ^1 J ^4 .'^ r/ ^

and the integral on the right-hand side is arbitrarily small, if A" be taken

large enough; therefore the limit has the value zero.

We now have

From this it follows that

f
i/"w j AB r 1. 1 fvM* * - ri/^

J^ J^i ^
2
|jy

v

J^ x 2

and hence f l/^cfea f" ^^1^+ I/W
I,

J^ ^ 2 J^ x A '

f (x)
from which the absolute summability of J

\, in (^4,oo) is clear. Since
X"

-,---- -^LLJ [^i^>lJ 5 it follows from the absolute summability of
u/X X X" X
f (x) f (x) f (x)

,
and consequently of -~-

,
in (A, oo), that^-^ has bounded variation

X Xu X
in (^4,oo). Hence the condition in (2) is satisfied in case that in (3) is

satisfied.

The following theorem has now been established :

// / (x) be summable in every finite interval, and one of the sufficient

conditions for the convergence of Fourier's series at a point to

or for its uniform convergence in an interval, be satisfied, then

i. AI ///\ sin u \x x )
- e

lim - f(x) / d#

46-2
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has the value \ {/ (x + 0) + / (x 0)} at the point x, or converges uniformly

in an interval to the value of f(x) 9 provided one of the following additional

conditions be satisfied:
f I f (x) I f"A I f (x)\

(1) Ifa positive numberA exists such
t1iat\

i-^A-JJ dx and I
^~- '-1 dx

J X J -00

exist as finite numbers.

f (x)
(2) If a positive number A exists such that ~ is of bounded variation

x
in (A, oo )

and in ( oo, A) ; or in particular if it is bounded and monotone

in those intervals.

(3) /// (x) have,for somepositive value ofA,in(A,ac>) and in (
oo ,

A
)

a differential coefficientf (x) such that its indefinite integral in the intervals

I /' (x) I

is f (x), and such that {
- - is summable in the two intervals.
x

This is known as Fourier's representation of a function by means of

a single integral.

The condition (1) was given by Hobson* and by Pringsheimf ;
the

condition (2) was given by Pringsheim, and (3) was also given by Prings-

heim, but contained, as given by him, the redundant condition that -^-*-x~

must be summable in the two intervals (^4, oo), (00, A).

472. If, in the theorem of 471, we assume that f (x) has the value

zero in the interval ( oo, A), where A > 0, and we let x = 0, then, pro-

vided one of the conditions of the theorem is satisfied, we have

lim /(^)^pi^^o.
By a slight modification of the proofs in 471 it can be shewn that

v f^/ /v cos u (
x/ ~ x

) j > r.lim / (x )
dx --= 0,

u~ J A M

provided x is not in the interval (A, oo), and thus, by taking x = 0, that

lim f (x') dx' = 0, the alternative conditions satisfied by f (x')

being the same as before ; we have in fact only to change sin u (x' x)

into cos u (x' x). In this manner we obtain the following theorem :

The integrals I / (x') ,
- dx', f(x') , dx' converge to zero, as

JA x JA x

u~ co, if f (x) be summable in every finite interval (A, A'), where A > 0, and

if one of the following conditions be satisfied:

/(*)
(1) That f

j A
dx exists,

x

* Proc. Lond. Math. 8oc. (2), vol. vi (1908), p. 373.

f Math. Annalen, vol. LXVHI (1909-10), p. 384.
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f (x)
(2) That J~L-+ is of bounded variation in an interval (A', oo), where 4x

is some number A.

(3) That f (x) have in Some interval (A', oo ), where A' A, a differential

coefficient f (x), of which f(x) is an indefinite integral, and that t-iJ is
x

summable in (A', oo).

FOURIER'S REPEATED INTEGRAL

. C1 . sin u (x
f

x) [
u

, ,

473. Since -
----,-

= cos v (x x) dv,
X X Jo

,, . T . x , f
00

,, M sin 1^(0;' -a;) , ,
the single integral / (x ) ,

ax
J -oo X X

may be written in the form
(oo r^

dx'
\ f (x') cos v (#' -x)dv\

J -oo Jo

and therefore the theorem of 471 may be taken to refer to

1 /"*> ru

lim - dx' f (x') cos v (x' x) dv.
M^oo T7

"

J -oo Jo

It will now be shewn that, subject to certain sufficient conditions

satisfied by/ (x'), the order of integration may be changed without altering

the value of the integral, so that the limit then becomes

1 f f
30

dv / (
x/

)
cos v (

x' ~ x) dx',

which is known as Fourier's double integral representation of the function,

although it is in reality a repeated integral representation, the order in
i f oo / oo

which cannot be reversed, because - / (x') dx' cos v (x' x) dv does
IT J -oo Jo

roo

not exist, as cos v (x' x) dv has no definite value.
Jo

(1) Let it be assumed that/ (x) is absolutely summable in (00,00).

f/3
Let / (x') cos v (x' x) dx'

J a

be denoted by ifi (a, j8, v), and let

i30

/ (x') cos v (x' x) dx',
J -00

which exists, on account of the absolute summability oif(x'), be denoted

by if, (v).
fu ru

It can be shewn that (v) dv = lim I ^ (a, j8, v) dv\ for, since
Jo a oo JO

| ifi (a, j8, t?) |

is less than a fixed positive number, independent of a and /?,

by the theorem of 225 the equality holds when a and have continuous

values which diverge to oo and + oo respectively.
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We have therefore
r

ru r ru rp

I dv I f (x') cos v (x' x) dx' = lim I dv I / (x') cos v (x' x) dx'
I J --oo /3~oo 7 J a

a oo

r/s ft*
r rw

= lim da?' / (x') cos v (a?'
-

x) dx' =1 d#' f(x')cosv(x'-x)dx,
/3~oo J a J J -oo JO
a~ -oo '

from which the required result follows, by letting t6 diverge to oo .

(2) Let/(x) be such that, for some positive number A, f (x) is of

bounded variation in (A, oo) and in ( oo, A), and that it converges to

zero, as x ~ oo
, and as a; oo .

It will be clearly sufficient to assume that, in the interval (A, oo), / (x)

is monotone non-increasing, and converges to zero; the general case will

then be deduced by taking / (x) to be the difference of two such functions.

If A 2 > A l > A
}
we have

f *f(x')co*v(tf-x)dti'*-f(A l)l *cosv(x'- x)dx',
JAi JA l

where A% is in the interval (Al} A2 ) ;
and thus the integral on the left-hand

2
side is numerically less than - / (J^), which is arbitrarily small, provided

A l is large enough. Since this holds for all values of A t (> A), the existence
/-oo

of the integral I / (x') cos v (x' x) dx' is assured.
J *aL

foo

ra

f (x') cos v (x' x) dx' ^ f (A) cos v (x' x) dx'
9

. A J A

where a is in the interval (A, oo); hence

I (* f(x') cos v (x'
-

x) dx' <
2

^
4)

,

where v > 0.

A similar result holds when oo
,

A are the limits of integration.
ru /<*>

The difference of I eft; I / (x') cos v (x' x) dx'
Ju J -00

ru [Aand I dv \ f (x') cos v (x' x) dx',
J U J -A

ru dy
where u > UQ > 0, is less than el , provided A is sufficiently large,

J u9
V

where e is arbitrarily chosen
;
therefore

/u
r ru [A

dv f (x') cos v (x' x) dx' = lim dv \ f (x') cos v (x'
-

x) dx'
U9 J -oo A~<x>Ju9 J -A

= I dx'
\ f (x') cos v (x' x) dv.

J ~GO JUo

ru
For all values of UQ (> 0), in an interval (0, a), / (x') cos v (x' x) dv

i *<
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is less than u
\ f (x') \

, which is a summable function of x' in ( oo
,
oo

) ; by
the theorem of 225,

/co .w
J.QO

fU
lim dx' / (x') cos t; (x' x)dv^\ dx' / (a;') cos t; (#' a;) dv,
M ~oJ-oQ JMO

'

J ~ao JO

Hence, we have
rw r> r<*> rn

rfv / (x') cos v (#' x) dx' = I rf#' / (x') cos t; (#' x) dv,
Jo J -oo J -oo JO

from which we have

J-OO

/iQQ
j-QO

fU
dv f (x') cos v (x' x) dx' = lim dx' f (x') cos v (x' #) efo,

J -oo tt~oo J -oo Jo

and thus the repeated integral on the left-hand side has the value

provided f(x) satisfies a sufficient condition in the neighbourhood of the,

point x.

(3) Let it be assumed that f (x) converges to zero, as #~oo, and as

x~ cc, and that, for some value of A, in (A, GO), (00, A) it has a

differential coefficient/' (x) which is absolutely summable in these intervals,

and of which/ (x) is an indefinite integral.

The total variation of f (x) in the interval (A,ao) is (see I, 415)
|-00

I f (x) |
(fa, and is therefore finite. Thus the conditions of (2) are

JO-

satisfied.

It has now been proved that :

Iff (x) be summable in every finite interval, then

J j-OO j-00-
I

dv I f (x') cos v (x' x) dx'

has the value \ { f (x + 0) + / (x 0)} at a point x, if a sufficient condition

for the convergence of Fourier's series is satisfied; provided one of thefollowing
additional conditions be satisfied:

(1), / (x) is absolutely summable in ( oo, oo).

(2), f (x) converges to zero, as x ~ oo, or x oo, and there exists a

positive number A such that f (x) has bounded variation in the intervals

(A oo), (-00,- A).

(3), / (x) converges to zero, as x ~ oo, or x --- oo
,
and a positive number

A exists such that, in (A,co) and in ( oo, A), f (x) has a differential

coefficientf (x) which is absolutely summable in these intervals, and of which

f (x) is an indefinite integral.

474. If we assume that, outside the interval (a, j8), the value of / (x)

is zero, we see that
1 f [^- dv I f (x') cos v (x' x) dxf

TrJo Ja

has the value |{/ (
x + ) + / (x - )) >
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at an interior point of the interval (a, j8), provided one of the sufficient

cohditions is satisfied in the neighbourhood of the point x. At the point a

it has the value /( + 0), and at the point j8 the value J/(j8 -0), pro-

vided / (x) satisfies a sufficient condition in the neighbourhood of either

point. If x is exterior to the interval (a, ), the value of the repeated

integral is zero.

If we assume that / (x) is zero for all negative values of x, we have

- r
V J

dv /(x') cos v (x'
-

x) dx
f

=/(*?),
Jo

where / (x) is taken to have the value {/ (x + 0) + / (x 0)} at a point

of ordinary discontinuity; it being assumed that the requisite conditions

are satisfied. Also

1 pOO |*00

- dv / (x') cos v (x' + x) dx' = ;^ J o Jo

o roo < oo

hence we have - cos vxdv f (x') cos vx'dx' = / (#) ( 1),
7T JO JO

2 |*oo
roo

- sin vxdv \ f (x') sin vx'dx' = f(x) (2).
IT Jo Jo

The expressions (1) and (2) are known as Fourier's cosine and sine

integrals for the representation of a function. It is clear that (1) affords

a representation, subject to the stated conditions, of an evenjfunction / (x)

in the interval (
oo , oo ) ; and (2) affords a representation of an odd function.

THE SUMMABILITY
((f))

OF A FOURIER'S REPEATED INTEGRAL

475. The method of summability (<), given in 266, may be applied
f fB

to du / (x') cos u (x' x) dx'. This integral will be, in accordance
Jo JA

with the method, replaced by
f> fB

lim
(f> (ku) du f (x') cos u (x' x) dx',

fc~0 Jo JA

where
<f> (u) is a function which satisfies the conditions laid down in 266 ;

and this limit may exist in cases in which the original integral is not con-

vergent.
/GO

Denoting by / (f) the integral <f> (u) cos $udu, we may write
Jo

I
(f> (ku) cos u (x' x) du

Jo

J /,' /\ 1

in the form T / f ~ir
)

, or nl {n (x' x)}, where n = T.



474, 475] Summability (<) of a Fourier's Repeated Integral 729

Since
<f> (ku)f(x

f

)
is absolutely summable in the domain (0, A\ oo, JB),

^ (ku)f (#') cos u (x' x) is absolutely summable, and therefore (see 240)

we have

I
<f> (ku) du ! f (x') cos u (x'

-
x) dx' = f nl {n (x'

-
x)}f (x') dx'.

Jo JA JA

We have therefore to investigate the value of

Km
\

B
f (x') F (#'

-
x, n) dx'

,

n~oo JA

where F (t, n) = nl (nt) ;
and this may be done by means of the general

convergence theorem of 279. We first shew that the conditions (1) and (2)

of that theorem are satisfied.

j.00We have F (x'
- -

x, 7?)
=*= n\ <f> (u) cos nu (x' x) du;

Jo

assuming that
|

x' x
\ p,,

the expression on the right-hand side is

1 f*!

~T
----

<f>(u)n (x' x) cos nu (x' x) du ; and, in virtue of a theorem givenX X J

in 335, Ex. (2), the conditions of which are satisfied by <f> (u), we have

\F(*-z 9 n)\<* 9

where K is a fixed number independent of n and x' x; thus the condition

(1) is satisfied. In order to shew that the condition (2) is satisfied, we have

rjs
f/3

/<*>

F (x
f

x, n) dx
/ = ndx'

<f> (u) cos nu (x
f

x)
J a J a JO

du

= ^ (u)

~ --
du.

n f
00

i / v sin A^ 1 t
TT

, , ^ . .

Since
<j) (u) du converges to ^ (+ 0), as A oo, we have

J Q Uu

f j / v sin Xu

Jo u

provided A ^ A
, hence jP

7

(x' a?, n) da/ < 2e, provided n S n
,
some

number dependent on e, for all values of x in a finite interval which has

no points in common with the interval (A p, B + /x).
Thus the condition

(2) of the theorem of 279 is satisfied. It follows that

/GO /#
lim

<f> (ku) du f (x') cos u (x' x) dx' = 0,
fc~oJo JA

for all points x not in the closed interval (A, B) ; moreover, the convergence
is uniform for all points a? in a finite interval exterior to (A, B).

It will now be shewn that the conditions (a) and (6) of the theorem in

292 are satisfied.
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We have

f p P
fj, |oo

roo
sill nULL

F(t,n)dt^\ dt\ nJ>(u)cosnutdu = <(M) ------ du;
Jo Jo Jo Jo u

and the integral on the right-hand side converges to ~
<f>(+ 0); therefore

L

the condition (a) of 292 is satisfied.

/>
Let us next consider

|

F (t, n) \
dt, which is

Jo

/> /> rn/ut I r*>

7i <f>(u) cosntudu dt, or
<f> (u)costudu

J o J o J o
I
J o

dt.

It can be shewn that A (u) costudu
poo I /oo

<A (w)
Jo |Jo

dt exists as a definite number ;

it then follows that
|

F (t, n) \

dt is bounded with respect to (p, 9 n), and
Jo

thus that the condition (6) of 292 is satisfied.

Using the properties of the function
<f> (u), we sec, by two integrations

/<*>
j

1.00

by parts, that
<f> (u) cos tudu ^ ^\ 4>" (u) (1 cos ut) du. Since <" (u)

Jo t
*

J o

is positive for sufficiently large values of u, we see that, for all values of

t, the integral on the left-hand side is numerically less than a fixed multiple

of moreover it is a continuous function of t, therefore it is absolutely
t

summable in the interval (0, oo) of t.

We have now established the following theorem :

// <f> (u) satisfies the conditions laid down in 266, then

J roo
[B

lim -
(f> (ku) du f (x') cos u (x' x) dx'

fc-o^Jo JA

has the value zero, if x is exterior to the interval (A, B); at any point interior

to (A, B), at which f (x + 0), / (x 0) exist, it lias the value

In any interval interior to (A, B) in which f (x) is continuous, the continuity

at the end-points being on both sides, the convergence to f (x) is uniform. At

A and B it has the values J/ (A + 0), / (B 0) provided these limits exist.

476. We proceed to the extension of the last theorem to the case in

which A and B are replaced by oo
,
oo respectively.

(1) Let it be assumed that f (x) is absolutely summable in the in-

definitely great interval (00,00). As in 475, <f> (lcu)(x') cos u (x' x)
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is absolutely summable in the domain (0, -oo; 00,00), and we have

accordingly

f
< (ku) du 1^ f (xf) cos u (x'

-
x) dx' = f / (xf) F (x'

-
x, n) dx'

,

Jo J -oo J -oo

joo
where F (t, n) denotes nl (nt), or n\ d> (u) cos ntudu, which may also be

Jo

expressed as
<f>

( -
j
cos tudu.

By the theorem of 280, since
| / (x') \

is absolutely summable, and the

other conditions of the theorem are satisfied, we see that

.-TO roo

cf> (ku) du f (x') cos u (x' x) dx',
Jo JB

and the corresponding expression in which B, oo are replaced by oo, A,

converge to zero, as k ~ 0, provided x is interior to the interval (A, B).

Moreover, the convergence is uniform for all points x in an interval

interior to (A, B). It then follows that

/*oo /oo

lim
(f) (ku) / (x') cos u (x' x) dx'

k~Q Jo J oo

has the properties stated in the last theorem for the case in which the limits

of the integration with respect to x' are finite.

(2) Let it be assumed that A and B can be so chosen that, in
(

oo , A)
and in (JS, oo

) the function / (x) has bounded variation and converges to

0, as x ~ oo
, and as x ~ oo

;
or in particular that / (x) decreases steadily

to zero, as x increases from B to oo
,
and as x decreases from A to oo .

It is sufficient to consider this special case, since, in the general case, / (x)

is representable as the difference of two functions, each of which has this

property.

Let us consider

/oo /co

(f) (ku) du f (x') cos u (x' x) dx',
Jo JB

1

where/ (,*/) is non-increasing in the interval (B, oo), and converges to zero,

as x' oo . The integral with respect to u will be divided into two parts,

taken over the intervals (0, u^ and (%, oo); where, for < k ^ 1, u^ is so

chosen that
<f> (ku) is monotone in the interval (0, uj.

Taking first the integral

/oo /oo

<f> (ku) du f (x') cos u (x' x) dx'
;

.'! JB

I f3

Q 111 r*f* I I f f fvt^\ ones ti (w* /v\ flnr*Slllv-v/
J

I J l*l/ I C/L>& w \JU JU I UUJif <
U
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for all values of ft (> B) ; and since
'

is summable in the interval
u

(u^, oo ;, we have

J.QO
l-OO

(f> (ku) du f (x') cos u (x' x) dx'
Jui JB

TOO /

= lim
(f> (ku) f (x') cos u (x' x) dx'

p~co .' u\ J B
|00 |-OQ= / (x') dx' (f) (ku) cos u (x' x) du.
JB Jut

The inversion of the order of integration in the last step is justified,

since / (x') <f> (ku) cos u (x' x) is absolutely summable over the domain

(-B, %; jff,
oo

), of (x, u).

The integral on the right-hand side may be written, by taking

x' = x + k, u = y-,
in the form

K
TOO 1.30

/ (x + ty d <f> (v) cos vdv,
J B -x J kui
"k

'

/oo roo

which is less than f(B)\ \ <f> (v) cos gvdv dg,
JB^x .'0

k

and this converges to zero, as k ~ 0, and uniformly for all values of x in

a fixed finite interval not abutting on the interval (B, oo). Moreover

/oo

<
77,

|QO |00

(f) (ku) du f (x') cos u (x
/

x) dx'
.'ti! JB

for all sufficiently large values of B, and for all values of k.

Next, we have

rwi f 00

<f> (ku) du f (x') cos u (x' x) dx'
Jo JB

= 6 (0) f

U
du f / (x') cos u (x'

-
x) dx'

.'0 JB
rut. r*>

\
du If (x') cos u (x' x) dx',

Ju' JB

where u' is a number in the interval (0, uj. It will be shewn that the order

of integration in the repeated integrals on the right-hand side may be

reversed.

We have, as before, if < e < HI ,

Ul r> roo rw,

du If (x') cos u (xf x) du = / (x') cos u (x
/

x) dx'
t JB JB Jt

' - x )
~ sin (x/

-
*)i 7 /

~^-_v-
-

J
*
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Also

and

sin e (x
r

x)"

F^~*
"~

'

sin c (x' #)'^-i a:

where Bl ^ ft'. Since B may be taken to be such that / (BJ is arbitrarily

small, we see that, for all positive values of e, and for all values of x in an

interval that does not abut upon the interval (J?, oo), we have

- t

Bl
f(x')

sili(x'~- x)
dx'

J*
' ( } "V - *~

for a fixed value of J513 and for all positive values of e. Let e~ 0, then we

have lim /(a^)
------

-,-
-rite' numerically not greater than the

r^r
* x x

arbitrary number TJ; and thus the common value of the limits is zero.

It follows that

exists as

ri/! r<*>

du If (x') cos u (x' x) dx'
Jo J B

fti r 00

lim du f (x') cos u (x' #) rfa:
7

,

e~0 J JB

i i xand is equal to

We now see that

f
"

/ / /x
f to )

JB
7x x

^ /dx .

1^ <f> (ku) du I" f (x') cos u (x'
-

x) dx' =
<f> (0) f ^L&-^*lf (^) dx'

JO JB JB % X

r u>

(^j*-j^v.
-

*i
J B X Ju

N̂ow
sn x)

hence the integral on the left-hand side is numerically less than TT/ (B),

which can be made arbitrarily small, by taking B large enough. The same
remark applies to the other integrals.

It follows that

f^i
r *>

<f> (ku) du f (x') cos u (x' x) dx'

is numerically less than the arbitrarily chosen positive number 77, provided
B is chosen sufficiently large ; and this for all values of k such that < k 1,
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and for all values of x in an interval which does not abut on the point B.

It has now been shewn that, if B is sufficiently large,
I

|00 |QO
J) (ku) du f (x') cos u (x' x) dx'

\
Jo JB

< 277.

If
|

A
|

be sufficiently large, a similar statement may be made as regards

the expression in which the integration with respect to x' is over the interval

(-00,4).

The numbers A and B having been fixed so that these conditions are

satisfied, we see that

f r*>

</> (ku) du f (x') cos u (x' x) dx'
JO J -oo

TOO /#
differs from

<f> (ku) du f (x') cos u (x' x) dx'
Jo J A

by less than 4^, where A and B are properly chosen; and this for all values

of k such that < k 1.

As the second expression satisfies the conditions of the theorem of

475, it follows that

1 r r

lim - < (ku) f (x') cos u (x' x) dx'
fc^O^Jo J -oo'

differs from \ {f (x + 0) + / (x 0)} by less than 477, at any point at which

/ (x + 0) and / (x 0) exist. Since
77

is arbitrary, we now obtain the

following theorem :

// (f> (u) satisfies the conditions in 266, and if either (I),/ (x) is absolutely

summable in the interval ( oo, <x>), or (2), f (x) is summable in every finite

interval, converges to 0, as x~ oo
, and as x ~ oo , and lias bounded variation

in intervals (B, oo), (00, A), where A, B are properly chosen numbers, then

J
/-OO /-CO

lim -
(f> (ku) du f (x') cos u (x' x) dx'

fc-O^Jo J -oo

has the value J { / (x + 0) + / (x 0)} at any point at whichf (x + 0), / (x
-

0)

exist . Moreover, the convergence to f (x) is uniform in any finite interval in

which/ (x) is continuous, the continuity at the end-points of the interval being

on both sides.

This theorem was given* by Hardy, who obtained a more general result

applicable to the case in which/ (x') is replaced by / (#') cos ax'.

The cases in which
cf> (u)

= e~u
, <f> (u)

= e~u
*

are of importance in

problems of Mathematical Physics. We obtain in fact the following
theorem :

// either (1), f(x) is absolutely summable in the interval (00,00), or

(2), / (x) is summable in every finite interval, and has bounded variation in

* Camb. Phil. Trans, vol. xxi (1912), p. 427.
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the intervals (B, oo), ( oo, A), where A, B are properly chosen, and con-

verges to zero as x ~ oo ,
and as x ~ '

oo
, then

l / r

e~ku du f (x') cos u (x'
-

x) dx'
Jo J -oo

1 j-oo
roo

and - e-fa*
a du f (x') cos u (x' x) dx'

TTJQ J -oo

both converge, as k ~ 0, to the value % {/ (x + 0) +/ (# 0)}, atf ant/ powtf

x at which$ (x + 0), / (x 0) 60JA e#i$2. yAey converge tof(x) uniformly in

any finite interval in whichf (x) is continuous, the continuity at the end-points

of the interval being on both sides.

This theorem was given* by Sommerfeld for the case in which the

integration with respect to x' is over a finite interval.

477. Let the function / (x'), assumed to satisfy one of the conditions of

the theorem in 476, be expressed as the sum of two functions/i (x') and

/2 (#')> where /x (x') has the value /(#') in the interval (x p, x + /x), for a

fixed value of x, and has the value zero outside that interval. The
function /2 (x') has the value zero in the interval (x /x, x + //,),

and the

value / (x') outside that interval. Applying the theorem of 476, it is

seen that
1 r r

lim -
<f> (ku) du /2 (x') cos u (x' x) dx'

fc-O^JO J -oo

has the value zero at all points interior to the interval (x p, x + p,). It

thus appears that

j
/-oo roo

(ku) du f (x') cos u (x' x) dx'
TTJO J -oo

will converge to / (x) if

1 r ra+fi

(f) (ku) du f (x') cos u (x' x) dx'

converges to / (x).

The condition that this should be the case is that
roo rM

lim
</> (ku) du (t) cos utdt = 0,

k~OJO JO

where (*) denotes /(# + t) +f(x-t) 2f(x).

Let it now be assumed that, for the point x,

o

from which it follows that, if be an arbitrarily chosen positive number,

\ift(t)\dt<et, for Qttt,
o

where ^ depends upon e.

* See his Dissertation, Die willkurlichen Funktionen in der Math. Phyaik, Konigsberg, 1901.

See also Hardy, Cwmb. Phil. Trans, vol. xxi, p. 39.

f
Jo



736 Representation of Functions by Fourier's Integrals [OH. ix

We have

f /> /"*** /tf\ r

6 (ku) du J/ (t) cos utdt = (
-

1 dt I <f>(u) cos utdu,
Jo Jo

r
Jo W Jo

r

where k = -
;
this may be expressed in the form

f
1 /A f [

nfl (t\ f ^
I J/ 1

)
rf^ I d) (u) cos utdu + I ^ (

~
1 ^M S^ (^) ^^ utdu.

Jo W J Ji W Jo

The first repeated integral is numerically less than
i

n I
| <f> (u) |

<fe
f

*

| (^) |
rf,

Jo Jo

which is less than 6
| ^ (u) \

du, provided n > .

Jo h

The second repeated integral is numerically less than

where k' is a fixed number, and this is equivalent to

n
f*

denoting | iff (t) \

dt by O (<), we have, integrating by parts,
"

v
r^ j

s - -
t
2 n

We have nO
(- J

< ,
if n > -; also

"

n n

The first integral on the right-hand side is less than e 2' or *han n
>

J i '

w

and the second is less than ^2 ^ (/^) 5
i* follows that - ~^- dt is

jut^ 7t J j

n

numerically less than + -- O (/x), or than 2c, provided ^ be sufficiently
t^ Ifl

large.

It has now been shewn that, if n be sufficiently large, or k sufficiently
r
00 />

small, (f> (ku) du $ (t) cos utdt is numerically less than a fixed multiple
Jo Jo

1 [t
of e, provided lim 7 I (t) I eft = 0. Since is arbitrarily small, the limit,

*~o * Jo
as k ~ 0, of the repeated integral is zero. The following theorem hats thus

been established :
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1 f
00

f

The integral
-

\
du

\ f (x') cos u (x' x) dx' is summable (6), and
?TJO J-OO

has / (x) for its sum
(<f>) 9 at any point at which

lim \ f \f(x + t) +f(x - t)
-

2f(x) \dt
= Q.

t~ t Jo

TAis is JAe case almost everywhere in the interval (00,00). It is assumed

that f (x) satisfies one or other of the conditions laid down in the last theorem.

In particular
*

f(x')cosu(x' -x)dx' =/(a?),lim- I*
fc^O^Jo

Urn- 1^ e-^r f(x')cosu(x' -x)dx' =f(x)
fc-O^Jo J-oo

almost everywhere in the interval (00,00).

This theorem includes that of 476, since

lim 7 f !/( + ') +/(* - - 2/(*) |
* =

<-o * Jo

at any point x at which/ (# + 0), / (x 0) exist, provided

THE SUMMABILITY (C, r) OF FOURIER'S REPEATED INTEGRAL

f 00

478. The sum (C, r) of the integral $ (u) du has been defined in
Jo

fn

/ U\ T

(
1

) i/r (u) du, as the number n diverges through
. o \ 'ft/

continuous values to oo, whenever that limit exists.

We shall accordingly consider the integral
/* / \ f I* 7?

( 1
J
du\ f (x') cos u (x' x) dx',

where r > 0.

The order of the successive integrations may be reversed, so that we

[B
have to consider / (x') F (x' x, n) dx', where F (x' x, n) denotes

JA

(I )
cos u (x' x) du. In order to evaluate the limit, as n~ oo, of

JQ \ n/

the integral, the theorem of 290 may be applied.

On integration by parts, we have

, ft.,_f(,_Sp*'-Jo n \ n/ t

,

du

r f
1

=
r (1 u)

r~ l sin nut du.
t Jo
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ISHence I F (t, n) I < J [* (1
-

u)
r-1 du< ]. Thus if tZp, \F(t,n)\ i

*
Jo

J/vuuLiv*ed with respect to (t, n)] therefore the condition (1) of the theorem

is satisfied.

To shew that the condition (2) 'is satisfied, we have

-inau ,

du[
ft
-n,+ x^ f^fn

/\ u\
r u f

n
/i uysmF (t, n) dt = dt\ (

1
)
cos utdu = (

1 - -
)

-

J
v '

Ja Jo V nj Jv\nJ u
l _ .sin w/fa sin

uY-~
o ^

Since

[=
J

iim
f

*

(
1 - i*)'

^ e^ - J , f

*
F (t, n) du

y~ooJo U ^ Ja

converges to zero, as n ~ oo, uniformly for all values of x that are not in

the interval (a /JL, j8 + /x), as n ~ oo
;
where a and j8 are both > x H /x, or

both <x p,.
Hence the condition (2) is satisfied.

To shew that the condition (a) of 292 is satisfied, we have

o Jo u

and this converges to JTT, as n ~ oo .

We have also

|

F (t, n) |

dt < I ndt (1 u)
r cos nutdu ;

Jo Jo
I
J o

the expression on the right-hand side is equivalent to

u)
r cosutdu

which is less than

f*tt
I rl

dt (1
Jo I Jo

dt\\ (1 uY cos utdu +
\

dt I (1 u
Jo I Jo Ji I/O

i r
The first term is less than -

,
and the second is less than K

r + 1* Ji

than
,
where K is a fixed number (see 371); it is here assumed that

dt
~~~r . or

thus
[ dtrl. If r> 1, the second integral is less than K

~^ 9 or than^T. It
Ji t

f'
4

follows that
|

F (t, n) \

dt is less than a number which is independent
Jo

of n and n\ hence the condition (b) of the theorem in 292 is satisfied.

f f
n / '&A

r

It now follows that / (x') dx'
(
1 --

)
cos u (x

f

x) dx' converges,
JA Jo \ n/

as n ~ oo, to J {/ (a: + 0) + / (x 0)}, at any point x at which / (x + 0)

and / (x 0) exist. Moreover, the convergence to / (x) is uniform in any
interval interior to (A, B) in which the function is continuous, the con-

tinuity at the end-points being on both sides.
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It has now been proved that

1 r 00 rB
The integral

- du
\

f (x') cos u (x' x) dx' is summable (C, r ), where
^JO JA

r>Q,at any point x, within (A,B) at whichf (x + 0), / (x 0) exist, the sum

(C, r) being % {f (x + 0) + / (x 0)}. At any point x exterior to (A, B) the

sum (C, r) is zero.

479. If | is any point within the interval (A, B) y we may divide/ (x')

into the sum of two functions f (a/), /2 (x'), such that f (x')
= / (x') in

the interval (<f /z, + JJL)
and is elsewhere zero. The function /2 (a/) is

zero in the interval
( /*, + /*), and has the value/ (x') elsewhere. By

the theorem just established the sum (G, r) of

r rB
du L (x') cos u (x' x) dx'

Jo JA

is zero at all interior points of the interval
( /x, + /*). Thus the sum-

1 f
00 P5

mability ((7, r) of - rftt I / (#') cos ^ (a/ x) dx' at the point depends
*" Jo J^t

1 r 00 r-f-/*

upon that of - du f (x') cos u (x' x) da/.

In case/ (a/) has the constant value/ () in the interval (f /x, f + j^),

the sum ((7, r) at f is / (). Thus the condition that the repeated integral

is summable (C, r) at the point , and has/ () for its sum ((7, r), is that

I
(

1 - -
)

rf?j I [/ ( + ^) +/( <) 2/ (^)] cos ttfctt

Jo \ nl Jo

should converge to zero, as n ~ oo .

The expression is equivalent to

[ (1
- uY du I

**
O (-} cos utdt,

Jo Jo \n/

where O (<) denotes /( + *)+/( <)- 2/ (f ) ; and this is equivalent to

I""* O^ rft

[
(
1 - u)

f cos ttf ctt
;

and this may be expressed by

f
1

( t \ r
1

f
n*

f*\ r
1

Jo \n/ Jo Ji \W Jo

The first of these integrals is numerically less than O (- ) \dt\ if
^ + 1 Jo VTV I

1 f* f'now it be assumed that lim -
|

O (t) |

rf< = 0, we have
|

O (i) |

tft < cf,
t~o t Jo Jo

i

provided is sufficiently small; and so O
[
-

) dt = n\ \<b (t)\dt<,
Jo \^/ Jo

if n is sufficiently large. Thus the first integral is < e, for all sufficiently

large values of n.

47-2
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The second integral is less than K \

*
<t>

f
-
}\ -., where K is a fixed

Ji I \nj\t
r+l

number (see 371), or than
|

|

<D (t) \ -^ , where r 1, and by integra-

tion by parts this becomes

where (*)
= f

'

|
O (<) |

eft. Since T (<) < eJ, for t< t1} we have

, .. 1 ffcYWj. e
,

1 t*Y(t),4
. , ,,

1
F(/*) 1 1

and thus _
J^

-

<r+y rf< < -; also -
j ^
-^ dt IB less than _J1 .

-

+ f^
n

and this is arbitrarily small, for all sufficiently large values of n. It is thus

seen that, provided n is sufficiently large, the second integral is less than

an arbitrarily chosen positive number 77.
In case r > 1, a slight change in

the calculation is required.

It has now been proved that, provided

has, at t = 0, a differential coefficient equal to zero,

1 ^ f i _ !?V du I*/ (x') cos u (x'
- f )

cto'

converges at the point to/ (). The condition is satisfied almost everywhere
in (A, B).

It has thus been established that :

The sum (C 9 r), for r > 0, of
- du f (x') cos u (x' )

efa/ exists 9 and
TfJo J^

<^6 value/ (), a< any |>omi ,
interior to (A, B), at which

converges to zero, with t; and this is the case almost everywhere in (A, B).

480. In the theorems of 478, 479, A and B may be replaced by
oo, oo, provided either (1), | / (x) \

is summable in the interval (00,00),
or (2), f (x) converges to zero, as #~oo, and as x ~ oo, and it is of

bounded variation in neighbourhoods (B', oo), (00, A') of these points.
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In case (1), the expression

is numerically < r),
if B be sufficiently large, where

77
is an arbitrarily

chosen positive number; and the similar statement holds for

(#') cos u (x'
~

x) dx'.

That this is the case follows from the fact that

(x' -a?)

is summable in the domain (u, B; n, oo), exactly as in 476.

In case (2), the proof in 476 is applicable, if we take
<f> (u)

=
(1 u)

r
,

for < u 1, and
<f> (u)

= 0, for u > 1, to shew that the above integrals

are numerically less than
77,
when B and A are sufficiently large.

At a point x within (A, B) at which the sum ((7, r) exists, and is equal

to/(#), we have

<*]>

provided n is sufficiently large ;
hence

(x' -x)dx' -f(x)
.'o

for all sufficiently large values of n. Since
77

is arbitrary, it follows that

Km - !

n

( I - -V I" />') cos u (x'
-

x) dx' =/(*).
tt^oo 1* Jo \ W-/ J-oo

The following theorem has now been established :

1 r
00

r 00

TAe 0ttm ((7, r),for r> 0, o/
- rf^ / (^

x

)
cos u (x

-~
a;) aa7 exists, and

TTjQ J ..oo

l r*
lias the valuef (x), at anypoint x9

at which . \f(x + t)+f(x t) 2f(x)\dt
* Jo

converges with t to zero. This holds at every point of continuity, at every

point of ordinary discontinuity of the function at which

and almost everywhere in the whole interval
(
-

oo, oo). The convergence to

f (x) is uniform in any interval in whichf (x) is continuous, the continuity at

the end-points being on both sides.

The theorem is subject to one or other of the conditions (1), that \f(x) \

is summable in the interval
( oo, oo), or (2), thatf(x) is summable in every

finite interval) and converges to zero at oo and oo , and is of bounded variation

in some neighbourhood of each of these points.
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FOURIER TRANSFORMS

481. It has been shewn in 474 that, subject to certain conditions,

2 f
00

f

/ (x)
= - cos uxdu\ / (x') cos ux'dx'

it J o .'o

in the interval (0, oo). This may be expressed by the two equations

/2\i f

f(x) = [-} F(u)cosuxdu (I),
\77V .'

/2\i f
30

f (x)
~

(

-
I I f(ti)eosuxdn (2),W/ J ()

which connect the two functions /(#), F (x). When (I) and (2) hold good

they express symmetrical relations between the two functions/ (x), F (x),

and each of these functions may be said to be the Fourier cosine transform
of the other. The repeated integral formula has been shewn to hold good
when

| / (x) \

is summable in the interval (0, oo), at a point x in the neigh-
bourhood of which / (x) satisfies one of a set of sufficient conditions

;
in

particular when in such neighbourhood the function is of bounded variation,

and f (x)
= \ {/(# + 0) + f (x 0)}. It also holds good when f (x) is

summable in every finite interval contained in (0, oo), converges to zero at

x>, and is of bounded variation in some neighbourhood (A, oo) of the point

x>, provided a sufficient condition is satisfied in a neighbourhood of the

point x. The formula holds for every point x, provided / (x) is of bounded
variation in the whole interval (0, oo), and/ (x)

= J {/ (x + 0) f / (x 0)},

except that, at the point 0, /(O) - \f(+ 0).

The integral in (2) exists, and is a continuous function of x, at any point
x > 0, when \f(x) |

is summable in (0, oo), or when f (x), summable in

every finite interval, converges to zero at oo
,
and is of bounded variation

in some interval (A, oo) (see Ex. (4), 229). A complete theory of trans-

forms should enable us to infer the properties of the function F (x) from

those of/ (x). This can be carried out in case {/ (x)}
2 is summable in (0, oo ),

and more generally, when | / (x) \

q is summable in (0, oo), for some value of

q such that 1 < q 2. This theory has been given* by Titchmarsh, and is

a particular case of a more general theory, duef to Plancherel, of transforms

applicable to the case of orthogonal functions of any type. The theory as

developed by Titchmarsh is independent of, and considerably simpler than,

the general theory of Plancherel, which was applied by him to the case

q
= 2; and Titchmarsh's investigations form the basis of the account given

below.

* Proc. Comb. Phil Soc. vol. xxi (1923), p. 463; and Proc. Lond. Math. Soc. (2), vol. xxm
[1924), p. 279.

t Rendiconti di Palermo, vol. xxx (1910), p. 289; and Math. Annalen, vol. LXXVI (1915), p. 315.
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If the theory of the repeated Fourier's integral, as given in 473-480,
be regarded from the point of view of the formulae (1), (2), there is complete
formal symmetry, but as no resemblance has been made manifest between

the properties of the two functions/ (x), F (x), there is logical asymmetry.
This is remedied, so far as the case permits, by the theory of Plancherel-

Titchmarsh. In the case q 2, the symmetry established by that theory
is complete; when 1 < q < 2, complete symmetry does not hold, but this

lies in the nature of the case, and is consequently not a defect of the theory.

Various formal resemblances will be exhibited in the results of this theory
with corresponding theorems in the theory of Fourier's series.

In these cases the integrals (1), (2) do not in general exist, and it will

be shewn that, instead of them, the formulae

d

a

d /m ,

(2)

must be substituted. The expressions (1)', (2)' reduce to (1), (2) whenever

the differentiation under the integral sign can be effected. It will appear
that (2)' has a meaning for almost every value of x, and that the integra-

_7_

bility of
|

F (x) \v~
l follows as a consequence of that of \f(x) \

g
, when

1 < q : 2. The whole theory is applicable to the corresponding Fourier

sine transforms, in which the reciprocal relation is expressed by

2\* d r 1 -cosux v ,
. ,

), -------------- F (u) du,dx j o u v f

\* d t*l-cosux f , x
,

T- -- f(u)du.
J dx Jo n

rh

482. Let us consider the integral f(u)cosuxdu, where \f(u) \

fl is
J a

summable in (0, oo), for some value of q such that 1 < q 2; the numbers

a and b will be taken to be such that < a < b.

The interval (a, b) may be divided into the parts

m + 1\ m f 1 m + 2\ In n + 1\ n+1/ m + 1\ fm f 1 m + 2\ In n + 1\
f

\
a

* T";* v~x~' A ;-U'"T"; f

\

where m, n, and A are positive integers, such that
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Let hs denote / (u) du\ then, if
<f>n denotes S hs cos -y , we have

Js sl A
A

ra-f 1

r A" rb

/ (u) cos ?/#aM (<pw <f>m )
= / (w) cos uxdu + /W os ^tfcm

Ja Jn+1

S4-1

~n r A

A
S4-1

cos
' ' '

I

A

The first and second integrals on the right-hand side are less numerically
,, ,1 . , , , , -

7 x ,
. ,, . , , / m + 1\ in + 1 , \ ,

than the integrals of / (u) \

in the intervals a, r , ( ^- , 6
,
and

V A / \ A /

therefore converge to zero, as A ^' oo
, uniformly for all values of x.

The last expression on the right-hand side is less, numerically, than
H-l

*

\f(u)\du,

y C^
or than 2 sin^ f | / (u) \

du,
^AJ a

and therefore converges, as A oo
, to zero, uniformly for all values of x in

an interval (xl9 x2 ), where < x
l
< x2 . It follows that

rb

cos uxf (u) du = lim
(<f>n

-
<f>m ),

J a A~o>

the convergence being uniform for xl ^ x ^ x2 .

We have, employing a known inequality theorem (i, 435),
8+1 Sfl

IfWI'du-
* *

A A A

If we apply to the finite Fourier's series

<f>n-<f>m'-^ 2 /^COS-~,
*

the Theorem II in 392, we have

firA

f̂
.

fir

|^n-^m| 9 ~ 1^- A
. Jo

nl 1

rr A li-T

*" l/(*)|
f *f

Uw+l J
A

If < ^ < x2 < TrA, we have now,
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As A ~ oo
,
we thus have, since

<f>n <f>m converges uniformly to

&

/ (u) cos uxdu,
r&

J a
JL_

fxt r rb -|g-i fr& ~|

\\ f(u)cosuxdu\ dxbr\\ \f(x)\
q

\

Ja?i |_Ja J I/a J

for 0<xl <x2 .

Letting xl
~ 0, x2

~ oo
,
we now have

_
r I r& fl-1 . rr& ~|0-i

Jo I '/ (U) C S **** ^ * *"
I L ' f (X) '

J
'

If a and b diverge in any manner to oo
,
we have

Q.

lim (^) cos
oo, 6-^00 .'0

- 0.

/2\i r

Let Fa (x) (

-
) / (1^) cos uxdu\

VTT/ Jo
rx ?_

we then have lim
|

Fb (x)
- Fa (x) \<*~

l dx - 0;
a^-oo, 6^00 .'0

and thus {Fa (x)} is convergent on the average, when a has the values

in a divergent sequence. From an extension of the theorem in 177 we
infer* that there exists a function F (x), defined uniquely, almost every-

where, such that
|

F (x) |-i" is summable in (0, oo), and that

lim p |

F (x)
- Fa (x) pi dx = 0.

a~oo Jo

It will be seen that this function F (x) is the transform off(x).

483. Since x ^i

\r g (x){F(x)~Fa (x)}dx *\r\g(z)\*dx]
q

\r\F(x)-Fm (x)\&\
*

,

I Jo LJo J Uo J

where g (x) is any function such that
| g (x) \

q is summable in (0, oo), it

follows that ,oc

lim g (x) {F (x)
- Fa (x)} dx - 0.

a-oo Jo

Taking x to have any finite value, we have

lim \*{F(t)-Fa (t)}dt
= 0\

a^-oo Jo
and since

* " 2 -

i'r. (0 dt - p* ["/<) cosutdu - (
2

)-
r f(u) du,

Jo \n7 Jo Jo V77/ Jo u

we have \*F(t)* = (?)' ["^^/(u)^;
Jo \W Jo ^

* It was assumed by Titchmarsh that F. Rieaz's theorem in 177 holds when the interval

of integration is infinite. In the case q~ 2 this has been proved in 171, 172; by a modi-

fication of the proof there given, the general theorem can be established for values of q > 1.
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and therefore, almost everywhere

,,, x
/2\* d [* sinux

l x
,F (x)

=
[

- ^ -------- f(u) du.x '
\TT) dx J ^ ^

It has now been shewn that :

// | / (x) |

a
, where 1 < q 2, is summable in (0, oo), the function

2\*-,, /2\ d f sin wa
JF (#)

- -
-^

- - -
v ' VW dte Jo ^

(x) I

9 " 1 is integrable over (0, oo).

This theorem is the analogue of Parseval's theorem ( 378).

rx

Denoting / (t) dt by <f> (x), the continuous function
<f> (x) has bounded

Jo
variation in the finite interval (0, a) ; and thus

2 f f
a

(f> (x)
= - sin uxdu sin ux'<j> (x

r

) dx',
77 J o Jo

provided < a. Since

[
a

t t i >\ j /
cos^a , , x ,

f
a cosw#' ,, , , x , ,smux

.<f> (x )dx <b (a) + f(x)dx,
Jo ^ Jo ^

2 r^ sin i/ric f^
we have

<f> (x)
= - ^u\ j (x') cos ux'dx',

, f

00 cos ^a . , ,v t

because sin ^a;at6 = 0, when x<a.
Jo ^

It follows that

/ (
x) dx --=

{
-

)

'- Fa (u) du, (x < a) ;

Jo \rcy Jo ^

and since Km S
-
n-^ {F (u) Fa (u)} du = 0,

a^co Jo ^
sin ^ut/ ^

being summable over (0, oo), we find that
u

**inUX
F(u)du.

It then follows that, for almost all values of x

f/ d
f (a;) (

-
) T-

----- J'

( u) du.J v 7

It has accordingly been shewn that :

If \f (x)\
q is summable over (0, oo ),/or some value ofq such that 1 < q 2,

-JL
i5fe a function F (x) such that \F (x)\*~

l is summable over (0,oo),

which satisfies the relation

, . . /2\* d
f

sin ^rr -, .
x ,

/() = [-) j
- --- JP (^) du.J v y W/ cte Jo ^

This theorem is the analogue of the Riesz-Fischer theorem ( 379).
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Titchmarsh has shewn* that neither of the above theorems is in general
valid if q > 2. He has also shewn that

| / (x) \

q may be integrable, and

that, however small e may be, the integrals of

may be both divergent. It should be observed that a function
<f> (x) may

be summable in (0, oo), but
{<f> (x)}

1^ need not be summable in (0, oo); for

example if
<f> (x)

=
-j^, where k > 0, in the neighbourhood of oo, {0 (x)}

1-1
*

k
is not summable if

T?
> - ^ The summability of

| <f> (x) \

in the interval
JL "f~ K

(0, oo) does not necessarily involve that of
| <j> (x) \

v
'

for any value of p' 4= p.

484. Let F (x), G (x) be the transforms of / (x) and g (x). We have then

rb /2\^ f & [
a

g (x) Fa (x) dx = (

-
) g (x) dx f (u) cos uxdx

Jo \w/ .0 Jo

(2\i

fa Cb

} f (u) du g (x) cos uxdx
IT/ Jo Jo

- t

a

f(x)Fb (x)dx.
Jo

Since lim
f g (x) \F (x)

- Fa (x) \
dx - 0,

~oo Jo

and lim
f"/ (a?) \G (x)

- (^ (a?)l dx - 0,
fo~oo J

we now obtain the important relation

[ f(x)G(x)dx= r g(x)F(x)dx ...... (A),
o Jo

In the case q = 2, we may put g (x)
= F (x), but we cannot do this

when q < 2, because g (x) F (x) is then not necessarily summable over

(0, oo). We thus have

I" {/(*)}* dx=; I {F(x)}*dx, when q - 2.

Jo Jo

The corresponding relation for the case 1 < q < 2 is

_i
r*5 </ TT rr 00 ~ltf-i

|J-(*)|-'ifes5 |/<*)|fe -

Jo ^ U o J

485. It will be proved that:

// | / (x)
\

q is summable over (0, bo
) 9 for some value of q such that 1 < q ^ 2,

rz

then f (x) cos uxdx = o (log z), for almost all values of u.
Jo

* Proc. Lond. Math. Soc. (2), vol. xxni (1924), p. 286.
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If F (x) be the transform of / (x), and g (x) be the transform of the

function defined by G (x)
= cos ux, when ^ x z, O (x)

= 0, when z < x.

We have
*

, ,,, 1 /2\* /sin 2 (x + u) ,

sin z (x
-

u)
cos M cos

' v
-__

1 /2y /sin z (x + u) sin z (x u)\

~2W V x + u~~~+ x-u~)'
On account of the relation (A) we have

f
z
f / j __

* /2\* f ET / \ f
sin 2 (^ + ^) sin z (x ""

^)) ,/

j^/^jcosw#
#-

^ ^-j j^
^j

| # + ^ a? - -w
J

2

The integral on the right-hand side may be divided into three parts, taken

over the intervals ( 8, 8), (- oo, 8), (8, oo) respectively.

It is known that F (f + u)
smz*

dg = q (log z),

for almost all values of u (see 406).

We have next

J

~~

(h
'

J 1J f )

Q A

f) I

8 ' J
df

}

^
-
1

f
=

(1)
- o (log z).

{(q
-

1) 8-i}
Since the remaining integral, over (00, 8), may be treated in the

same manner, it has now been shewn that

z

f (x) cos uxdu = o (log z).

486. It will now be shewn that :

// I / (x) |

a be summable in the interval (0, oo), for some value of q such

that 1 < q 2, the integral f -) F (x) cos uxdx converges (C, 1) to f (u)
\irJ J o

for almost all values of u. The convergence is uniform in an interval in which

f (u) is continuous, the continuity at the end-points being assumed to be on

both sides.

We have to consider the expression

Let g (x)
= f 1

j
cos ux, for ^ x z, and g (x)

= 0, for x > z; we

/2\i r
00

have then to consider
[

-
) g (x) F (x) dx, which is, in virtue of (A),

VTT/ Jo
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We have G (x)
=

(?)' f* (l
-

jh
cos (x cos ud

__
/2\* 1

["sin

2
\z (x + u) sin2 \z (x u)~\~ W z

\_ (x + u)~
+

(x^u)*~ J

The expression to be considered thus becomes

and the integral may be divided, as in 485, into three parts.

It is seen as in the case of

^ ,.. v sin z 7J.

that

is numerically less than a fixed number independent of u and z\ therefore,.
2

when multiplied by ,
the expression converges to zero, as z ~ oo ,

7TZ

uniformly for all values of u. The integral over (00, 8) has the same

property. We have then to consider

which is equivalent to

7TZ.

It has been shewn in 368 that the first part of this expression con-

verges to zero, as z ~ oo
,
at every point at which

Km
\ \

*

\ f (u + f) + f (u
-

f)
-

2f (u) \

d = 0,
~0 S JO

and also that, in any interval in which / (u) is continuous, the continuity
at the end-points of the interval being on both sides, the convergence is

uniform. Since the second part of the expression is

lo V e

it converges to / (u), as z ~ oo .

It has now been shewn that

/2\i t& / ft\

f ) [1 )
F (x) cos uxdx

\nj .'o \ *J

converges almost everywhere to / (u), or that

f-J
F (x) cos uxdu

is almost everywhere summable (C, 1).
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It follows that, if \f(x)\ is summable in (0, oo), and consequently
Q /2\i r

|

Fft

(x) I*"
1 is so also, (-J / (x) cosuxdx converges (C, 1) to F (x) for

almost all values of u, the convergence being uniform in an interval in which

f (u) is continuous, the continuity at the end-points being assumed.

For, in the proof of the foregoing theorem no use is made of the fact

that q < 2, and the proof is accordingly applicable when F (x) and / (x)

are interchanged.

487. Since F (x) is the transform of / (x), we see that F (x) is, for

(2

x 4
i"

00

-
) / (

u ) cos uxdu. It thus
IT/ Jo

follows that
2 f f

^

f(x)=-\ cos uxdu f (x') cos ux'dx
1

\
TT JO Jo

where both the integrations are understood to be taken with the meaning
((7, 1). The repeated integration has, in this sense, a meaning for almost

all values of x, and in particular at every point of continuity, or of ordinary

discontinuity of / (#). The whole theory is applicable to the sine integrals.

We have thus obtained the following theorem :

// | / (x) \

q be summable in the interval (0, oo) for some value of q such

that 1 < q ^ 2, the two expressions
o f oo

|"
oo

cos uxdu f (x') cos ux'dx',
vr Jo Jo

2 f f

sin uxdu f (x') sin ux'dx'
IT J JO

have the value f (x), for almost all values of x, provided all the integrals are

understood to be taken ((7, 1). In particular they represent the value of f (x)

at any point of continuity x (> 0), and in every interval of continuity their

convergence tof(x) is uniform, the continuity at the end-points being assumed

to be on both sides.

488. From the theorem in 265 which expresses the necessary and
,-GO

sufficient condition that an integral <f> (x) dx which is convergent (C, 1)
.'o

should exist in the ordinary sense, that is (C, 0), we see that the necessary
and sufficient condition that, at a point u, at which

(2\i

r
-

) f (
x

)

TTJ JO
cos

exists (C, 1), the integral should be convergent is that

J'Z xf (x) cos uxdu = o (z).
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Let O (x)
= 0, for ^ x < a, a > 1, =f(x) log x, for a ^ # < oo, where

| / (x) log x \

g is summable in (0, oo), for some value of q such that

1 < q ^ 2. From the theorem in 485, we have

z

G (x) cos uxdx = o (log z),

for almost all values of u.

Now
rz rz %
xf (x) cos uxdx = ,

-------
(x) cos uxdx

Ja
J V '

Jfllogtf
V '

d / X
( i

\logXj

\ f
x

cos w## # j- i )
Q W cos

j ) a
l/

,
-- o (log z) + \ (

,---
)
o (log #)

log^
V 6 ^

Ja Vlogtf/
V 5 '

and this holds good for almost all values of u.

We have also

ca ra

xf (x) cos uxdx < I xf (x) I

dx
.' o Jo

.

hence the expression on the left-hand side is bounded, and is therefore

o (log z). It follows that

[
z

xf (x) cos uxdx = o (log 2),
Jo

(2\i

r
~

) / (^) cos uxdx
IT/ Jo

converges, in the ordinary sense, to F (u), for almost all values of u.

From the summability of \f(x)logx\
q in (0, oo), that of \f(x) |

is

not a necessary consequence, as is seen by considering the functions in the

neighbourhood of the point x = 1.

We have thus obtained the following theorem :

// I / (
x

) \

q and
I / (

x) lg *
|

tf are summable in (0, oo ), for some value of q
/2\i r

such that 1 < q ^ 2, ^w the transform f
-

) / (#) cos uxdx is convergent
\nj ) o

in the ordinary sense for almost all values of u, and the function F (u) to
Q

which it converges is such that
\

F (u) I?"
1 is summable in (0, oo).
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The particular case of this theorem which arises when q = 2, that, if

/2\i r 00

I / fa) I

2 and
| / (x) log x |

2 are summable in (0, oo), (
-

) / (x) cos uxdx
\nj j o

converges, for almost all values of u, to a function whose square is sum-
mable was obtained* by Plancherel, who stated it in the form that, if

/GO

a > 1, and / (x) is defined in (a, oo), and is such that {/ (x) log x}
2 dx

J a
rz

is finite, then lim / (x) cos uxdx converges for almost all values of u in
3^00 Ja

/GO

the interval, and represents a function F (u) such that {F (u)}
2 du

J -co

exists. This theorem is analogous to that for Fourier's series given in 409.

* Math. Annalen, vol. LXXVI (1915), p. 324. See also Math. Annalen, vol. LXXIV (1913), p. 578,

for an earlier theorem.



CHAPTER X

SERIES OF NORMAL ORTHOGONAL FUNCTIONS

489. If (a, 6) be a finite, or infinite, interval, and ftn (x)} be a sequence
of functions such that ftn (x)}

2
is, for every value of n, summable in (a, 6),

f
6

and such that
(f>n (x) <f>n , (x) dx has the value zero, for every pair of

J a

unequal values of n and n', the system {<f>n (x)} is said to be an orthogonal
rb

system of functions for the interval (a, 6). If ftn (x)}
2 dx has a value

J a

different from unity, that value can be made to be unity by multiplying

<f>n (x) by the factor 1 1 \\
{<f>n (x)}*dxl . When this is done for each value

f
6%

of n, we have ftn (x)}
2 dx = 1, where

<f>n (x) is the new value of the
Ja

function.

A system of orthogonal functions for the interval (a, b) is said to form

(b
a system of normal orthogonal functions when

{<f>n (x)}* dx 1, for all
Ja

the values of n.

The system is such that no function
<j>n (x) is expressible as a linear

function of a finite number of the other functions, for if we assume that

<t>n (#)
= <a^ (*) + C

2<f>PZ ()+...+ Cr (f>vr (X),

where n is not equal to any of the finite set pi9 p2 , ... pr , we have
rb rb

tn (*)^ (x) dx^c^l ft (x)}* dx = Ci> 0,
J a J a

which is not in accordance with the property of orthogonality. Thus it

has been shewn that the system ftn (x)} is such that the functions are

linearly independent.

A sequence ftn (x)} of functions such that
{tf/n (x)}

2 is summable in

(a, 6) is said to be a complete sequence of functions in (a, 6), if no function

JP (x) whose square is summable in (a, 6) exists and is such that

for all values of n.

In particular, the set ftn (x)} of normal orthogonal functions in (a, 6) is

complete if no function F (x) whose square is summable in (a, 6) exists and
rb

such that F (x) <f>n (x) dx =. 0, for every value of n.s
J a

n it
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// {fa (x)} be a complete sequence of linearly independent functions for

the interval (a, 6), a normal orthogonal and complete system of functions

.{(f>n (x)} can be so determined that
<f>n (x) is a linear function of

fa(x), fa(x), ... w (a?).

The system {<f>n (x)} may be said to be formed from {fa (x)} by the process

of orthogonalization.

Let fa (x)
=

y-
,

.....
.,

rb

(0 - & (#)
I

(
x

)
=

If (fc () -&(*)[ *.()&(*)&)*
(J a \ Ja /

[b [b
we then have {fa (x)}

2 dx = 1
; \ fa

Ja Ja
r b

and {fa (a;)}
2 dx = I.

Ja

Generally we take

fJa

it can then be easily verified that

rb rb

{<f>n (%)Y dx=! 9 <f>n (x) (f>m (x) dx - 0, for m < n.
J a J a

It will be observed that the denominator in fa (x) cannot vanish, for

otherwise
(f>n (x) would be a linear function of fa (x), fa (x), ... fa^ (x).

Since
<j>n (x) is a linear function of fa (x), fa (x), ... fa (x), the complete-

ness of
{<f>n (x)} is a consequence of the completeness of {fin (x)} .

A simple case is that in which the sequence {fa (x)}, for the interval

( 1, 1), consists of the sequence 1, x, x2
,

Then
<f>n (x) is a polynomial

/2n i i\ i

of degree n\ and it is easily verified that fa (x)
= f

-

J
Pn (x), where

Pn (x) is the nth Legendre's function.

For the interval ( TT, TT),

11 1 . 1 1 .

L cos x, -Y sm x, ..., Y cos nx> i sm nx
>

forms a complete set of normal orthogonal functions which are employed
in Fourier's series.
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The two independent sets of normal orthogonal functions, for the

interval (0, TT),

1 /2\* /2\* /2\*

-* u)
C08 *' U)

ooflto
'-U) <**.>

/2\* . /2\* . rt /2\* .

(
-

J
sin x, f

-
1 sin 2x, . . . f

-
J

sin rae, . . .

are employed in the Fourier's cosine and sine series respectively,

THE CONVERGENCE OF THE SERIES OF ORTHOGONAL FUNCTIONS

490. The theory of complete systems of normal orthogonal functions

is closely connected with the theory of integral equations and of the linear

differential equations with which they are associated, but this relation will

not be considered here. There exists no general theory, independent of the

form of the functions
<f>n (x), relating to the convergence at a point, of a

series a^ (x) + a2 </>2 (x) + ... + an (f>n (x) + ..., where the coefficients an
are expressed in terms of a function / (x), summable in the interval (a, 6),

f
6

by a n
~~- f (%) i>n (

x
) dx, in analogy with the case of Fourier's series. In

J a

fact, in the general case, the behaviour of the series at a point, as regards

convergence, oscillation, or divergence, does not depend, as in the case

of Fourier's series, only upon the properties of the function / (x) in an

arbitrarily small neighbourhood of the point. There exists however a

theory of the convergence, almost everywhere in the interval (a, 6), of

the series corresponding to functions / (x), such that {/(#)}
2 is summable

in (a, 6), independent of the particular set of orthogonal functions
{<f>n (x)}

fb
employed in forming the coefficients / (x) $n (x) dx of the series corre-

sponding to / (x) ;
an account of this theory will be given below.

It has been shewn* by Steinhaus that a function/ (x) can be determined,
and a set of normal orthogonal functions

{<f>n (x)} defined, for an interval

(a, 6), such that the series a^ (x) + a2 <f>2 (x) \- ...
, corresponding to/ (a?),

is nowhere convergent in the interval (a, 6).

It has been shewnj by Banach that a function / (x) and a set of normal

orthogonal functions
{<f>n (x)} can be so constructed that the series corre-

sponding to J(x) is everywhere convergent in the finite interval (a, 6), to

which
{<f>n (x)} refer, but that its sum is everywhere different from the value

of /(a).

* Proc. Lond. Math. Soc. (2), vol. xx (1921), p. 123.

t Ibid. (2), vol. xxi (1923), p. 95.

48-2
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Let {^n (x)} denote the set of normal orthogonal functions in (a, b)

defined by

that is the Fourier's system for (a, 6).

Let J (x) denote a function summable in (a, 6), and S 0, but such that

{/(x)}
2 is not summable in (a, 6); and let

(
b

* ' I [
b

-*

Ja
n

/ Ja

Let it be assumed that, if possible, a function F (x), such that {F (#)}*

is summable in (a, 6), exists and is such that

I {n + tn (#)} F (#) dx - 0, for n = 1, 2, 3, ... ;
[ {F (x)}*dx > 0.

J a J a

We have then (see 492) I. \! F (x) $n (x) dxV - f {F (x)}*dx:
n=l (Ja ) Ja

oo
C

rb )2 rb

and therefore S \an
\ F(x)dx\ =\ {F(x)}*dx>0,

n=I ( Ja ) Ja

hence I F (x) dx 0, and 2 an
2 is convergent ; therefore

/' _
is convergent, from which it follows (see 493), that {/ (x)}

2 dx exists and
Ja

= S
\\

b

f(x)tn (x)dx\\n-1 wo )

which is contrary to the hypothesis as to J (x). It follows that no such

function as F (x) can exist, and therefore the system {an + $n (x)} is

complete. From this system we can define by orthogonalization a complete
[i>

_
system (<j>n (x)} of normal orthogonal functions. Since / (x) <f>n (x) dx is

J ft

a linear function of

I */(*) W-i (*) -f j) dx, l

h

j (x) (^ (*) + o.) te, . . . l*J(x) (0B (a;) + ) dx,
J a -' a J a

all of which are zero, it follows that

r/(*)^ (*)dx = 0, for ?i = 1, 2, 3, ....

J a

Consequently the series corresponding to / (x) vanishes identically, and

if we add to / (x) a function x (x) such that the series

(x) + ...,
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corresponding to x (x) everywhere converges to x (x)> the function / (x)

defined by x (#) + /(#) will have cl5 c2 , ... for the coefficients in the series

corresponding to it, and the series will be everywhere convergent but will

nowhere converge to / (x).

It has thus been shewn that :

A set of normal orthogonal functions {<f>n (x)}, for a finite interval (a, 6),

can be defined, and a function f (x), summable in (a, 6), and everywhere
[
b -

positive, can be defined, such that the constants f(%)<f>n (x)dx are all zero.
J a

A series c^ (x) + c2 <f>% (x) + ..., which is everywhere convergent, can be so de-

fined that it does not at any point converge to a certain functionf (x) for which
b

f(x) cf>n (x) dx - c
tt , for n = 1, 2, 3, ... .

i,

Another example of normal functions which have this property has

been given*, in a case in which the interval is infinite, by Looman.

THE FAILURE OF CONVERGENCE AT A PARTICULAR POINT

491 . The nth partial sum of the series corresponding to / (x) in an

interval (a, 6), for which {<f>n (x)} is a set of orthogonal functions, is given by

-
\
J a

where Fn (x
f

, x) = *S
*

cf>r (x') <f>r (x).
r-l

'6

It can be shewn that, if a be a point in (a, b) such that
\

Fn (x, a) \

dx
a

is unbounded, then a function f(x), continuous in (a, b), can be so defined that

the series of orthogonal functions corresponding to it is non-convergent at the

'point .

This theorem! was given by Haar.

rb

Denoting |

Fn (x, a) \

dx by wn , since ojn is unbounded, a partial
.'a

sequence co i,
1

, av, , . . . belonging to the sequence {con} can be determined so

as to be divergent.

Let vv (x)
=

1, 1, or 0, according as F (x 9 a) is positive, negative,

or zero ; we have then

I

F
vp (x, a) |

= v
vp (x) FVp (x, a),

rl>

and therefore a)
Vp
= v (x) FVp (x, a) dx;

J a

the functions v (x) have a> for the i/^th partial sums of the orthogonal

series corresponding to them.

* Proc. Lond. Math. Soc. (2), vol. xxn (1924), Record*, p. xx^ix.

t Math. Annalen, vol. LXIX (1910), p. 336.
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We next construct a sequence of continuous functions /^ (a?), f t (x), ...

all<of which are in absolute value ^ 1, and are such that

f (v9p (x)-f,p (x))*dx<&, 9

J tt

for p =
1, 2, 3, ..., where {8P} is a sequence of positive numbers. This

construction can be made by means of a theorem given in i, 433, in

which, when / (x) is bounded, with U for its upper boundary, <f> (a
1

) can

fb
always be so chosen that

cf> (x) Z7, and {f (x) </> (x)}
2 dx < e. For,

J a

if in an interval
<f> (x) ^ U, or ^ U, we can replace <f> (x) by the con-

tinuous function which has the value U or U whenever
<f> (x) s U or

Z7, and is elsewhere unaltered.

We have

l

b

f,f (as)Frp (x,a)dx
J ft.

=
I I \

vp (x) Fvp (x, a) dx -
[V, (x) -/,, (x)} Fvp (x, a) <Ix

' J ct ct

%'<*> -fff (x)}*dx

Let 8 be so chosen that

we have then

The ^th partial sum of the series corresponding to <j&W (#) = fVi (x) at

x = a is greater than %a)Vl
. If the series corresponding to this function is

convergent at x = a, choose the number G^ so that, at
,
the nth partial

sum of the series is, for every value of n, < G^. Let v^ = v\ from the

sequence v2 ,v3 ,
...

,
we choose iX

2> so that co,<2) > 6.4 (GW + 1). Take
<(2) (#) =/<!) (a:) + J/^2) (x). If the series corresponding to <f>M (x) con-

verges at x = a, a number 6r< 2) can be so determined that, for every value

of n, the nih partial sum of the series, at the point a, is < G(2)
. Take then,

ci>,< > 6.42 (QW + 2), and form the function

=/.< (x) + /,<2) (a?) + ,/,<> (a?).

Proceeding in this manner, we form a function

p-i (x) =/(!, (x) + /, (*)+... +

If the series corresponding to ^fa-
1 )

(a;) is convergent at a; = a, the

partial sum of the series corresponding to ^(-
1)

(a?) is, at the point a,
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< G(q
~l
\ for every value of n. We then choose an index v out of the

sequence {v } such that

ovf> > 6.4*-1
(<?<-i> + g

-
1).

If this process does not come to an end by the ascertainment of a value

of q for which the series corresponding to <
(<7)

(x) does not converge at the

point a, we consider the function
<f> (x), given by the infinite series

/<!) (x) + /,<*> (x) + ...+
4(r
_1/,w (x) !

... .

It can be shewn that the function
(f> (x) is continuous, and that the

series of orthogonal functions corresponding to it does not converge at

the point a.

The series for
<f> (x) converges uniformly in (a, 6), since all the functions

'/<*> (x) are in absolute value :- 1 ; thus
<j> (x) is continuous in (a, 6).

In order to calculate the v^th partial sum of the series corresponding
to

<f> (x) at the point ,
we take

The expression in the first bracket has for the v^th partial sum at the

point a, of the series corresponding to it, a value which is numerically less

than Q(q-*>. The expression in the second bracket is numerically q_ 1 ,

and the v^th partial sum of the series corresponding to it has, at the point

,
a value less than ^^~_ l

- It now follows that the v^th partial sum of

< (x), at the point a, is in absolute value,

or greater than "^ Q(q~V. In consequence of the relation
U.~r

ov*> > 6.4*"1
(G~* -|- g

-
1),

we now see that the v^th partial sum of
<f> (x), at the point a, is > g 1.

It follows that the sequence of the partial sums of < (x), at the point ,

of indices v(l\ v&\ ... increases indefinitely. Therefore the series corre-

sponding to
<f> (x) is not convergent at the point ,

and in fact either

diverges, or oscillates infinitely.

EXTENSION OF THE THEOREMS OF PABSEVAL AND BIESZ-FISCHEB

492. Let it be assumed that {f(x)}
2 is summable in the finite, or

infinite, interval (a, 6), for which
{</) n (x)} is a system of normal orthogonal

functions. Let an denote the coefficient f(x)(f>n (x)dx, of
<f>n (x) in the

J a

series corresponding tof(x).
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We have

f&r r~n -12 rb
^

r-n

J a L r-1 J Ja r-1

it follows that, for all values of n, S ar
* is not greater than [/(#)]

2
^#;

r&

and thus that the series S ar
2
converges to a number that is ^ [/ (x) |

2 dx.
r-l Ja

r = n

Denoting by/n (a:) the partial sum S ar < r (a;), we have

and from this it follows that

lim

Thus the sequence {fn (x)} is convergent on the average in (a, 6); and

the theorems of 171, 172 are therefore applicable to the sequence.
There exists a function f (x), whose square is summable in (a, 6), to which

the sequence {fn (x)} converges on the average, and so that

lim
n^-oo

If g (x) be another function whose square is summable in (a, 6), we have

a

and it then follows that

Let g (x)
--=

<f>m (x), then

rb rb rbr n

f (
x

) <Am (
x

) dx ^ Mm fn (%) <f>m (x) dx
~ lim S cr <f> r (x) c/>,m (x) dx\

J a /&~QO Ja w^-oo Jar 1

and thus I f(x) <f>m (x) dx cm .

J a
rb

We now have { / (x)
- / (x)} <f>m (x) dx = 0,

Jo

for every value of m; the square of the function / (x) f (x) is summable,
and therefore, if the set of orthogonal functions is complete, f (x) and

/ (x) have the same value almost everywhere in (a, 6), and therefore {fm (x)}

converges on the average to / (#).

It now follows from the results given in 172 that

J"b

^ fb
QO

a ?tt~oo Ja r^O
rb

and that lim {/ (x) -/m (x)}* dx - 0.

'tn^oo Ja
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rb

We have now lim g (x) {f (x) fn (x)} dx - 0,

where g (x) is any function such that {g (a;)}
2 is summable in (a, b).

Therefore

f ^

\
f (x)g (x) dx = lim (fl^a/ + a2a2

' + ... + awaw '),
Jflf tt~-00

where a/, a2 ', ... are the coefficients in the series corresponding to g (x).

We have now established the following theorem which is a generaliza-
tion of Parseval's theorem in the theory of Fourier's series (see 378) :

// {<f>n (x)} be a complete set of normal orthogonal functions for the finite,

or infinite, interval (a, b) ; and {an} , {an'} be the sets of coefficients corresponding
to two functions f (x), g (x) whose squares are summable in (a, 6), then

rb

anan
'

converges to f (x) g (x) dx,
n --

1 J a

rb

an
z
converges to I {/ (#)}

2 dx.
w-l

'

.'a

493. Let Cj^ (x) + c2 < 2 (x) + ... + cn <f>n (x) H ...

be a series such that cn
2 is convergent, where {< (x)} is a set of normal

n ^1

orthogonal functions for the interval (a, b).

Denoting the partial sums of the series by sn (x), we have

f
6

2 2 *

lim [Sp (#) sq (x}\* dx -- lim (c^ , ! + c
;> ,_ 2 + ... f c^)

-0,
where q > p. It follows from 172 that there exists a function whose

square is summable in (a, ft) such that

lim
'/t~00 . (I

f*{/(*)}
te-lirn f

6

{(*)}'<&=' S cw .

J n ^-QO Jo M--8 1

f
6

Also since lim {/ (x) sn (x)} <f>m (x) dx = 0,
7t^ GO J

rft

we have / (x) <j>m (x) dx cw .

.'.

In case the set
{<f>m (x)} is complete, we see that / (x) is unique, except

for equivalent functions
; for, if there were two such functions, their dif-

ference would be orthogonal to all the functions
<f>m (x).

We have thus obtained the following theorem which is a generalization

of the Riesz-Fischer theorem obtained in 379:

// {<f>n (x)} is a set of normal orthogonal functions for the finite, or infinite,

interval (a, b); and c
3 ,

c2 , ... cn9 ... be a set of constants such that

V2 + c2
2 + ... +cw + ...
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is convergent, there exists a function f (x) whose square is summable in (a, 6),
rb

for .which cn f (x) <f>n (x), (n = 1, 2, 3, ...) Moreover f (x) is unique

(Except for equivalent functions) in case the orthogonal system {<f>n (x)} is

complete.

The following extensions of the theorems obtained above for the case

in which {/ (x)}
2 is summable in the interval for which

{</>n (x)} is a system
of orthogojial functions have already been established in 392, 393 by
a method which is applicable, not only to the case of the particular set of

orthogonal functions employed in Fourier's series, but to the case of any
bounded set of orthogonal functions for a finite interval.

If{<f>n (
x)} be a complete system of orthogonal functions for a finite interval

(a, b), such that
\ <j>n (x) \

^ M , for all the values of n and x, and f (x) be

such that
| / (x) \

q is summable in (a, 6), for some value of q such that

1 <q^:2; and if S an (f>n (x) be the series corresponding to f(x) }
then the

n-l
_fl

series S
|
an \*-

1 is convergent, and its sum is

71 = 1
1

<jtf"

||J/(a)|ckj
// the series

|

an
\

q is convergent for some value ofq such that 1 < q ^ 2,

Ae numbers an are the coefficients in the series corresponding to afunction f (x)

such that \f(x) |^-i is convergent, and

It has been pointed out* by F. Riesz that the following theorem is

contained in both these theorems, and that conversely both theorems may
be deduced from it by means of a limiting process :

If the system xl , x2 ,
... xn passes over into the system &, a , ..., by

means of an orthogonal substitution, of determinant 1, and if all the

coefficients of the substitution are, in absolute value, ^ M, then
i i

where 1 < a < B, and -
-|- -5

= 1.
a p

THE CONVERGENCE OF SERIES OF ORTHOGONAL FUNCTIONS

494. A series of investigations has been made relating to the conver-

gence, almost everywhere, of the series of type S an <f>n (x) in the finite
n^i

interval, taken for convenience to be (0, 1), for which
{<f>n (x)} form a

system of orthogonal functions.

* Math. Zeitschr. vol. xvm (1923), p. 124.
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lt> was first shewn* by Weyl that the convergence of the series S n$an
*

n-l
is sufficient to ensure that the series an <f>n (x) is convergent almost every-

/i=i

where in the interval (0, 1). Weyl shewed further that, when
| <f>n (x) \

is

bounded with respect to (n, x), the convergence of S n^an
* is sufficient to

n-l
ensure the same result. The more general theorem was provedf by Hobson

that, if S nkan
2 be convergent for some value of k (> 0), the series

n-l
S an <f)n (x) converges almost everywhere in the interval (0, 1), whether the
H"1

functions
<f>n (x) be bounded or not. It was next provedj by Plancherel,

by re-arranging Hobson's proof, that the convergence of S an
2
(log n)

8 is

n-l

sufficient for the convergence of the series almost everywhere.

Lastly, it was proved by Rademacher and by|| Menchoff that, if

aw
2
(log/&)

2 is conveigent, then S an$n (x) converges almost every-
n~l n**l

where; this result includes all the preceding theorems.

Moreover, it is final, in the sense that (log n)
2 cannot be replaced by any

function of n which is o {(log n)
2
}, so long as the system {<f>n (x)} is not

specialized.

We proceed to establish the theorem that :

// the constants an are such that S a w
a
(log n)

2 is convergent, where
{<f>n (x)}

M-1

is a system of ortliogonal functions for the interval (0, 1), then the series

S an (f>n (%) converges almost everywhere in (0, 1).
n-l

n,

Let $ (x, n) = av <f>v (x).
V 1

(1) It will be shewn that, if S aw
2
logw is convergent, s (x, 2n

)
is con-

n i

vergent, as n ~ oo, for almost all values of x in (0, 1). We have

f [{s (x,
Jo

"

- s (x, 2'')}
2 + {s (x, 2r+w

)
- s (x, 2r+l

)} + ...

+ {s (x, 2r+ >")
- s (x, 2r+-1

)}
a
] dx

- S ct*+ S cf+ ... + S c,
2

+ 1 21"**1 + 1 Or-f-

Of+m

= S c^ + 2 S c,
2 +...+m S c^

2 < S c^logf;

where the logarithm is taken for convenience to have the base 2.

* Math. Anwden, vol. LXVII (1909), p. 225.

t Proc. Lond. Math. Soc. (2), vol. xn (1912), p. 297.

J Gomptes Rendus, vol. CLVH (1913), p. 539.

Math. Annalen, vol. LXVIII (1922), p. 112.

||
Fundamenta Math. vol. iv (1923), p. 82.
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oo

Choosing r so that 2 c
t
2
log t < S3

, we have

2 {s (x 9
2r+) - s (x, 2r

+")}
2 dx < S3

.

'o p-o

The set of points in which the integrand is S S 2 has its measure < 8,

and therefore that in which it is < S 2 has measure > 1 8.

Hence, in a set of points Hm ,
of measure > 1 8,

|

s (x, 2*+) - s (x, 2r+v) |

< 8,

for p = 0, 1, 2, ... m 1; and thus, in Hm ,

\8(x,*)-8 (x, *') |

< 28,

for all pairs of values of q and q' such that

r q $. r + m, r $
q' ^ r + m.

Consider the sets Hm ,
Hm+l ,

//w +2 , > each* of which is of measure

> 1 -8.

A point of the set Hm+l belongs to Hm , so that each set contains the

next. It follows that a set H, common to all the sets Hm9 Hm+l ,
... exists,

and is of measure S 1 8.

In the set H we have

|

s (x, 2*)
- * (x 9 2*')

|

< 28

for all pairs of values of q and q' such that r ^ q 9
r ^ q'. Let

77
be an

arbitrarily chosen positive number, and let 8^ ,
82 denote a sequence such

that Sx + S2 + ... converges to the value
77. Corresponding to each value

8W , of 8, there is a value rn ,
of r, and a set HW, such that

in that set, for all pairs of values of q and q' such that rn * q, rn ^q'\ the

measure of H<n> is 1 8n . The sets HW have in common a set K , of
oo

measure Si ,2 8n ^ 1
77.

71-1

In the set K we have
|

s (x, 2q
)
- s (x, 2') |

< 28W provided rn ^ q,

rn q' 9 for all values of n\ therefore, in the set K, s (x, 2*) is uniformly

convergent, as t oo. Since
77

is arbitrarily small, it follows that s (x, 2*)

is convergent for almost all values of x, as / ~ oo .

It should be remarked that the special sequence s (x, 2n
) which has been

shewn to be convergent, subject to the condition that 2 an
2
logn is

convergent, is such that the sequence {2
n
} is independent of the particular

system of normal functions.

(2) Any integer n, such that 2m < n< 2m+l is of the form 2 + K.2 l

9

where I has one of the values 0, 1, 2, ... m -
1, and K is an odd integer.
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Let x ft *)
= 2m + *-2', where Z, 5 may have all values such that

s < 2W~*
j

"

Let D (x, Z, s)
= 5 (#, x (Z, s + 1)) 5 (# X ft 5))>

f

1

fDteI <fa-
xfff"aI ^

JL' V^J ^> // **^ ^ W *

JO x (!.)+ !

We have

s (x, n) s (x, 2m
)

=
{^ (#, 2W + 2 l

)
s (x, 2m)}

+ {s (x, 2 + 2. 2 l

)
- s (x, 2 f 2 1

)}

+ {s (x, 2 + K.2 1

)
- s (x, 2 + K- 12')}

s-K-l
= S D(x,l,s),

a-O

where Z has a fixed value for a given value of n, such that n = 2m + K.2 1
..

(3) Let e (/, )
be the set of all points x such that

|

D (x, I, s) \
^ 8,

where 8 is a prescribed positive number; we have then

m {e (I, s)}
--: S an

2
.

(4) Let g be a prescribed positive integer, and let E (8) be the set of

all points x such that the number of the different functions D (x 9 1, s) for

which ^ s < 2m~ l

, 0^l<m which are such that
|

D (x, 1; s) |
8, at x,

is S (7 ;
then

Let J5 (I, s) =D{E (8), e (Z, s)}, the set common to E (8) and e (/, s),

then m [J5J (Z, s)J
-< me (Z, 5). Also let E = SJS7 (I, s), the summation being

taken for all I and s such that ^ a < 2m~ l

,
^ I < m.

Each point of E belongs to a number of the sets E (I, s) of which the

number in the sum SJS? (I, s) is 2 5.

Let /i, 8 (#) be the characteristic function of j67 (Z, 5) ;
that is the function

which has the value 1 at all points of E (Z, s), and is elsewhere zero; and let

/ (#) be the characteristic function of E.

We have / (x)
*

\ S/,. . (x), IV (x) S P/i. . (x) dx,
y Jo ? Jo
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(5) Let Gm (8) denote the set -of all points x such that

|

s (x9 n') s (x, n) |

< 48

for all pairs of values of n and n' such that 2m ^ n < n' < 2m+1 . It will
00

be shewn that S m {C (Om)} is a convergent series.
?-i

WL
Let k9 = -, for p = 1, 2, 3, ... .

Let ep be the set of all points x for which the number of functions

D (x, Z, s) which satisfy the condition

CN 1,

Employing (4) and writing , for 8, and -| for q, we see that
KP-I P

Let J?w be the common part of all the sets e2 ,
e.3 ,

e4 ,
... ; C (Em )

is the

set of points each of which belongs to one at least of the sets C (e2), C (e3 ), . . .

and thus
GO

^ S mC (e,) < S *, S
---

-

2
< S .

-2 O - -' A O

It can be shewn that JE/m is a part of Gm .

Let a; be a point of Em ;
it thus belongs to all the sets e

y) (p^ 1, 2, 3, ...).

If Np (p = 2, 3, ...) be the number of different functions D (x, Z, s) for

which
|

D (, Z, *)
|

< 7
S

, then N9 <
**

^D-i ^ P
If p S 2, there are JVy different functions D (x, I, s), all such that

,

8
*\D(x t l*)\<l,KJ)-1 M

S
and for all the other functions D (x. I, s), we have

|

D (x, I, s)
\

<
tYL

If n is any integer such that 2 m ^ n < 2m+l

\8(x,n)-8 (x, 2-)
|

i^s'
1

)

D (x, 1,8) \.
8 -0

Among the K terms
|

D (x, /, s) \

there are at most NP terms for which

all the other terms, of which the number cannot exceed m, are < m
Therefore

\8(x,n)-8(x,2<)\*B+ S *Np <8 + 8 S \<28,
p-2^j) p-2P

.and thus
|

5 (x, n') s (x, n) \

< 48.
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Therefore each point of Em belongs to Om (8); Em is a part of Gm ,
and

consequently C (Gm) is a part of C (Em ).

07

Hence m{C(Qm)}<- S o*< S a*(logn);

and thus Sm {(7 (Gm)} is a convergent series.

The set of points, each of which belongs to an infinite number of the

sets C (Gm), has measure zero; for, if be an arbitrary positive number,
each point belongs to one or more of the sets C (Gr), C (Gr+1 ), ..., the sum
of the measures of which is <

;
thus the set has measure < e. Since is

arbitrary, this measure is zero. The measure of the set H, each part of which

belongs to all the sets Gl ,
<72 > >

from and after some fixed one of the sets,

dependent on the point, has measure 1. Thus there is a set of points of

measure 1 such that, for each such point, for all values of n and ri

|

8 (x, n') s (x, ri) |

< 48,

where 2W < n < n' < 2w+ l
; and for all values of m, from and after a fixed

one.

Also, since
| s(x 9

2 m
) s(x, 2 m

') \

< 8, if m and ra' are both > some

fixed value of m, it follows that
|

8 (x, n') s (x, n)
\

< 98, for all values of

n and n' greater than 2m , for some fixed value of w, in a set fiT6 such

that m(H&)^ 1.

Lastly, giving 8 the values in a sequence which converges to zero, we
see that there exists a set of measure 1, in which s (x, n) is convergent.

Menchoff has also proved that, if W (n) is such that

r W(n)hm /Y
v ' -= 0,

^oo (log ny
there exists a set of normal functions such that Saw^w (x) converges no-

where in the interval (0, 1), although STf (n) an
2 is convergent. It thus

appears that the theorem cannot be replaced by one in which (log n)
2 is

replaced by a lower power of log n than the square. This may however be

the case for a special set of orthogonal functions; as for example in the

case of Fourier's series, for which it has been shewn in 409 that (log n)
2

may be replaced by (log n)
q
, where q > 1.

A proof was sketched by Weyl*, and given fully by Hobsonf, that the

series 2 ancf>n (x), corresponding to a function, of which the square is

/i-i

summable in the finite interval for which
{<f>n (x)} forms a normal orthogonal

system, is summable (C9 1), almost everywhere in the interval, if the series

2 a,,
2
log 7i is convergent. The wider theorem has been establishedJ by

n~l
* Math. Annakn, vol. LXVH (1909), p. 241.

t Proc. Lond. Math. Soc. (2), vol. xiv (1915), p. 428.

j Math. Zeitschr. vol. xxm (1925), p. 263.
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Kaczmarz that the convergence of the series S an
2
(log rifi is sufficient.

71-1

He has also shewn that, for any function whose square is summable in the

domain an#n (x) is either summable (C, 1) almost everywhere, or else its

Poisson sum does not almost everywhere exist.

It has however been announced *
by Menchoff that he has obtained

the following complete theorem :

00 00

// aw
2
(log log n)* is convergent, then the series S an <f>n (

x) ^s summable
n -- I n~l

(C> &}> for k > 0, almost everywhere in the interval for which the orthogonal

functions exist; and consequently the series is almost everywhere summable

by Poisson's method. If a>(n) satisfies the condition lini -.' - 0,
w-oo (log log n)

4-

there exists a series which is not summable at any point by the method of

Poisson y while Seo (n) an
2 is convergent.

495. The following theorems have been established! by Menchoff :

// S |

an |

2~A is convergent, for some positive value of A such that 2 > A > ;t,

n-l

then tlie series S an <f>n (x) converges almost everywhere in the finite interval
/i=i

(0, 1) for which
{<f>n (x)} is a sequence of orthogonal functions.

This is a particular case of the more general theorem that :

// o> (u) is a positive function of u which increases with u, and the series

%re both convergent, then Ean < n (#) converges almost everywhere.

The logarithms are taken to the base 2. It will be observed that the

convergence of the second series implies the divergence of log log r ,

I n
J

and this involves the convergence of an to zero.

The first theorem is included in the second because, if
j

an
|

2 ~*
is,

n-*I

convergent, it is possible to choose the function aj (u) so as to satisfy the

conditions of the second theorem, the convergence of the two series being
then a consequence of the convergence of

j

an
|

2~\
HI

*
Gomptes Bendus, vol. CLXXX (1925), p. 2011.

t Comptea Rendus, vol. CLVIII (1924), p. 802. The condition X > \ is not stated there, but it

appears to be necessary in order that the first theorem may be included in the second.
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In fact the ratio of the general term of the first series in the second

theorem to that in the series of the first theorem is

and writing log, ,
=

z, this becomes [co (log z)]
2 22 2~A *. If now we

I

an 1

take co (u) = 2*>2
', the series S n . becomes S I an K which is con-

co(logz) n^ {
n

{

vergent if p ^ 2 A ; also z 2 2~Xz . 22/pz converges to zero, as z ~ oo , if A > 2p.

If then A > 3, co (^)can be so chosen that the first series of the second

theorem converges if the series S
|

an
|

2~A
converges.

00

It will be assumed that S an
* < 1

; this involves no loss of generality.
71^ 1

We proceed to group the constants an . The group F^ consists of those

constants an which are such that 2 2?) 5 , , < 2*
p

'. We denote the values
I

an
\

of n which belong to F^ by n (p, I), n (p, 2), ...
,
n (p, N^)', where each one

of these values of n, in rp ,
is less than the next; the number of values of n

in FP is accordingly N^ .

oo I
Since S an

2 is less than 1, and
|

an (9 , 8 ) |

<
-7,,

it follows that
w = i 22

Nv p̂l <l, or N9<^\

Choosing a positive number S, we define the set of points EP (8) to be

that set of points #, in (0, 1), for which

for all integers s and s' such that 1 s ^ s
r NP . When N9

=
0, we

take E9 (8) to be the interval (0, 1); then m [C [E9 (8)}]
= 0.

We take aj (p) to denote the least value of oj (log log r
------

, ) , for the
V

\
a
n(j>,s)\/

values s = 1, 2, 3, ... . N9 \ and we take the number 8 to be -
v

. Sincev

(p)

. . is the greatest of the numbers-=- , it follows from
<(P) A i

! A

(log log ---)\
I

a
n(D,s) |/

the assumption of the convergence of the series of which

is the general term that S ,
. is convergent.

(
loglog ra)

HII 49
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It has been shewn in 494 that, if Gn denote the set of points for which

< 8, for all values of n' and ri' such that 2m ri < ft" < 2W+1
,

m2

fche measure m [C (Om)] ,
of the complement of Gm ,

is less than k^ S cn
2

,

where k is an absolute constant. In the last expression m2 may be replaced

by the square of the logarithm of any one of the indices n which occurs in

the summation.

Let Cm = 0, except when m has a value n (p, s), in which case

@n(v,8)
= a

tt(j>,s);

we then see that
L s~No <*

,.,,
if Nf > 1.

5=1

Since log N9 < 2*+1
, and 8 -=

l/o> (p), where

(p) w
(log

log
j-^

-A

and 2* Slog. . 2+1
,

we have

m [<7 (Ev}\ < #
*

e"s''{ (log
log

|-^-|)}" (log-

where k' is an absolute constant. The same inequality holds when Nv
= 1.

Prom the assumed convergence of the series found by taking p = 1,2,

3, ... , and adding the series together, we see that the series S m [C (E^)]

is convergent, and consequently lim m [C (E^) \

= 0. Therefore the set F,

of points, each of which belongs to an infinite number of the sets C (EP ),

has its measure zero.

Take any two indices ft', ft" such that ri < n", and let p' and p" be

the smallest and greatest of those values of p for which the condition

1
2 2J) ^ .

,
< 22P+1 is satisfied for at least one value of n such that

ri ^ n ^ n" . It is clear that p' and p" diverge as ri does so. Corresponding
to each point #, of C (F), there is a minimum value n (x), of n, for which

the condition S an <f>n (x) < 21 , v is satisfied for all values of ri and
VP' a>(p)

n" such that ft" > ri > n (x). Since S j. is convergent, it follows that

-n"
S aw < w (#) < e, provided ft' is large enough; therefore the series

n**n'

S an <f>n (x) converges at a point x, of C (JP); and since (7 (F) has measure
n-l

unity, it follows that S a^< n (x) converges almost everywhere in the
w-l

interval (0, 1).
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SERIES OF STTJBM-LIOUVILLE FUNCTIONS

496. The class of normal orthogonal functions known as the Stirfm-

Liouville functions has the special property that the series of which the

terms consist of multiples of these functions behave in the same manner,
in relation to convergence, divergence, or oscillation at a point as Fourier's

series do. A brief sketch of the investigations relating to these functions

will be given here.

If g, k, I are functions of x which are positive and continous, and do not

vanish, in an interval (a, 6), of x, and r is a parameter, the functions are

the solutions of the differential equation

6
dV dV

which are such that 7 h V = 0, for x = a, and ,- + Hv = 0, for x = 6,
dx dx

where h, H are positive constants, and the parameter r is so determined

that a solution of the differential equation exists which satisfies the con-

ditions at a and b. It is convenient to assume that I and (gk)
~~
* have

bounded variation in (a, 6).

The differential equation reduces to the form

by means of the transformation

f
x /Q\b t.* -

' a

where ^ has the value

1
jfi _ _

dz dz

and the conditions at the end-points of the interval become

_ h'U = 0, for z = 0, and + H'u = 0, for z = ir,
az az

where the assumption, involving no real loss of generality, is made that

An asymptotic form of the normal functions was obtained* by Liou-

ville, and a more precise asymptotic expression of them, sufficient for the

purpose of the investigation of the series, was obtainedf by Hobson. This

expression is

,v .
,

,

.
,

,

n W - - cos nz l + - + sin nz + -
,

a

* Liouville's Journal, vol. II (1837), p. 24,

f Proc. Lond. Math. Soc. (2), vol. vi (1908), p. 379.

49-2
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where
jS (z) denotes functions which are bounded with respect to z, and

a (?,, n) denotes functions which are bounded with respect to (z, n). It is

known from the general theory of the functions connected with differential

equations that the system {<f>n (z)} is complete.

It was shewn (loc. cit.) by Hobson that the series

S
, (*)[>(*')/(*')&'r-1 /O

corresponding to a function / (z), summable in (0, TT), converges to

at any interior point of the interval (0, TT) if, in some neighbourhood of the

point z, f (z) is of bounded variation. Also it was shewn that, in any
interval in which / (z) is continuous, and which is interior to an interval

in which the function has bounded variation, the convergence of the series

to f(z) is uniform. It was also shewn that, at and TT, the series converges
to / (+ 0), / (TT 0) if at and TT there are neighbourhoods in which / (z)

is of bounded variation.

The more general theorem was established by Haar*, and by Mercerf ,

independently of one another, that :

The series behaves at any point, as regards convergence, divergence, or

oscillation, in the same manner as the Fourier's cosine series corresponding

to f (z) behaves at the.same point.

A proof of this result was givenj by Hobson, based upon a consideration

of the function
r

S*Vr (z) <f>r (z')
- ? 'if cos rz cos rz' = F (z, z', n).

r-l ^r-1
It can be shewn that the function F (z, z', n) satisfies the conditions of

the general convergence theorem of 279, and thus that

lim rf(z')F(z,z',n)dz' = Q;
n~oo J

the convergence to the limit being uniform in the interval (0, TT) of z.

The result stated above is now deducible from this result.

By considering the function

T fi _ tlrJh
<f>r (

Z ) <f>r (z')
- cos rz cos rz

in a similar manner, the theorem, due to Haar (loc. cit.), can be established,

that the summation of the series of Sturm-Liouville functions by the

method of arithmetic means is the same as that for the Fourier's cosine

series; and thus that the Ces&ro sum of the Sturm-Liouville series, corre-

sponding to a summable function, dxists for almost all values of z.

* Math. Annalen, vol. XLIX (1910), p. 355.

t Phil. Trans, vol. ccxr (A) (1912), p. 111.

J Proc. Lond. Math. Soc. (2), vol. xn (1912), p. 170.



CORRECTIONS AND ADDITIONS TO VOLUME I

Page 104. Line 17 from the foot, for "closed" read "perfect" Line 15 from the foot, for "closed"

read "perfect."

Page 105. Line 3, /or "8" read" G."

Page 110. Line 10 from the foot, for "0<f<e" read "0<f--XXe."
Page 131. Line 13 from the foot, after "I>n8

"
insert "none of which contains a point of #3."

Page 143. Line 6, after "If P be a point of 6V' add "and P' be a point of #2 ."

Page 144. Line 17, for "#" read "0."

Page 179. Line 22, for "Dni , D^ ., each of which contains an enumerable set" read

"Dnf &n%
> each of which contains a set of points of G of measure zero." Line 24,

for "enumerable" read "of measure zero." Line 10 from the foot, for "of measure

zero" read "of measure >0."

Page 180. Line 19 from the foot, for
"
>c(>0)" read ">c/X, where \ is a sufficiently forge

number, independent of c." Line 7 from the foot, for "the two systems of nets" read

"the systems of nets the measure of whose meshes is < Xa*."

Page 181. Lines 15, 19, for "c" read "c/X." Line 10 from the toot, for ">a" read ">a/X."

Line 2 from the foot, for "a,m(dnp)" read
"^w(dnp)."

Page 182. Lines 4, 16, for "am(Ea)" read "^w(j a)."A

Page 276. Line 3, after "another positive number" insert "17."

Page 277. Line 5, for
"

| (a) |

"
read

"
\ <j> (x) |."

Page 337. Line 8 from the foot, the second part of the enumeration of the theorem should read

Moreover, if the first limit has no unique value, the upper and lower values of the second

limit are in the interval bounded by the upper and lower values of the first limit.

It may happen that ~ i has a unique value, whilst this is not the case for
JF (a +-)

F'~(a+hY

Page 338. Ia the second part of the statement of the theorem, the same amendment is required
as on p. 337.

Page 371. Line 14, for "f (x)
- fc" read "f (x)

- kx."

Page 390. 307. The theorem is correct only for the two open quadrants for which x + h>x,
y +k>y;x-h<x,y-k<y. The proof for the other two quadrants is invalid, because

it is impossible to choose the numbers hlt klt /*/, &/ as stated on page 391.

A theorem has been given by R. C. Young (Uenseignement mathe'matique, 1924-25,

p. 79) from which it follows that, for a quasi-monotone function of any of the four

types specified in 255, the limit exists for all four quadrants
If (x, y), (x + h, y +k) denote two points A, B, the expression

f(x+h, y + k) -f(x, y + k) -f(x + h. y) +f (x, y)

may be denoted by A^, and will be taken to be > 0, for all pairs of points A, B, for

which h and k are positive, in some given domain. For any cell (P, Q) contained in

(^4, B), Aj*
<L

A^,;
for the cell (P, Q) may be one of a number of cells into which (A, B)

is divided, and A . is equal to the sum for all these cells (a, ) of
A^,

and A^ is by

hypothesis j> 0. If (A, <?J, (A, Q2 ) ... (A, Qn ) ... be a sequence of cells such that Qn
is in the cell (A, 0n~i) for all values of n, the sequence [A^

W
J-

is monotone non-in-
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creasing, and therefore converges to a limit, as n~oo. Let {P,,}, \Qn }
be any two

sequences of points, each converging to A ; a sequence

can be so determined that Qm^
is in the cell (A, PnJ, and P

Htt
in the cell

for all values of i; then the sequence A*!
ni

, A^
WX

, A
1?1

*, ... has a unique limit. If

{A^*}, {A^
1

}
both have definite limits, it follows that these limits have the same

n
value. Hence lim A^ has a definite value as P converges in any manner to A, in the

positive quadrant. Alsof(x,y + k) 9 f(x + h, y) being monotone in k and h respectively,
each being either non-increasing or non-diminishing, it follows that/ (x + h, y + k) has
a definite limit as h and k converge to zero, in any manner, in the quadrant. Therefore

any quasi-monotone function, of whatever type, has a definite limit in the quadrant,
whichever quadrant be taken.

Page 401. Lines 5 and 7, for "F (h, k)" read "F (h, k)/hk."

Page 402. Line 4 from the foot,/or
"
A/fc" read "k/h." Line 1 from the toot,for "k/h" read"h/k."

Page 408. Line 15, for "#<0" read "y<p."_ Line 16, for "0<y" read "/3<y."
Page 435. Line 12, for "S > S" read "S > S." .For "2 and S," read "2 and S."

Page 460. Line 14, /or "the set" read "the measure (J) of the set."

Page 456. Lines 10, 11 from the foot. In the formulae x should take the place of b.

Page 458. Line 15. In the formulae x should take the place of 6.

Page 508. Lines 3, 4. The formula should read

At the foot of the page, in the expressions for S and S the second 2 should be S ,

r-0
and in the next line

"
(z

-
a) = (a)

"
should be added.

It has been pointed out by Prof. D. G. Gillespie of Cornell University that the

definition here given of the tipper and lower /fcS-integrals is not always equivalent to

that on p. 507. For example, let 0(a?)=0, for < x<$; 0(#) = l, for J^s< 1;

/(*) = !, for x % i,/(i)=0. If be taken as a point of division in forming the upper
sum of p. 508, this upper sum is zero, and the upper and lower integrals are both equal
to zero, but the integral as defined on p. 507 does not exist, since/ (x) and (x) have
a common point of discontinuity. In order to amend the definition on p. 508, so as to

get rid of this discrepancy, we should take

(* +0)-0(aV -0)},

rm

where f(xl), f(xr) are the maxima and minima of f(x) at xr , (xm + 0) = # (6),

(a
-
0)= (a). On p. 510, / (x

f

) must be taken instead of/ (x').

The definitions and properties of Stieltjes' integrals have been treated in detail by
Pollard (Quarterly Journal, vol. XLIX (1923), p. 73).

Page 511. Line 4 should read "0(s) over the set of discontinuities of f (x) should be zero is

satisfied." Line 13 should read "To shew that the condition concerning the variation
of *<*)...."

Page 512. line 11 from the foot, for "convergence" reoeZ "continuity."

Page 520. Line 10 from the foot should read "If the interval (L, U) be successively sub-divided

by introducing further points of division, such that the corresponding values of T;

form a sequence {^m }, of...."

Page 533. Line 10, for "> a" read "> ac." Line 11, for
"
</9 + 1" read

"
<(/3 + 1) e."

Page 639. Line 3,/or
"
convergence" read

"
continuity." Line 5,/or

"
/

(a?, h')
"
read "/ (x, x + A')."

Line 10, for "/ (x, h)" read "/ (x, x + h)."

Page 542. Line 2, for "in (a, 6)" read "in e."
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Page 553. Line 12 from the foot, for "SAx<KA" read
"

Page 563. Line 4 from the foot. It is tacitly assumed that uv is an integral. To prove that the

product of two indefinite integrals u (x)9 v (x) is an indefinite integral, we have

\u(x^)v(x2)-u(xl)v(x1)\^ \u(x1)\ \v(x2)-v(x1)\ + \v(x2)\ \u(xj-u(xj\ ,

^A\v(x2) -v(xl)\+B\u(x2)-u(xl)\;
where A and B are fixed numbers. Hence the sum of the absolute variations of

u (x) v (x) over a set of intervals so chosen that the sums of the absolute variations of

u (x), v (x) are both <^ is less than a fixed multiple of 97. It follows that the condition

of absolute continuity of u (x) v (x) is satisfied.

Page 577. Line 10 from the toot, for "/// (z<
l
>, z<

2
>) be summable" read "Iff (x, a< 2

>) be measur-
able."

Page 589. Line S,for "D (er , e.)" read "Z> (ef , e,');for "e,=
"
read "e/ = ."

Page 605. Line 5 should read, "Accordingly, an absolutely convergent integral of a function
such that the points of infinite discontinuityform a set of measure zero,which exists. ..."

This restriction was introduced on p. 599, and should be taken to govern the whole
section on Harnack's definition.

Page 617. Line 11 from the foot, for "G" read "#." Line 2 from the foot, for "(a, 0')" read

'V,/*')."

Page 621. Line 4, for "0" read "H."

Page 630. Line 4 of (4), for "G" read "#."

Page 641. Line 7, for "3" read "."

Page 653. Line 4 of (4)', for "<?" read "#."

Page 655. Line 17 from the foot, for "is satisfied" read "should be continuous is satisfied."

Page 658. Line 12, for "0r(a), g(p)" read "<(a), ()" Line 3 from the foot, for

" f
ft* F (x) (x) dx." read "

(**/(*) (x) dx."
.

./
aw J an
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Double Fourier's series, 698; Convergence of,

705; Integration of, 712; Cesaro summation

of, 715; Poisson summation of, 717; Par-

seval's theorem for, 718

Double limits, 46

Double series and sequences, 45; Uniform con-

vergence of, 47 ; Absolute convergence of, 52 ;

Non-absolute convergence of, 54; Diagonal
sum of, 54

EgorofFs theorem, 144

Equi-continuous functions, 167

Fourier's coefficients; Limiting values of, 514;

Order of, 518, 538; Properties of, 573;

System o*f, 614

Fourier's repeated integral, 725; Summability
(0) of, 728; Summability (C, r) of, 737

Fourier's series, Formal expression of, 482;

General definition of, 487; Partial sums of,

489; Integration of, 551; Convergence of,

491, 521; Dirichlet's investigation of, 502;

Application of second mean value theorem

to, 509; Uniform convergence of, 513, 535;

de la Vallee Poussin's test for convergence

of, 531; Young's test, 532; Non-convergence

of, 539; Arithmetic means related to, 557,

561, 563, 587; Summability of, 567; Sub-

stitution of, 581; Convergence-factors for,

623; Poisson's summation of, 629; Kiemann's

summation of, 645; Differentiation of, 639;

Restricted, 686

Fourier's single integral, 721

Fourier transforms, 742

Functions, defined by sequences or series, 61 et

se'j.i Upper and lower, 104; Maximal and

minimal, 102; Upper and lower associated,

102; involving a parameter, 141; Extension

of, 154; Peak and Chasm, 99; F. Riesz'

classification of summable, 249; Properties
of measurable, 178, 282; Primitives of, 284;

represented by sequences of continuous, 185,

270, 273; of bounded variation, 702; Mono-

tonoid, 703

General Convergence Theorem, 422; for non-

suinmable functions, 435; Necessity of con-

ditions in the, 438

Generalized second derivatives, 664

Gibbs' Phenomenon, 498

Holder's summation of series, 66, 85

Homogeneous oscillation of sequences, 169

Infinite products, Convergence of, 58 ; Uniform

convergence of, 142

Integrable sequences, 289; Completely, 289;

Vitali's theorem on, 297, 309; of functions

that are integrable (/?), 312; of continuous

functions, 312

Integrals containing parameters, Limits of, 322

Integrals, Differentiation of, 353; Generalized,

363, 371; Summability of, 384

Integrals of products, Convergence of, 464
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Integration, Generalized, 363, 371;

theory of, 381; Perron's definition of, 382

Lebesgue's constants, 541

Maxima and Minima, of functions ot one

variable, 151; of functions of two variables,

Sl3
*

*t
Monotone sequences, of functions, 148; Classes

of, 157; associated with a given sequence,
159; Convergence of, 274; Method of, 374

Monotonoid functions, 703

Non-differentiable functions, Construction of,

389

Non-uniform convergence, Points of, 109;

Measure of,. ;^2LJpistribution of points of,

135; Infinite mea^^gL 137

Normal orthogonal functions; Complete se-

quence of, 753 ; Convergence of series of, 755,

762; Failure of convergence of series of, 755;

ParsevaFs and Riesz-Fischer theorems for,

759

O o notation, "6

Oscillation of sequences of integrals, 318

ParsevaFs theorem, 575; Extensions of, 578,

591, 599; M. Riesz' extension of, 610; for

double series, 718

Poisson's summation, 629; for double series,

717

Power-series, 172; Uniform convergence of,

173; Abel's theorem for, 175; Extensions of

Abel's theorem for, 178; Properties of, 192;

Multiplication of, 194; Differentiation and

Integration of, 196

Repeated integrals, Inversion of order of, 338;

Inversion of order over infinite domains,

344

Riesz-Fischer theorem, 577; Generalization of,

599

Sequences, Oscillatory and non-oscillatory, 4;

General property of, 7

Series; Integration of, 289, 303; Differentiation

of, 332, 335

Series of numbers; Sum of, 1 ; Remainder of, 1 ;

Condition of convergence of, 1, 5; Non-con-

vergent, 2 et seq. ; Upper and lower sums of,

3; with positive terms, convergence and

divergence, 9, 15; Absolutely convergent, 36;

Cesaro sum of, 41; of transfinite type, 43;

Cauchy-product of, 56, 75; Summability of,

65, 90

Series, Integration of, 289, 303; Differentiation

of, 332, 335; allied with Fourier's series, 692
Sets of points, Descriptive properties of, 258;

of orders I and 2, 260

Singular integrals, 443; Convergence of, 446;

Oscillation of, 456; Failure of convergence
of, 45(5; Applications of, 459

Singularities, Condensation of, 389; Cantor's

method of condensation of, 399

Sturm-Liouville functions, 771

Sum-function of series, Continuity of, 123, 129,

132

Tauberian theorems, 182

Taylor's theorem, 141; Remainder in, 200; for

functions of two variables, 235

Trigonometrical series, 476; Special cases of,

479; History of theory of, 480, 656; Absolute

convergence of, 548; Formal multiplication

of, 585; Approximate representation of

functions by, 636; Riemann's theory of, 645;

Limits of coefficients of, 659; Convergence
at a point of, 672; Uniqueness of, 673

Uniform oscillation of sequences, 160; .of the

second kind, 167

Vibrating strings, 476

Weierstrass' theorem, 228, 461 ; for two or more

variables, 230 ; for unbounded functions, 235
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